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Comparing two samples

m Given: Samples from unknown distributions P and Q.
m Goal: do P and @ differ?
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A real-life example: two-sample tests
m Goal: do P and @ differ?

CIFAR 10 samples Cifar 10.1 samples
Significant difference?

Feng, Xu, Lu, Zhang, G., Sutherland, Learning Deep Kernels for Non-Parametric Two-Sample Tests,
ICML 2020

Sutherland, Tung, Strathmann, De, Ramdas, Smola, G., ICLR 2017.
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Two-sample problem
m Samples X, := (21,...,2Zm), T e p in R?
m Samples Y, := (y1,---,Yn), ¥i g g in R¢
where m < n and n < Cm.
Hypothesis test: function Ay (X, YVy)
Ho:p=4q against Hi:p#q
As(Xpp, Y,) =1
Ay(Xp,Y,) =0

= reject Ho
= fail to reject Ho

Type II error g
]P)pxq(A(Xm;Yn) = O) < ﬂ
Type I error: controlled by o by design
Ppup(A(Xp,Y,)=1) < «
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Outline

Two sample testing

m Test statistic: Maximum Mean Discrepancy (MMD)...

...as a difference in feature means
...as an integral probability metric

m Statistical testing with the MMD
m “How to choose the best kernel”

using aggregation (no sample splitting)
minimax guarantees with Sobolev smoothness assumption
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Maximum Mean Discrepancy
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Kernel methods, feature representation

Kernels: dot products of
features

Feature map ¢(z) € F,

olz)=1[..0i(z)..] €L

For positive definite k,

k(z,2") = (p(z), o(z'))

Infinitely many features
o(z), dot product in
closed form!
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Kernel methods, feature representation

Kernels: dot products of
features

Feature map ¢(z) € F,

p(z)=1[..0iz).. ] €Ly

For positive definite k&,

k(z,z') = (p(z), o(z')) 7

Infinitely many features
¢(z), dot product in
closed form!

Exponentiated quadratic kernel

k(z,a') = exp (—7 ||z — 2'||%)

p(x) =

Features: Gaussian Processes for Machine learning, Ras-

mussen and Williams, Ch. 4.
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Kernels and bandwidths

Kernel: k(z,y) =[] Ki(mi — yi) Bandwidth: ) € (0,00)¢
i=1
Assumptions: Kj,..., K4 integrable (to 1) and square integrable

Eg: Gaussian (K;(u)oxe™¥"), Laplace (K’(u)oc e~1¥l), Matérn,. ..

Gaussian kernel: k,(z — v) d/2 H - exp( (z; yz) )
A=4
1.0
0.5
00 =5 0 5
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Kernel mean embedding

Function evaluation in an RKHS:

f(z) =, 02)F

Expectation evaulation in an RKHS:

Ep(f(X)) = Ep{f,0x)r = (i Eppx)r = (f,p)

as long as feature map Bochner integrable: Ep|lox|| = Ep+/k\ (X, X) < 0.

‘ up gives you expectations of all RKHS functions ‘

“Kernel trick” for mean embeddings:

(pp,po)r = Ep,gk (X, Y)

for X ~Pand Y ~ Q.
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The maximum mean discrepancy

The maximum mean discrepancy is the distance between feature
means:

MMD?(p, q) = |lup — poll>
=Epk\ (X, X')+Egk (Y, Y')—2Ep ok (X, Y)

(a) (a) (b)

(a)= within distrib. similarity, (b)= cross-distrib. similarity.
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Characteristic kernels on R?

Characteristic kernel: MMD?(p, ¢) = 0 iff p = g rurumizu et a1 (1PSO7D),

Sriperumbudur et al.[COLTO08]
When are translation invariant kernels k) (z, y) = k.(z — y)
characteristic on R%?
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Characteristic kernels on R?

Characteristic kernel: MMD?(p, ¢) = 0 iff p = g rurumizu et a1 (1PSO7D),

Sriperumbudur et al.[COLTO08]

When are translation invariant kernels k) (z, y) = k.(z — y)
characteristic on R%?

Bochner’s theorem:

R

Rd

)T

“ g (w)

A(w) finite non-negative Borel measure.

Characteristic function of P via Fourier transform

op(w) = /Rd e= w4 P(z)
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Characteristic kernels on R?

