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ABSTRACT

In this paper, we apply popular Bayesian techniques on sup-
port vector classifier. We propose a novel differentiable loss
function called trigonometric loss function with the desir-
able characteristic of natural normalization in the likelihood
function, and then follow standard Gaussian processes tech-
niques to set up a Bayesian framework. In this framework,
Bayesian inference is used to implement model adaptation,
while keeping the merits of support vector classifier, such as
sparseness and convex programming. Moreover, we put for-
ward class probability in making predictions. Experimental
results on benchmark data sets indicate the usefulness of
this approach.

1. INTRODUCTION

As a computationally powerful class of supervised learning
networks, classical support vector classifier (SVC) exploits
the idea of mapping the input data into a high dimensional
(often infinite) Hilbert space defined by a reproducing ker-
nel (RKHS), where a linear classification is performed. The
discriminant function is constructed by solving a regular-
ized functional via convex quadratic programming. The
choice of the regularization parameter and the other ker-
nel parameters in the SVC model crucially affect the gen-
eralization performance. Model selection is usually based
on the criterion of some simple and pertinent performance
measures, such as cross validation or various generalization
bounds derived from statistical learning theory. Typically,
Bayesian methods are regarded as suitable tools to deter-
mine the values of these parameters. Moreover, Bayesian
methods can also provide probabilistic class prediction that
is more desirable than just deterministic classification.

There is some literature on Bayesian interpretations of
classical SVC. Kwok [3] built up MacKay’s evidence frame-
work [4] using a weight-space interpretation. The unnor-
malized evidence may cause inaccuracy in Bayesian infer-
ence. Sollich [6] pointed out that the normalization issue in
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Bayesian framework for classical SVC is critical and pro-
posed an intricate Bayesian treatment with normalized evi-
dence and error bar, where the evidence normalization de-
pends on an unknown input distribution that limits its use-
fulness in practice.

In this paper, we introduce a novel loss function for
SVC, called the trigonometric loss function, with the pur-
pose of integrating Bayesian inference with SVC smoothly
while preserving their individual merits. The trigonometric
loss function is smooth and naturally normalized in likeli-
hood evaluation. Further, it possesses the desirable prop-
erty of sparseness in sample selection. We follow stan-
dard Gaussian processes for classification [7] to set up a
Bayesian framework. Maximum a posteriori (MAP) esti-
mate of the latent functions results in a convex program-
ming problem. The popular sequential minimal optimiza-
tion algorithms could be easily adapted to find the solution.
Optimal parameters can then be inferred by Bayesian tech-
niques with the benefit of sparseness, and probabilistic class
prediction can also be provided for test patterns.

2. TRIGONOMETRIC LOSS FUNCTION

In the probabilistic approach for binary classification, logis-
tic function is widely used as an approximation for the dis-
continuous heaviside step function in likelihood evaluation
[7]. The logistic function is defined as

P(yx|fx) =
1

1 + exp(−yx · fx)
(1)

where the input vectorx ∈ <d, the class labelyx ∈ {+1,−1}
andfx denotes the latent function (discriminant function)
at x. − lnP(yx|fx) is usually referred to as loss function.
The loss function associated with the shifted heaviside step
function in classical SVC is also called hard margin loss
function, which is defined as

`h(yx · fx) =
{

0 if yx · fx ≥ +1;
+∞ otherwise.

(2)

The hard margin loss function is suitable for noise-free data
sets. For other general cases, a soft margin loss function is



popularly used in classical SVC, which is defined as

`ρ(yx · fx) =
{

0 if yx · fx ≥ +1;
(1− yx · fx)ρ otherwise,

(3)

whereρ is a positive integer. The corresponding likelihood
function in probabilistic framework could be written as

P(yx|fx) =
1

ν(fx)
· exp(−`ρ(yx · fx)),

whereyx ∈ {−1,+1} and the normalizer should beν(fx) =
exp(−`ρ(+fx))+exp(−`ρ(−fx)). Notice that the normal-
izerν(fx) is dependent on the latent functionfx. This flaw
precludes the solution of SVC from being directly used as
the MAP estimate on function values in Bayesian inference
[6]. The loss functions in SVC are special in that they give
identical zero penalty to training samples that have satisfied
the constraintyx · fx > +1. These training samples are not
involved in the Bayesian inference computations. The sim-
plification of computational burden is usually referred to as
the sparseness property. Logistic function (1) does not en-
joy this property since it contributes a positive penalty to all
the training samples. On the other hand, logistic function
is attractive because it is naturally normalized in likelihood
evaluation, i.e., the normalizer is a constant, a property that
allows Bayesian techniques to be used smoothly.

