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Comparing two samples

m Given: Samples from unknown distributions P and Q.
m Goal: do P and @ differ?
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A real-life example: two-sample tests

m The problem:Do local field potential (LFP) signals change when
measured near a spike burst?
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A real-life example: two-sample tests

m The problem:Do local field potential (LFP) signals change when
measured near a spike burst?
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A real-life example: two-sample tests

m The problem:Do local field potential (LFP) signals change when
measured near a spike burst?
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A real-life example: two-sample tests
m Goal: do P and @ differ?

CIFAR 10 samples Cifar 10.1 samples
Significant difference?

Feng, Xu, Lu, Zhang, G., Sutherland, Learning Deep Kernels for Non-Parametric Two-Sample Tests,
ICML 2020

Sutherland, Tung, Strathmann, De, Ramdas, Smola, G., ICLR 2017.
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A real-life example: discrete domains

How do you compare distributions in a discrete domain?

X]_: Now disturbing reports out of New-
foundland show that the fragile snow crab
industry is in serious decline. First the
west coast salmon, the east coast salmon
and the cod, and now the snow crabs off
Newfoundland.

X2: To my pleasant surprise he re-
sponded that he had personally visited
those wharves and that he had already
announced money to fix them. What
wharves did the minister visit in my rid-
ing and how much additional funding is he
going to provide for Delaps Cove, Hamp-
ton, Port Lorne,

Px

Qy

Y]_: Honourable senators, I have a ques-
tion for the Leader of the Government
in the Senate with regard to the sup-
port funding to farmers that has been an-
nounced. Most farmers have not received
any money yet.

Yz:On the grain transportation system
we have had the Estey report and the
Kroeger report. We could go on and on.
Recently programs have been announced
over and over by the government such as
money for the disaster in agriculture on
the prairies and across Canada.

Are the gray extracts from the same distribution as the pink ones?
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Outline

Two sample testing

m Test statistic: Maximum Mean Discrepancy (MMD)...

...as a difference in feature means
...as an integral probability metric (not just a technicality!)

m Statistical testing with the MMD
m “How to choose the best kernel”

when are feature means unique?
what kernel gives the most powerful test?

6/100



Maximum Mean Discrepancy
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Feature mean difference

m Simple example: 2 Gaussians with different means
m Answer: t-test

Two Gaussians with different means

Prob. density
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Feature mean difference

Prob. density

Two Gaussians with same means, different variance
Idea: look at difference in means of features of the RVs

In Gaussian case: second order features of form ¢(z) = z

Two Gaussians with different variances

2
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Feature mean difference

Prob. density

Two Gaussians with different variances

Two Gaussians with same means, different variance

Idea: look at difference in means of features of the RVs

Densities of feature X2

In Gaussian case: second order features of form ¢(z) = z

2

Prob. density

x

<

o
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Feature mean difference

m Gaussian and Laplace distributions

m Same mean and same variance

m Difference in means using higher order features... RKHS

Gaussian and Laplace densities

0.7

Prob. density
o o o o
L £ o 9

o
o

0.1F
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Infinitely many features using kernels

Kernels: dot products of
features

Feature map ¢(z) € F,

olz)=1[..0i(z)..] €L

For positive definite k,

k(z,2") = (p(z), o(z'))

Infinitely many features
o(z), dot product in
closed form!
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Infinitely many features using kernels

Kernels: dot products of
features

Feature map ¢(z) € F,

p(z)=1[..0iz).. ] €Ly

For positive definite k&,

k(z,z') = (p(z), o(z')) 7

Infinitely many features
¢(z), dot product in
closed form!

Exponentiated quadratic kernel

k(z,a') = exp (—7 ||z — 2'||%)

p(x) =

¢1(z) /\—

w ~
pa(z) |~ '
—T —

Features: Gaussian Processes for Machine learning, Ras-
mussen and Williams, Ch. 4.

11/100




Infinitely many features of distributions

Given P a Borel probability measure on X, define feature map of
probability P,
pp = [...Bplp(X)].. ]
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Infinitely many features of distributions

Given P a Borel probability measure on X, define feature map of
probability P,
pp = [...Bplp(X)].. ]

For positive definite k(z, z’),

(pp,po)r =Ep,ok(z,y)

forz ~ Pand y ~ Q.
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Expectations of RKHS functions

Function evaluation in an RKHS:

flz) = {fipa)F

Expectation evaulation in an RKHS:

Ep(f(X)) = (f,ppr)F

wp gives you expectations of all RKHS functions

Empirical mean embedding:

. 1 & iid.
pp=—> p(z) =z ~P
mio

13/100



Expectations of RKHS functions

Function evaluation in an RKHS:

flz) = {fipa)F

Expectation evaulation in an RKHS:

Ep(f(X)) = (f,ppr)F

wp gives you expectations of all RKHS functions

Empirical mean embedding:
1 & iid
—~ 1.1.4.
pp=—> ¢(z) <P
mis

... does this reasoning work in infinite dimensions?
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Does the feature space mean exist?