Fourier representation of MMD on R¢%:

MMD? (p, ) = [ lpp(w) - o)l dAw)
Proof:

MMD?(p, q)
:= Epk\(z — 2') + Eok\(y — ¥') — 2Ep ok (2, y)
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Characteristic kernels on R?

Fourier representation of MMD on R¢%:

MMD? (p, g / op(w w)[2 dA(w)
Proof:

MMD?(p, q)
:= Epk\(z — 2') + Eok\(y — ¥') — 2Ep ok (2, y)

= [ [ [e6s - v ae - )] ap - o)
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Characteristic kernels on R?

Fourier representation of MMD on R¢%:

MMD? (p, g / op(w w)[2 dA(w)
Proof:

MMDz(p, 9)
= Epk\(z — z')+ Egk\(y — V') — 2Ep oki\(z,y)

_// (s — t) d(P — Q)(s)] d(P — Q)(2)
= [, 162(w) ~ $o(@)P’ dA(w)
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Summary: characteristic kernels on R¢

A translation invariant k, is characteristic for prob. measures on R if
and only if
supp(/) = R*

(i.e. support zero on at most a countable set) sriperumbudur et a1 [covTos,
JMLR10]
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Summary: characteristic kernels on R¢

A translation invariant k, is characteristic for prob. measures on R if
and only if

supp(/) = R*

(i.e. support zero on at most a countable set) sriperumbudur et a1 [covTos,
JMLR10]

Corollary: any continuous, compactly supported k, characteristic
(since Fourier spectrum A(w) cannot be zero on an interval).

1-D proof sketch from [Mallat, 99, Theorem 2.6], proof on R? via distribution theory in Sriperumbudur
et al. [JMLR10, Corollary 10 p. 1535]
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Two-Sample Testing with MMD



A statistical test using MMD

The empirical MMD:

FIMD,, (X, V) =T > ko (@i, ;) atn D) > k(yiys)
z;éj 176.7

- % Z k (%Yj)
’L!]

Two-sample MMD test:

2
AL (Ko, V) = IL(MMD (X, V) > q1a>
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A statistical test using MMD

The empirical MMD:

FIMD,, (X, V) =T > ko (@i, ;) atn D) > k(yiys)
z;éj 176.7

- % Z k (%Yj)
Z!]

Two-sample MMD test:

2
AL (Ko, V) = IL(MMD (X, V) > q1a>

/\2
Want threshold g, , for test MMD, (X,,, Y,) to get false positive rate
a
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—_— 2
Asymptotics of MMD when P = Q)

P = Q = N(0,1), statistic has asymptotic distribution

2

Prob. of n x MM D

(m+ n)MMD (X, Yp)

MMD density under #,

06 — \? sum |
’ Il Empirical PDF

0.4

0.2

n x MDD

Z)\z [zl — 2}

where

A(a') = / b (2, 2" (2) dP(z)

centred

2~ N(0,2) iid.
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How do we get the test threshold g¢; .?
Original empirical MMD for dogs and fish:

X = [Tt ™ W L]

Y = [12, &% ... |

1
MMD _m ; k Z;, (Bj)

+ ) k(.v))
n(n—l); v
2
- ﬁzk(:EMYJ)
0]




How do we get test threshold g, .7

Permuted dog and fish samples (merdogs):
X = [ met ]

Y = [T a9 ]
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How do we get test threshold g, .7

Permuted dog and fish samples (merdogs):

PN \

— ]_ Z;é: k . s l- . .r-
v l-..l. N . | |

1 . T
k(F:,5) i .

v Z E- 1 ey

L}
u
.L I.I_II




[Schrab et al., Proposition 1]

MMD test thresholds: permutation, wild bootstrap

Two-sample MMD test:

2B =2 ~
ALE (X V) = IL(MMDA(Xm,Yn) > q1a>

Quantile: G;', is the [ B+1)(1—a)]-th largest value of
/\2
MMD, (X,, Y,) and B Ho-simulated test statistics

2
Permutations: MMD, (X7, V7) where (X¢,,V7) = o(X,, UY,)
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[Schrab et al., Proposition 1]

MMD test thresholds: permutation, wild bootstrap

Two-sample MMD test:

2B =2 ~
ALE (X V) = IL(MMDA(Xm,Yn) > q1a>

Quantile: G;', is the [ B+1)(1—a)]-th largest value of
/\2
MMD, (X,, Y,) and B Ho-simulated test statistics