Based on these observations, we generalize the desir-
able characteristics in these loss functions for classification:
it should be naturally normalized in likelihood evaluation;
it should possess a flat zero region that results in sparseness
property; it should be smooth and its first order derivative
should be explicit and simple. Adhering to these require-
ments, we propose a novel loss function for binary classifi-
cation, known as trigonometric loss function. The trigono-
metric loss function is defined as

`t(δ) =





+∞ if δ ∈ (−∞,−1];
2 ln sec(π

4 (1− δ)) if δ ∈ (−1, +1);
0 if δ ∈ [+1,+∞),

(4)
whereδ = yx · fx. The trigonometric likelihood function is
therefore written as

Pt(yx|fx) =





0 if δ ∈ (−∞,−1];
cos2(π

4 (1− δ)) if δ ∈ (−1,+1);
1 if δ ∈ [+1, +∞).

(5)
The derivatives of the loss function are needed in the imple-
mentation of Bayesian methods. The first order derivative
of (4) with respect tofx can be derived as

∂`t(δ)
∂fx

=
{ −yx

π
2 tan(π

4 (1− δ)) if δ ∈ (−1,+1);
0 if δ ∈ [+1, +∞),

and the second order derivative is

∂2`t(δ)
∂f2

x

=
{

π2

8 sec2(π
4 (1− δ)) if δ ∈ (−1,+1);
0 if δ ∈ [+1, +∞).

(6)
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Figure 1: The graphs of trigonometric likelihood function
and its loss function. The horizontal axis indicates the latent
functionfx of the input vectorx.

From the definition (5) and Figure 1, it is easy to see
that the normalizerν(fx) is a constant for anyfx. From the
definition (4) and Figure 1, we find that the trigonometric
loss function possesses a flat zero region that is same as the
loss functions in classical SVC, but it requires thatyx ·fx >
−1 should always hold.

3. BAYESIAN INFERENCE

Substituting the trigonometric loss function for the loss func-
tion in classical SVC, the trigonometric SVC (TSVC) min-
imizes the following regularized functional in a RKHS

min
f∈RKHS

R(f ) =
n∑

i=1

`t(yxi · fxi) + λ‖f ‖2RKHS, (7)

where the regularization parameterλ is positive and‖f ‖2RKHS

is a norm in the RKHS. The functionf could be also ex-
plained as a family of random variables in a Gaussian pro-
cess due to the duality between RKHS and stochastic pro-
cesses. Recently, Gaussian processes have provided a promis-
ing non-parametric Bayesian approach to classification prob-
lems [7]. The important advantage of Gaussian process
models over other non-Bayesian models is the explicit prob-
abilistic formulation. This not only builds the ability to infer
model parameters in Bayesian framework but also provides
probabilistic class prediction.

3.1. Bayesian Framework

We follow the standard Gaussian process classifier to de-
scribe a Bayesian framework, in which we impose a Gaus-
sian process prior distribution on the latent functions and
employ the trigonometric loss function in likelihood eval-
uation. This classifier, TSVC in the Bayesian framework,
is referred to as Bayesian TSVC (BTSVC). The functionsf
are usually assumed as the realizations of random variables
indexed by the input vectorxi in a stationary zero-mean



Gaussian stochastic process. The Gaussian process can then
be specified by giving covariance matrix for any finite set of
zero-mean random variables{f(xi)|i = 1, 2, . . . , n}. The
covariance between the outputs corresponding to the inputs
xi andxj could be defined as

Cov(xi, xj) = κ0exp
(
−1

2
κ‖xi − xj‖2

)
+ κb, (8)

whereκ0 > 0 andκ > 0.1 With ARD parameters, Gaussian
covariance function could be enhanced as

Cov(xi, xj) = κ0exp

(
−1

2

d∑
ι=1

κι(xι
i − xι

j)
2

)
+ κb, (9)

wherexι denotes theι-th entry of the input vectorx, andκι

is the ARD parameter and it determines the relevance of the
ι-th input dimension to the target.

We collect the parameters in the prior distribution, asθ,
the hyperparameter vector. Thus, for a given hyperparam-
eter vectorθ, the prior probability of the random variables
{f(xi)} is a multivariate Gaussian, which can be written as

P(f |θ) =
1

Zf
exp

(− 1
2
fT Σ−1f

)
, (10)

wheref = [f(x1), f(x2), . . . , f(xn)]T , Σ is then × n co-
variance matrix whoseij-th element isCov(xi, xj), and
Zf = (2π)

n
2 |Σ| 12 .