Does there exist an element yup € F such that

Epf(z)=(fup)r VfETF
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Does the feature space mean exist?

Does there exist an element yup € F such that

Epf(z)=(fup)r VfETF

We recall the concept of a bounded operator: a linear operator
A : F — R is bounded when

|Af| < Aallfll7 Vf e F.

14/100



Does the feature space mean exist?

Does there exist an element yup € F such that

Epf(z)=(fup)r VfETF

We recall the concept of a bounded operator: a linear operator
A : F — R is bounded when

|Af| < Aallfll7 Vf e F.

Riesz representation theorem: In a Hilbert space F, all bounded linear
operators A can be written (-, g4) , for some g4 € F,

Af =(f(-), 94()) #
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Does the feature space mean exist?

Existence of mean embedding: If Ep+/k(z,z) = Ep ||p(z)|| < 00
then dup € F.
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Does the feature space mean exist?

Existence of mean embedding: If Ep+/k(z,z) = Ep ||p(z)|| < 00
then dup € F.

Proof:
The linear operator Tpf := Epf(z) for all f € F is bounded under
the assumption, since
| Trf| = |Epf(z)].
<Ep|f(z)|
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Does the feature space mean exist?

Existence of mean embedding: If Ep+/k(z,z) = Ep ||p(z)|| < 00
then dup € F.

Proof:
The linear operator Tpf := Epf(z) for all f € F is bounded under
the assumption, since
| Trf| = |Epf(z)].
<Ep|f(z)|
=Ep (f,0(2)) 5l

< Ep (\/k(z,2) 1l

Hence by Riesz (with Ay, = Ep+/k(z, z)), up € F such that
TPf = (f:#P)]—"
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up as a function in the RKHS

Embedding of P to feature
space

m Mean embedding up € F,

{bp,f)r = Epf(z).
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up as a function in the RKHS

Embedding of P to feature
space

m Mean embedding up € F,

{bp,f)r = Epf(z).

m What does prob. feature map
look like?

pp(t) = (up, (1) £
= (:U'Pr k(': t)>]—"
= Eprk(a:, t)

Expectation of kernel!
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up as a function in the RKHS
Embedding of P to feature

space
m Mean embedding pup € F, 0.03} I Histogram
= Embedding
(up, f)r = Epf(z). 0.02
0.01
m What does prob. feature map
look like? 0
-2 0 2
X
up(t) = (up, p(t)) £
= <Iu’P1 k(: t)>]—‘
= Eprk(:I), t)

Expectation of kernel!
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The maximum mean discrepancy

The maximum mean discrepancy is the distance between feature
means:

MMD*(P, Q) = ||up — poll>
=Epk(z,z') + Egk(y, v') — 2Ep,0k(z, v)
(a) (a) (b)

(a)= within distrib. similarity, (b)= cross-distrib. similarity.
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The maximum mean discrepancy

The maximum mean discrepancy is the distance between feature
means:

MMD*(P, Q) = ||up — kol
=Epk(z,z')+ Egk(y,v') — 2Ep ok(z, v)
(a) (a) (b)

Proof:

lup — polle = (up — Lo, kP — BQ) 5
= (up, up) + (LQ, Q) — 2(HP, Q)

17/100



The maximum mean discrepancy

The maximum mean discrepancy is the distance between feature
means:

MMD*(P, Q) = ||up — kol
=Epk(z,z')+ Egk(y,v') — 2Ep ok(z, v)
(a) (a) (b)

Proof:

lup — polle = (up — Lo, kP — BQ) 5
= (up, pp) + (LQ, Q) — 2(HP, Q)

17/100



The maximum mean discrepancy

The maximum mean discrepancy is the distance between feature
means:

MMD?(P, Q) = ||lpp — poll%
= EPk(:E) ml) + EQk(yz y/) - 2EP,Qk($1 y)
(a) (a) (b)

Proof:

lup — polls = (up — o, ke — Q) 5
= (up, up) + (L, Q) — 2{pP, 4Q)
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The maximum mean discrepancy

The maximum mean discrepancy is the distance between feature
means:

MMD*(P, Q) = |lpp — polls
= EPk(:I:) xl) + EQk(yz y/) - ZEP,Qk(xx y)
(a) (a) (b)

Proof :

lpp — polls = (kp — B, ke — KQ) £
= (pp,pp) + (kQ, k@) — 2(kP, kQ)
= Ep[up(z)] +
=Ep (up, k(z, )>
= Epk(z,z') + EQk(y, ') = 2Ep,qk(z, y)
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[Mustration of MMD

m Dogs (= P) and fish (= Q) example revisited
m Bach entry is one of k(dog,, dog;), k(dog;, fish;), or k(fish;, fish;)

Ll e
P -~

>

»?

-
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[Mustration of MMD

The maximum mean discrepancy:

—2
MMD =n(n— > k(dog,, dog;) + (n— > k(fish,, fish, )
z;éj 1#]
- ﬁ > k(dog;, fish;)
i
LR

dog;, dog;;)

K(ish;. dog,) |

k(dog;, fish;)
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MMD as an integral probability metric

Are P and @ different?