2
Permutations: MMD, (X7, V7) where (X¢,,V7) = o(X,, UY,)

Non-asymptotic level (permutation): Ppyp (AQ’B(XW Y,) = 1) < a,

Time complexity: O(B (m + n)2)
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—2
Approx. null distribution of MMD via permutation

Null distribution estimated from 500 permutations
Example: P = Q = N(0,1)

MMD density under HO

0.7 T T T T T
e Null PDF
B \ull PDF from permutation

Prob. density
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Kernel choice:

MMD as an IPM

Maximum mean discrepancy: smooth function for P vs @

MMD; (p, q) := sup [Epf(X)—Eqf(Y)]

Prob. density and f

17l z<1

Witness f for Gauss and Laplace densities

0.8
e
0.6r = Gauss |
m— |_aplace
-0.6 ; ;
-6 -4 -2 2 4 6

Xot
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Kernel Choice: MMD as an IPM

m Simple choice: Gaussian
(zi — %)
k(z,y) )1 /2 H exp( 5

m Characteristic: for any o: for any P and @, power — 1 as n — o0

22/49



Kernel Choice: MMD as an IPM

m Simple choice: Gaussian
(zi — %)
k(z,y) )1 /2 H exp( 5

m Characteristic: for any o: for any P and @, power — 1 as n — o0
m But choice of A --- A, is very important for finite m, n...
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Kernel Choice: MMD as an IPM

m Simple choice: Gaussian
(zi — v:)?
k(z,y) = d/2H exp( 2

m Characteristic: for any o: for any P and @, power — 1 as n — o0
m But choice of A\;--- ), is very important for finite m, n...

f(x)

-1 -0.5 0 0.5 1
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Kernel Choice: MMD as an IPM

m Simple choice: Gaussian
(zi — v:)?
k(z,y) = d/2H exp( 2

m Characteristic: for any o: for any P and @, power — 1 as n — o0
m But choice of A\;--- ), is very important for finite m, n...

0.5

L% @0 mmem o6 & —

f(x)

-0.5
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Kernel Choice: MMD as an IPM

m Simple choice: Gaussian
(2 — vi)?
k(z,y) = d/2H exp( 2

m Characteristic: for any o: for any P and @, power — 1 as n — o0
m But choice of A\;--- ), is very important for finite m, n...

0.5

f(x)

-0.5
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Test power for known
smoothness of p — g



Sobolev balls

Regularity /smoothness assumption: p — g € §3(R)
Sobolev balls:

Sq(R) = {f € LY(RY) N LAR?) : /R JENZIF @) dé < (27r)dR2}

radius R > 0 smoothness parameter s > 0
dimension d Fourier transform 7(5 )= fgaf (:c)e_”dez
2 01

LI (O T T
e

[T

A A

0.0 0.5 1.0
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Sobolev balls

Regularity /smoothness assumption: p — g € §3(R)
Sobolev balls:

Sq(R) = {f € LY(RY) N LAR?) : /R JENZIF @) dé < (27r)dR2}

radius R > 0 smoothness parameter s > 0
dimension d Fourier transform f(f) = [raf(z)e™® "¢de
2 01

MHW\H
Bmww—oo

LA A
vAVRVARY

0.0 0.5 1.0
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[Schrab et al., 2023, Corollary 7]

MMD test power, known smoothness

Theorem (MMD test minimax optimality)

For known smoothness s, assuming p — g € Sj(R) and setting
— (m + n)72/(4s+d)

fori1=1,...,d, the condition

C (m+n)—2s/(4s+d)

lp—gqllz > —=
VB
guarantees control of the type II error of the MMD test

Poxgxr(BYE (Xm, Ya) =0) < 8.

Minimax rate over Sobolev balls: (m + n)=2s/(4s+d)
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[Schrab et al., 2023, Lemma 2]

Proof of theorem 1 (next few slides)

For a, § € (0,1), Type II error control
PquXT(Aa’B(Xm; Yn) = 0) S IB
is implied by (Chebyshev)

2 2 ~
Ppxgxr (MMDQ(p, q) > \/ﬁvarpxq<MMD (Xm,Yn)> + ql—a) > 1—§

26/49



[Schrab et al., 2023, Lemma 2]

Proof of theorem 1 (next few slides)

MMD?(p, q) > \/2varqu (mz(xm,yn)> + 3,
————— ,6 ——
(4) % (C)