The likelihood with the trigonometric likelihood func-
tion (5) can be written as

P(D|f, θ) =
n∏

i=1

Pt(yxi |f(xi)). (11)

Based on Bayes’ theorem, the posterior probability off can
then be written as

P(f |D, θ) =
1

ZS
exp (−S(f)) , (12)

whereS(f) = 1
2fT Σ−1f +

∑n
i=1 `t(yxi · f(xi)), `t(·)

is defined as in (4), andZS =
∫

exp(−S(f)) df . Since
P(f |D, θ) ∝ exp(−S(f)), the MAP estimate on the values
of f is therefore the minimizer of the following optimiza-
tion problem

min
f
S(f ) =

1
2
fT Σ−1f +

n∑

i=1

`t(yxi · f(xi)). (13)

In the regularized functional,κ0 in covariance matrix plays
the role as the regularization parameter.2

1Note that the exponential term in (8) is exactly the Gaussian kernel
in classical SVC. Other kernel functions in classical SVC could also be
used in the covariance function, such as the polynomial and spline kernel
function.

2Note that there is an equivalence between the regularized functional
(13) and that of TSVC in the RKHS (7).

3.2. Convex Programming

In this subsection, we formulate the optimization problem
(13) as a convex programming problem. As usual, slack
variablesξi are introduced:ξi ≥ 1 − yxi

· f(xi), ∀i. The
optimization problem (13) can then be restated as the fol-
lowing equivalent optimization problem, which we refer to
as theprimal problem:

min
f,ξ

1
2
fT Σ−1f + 2

n∑

i=1

ln sec
(π

4
ξi

)
(14)

subject toyxi · f(xi) ≥ 1− ξi and0 ≤ ξi < 2, ∀i. Standard
Lagrangian techniques are used to derive thedual problem.
The strict inequalityξi < 2 is assumed to hold and omitted.
As we will see below, this condition will be implicitly taken
into account in the solution. Letαi ≥ 0 andγi ≥ 0 be
the corresponding Lagrange multipliers for other inequali-
ties in theprimal problem (14). The KKT conditions for the
primal problem (14) require

f(xi) =
n∑

j=1

yxj αjCov(xi, xj) ∀i; (15)

ξi =
4
π

arctan
(

2
π

(αi + γi)
)

∀i. (16)

Note that withξi defined as in (16), the conditionξi < 2 is
automatically taken into account. Thedual problem can be
finally written as

min
α

1
2

n∑

i=1

n∑

j=1

(yxiαi)(yxj αj)Cov(xi, xj)−
n∑

i=1

αi

+
n∑

i=1

[
4
π

αi arctan
(

2αi

π

)
− ln

(
1 +

(
2αi

π

)2
)]

(17)
subject toαi ≥ 0, ∀i.

The popular sequential minimal optimization algorithm
for classical SVC [2] can be easily adapted to solve the op-
timization problem. Other methods for solving convex pro-
gramming problems, such as dual subgradient schemes, can
also be used for the solution. At the optimal solution to (17),
the MAP estimate on the values of the random variablesf
can be written in column vector form

fMP = Σ · w (18)

wherew = [yx1α1, yx2α2, . . . , yxnαn]T . The training sam-
ples(xi, yxi) associated with non-zero Lagrange multiplier
αi are calledsupport vectors(SVs). The other samples as-
sociated with zeroαi do not involve in the solution rep-
resentation and the following Bayesian computation. This
property is usually referred to as sparseness, and it reduces
the computational cost significantly.



3.3. Hyperparameter Inference

The optimal values of hyperparametersθ can be inferred by
maximizing the posterior probabilityP(θ|D), usingP(θ|D) =
P(D|θ)P(θ)/P(D). A prior distribution on the hyperpa-
rametersP(θ) is required here. As we typically have little
idea about the suitable values ofθ before training data are
available, we assume a flat distribution forP(θ), i.e.,P(θ)
is greatly insensitive to the values ofθ. Therefore,P(D|θ),
known as the evidence ofθ, can be used to assign a prefer-
ence to alternative values of the hyperparametersθ [4]. The
evidence could be calculated by an explicit formula after
using a Laplacian approximation atfMP, and then hyperpa-
rameter inference may be done by gradient-based optimiza-
tion methods.