051

-05

Samples from P and Q

e

60 ¢

0.2

0.4

0.6

0.8 1
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MMD as an integral probability metric

Are P and @ different?

051

-05 ¢

Samples from P and Q

BRAR

00 ¢ 00000 © 06 -
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0.4

0.6

0.8
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MMD as an integral probability metric

Integral probability metric:
Find a "well behaved function" f(z) to maximize

Epf(X)—Eqf(Y)

Smooth function

f(x)

X 22/100



MMD as an integral probability metric
Integral probability metric:

Find a "well behaved function" f(z) to maximize

Epf(X)—Eqf(Y)

Smooth function

0.5

f(x)
o

-0.5¢
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MMD as an integral probability metric

What if the function is not smooth?

Epf(X) —Eqf(Y)

Bounded continuous function
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MMD as an integral probability metric

What if the function is not smooth?

Epf(X) —Eqf(Y)

Bounded continuous function

0.5

-0.5r

0o 02 0.4 06 0.8
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MMD as an integral probability metric

Maximum mean discrepancy: smooth function for P vs @

MMD(P, Q;F) := sup, [Epf(X) —Eqf(Y)]
(F = unit ball in RKHS F)

Witness f for Gauss and Laplace densities
08 : : : ; :

e
0.6r = Gauss |
m— |_aplace

Prob. density and f

Xot

26/100



MMD as an integral probability metric

Maximum mean discrepancy: smooth function for P vs @

MMD(P, Q;F) := sup, [Epf(X) —Eqf(Y)]
(F = unit ball in RKHS F)

For characteristic RKHS 7, MMD(P,Q; F)=0iff P = Q

Other choices for witness function class:

m Bounded continuous [pudiey, 2002]
m Bounded varation 1 (Kolmogorov metric) puiter, 1997)

m Bounded Lipschitz (Wasserstein distances) [pudiey, 2002]
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MMD as an integral probability metric

Maximum mean discrepancy: smooth function for P vs @

MMD(P, Qi F) = sup [Bpf(X) ~ Bof(¥)]

(F = unit ball in RKHS F)

A reminder for the proof on the next slide:

EP(f(X)) = (f’EP(p(X»}‘ = (f,,UP>]-'

(always true if kernel is bounded)
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Integral prob. metric vs feature difference

The MMD:
Witness f for Gauss and Laplace densities
0.8
MMD(P, Q; F) : |
“— = Laplace
= sup [Epf(X)—-Eqf(Y)] g o
IFll=<1 Z o2
L
§ 02
-04
08 ” 2 2 4

Xor

27/100



Integral prob. metric vs feature difference

The MMD:

use
MMD(P, Q; F)

- Hlep<1 [Epf(X) —Eof(Y)] Epf(X)=(upr,f)r

= sup (f,up —LQ)F
[GESS!
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Integral prob. metric vs feature difference

The MMD:
\\
&
MMD ; >
(P,Q; F)
= sup [Epf(X)—Eqf(Y)]
Ifll <1

= sup (f,up —LQ)s
Il F<1
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Integral prob. metric vs feature difference

The MMD: p N
MMD(P, Q; F) > f
= sup [Epf(X)—Eqf(Y)]

IFll7<1

= sup (f,up —LQ)s
Il F<1
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Integral prob. metric vs feature difference

The MMD:

.\‘ o)
( U )

= sup [Epf(X)—Eqf(Y)]

f*

IFllz<1

= sup (f,up —LQ)s
Il F<1

*_

1P — 1Q

~ lup — uoll
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Integral prob. metric vs feature difference

The MMD:

MMD(P, Q; F)

= sup [Epf(X)—Eqof(Y)]
I7llF<t

= sup (f,up —LQ)r
Ifll=<1

= |lup — poll

Function view and feature view equivalent
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Construction of MMD witness
Construction of empirical witness function (proof: next slide!)

Observe X = {x3,...,X,} ~ P

@Obscwc Y({yl, ey Yt~ Q
o @e ( K‘.
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Construction of MMD witness
Construction of empirical witness function (proof: next slide!)
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Construction of MMD witness
Construction of empirical witness function (proof: next slide!)

o @®o — — Vv
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Construction of MMD witness

Construction of empirical witness function (proof: next slide!)

witness(v)
————
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Derivation of empirical witness function

Recall the witness function expression

frocpup —po
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Derivation of empirical witness function

Recall the witness function expression

frocpup —po

The empirical feature mean for P

S\I—‘
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Derivation of empirical witness function
Recall the witness function expression

frocpup —po

The empirical feature mean for P

S\l—‘

The empirical witness function at v

FH(v) = e(v)z
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Derivation of empirical witness function
Recall the witness function expression

frocpup —po

The empirical feature mean for P

S\l—‘

The empirical witness function at v
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Derivation of empirical witness function

Recall the witness function expression

frocpup —po
The empirical feature mean for P
n

The empirical witness function at v

S\l—‘

:5:: (zi,v n :E:: k(yi,v

Don’t need explicit feature coefficients f* := { N

3

|
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Interlude: divergence measures
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Divergences
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Divergences