We address each of the three terms (A), (B), (C) in turn.
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[Schrab et al., 2023, Appendix E.5]

Breakdown of the MMD (A)
The MMD can be decomposed
MMD?(p, 9) = (p = ¢,k * (p — 0))2
= (I~ a3+ 1k + (p - QI8

~ |l (2~ 9) - (p~ 9)I})
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[Schrab et al., 2023, Appendix E.5]

Breakdown of the MMD (A)

The MMD can be decomposed

MMD?(p, q) = (p — g,k * (p — 0))2
1
=S (lp = all3 + Ik * (p - 9)II3

~ |l (2~ 9) - (p~ 9)I})

m Keep the first term (test “radius” for power 1 — 8): ||p — q||3
m Get rid of second term using variance (next slides): ||k, * (p — q)||2
m Bound the final term:if p — ¢ € S;(R), then 35 € (0, 1) such that

d
|k x (p— q) — (p— QI3 — S?lp — qll3 < Co(d, s, R) > \.>

1=1

27/49



Updating the power condition after (A)
The power condition (which needs to hold with probability 1 — 8/2)

MMD? (p,q) > \/zvarqu (1\’/I’I\E)2 (X, Yn)) + G
————— ,3 ——
(4) ) (c)
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Updating the power condition after (A)
The power condition (which needs to hold with probability 1 — 8/2)

MMD? (p,q) > \/zvarqu (1\’/I’I\E)2 (X, Yn)> + G
————— ,3 ——
(4) ) (c)

after updating (A), then becomes

d
(1-5%)p—dll; > Cod_ 22~k *(p - a)ll3

1=1

2 —
+ 2\/varqu (MMDZ(Xm, Yn)) +24;
’ )

(B)
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[Schrab et al., 2023, Proposition 3]

Bound on the variance (B)

Assume that max (||2]|co, || ¢]|leo) < M for some M > 0.

Valpyg <I\TI\E2 (Xm, Yn))

IR 1 )

m+n (m+n)?

S Cl(M: d) (

29/49



[Schrab et al., 2023, Proposition 3]

Bound on the variance (B)

Assume that max (||2]|co, || ¢]|leo) < M for some M > 0.

Valpyg <I\TI\E2 (Xm, Yn)>

IR 1 >

m+n (m+n)?

S Cl(M: d) (

Assuming )i --- )y <1,

(B) :2\/;varpxq(m2(xm,yn)>
C
VBlm +

< ko (p— Q)3+

Term ||k, * (p — q)||3 will cancel in the power condition.
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Updating the power condition after (A), (B)

The power condition (which needs to hold with probability 1 — 8/2)

d
(1-89)lp—al3 > Co)_2* ki *(p -3

1=1

2 e 2, .
+ 2\/ﬁvarpxq (MMD (Xm, Yn)> +2G{_,-
()

(B)
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Updating the power condition after (A), (B)

The power condition (which needs to hold with probability 1 — 8/2)

d
(1-89)lp—al3 > Co)_2* ki *(p -3

1=1

2 e 2, .
+ 2\/ﬁvarpxq (MMD (Xm, Yn)> +2G{_,-
()

(B)

After bounding (B), becomes

c S
+ C * 4201 4.
VB(m+n)h 02 i(lﬂ)
C

(1-5%)lp—all3 >
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[Schrab et al., 2023, Proposition 4]

Bound on estimated 1 — a quantile (C)

Assume that max (||p||co, || ¢]lec) < M for some M > 0. We have

N | ™

N 1n<%> B
PPXQXT 91—« S C2(Mi d)\/B(m-l—n)\/i Z 1

for B > %(ln(%) +a(l - a)) and a € (0,0.5).
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Updating the power condition after (A), (B), (C)
The power condition (which needs to hold with probability 1 — 8/2)

C 4
(1-5)p-al} > L + Gy 25 4 25 .
= VB(m A+ )V 2 —
C
Fine print: « € (0,e~1), B > %(ln(%) +a(l - oc)), and Ay .- Ay < 1
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Updating the power condition after (A), (B), (C)
The power condition (which needs to hold with probability 1 — 8/2)

c! d
2 1 25 | o
I2 VB(m + )2 - 01‘2:21 (1 :
c

(1-5%)p

After updating (C)