We can get the evidence by an integral over allf : P(D|θ) =∫ P(D|θ, f)P(f |θ) df . Using the definitions in (10) and
(11), the evidence can also be written as

P(D|θ) =
1

Zf

∫
exp(−S(f)) df. (19)

The marginalization can be done analytically by considering
the Taylor expansion ofS(f) around its minimumS(fMP),
and retaining terms up to the second order. Since the first
order derivative with respect tof at the most probable point
fMP is zero,S(f) can be written as

S(f) ≈ S(fMP)+
1
2
(f−fMP)T ∂2S(f)

∂f∂fT

∣∣∣∣
f=fMP

(f−fMP),

(20)
where∂2S(f)

∂f∂fT = Σ−1 + Λ, andΛ is a diagonal matrix com-
ing from the second order derivative of trigonometric loss
function (6). Introducing (20) into (19) yieldsP(D|θ) =
exp(−S(fMP)) · |I + Σ ·Λ|− 1

2 , whereI is the identity ma-
trix. Notice that only a sub-matrix ofΣ plays a role in the
determinant|I + Σ · Λ| due to the sparseness of the di-
agonal matrixΛ in which only the entries associated with
SVs are non-zero. We denote their sub-matrices asΣM and
ΛM respectively by keeping their non-zero entries. From
(18), we can write the MAP estimate off in vector form as
fMP = Σ ·w, wherew = [yx1α1, yx2α2, . . . , yxnαn]T . We
denotewM as the sub-vector ofw by keeping entries associ-
ated with SVs. Because of these sparseness properties, the
negative log of the evidence can then be simplified as

− lnP(D|θ) =
1
2
wT

M · ΣM · wM + 2
∑

m∈SVs

ln sec
(π

4
ξm

)

+
1
2

ln |I + ΣM · ΛM|,
(21)

whereξm = 1 − yxm · fMP(xm), ∀m. The evidence eval-
uation is a convenient yardstick for model selection. The
minimizer of− lnP(D|θ) (21) could be inferred by some
gradient-based optimization methods, since it is easy to de-
rive the gradient with respect toθ. In standard Gaussian

processes for classification [7], the inversion of the full ma-
trix Σ has to be computed in iterative mode. This is a heavy
burden for large-scale learning tasks. In our approach, only
the inversion of the sub-matrixΣM, corresponding to the
SVs, is required in the gradient evaluation. This sparseness
in gradient evaluation makes it possible for our approach to
tackle reasonably large data sets with thousands of samples,
as the SVs are usually a small subset of the training samples.

4. PROBABILISTIC CLASS PREDICTION

In this section, we present the probabilistic class prediction
on test patterns. This ability to provide the class probabil-
ity is one of the important advantages of our probabilistic
approach over the usual deterministic approach.

Let us take a test casex for which the class labelyx

is unknown. The random variablef(x) index byx along
with then zero-mean random variablesf have a jointn + 1
multivariate Gaussian distribution, and then the conditional
distribution off(x) givenf is also a Gaussian

P(f(x)|f, D, θ) ∝ exp
(
−1

2
(f(x)− f T Σ−1k)

Cov(x, x)− kT Σ−1k

)

(22)
wherek = [ Cov(x, x1), . . . , Cov(x, xn) ]T . To erase the
uncertainty inf , we computeP(f(x)|D, θ) by an integral
over f -space. The integral could be approximately evalu-
ated as (see [1] for more details)

P(f(x)|D, θ) ∼ N(µ, σ2
t ) =

1√
2πσt

exp
(
− (f(x)− µ)2

2σ2
t

)

(23)
with the varianceσ2

t = Cov(x, x)− kT
M(Λ−1

M + ΣM)−1kM

and the meanµ = wT
MkM, wherekM is the sub-vector ofk

by keeping the entries associated with SVs.
Now we make probabilistic class prediction. Given the

hyperparametersθ, the probability of the binary class label
yx for the testing casex can be evaluated as:

P(yx|D, θ) =
∫
P(yx|f(x), D, θ)P(f(x)|D, θ) df(x) ,

whereP(yx|f(x), D, θ) is evaluated by trigonometric like-
lihood function (5) andP(f(x)|D, θ) is given by (23). The
one dimensional integral is easy to be computed as:

P(yx|D, θ) =
1
2

erfc

(
1− yxµ√

2σt

)

+
∫ +1

−1

cos2
(π

4
(1− yxf(x))

)
N(µ, σ2

t ) df(x) ,

(24)
where erfc(ν) = 2√

π

∫ +∞
ν

exp(−z2) dz.



Table 1: Training results of BTSVC with Gaussian covari-
ance function (8) on benchmark data sets. Splice∗ denotes
the reduced Splice data set. TIME denotes the average CPU
time in seconds consumed by Bayesian inference over the
first five folds; RATE denotes the test error rate in percent
averaged over all folds of that data set; SVC is the RATE of
classical SVC with Gaussian kernel reported in [5].