\s\‘egal prob. Metre,

Dy (P,Q)
= sup |[Ex.pg(X) —Ey.qg(Y)|
geEH
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Divergences

\s\‘egal prob. Metre,

wasserstein

Dy (P,Q)
= sup |[Ex.pg(X) —Ey.qg(Y)|
geEH
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Divergences

\9‘egra| prob. Metrje,

wasserstein

Dy (P,Q)
= sup |[Ex.pg(X) —Ey.qg(Y)|
geEH
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Divergences

\ﬂggral prob. met"'q,

wasserstein

Dy (P,Q)
= sup |[Ex.pg(X) —Ey.qg(Y)|
geEH

Sriperumbudur, Fukumizu, G, Schoelkopf, Lanckriet (EJS, 2012, Theorem A.1)
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Two-Sample Testing with MMD



A statistical test using MMD
The empirical MMD:

—2
MMD =——— YCRY > k(zi, ) Zk (v, 75)
z;éj 1-75]

4]

How does this help decide whether P = Q7
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A statistical test using MMD
The empirical MMD:

—_—2
MMD™ =———— YCRY > k(zi, )
z;ﬁj

4]

Perspective from statistical hypothesis testing:

m Null hypothesis Ho when P = Q

should see mz “close to zero”.
m Alternative hypothesis H; when P # Q

2
should see MMD “far from zero”

Zk (vi,¥5)

z;ﬁj
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A statistical test using MMD
The empirical MMD:

—_—2
MMD" =3 D k(@) + ooy D k(7))
z;éj 1-75]

4]

Perspective from statistical hypothesis testing:

m Null hypothesis Ho when P = Q

should see mz “close to zero”.
m Alternative hypothesis H; when P # Q

2
should see MMD “far from zero”

—2
Want Threshold ¢, for MMD to get false positive rate a
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—_—2
Behaviour of MMD when P # Q

Draw n = 200 i.i.d samples from P and @
Laplace with different y-variance.

/\2
nx MMD =1.2

— 9
Vn x MMD™ =1.2

10
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—_— 2
Behaviour of MMD when P # @
Draw n = 200 i.i.d samples from P and @

m Laplace with different y-variance. 9
Vi x MMD™ =1.2

—2
m/nXxX MMD =1.2 10
Number of MMDs: 1 ol e
8 ‘ ‘ ‘ ‘ ‘ et 3, e
e e
7 2t ‘.:
R VY PR I
~_ Bl ¢ Liaky ¥
o 6 Or.“{%f{-‘-.'!-
2o * ‘s o
(E 21 et :.;.'-"',?'
= oo e ‘..
X S SRR
S 4 o ;
k]
. 37 ,8,
s
- -10
A2y 2 0 2
1,
0
0 05 1 15 2 25

Vi x MMD® 39/100



—_— 2
Behaviour of MMD when P # @

Draw n = 200 new samples from P and @
m Laplace with different y-variance.

]
m /nx MMD =15

Number of MMDs: 2

2

Prob. of \/n x MMD

0 0.5 1 1.5 2 25
— 2
Vi x MMD

/i x MMD’ =15

10
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—_— 2
Behaviour of MMD when P # @

Repeat this 150 times ...

Number of MMDs: 150

—

Prob. of \/n x MMD

0 0.5 1 15 2 25
—— 9
Vi x MMD
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—_— 2
Behaviour of MMD when P # @

Repeat this 300 times ...

Number of MMDs: 300

—

Prob. of \/n x MMD

0 0.5 1 15 2 25
—— 9
Vi x MMD
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—_— 2
Behaviour of MMD when P # @

Repeat this 3000 times ...
Number of MMDs: 3000

—

Prob. of \/n x MMD

0 0.5 1 15 2 25
—— 2
Vi x MMD
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— 2
Asymptotics of MMD when P # Q
When P # @, statistic is asymptotically normal,
MMD~ — MMD?(P, Q) »p

— N(0,1),
where variance V,(P, Q)= O (n™1) .
MMD density U_nder Hl Two Laplace distributions with different variances
1 -
15 T T . T T T —Px
I Erpirical PDF —%
e Giaussian fit = .
S g
= o
(= .| :
= @ 05
X
3 6 -4 2 0 2 4 6
. 05¢ X
k5
s}
0

0 0.5 1 1.5 2 25 3 35
—_— 2
Vi x MMD
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—2
Behaviour of MMD when P = Q

What happens when P and @ are the same?
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—_—2
Behaviour of MMD when P = @
m Case of P = Q = N(0,1)

Number of MMDs: 10
0.7 : : ‘

0.6

2

051

—

Prob. of n x MMD

0.4

0.3

0.2

0.1
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—_—2
Behaviour of MMD when P = @
m Case of P = Q = N(0,1)

J—

Prob. of n x MM D

o
o

o
~

o
w
‘

0.1r

Number of MMDs: 20
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—_—2
Behaviour of MMD when P = @
m Case of P = Q = N(0,1)