2w CuM,d,s,S,R) (&, In(2)
lp —allz 2 /B (; TS Worsseoull &

Fine print: o € (0,e71), B> % (ln(%) +a(l— oc)), and Ay .- Ay <1
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Updating the power condition after (A), (B), (C)
The power condition (which needs to hold with probability 1 — 8/2)

Ci d
2 1 25 | on
—-qll3 2 + G +29{_,-
I2 VB(m + )2 - 01‘2:31 (1 :
c

(1-5%)p

After updating (C)

Ip— gz > CiM:d,5,8,R) Zd: - In()
2 & T )
Picking )" = (m + n)~2/(45+49) controls the Type II error when
¢ —2s/(4s+d)
p—gllz 2 —z(m+n
| | \/B( )

Fine print: o € (0,e71), B> % (ln(%) +a(l— oc)), and Ay .- Ay <1
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Optimizing kernel parameters:
aggregation



[Schrab et al., 2023]

MMDAgg for a collection of bandwidths /\
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[Schrab et al., 2023]

MMDAgg for a collection of bandwidths /\

MMDAgg (MMD Aggregation): non-asymptotic level o
2
AL(Xp, Y,) =1 (MMDA(XWY”) > Gy, ., for some )\ € A)

positive weights (w,).ecx satisfying >7, o, wy <1
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[Schrab et al., 2023]

MMDAgg for a collection of bandwidths /\

MMDAgg (MMD Aggregation): non-asymptotic level o
2
AL(Xp, Y,) =1 (MMDA(XWY”) > G1 ., for some ) € ./\.>

positive weights (w,).ecx satisfying >7, o, wy <1

Correction u, defined as

—_—2
sup{u >0: Py (Ig\la}xc (MMDA(Xm,Yn) — ijw) > o) < a}
e/

more powerful than Bonferroni correction as u, > a
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[Schrab et al., 2023]

MMDAgg for a collection of bandwidths

MMDAgg (MMD Aggregation): non-asymptotic level o
2
AL (X, Y,) = IL(MMD (X, Y5n) > G{ 4, for some ) € >

positive weights (w,).ecx satisfying >7, o, wy <1

Correction u, defined as
—2
sup{u >0:Ppyp <max (MMD (X, Yn) — Qi wu ) > 0) < a}
€

more powerful than Bonferroni correction as u, > a

Time complexity O(\ | (B1 4+ B2)(m + n)z)
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Multiple testing correction comparison

Simple example: 3-d Gaussians with different means

1.0
—— Bonferroni
0.8 1 MMDAgg
+ 0.6 1
3]
g
A 0.4+
0.2
0.0 — . . . . .
0 20 40 60 80 100

Number of bandwidths

(3) = {2Z med : L€ {—1,.. .,z'}} for 1 € {0, 10, 20, 30, 40, 50}

wy =1/
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[Schrab et al., 2023, Corollary 10]

MMDAgg test power guarantee

Theorem (MMDAgg minimax adaptivity)

~ 2 m+n 6
::{2 ZILd:36{1,...,[d10g2(mﬂ}}’ YA g

Assuming p — g € S;(R), the condition

l=ak > 55 ()
PP = VB \In(In(m + n))

guarantees control of the type II error of MMDAgg
prq(Aa (Xm:Yn) = 0) < :3

Minimax rate over Sobolev balls: (m + n)~2s/(4s+d)
Minimax adaptive over{Sj(R): s > 0, R > 0}
Unlike the MMD test A, , MMDAgg A, is independent of s 36/49



MMDAgg parameter-free user-friendly implementation
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MMDAgg parameter-free user-friendly implementation

=)
A

Radial basis function (RBF) kernel: k\(z,y) := K (
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MMDAgg parameter-free user-friendly implementation

=)

Collection of bandwidths A: discretisation of the interval | , ]
where and are the (robust) minimum and maximum of

{le—vll: 2 €Xm,y € vs}

Radial basis function (RBF) kernel: k(z,y) := K(
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MMDAgg parameter-free user-friendly implementation

=)

Collection of bandwidths A: discretisation of the interval | , ]
where and are the (robust) minimum and maximum of

{llz =yl : & € Xm,y € Y}
Possible to aggregate several kernels each with multiple bandwidths

Radial basis function (RBF) kernel: k(z,y) := K(
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MMDAgg parameter-free user-friendly implementation

=)

Collection of bandwidths A: discretisation of the interval | , ]
where and are the (robust) minimum and maximum of