Data Set TIME RATE SVC
Banana 8.65±2.78 10.39±0.50 11.53±0.66
Breast 3.24±0.64 25.70±4.46 26.04±4.74
Diabetis 22.43±5.61 23.13±1.75 23.53±1.73
Flare 85.15±12.26 34.26±1.75 32.43±1.82
German 106.35±26.96 23.37±2.28 23.61±2.07
Heart 1.23±0.64 16.33±2.78 15.95±3.26
Image 71.85±28.45 3.50±0.62 2.96±0.60
Ringnorm 4.50±1.10 1.99±0.26 1.66±0.12
Splice 308.22±87.41 12.36±0.72 10.88±0.66
Splice∗ 42.00±14.64 5.87±0.58 —
Thyroid 0.21±0.04 3.95±2.07 4.80±2.19
Titanic 1.29±0.47 22.51±1.01 22.42±1.02
Twonorm 1.19±0.35 2.90±0.27 2.96±0.23
Waveform 4.52±2.76 9.94±0.42 9.88±0.43

5. NUMERICAL EXPERIMENTS

In numerical experiments, the initial states of the hyperpa-
rameters are chosen asκb = 100.0 andκ = 1/d, where
d is the input dimension. The initial value ofκ0 is chosen
from {0.1, 1, 10, 100}, usually it is 10. The computer we
used for these numerical experiments is PIII 866 PC with
384MB RAM and the operating system is Windows 2000.3

We carried out Bayesian inference with Gaussian kernel on
the benchmark data sets used by Rätsch et al. [5].4 We
report the training results of BTSVC on these data sets in
Table 1. The optimal hyperparameters used throughout the
training on all folds of that data set is determined by the
average results of Bayesian inference on the first five folds.
We choose optimal hyperparameters in this way for a fair
comparison with the results of classical SVC reported in [5].
We find that the generalization capability of our Bayesian
approach is very competitive. In next series of experiments,
we choose the Splice data, which has the highest dimen-
sion in these benchmarking data, to carry out ARD feature
selection. Bayesian inference with ARD Gaussian kernel
(9) yields more preferable evidence and reduces test error
rate to 5.29%. From the optimal ARD parameters, we find
that only the28th − 34th input dimensions are significantly

3The program we used in the numerical experiments is available at
www.guppy.mpe.nus.edu.sg/ mpessk/svm/bisvm.zip.

4These 100-fold benchmark data sets (only 20 folds available for
Image and Splice) and related experimental results can be accessed at
http://www.first.gmd.de/∼raetsch/data/benchmarks.htm.

relevant in the whole 60 dimensions. Thus, we create re-
duced Splice data sets by keeping the 7 relevant dimensions
only. On the reduced data sets, Gaussian covariance kernel
can still yields similar performance. It is one of the advan-
tages of Bayesian design over the deterministic approach
that large number of hyperparameters can be tuned system-
atically.

6. CONCLUSION

We proposed a Bayesian support vector classifier by intro-
ducing trigonometric likelihood function. In the probabilis-
tic framework of stationary Gaussian processes, various com-
putational procedures are provided for the MAP estimate
and the evidence of the hyperparameters. Model adaptation
and ARD feature selection could be implemented intrinsi-
cally in hyperparameter inference. Furthermore, the sparse-
ness reduces the computational cost significantly. Another
benefit is the availability of class probabilities in making
predictions. The results in numerical experiments verify
that the generalization capability is competitive. We will
further study the influence from outliers in future work.

7. REFERENCES

[1] W. Chu, S. S. Keerthi, and C. J. Ong, Bayesian
trigonometric support vector classifier.Technical
Report, CD-01-16 Dept. of Mechanical Engi-
neering, National University of Singapore, 2001.
http://guppy.mpe.nus.edu.sg/∼mpessk/btsvc/btsvc.pdf

[2] S. S. Keerthi, S. K. Shevade, C. Bhattacharyya, and K.
R. K. Murthy, Improvements to Platt’s SMO algorithm
for SVM classifier design,Neural Computation, Vol.
13, 637-649, 2001.

[3] J. T. Kwok, The evidence framework applied to sup-
port vector machines.IEEE Transactions on Neural
Networks, 11(5):1162-1173, 2000.

[4] D. J. C. MacKay, A practical Bayesian framework
for back propagation networks.Neural Computation,
4(3), 448-472, 1992.
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