J—

Prob. of n x MM D

o
o

o
~

o
w
‘

0.1r

Number of MMDs: 50
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—_— 2
Behaviour of MMD when P = @
m Case of P = Q = N(0,1)
Number of MMDs: 100

Prob. of n x MM D
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—_— 2
Behaviour of MMD when P = @
m Case of P = Q = N(0,1)
Number of MMDs: 1000

J—

Prob. of n x MM D
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—_— 2
Asymptotics of MMD when P = Q)

Where P = @, statistic has asymptotic distribution

77,1\—/I’1\HD2 ~ i)‘l {zf — 2]

=1
) where
MMD density under H,
T ’ ’ N 7 ! .
L e || )= [ He @)
™ ’ -Empirical PDF centred

Prob. of n x MM D
o
~

z ~N(0,2) iid.

o
N

n x MMD’
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A statistical test

A summary of the asymptotics:

0.7 T

2

Prob. of n x MMD
& 2 &

o
n
T

0.1
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A statistical test

Test construction: (G., Borgwardt, Rasch, Schoelkopf, and Smola, JMLR 2012)

0.7 T
—P=Q
06 . — P ?é Q|
(2
Q o5 i
= 04| .
X
<
G 03F 8
a ¢ = 1 — a quantile when P = @
o
& oo2f 1
R~ false negatives
0.1
0
-2 1 0 1 2 3 4 5 6
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How do we get test threshold c,?

Permuted dog and fish samples (merdogs):
X = [@) Tmi gyl ]

Y = [Paed ]
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How do we get test threshold c,?

Permuted dog and fish samples (merdogs):

= [ Mot g B
MMD” 2T Zk
1751
(n— 1 Z k(7
17&1

- ﬁZk(i 7
]

Permutation simulates

P=Q

X =12 "matt ..
%

i

e Ll | Ll -l CEE B
rIII 11




How do we get test threshold c,?

Permuted dog and fish samples (merdogs):

X = [ mat ]
V= [l W]

Exact level a (upper bound
on false positive rate)

at finite 7 and number of
permutations

(when unpermuted statistic
included in pool)

Proposition 1, Schrab, Kim, Albert, Lau-
rent, Guedj, Gretton (2021), MMD Aggre-

gated Two-Sample Test, arXiv:2110.15073




—2
Approx. null distribution of MMD via permutation

Null distribution estimated from 500 permutations
Example: P = Q = N(0,1)

MMD density under HO

0.7 T T T T T
e Null PDF
B \ull PDF from permutation

Prob. density
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Consistent test w/o bootstrap

Maximum mean discrepancy (MMD):
MMD?*(P, Q; F) = |lup — pollx

/\2
Is MMD significantly > 07

P = Q (neuro)

P = (@, null distrib. of 0.5

VIVES Spectral
MMD: _ 04° - - = Permutation
e
— © 5 @ 03
nMMD — " (2 - 2), =
b= 8 o2
>
'_

A; is lth eigenvalue of

centered kernel k(z;, z;) 0
100 150 200 250 300

Sample size m

Use Gram matrix spectrum for );:
consistent test without bootstrap 49/100




How to choose the best kernel (1)
characteristic kernels



Characteristic kernels

Characteristic: MMD a metric MMD = 0 iff P = Q)
[NeurIPSO7b, JMLR10]

In the next slides:

m Characteristic property on [—m, 7] with periodic boundary
m Characteristic property on R¢

m Characteristic property via Universality
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Characteristic kernels on [—, 7]

Reminder: Fourier series

Function on [—m, 7] with periodic boundary.

Z frexp(alz) Z fo (cos(£z) + 1sin(£z)) .

= l=—o0
Top hat Fourier series coefficients
T T 0.5 T T
1.4
12 0.4F
1 03
0.8
0.2r
E o6 1S
=
0.1
0.4 4 T T

. A

-4 -2

2o
~o
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Characteristic kernels on [—, 7]

Jacobi theta kernel (close to exponentiated quadratic):

1 T —vy 10° - 1 —o24?
k(zr —y)=—72 — ke = — .
(e-v)=o ( or 27r> o T g P ( 2

¥ is the Jacobi theta function, close to Gaussian when 2 small

Kernel Fourier series coefficients
0.1
0.6 0.14
0.5 0.12
0.4 0.1
E o3 <= 0.08
=
02 0.06
0.1 0.04
0 0.02
~041 . . o® T T Po
4 -2 0 2 4 -10 5 0 5 10
T l
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The MMD in a Fourier representation

Maximum mean embedding via Fourier series:

m Fourier series for P is characteristic function ¢p
m Fourier series for mean embedding is product of fourier series!
(convolution theorem)

,U'P(m) = </‘LP1 k('x :I:)>]_—
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The MMD in a Fourier representation

Maximum mean embedding via Fourier series:
m Fourier series for P is characteristic function ¢p
m Fourier series for mean embedding is product of fourier series!
(convolution theorem)
pp(z) = (pp, k(5 2)) £
= EtN pk(t — .’I))
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The MMD in a Fourier representation