{llz =yl : & € Xm,y € Y}
Possible to aggregate several kernels each with multiple bandwidths

Radial basis function (RBF) kernel: k(z,y) := K(

Uniform weights: w, =1/ |A]
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MMDAgg parameter-free user-friendly implementation

=)

Collection of bandwidths A: discretisation of the interval | , ]
where and are the (robust) minimum and maximum of

{llz =yl : & € Xm,y € Y}
Possible to aggregate several kernels each with multiple bandwidths

Radial basis function (RBF) kernel: k(z,y) := K(

Uniform weights: w, =1/ |A]

Number of permutations / wild bootstraps: B; = B; = 2000
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MMDAgg parameter-free user-friendly implementation
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Collection of bandwidths A: discretisation of the interval | , ]

Radial basis function (RBF) kernel: k(z,y) := K(

where and are the (robust) minimum and maximum of
{llz =yl : & € Xm,y € Y}
Possible to aggregate several kernels each with multiple bandwidths

Uniform weights: w, =1/ |A]

Number of permutations / wild bootstraps: B; = B; = 2000

JAX: runs on either CPU or GPU (significant speed improvements)
m JAX GPU runs 100 times faster than Numpy CPU
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MMDAgg parameter-free user-friendly implementation

=)

Collection of bandwidths A: discretisation of the interval | , ]

Radial basis function (RBF) kernel: k(z,y) := K(

where and are the (robust) minimum and maximum of
{llz =yl : & € Xm,y € Y}
Possible to aggregate several kernels each with multiple bandwidths

Uniform weights: w, =1/ |A]

Number of permutations / wild bootstraps: B; = B; = 2000

JAX: runs on either CPU or GPU (significant speed improvements)
m JAX GPU runs 100 times faster than Numpy CPU

mmdagg package: github.com/antoninschrab/mmdagg

from mmdagg import mmdagg # X shape (m, d)
output = mmdagg(X, Y) # 0 or 1 # Y shape (n, d)
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Experiment on perturbed uniform d =1

1 perturbation

2 perturbations

o

9
1
0
0.0 0.5 1.0 0.0 0.5 1.0
3 perturbations 4 perturbations
2
1
0
0.0 0.5 1.0 0.0 0.5 1.0
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Experiment on perturbed uniform d = 1

1.001

0.751

0.001

Number of perturbations

—*— MMDAgg --=-- MMD split — 4= AutoML
--a-- MMD median ¥ MMD extra data
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Experiment on perturbed uniform d = 2

1 perturbation

2 perturbations

1.0

0.5

0.0

. 2 B
. - »
. 2 B
. . 2 B

0

3 perturbations

1.0

0.0

0.0

0.5
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Experiment on perturbed uniform d = 2

1.001

0.001

Number of perturbations

—*— MMDAgg --=-- MMD split — 4= AutoML
--a-- MMD median ¥ MMD extra data
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Experiment on MNIST digits

ol/g2131-s16171714
FINEEFBEBREER
MNEEBCIEAEHA
ol 2131 161712)7
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Experiment on MNIST digits

ol 42131151417
FINEEIFEENE R
PN EE L B E
ol 2131411617
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Experiment on MNIST digits

I21 v EX El1 Bl B3
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Experiment on MNIST digits
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Experiment on MNIST digits
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Experiment on MNIST digits
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Experiment on MNIST digits
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Experiment on image shifts on MNIST & CIFAR-10

Failing Loudly Benchmark: Rabanser et al., 2019
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Experiment on image shifts on MNIST & CIFAR-10

Failing Loudly Benchmark: Rabanser et al., 2019
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Experiment on image shifts on MNIST & CIFAR-10

1.001

10! 10? 10° 10
Number of samples

—k— MMDAgg —+- AutoML

46/49



MMD kernel choice without data splitting

MMD Aggregated Two-Sample Test (JMLR 2023):

d I' <1V > stat > arXiv:2110.15073

Statistics > Machine Learning
[Submitted on 28 Oct 2021 (v1), last revised 29 May 2023 (this version, v3)]

MMD Aggregated Two-Sample Test

Antonin Schrab, llmun Kim, Mélisande Albert, Béatrice Laurent, Benjamin Guedj, Arthur Gretton

Code:
https://github.com/antoninschrab/mmdagg-paper
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https://github.com/antoninschrab/mmdagg-paper
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