Maximum mean embedding via Fourier series:

m Fourier series for P is characteristic function ¢p
m Fourier series for mean embedding is product of fourier series!
(convolution theorem)

,U'P(m) = </‘LP1 k('x :I:)>]_—
= Ethk(t — .’I))

_ /7r k(t — 2)dP(t)
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The MMD in a Fourier representation

Maximum mean embedding via Fourier series:

m Fourier series for P is characteristic function ¢p
m Fourier series for mean embedding is product of fourier series!
(convolution theorem)

,U'P(m) = </‘LP1 k('x :IJ)>]_—
= Ethk(t — .’I))

= / k(t—2)dP(t)  ppe=Fk X @py
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The MMD in a Fourier representation

Maximum mean embedding via Fourier series:

m Fourier series for P is characteristic function ¢p
m Fourier series for mean embedding is product of fourier series!
(convolution theorem)

,U'P(m) = </‘LP1 k('x m))]—"
= Etwpk(t — .’I))

= / k(t—2)dP(t)  ppe=Fk X @py

MMD can be written in terms of Fourier series:

MMD(P, Q;F) = [[up — 1ol £

> [(@P,z Za¥) Ez] exp(ifz)

{=—oc0

f
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A simpler Fourier representation for MMD

From previous slide,

o0

> [(¢P,Z - P0,.) 751] exp(ufz)

{=—c0

MMD(P, Q;F) =

F

Reminder: the squared norm of a function f in F is:

0 (72
iz = s 2

l=—0o0 kl

55/100



A simpler Fourier representation for MMD

From previous slide,

o0

> [(¢P,Z - P0,.) Ez] exp(ufz)

{=—c0

MMD(P, Q;F) =

F

Reminder: the squared norm of a function f in F is:

0 (72
iz = s 2

l=—0o0 kl

Simple, interpretable expression for squared MMD:

MMD?*(P, Q; F) = i

l=—o00

lope — 0ol k?
ky

w -~
= Z lope — 9o.u’ke

l=—o00
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Characteristic kernels on [, 7]

Example: P differs from @ at one frequency:

0.2

0.15

Z o
A

0.05

0

0.2

0.15

= 04
<&

0.05
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Characteristic kernels on [, 7]

Example: P differs from @ at one frequency:

0.2 ] o
0.15
8 =
T O Sos
0.05
0 (CBe000aaEEAAEEa0000
2 0 2 -10 0 10
0.2 1 =
) =
= 05
s 0.1 g
0.05
0— 0 -10 0 10
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Characteristic kernels on [, 7]

Example: P differs from @ at one frequency:

0.2

0.15

—

8
— 0.1

A
0.05

0.2

0.15

0.05

Characteristic  function
difference
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Characteristic kernels on [—, 7]

Is the Gaussian spectrum kernel characteristic?

Kernel Fourier series coefficients
0.16
06 0.14
0.5 0.12
04 0.1
E o3 «20.08
~e
02 0.06
0.1 0.04
0 0.02
o1 ‘ ) T T 2
-4 -2 0 2 4 -10 5 0 5 10
T l
[e)
MMD?*(P, Q; F) = lop.e — 9o’k
) % - Ypye Yol Ke
{=—00
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Characteristic kernels on [—, 7]

Is the Gaussian spectrum kernel characteristic? Y ES

Kernel Fourier series coefficients
0.16
06 0.14
0.5 0.12
04 0.1
E o3 «20.08
~e
02 0.06
0.1 0.04
0 0.02
o1 ‘ ) T T 2
-4 -2 0 2 4 -10 5 0 5 10
T l
[e)
MMD?*(P, Q; F) = lop.e — 9o’k
) % - Ypye Yol Ke
{=—00
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Characteristic kernels on [—, 7]

Is the triangle kernel characteristic?

Triangle Fourier series coefficients
03 0.07
0.25 0.06
02
0.05
0.15
_ 0.04
i 01} =
0.03
0,051
0.02
ok
~0.05 0.01
04 . . . 00f® T T ?70qa
4 ) 0 2 4 10 ] 0 5 10
x l
[eS)
MMD*(P, Q; F) = lope — 0ok
) % - PPy Yol ke
l=—00
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Characteristic kernels on [—, 7]

Is the triangle kernel characteristic? NO

Triangle Fourier series coefficients
03 0.07
0.250 006
02
0.05
0.15
_ 0.04
i 01} =
0.03
0,051
0.02
ok
~0.05 0.01
04 . . . 00f® T T ?70qa
4 ) 0 2 4 10 ] 0 5 10
x L
[eS)
MMD*(P, Q; F) = lope — 0ok
) % - PPy Yol ke
l=—00

58/100



Characteristic kernels on R?

Can we prove characteristic on R%?

Characteristic function of P via Fourier transform

pp(w) = /Rd e= w4 P(z)
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Characteristic kernels on R?

Can we prove characteristic on R%?

Characteristic function of P via Fourier transform

pp(w) = /Rd e= w4 P(z)

For translation invariant kernels: k(z,y) = k(z — y), Bochner’s
theorem:

k(z —y) = /Rd e Uzl dA(w)

A(w) finite non-negative Borel measure.
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Characteristic kernels on R¢
Fourier representation of MMD on R¢%:
MMD*(P, @5 F) = [ lpp(w) - po)f® dAw)
Proof:
MMD?*(P, Q; F)
= Epk(z — z') + Eqk(y — ') — 2Ep,ok(z, )
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Characteristic kernels on R¢
Fourier representation of MMD on R¢%:
MMD*(P, @5 F) = [ lpp(w) - po)f® dAw)
Proof:
MMD?*(P, Q; F)
= Epk(z — z') + Eqk(y — ') — 2Ep,ok(z, )

= [ [ [k - vyap - a)s)] ap - o))
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Characteristic kernels on R¢
Fourier representation of MMD on R¢%:
MMD*(P, @; F) = [ lpp(w) - po)l® dA(w)
Proof:
MMD?*(P, Q; F)
:= Epk(z — z') + Egk(y — y') — 2Ep,ok(z, y)

://ks—th—QWﬂﬂp_QW)
I L anw) ap - 9 4P - @)

(a) Using Bochner’s theorem...

60/100



Characteristic kernels on R¢
Fourier representation of MMD on R¢%:
MMD*(P, @; F) = [ lpp(w) - po)l® dA(w)
Proof:
MMD?*(P, Q; F)
:= Epk(z — z') + Egk(y — y') — 2Ep,ok(z, y)

:// [5(s — 1) d(P — Q)(s)] d(P — Q)(2)
D[] et anw) d(p - Q)s) d(P - Q)(#)
0 //Rd e=isTw g(p — Q)(s)/Rd et 4(P — Q)(¢t) dA(w)

(a) Using Bochner’s theorem......(b) and using Fubini’s theorem. ¢4,



Characteristic kernels on R¢
Fourier representation of MMD on R¢%:
MMD*(P, @; F) = [ lpp(w) - po)l® dA(w)
Proof:
MMD?*(P, Q; F)
:= Epk(z — z') + Egk(y — y') — 2Ep,ok(z, y)

://ks_th—QmﬂaP—QW)
///P " GAw) d(P - Q)(s) d(P — Q)(¢)
G [ emap-oxs) [, e dP - Q)t) drw)

= [, 165(0) - bow) dhw)

(a) Using Bochner’s theorem......(b) and using Fubini’s theorem. ¢4,



Characteristic kernels on R?

Example: P differs from @ at roughly one frequency:

03
0.25
= 02
3
Q 0.15
0.1
0.05
-10 -5 0 5 10
X
05
0.4
03
X
O o2
0.1
-10 -5 0 5 10
X
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Characteristic kernels on R?

Example: P differs from @ at roughly one frequency:

Q 0.15

Q(x)

1o |

log |

0.4

0.3

02

0.1

0.4

10

0.3

0.2

20
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Characteristic kernels on R?

Example: P differs from @ at roughly one frequency:

0.35 0.4
0.3
0.25 03
o 02 —
= & 02
Qo015 = Lo X
o Characteristic  function
| 0.1 .
difference
0.05 o
0
-10 -5 0 5 10 -20 -10 0 10 20
X ® 0.15]
el
&
05 0.4 L
=
0.4
03 0.05
=03 _
< S 02 30 20 -10 0 10 20 30
o 0.2 - ©
0.1
0.1
jO -5 5 10 -20 -10 0 10 20

xo
e
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Characteristic kernels on R?

Example: P differs from @ at (roughly) one frequency:
Exponentiated quadraric kernel spectrum A(w)

Difference |pp — @0

0.2
0.18
0.16

0.14

0.1

0.08

0.06

0.04

0.02 4___,/’/// \\\\\\~___

10 20 30

0
Frequency o
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Characteristic kernels on R?

Example: P differs from @ at (roughly) one frequency:

Characteristic

0.2

0.18
0.16

0.14

0.12 /\
0.1

0.08

0.06

0.04

0.02 J \

0
30 20 -10 0 10 20 30
Frequency o
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Characteristic kernels on R?

Example: P differs from @ at (roughly) one frequency:
Sinc kernel spectrum A(w)

Difference |pp — @0

0.2

0.18
0.16

0.14
0.12

0.1
0.08
0.06
0.04
0.02

-30 -20 -10 10 20 30

0
Frequency o
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Characteristic kernels on R?

Example: P differs from @ at (roughly) one frequency:

Not characteristic

0.2

0.18
0.16

0.14
0.12

0.1
0.08
0.06
0.04
0.02

0
30 20 -10 0 10 20 30
Frequency o
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Characteristic kernels on R?

Example: P differs from @ at (roughly) one frequency:
Triangle (B-spline) kernel spectrum A(w)

Difference |¢p — ¢

0.2

0.18
0.16
0.14
0.12

= AN DA

10 20 30

0
Frequency o
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Characteristic kernels on R?

Example: P differs from @ at (roughly) one frequency:

777

0.2

0.18
0.16
0.14
0.12

0.1
0.08
0.06

0.04

0 . .
30 20 -10 0 10 20 30
Frequency o
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Characteristic kernels on R?

Example: P differs from @ at (roughly) one frequency:

Characteristic

0.2

0.18
0.16
0.14
0.12

0.1
0.08
0.06

0.04

0 . .
30 20 -10 0 10 20 30
Frequency o
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Choosing the best kernel (Fourier)

Exponentiated quadratic kernel:

0.4 0.4 .
05 o MMD vs frequency of perturbation
< — to P
So2 Doz
0.1 0.1
0.16
-6 -4 -2 0 2 4 6 -20 -10 0 10 20
X ®
0.4 04
03 03 T o12
< _
6 0.2 20 0.2 (ﬂj:
0.1 0.1 a
2
-6 -4 -2 0 2 4 6 — =
M 20 10 :) 10 20 0.08
0a 04
0.3 03
< _
& o2 £ o2 0.04
o -5 0 5
01 Perturbing frequency
-6 -4 -2 0 2 4 6 -20 -10 0 10 20
X ®
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Choosing the best kernel (Fourier)

B-Spline kernel:

0.4 0.4 .
05 o MMD vs frequency of perturbation
< — to P
So2 Doz
0.1 04 107"
-6 -4 -2 0 2 4 6 -20 -10 0 10 20
X ®
04 04
03 o 10
03 L
< _
6 0.2 20 0.2 (ﬂj:
01 0.1 g
=
-6 -4 2 0 2 4 6 -20 -10 0 10 20 = 107
X ®
0a 04
0.3 03
< _
oo s T
0.1 ot Perturbing frequency
-6 -4 -2 0 2 4 6 -20 -10 0 10 20
X ®
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MMD decay with increasing perturbation freq.

Recall simple MMD, Fourier series on [—, 7|:

MMD?*(P, Q; F) Z lope — ok

{=—00

where %, decays as £ grows.

Fourier series representation for more general case on R¢:
MMD?(P, Q; F) = /Rd 6p(w) — o(w)* dh(w)

has similar behaviour.
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Summary: characteristic kernels on R¢

Characteristic kernel: MMD = 0 iff P = Q rukumizu et al. [NIPS07b],

Sriperumbudur et al.[COLTO08]
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Summary: characteristic kernels on R¢

Characteristic kernel: MMD = 0 iff P = Q rukumizu et al. [NIPS07b],

Sriperumbudur et al.[COLTO08]

Main theorem: A translation invariant k is characteristic for prob.
measures on R? if and only if

supp(A) = R*

(i.e. support zero on at most a countable set) sriperumbudur et a1 [covTos,

JMLR10]
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Summary: characteristic kernels on R¢

Characteristic kernel: MMD = 0 iff P = Q rukumizu et al. [NIPS07b],

Sriperumbudur et al.[COLTO08]
Main theorem: A translation invariant k is characteristic for prob.
measures on R? if and only if
_ mod
supp(A) = R
(i.e. support zero on at most a countable set) sriperumbudur et a1 [covTos,

JMLR10]

Corollary: any continuous, compactly supported k characteristic
(since Fourier spectrum A(w) cannot be zero on an interval).

1-D proof sketch from [Mallat, 99, Theorem 2.6], proof on R? via distribution theory in Sriperumbudur
et al. [JMLR10, Corollary 10 p. 1535]
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Characteristic kernels (via Universality)

Characteristic kernels: MMD =0iff P = Q
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Characteristic kernels (via Universality)

Characteristic kernels: MMD =0iff P = Q

Classical result:
P = Q if and only if Ep(f(z)) = Eo(f(y)) for all f € C(X), the
space of bounded continuous functions on X bpudiey (2002)
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Characteristic kernels (via Universality)
Characteristic kernels: MMD =0iff P = Q
Classical result:

P = Q if and only if Ep(f(z)) = Eo(f(y)) for all f € C(X), the
space of bounded continuous functions on X bpudiey (2002)

Universal RKHS:
k(z,z') continuous, X compact, and F dense in C(X) with respect to

oo Steinwart (2001)
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Characteristic kernels (via Universality)

Characteristic kernels: MMD =0iff P = Q

Classical result:
P = Q if and only if Ep(f(z)) = Eo(f(y)) for all f € C(X), the
space of bounded continuous functions on X bpudiey (2002)

Universal RKHS:
k(z,z') continuous, X compact, and F dense in C(X) with respect to

oo Steinwart (2001)

If F universal, then MMD(P, Q; F)=0if P=Q

68/100



Characteristic kernels (via Universality)

Proof:
First, it is clear that P = @ implies MMD(P, Q; F) is zero.
Converse: by the universality of F, for any given € > 0 and [/ € C(X),
JdgeF

I/ = gl <€
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Characteristic kernels (via Universality)

Proof:
First, it is clear that P = @ implies MMD(P, Q; F) is zero.
Converse: by the universality of F, for any given € > 0 and [/ € C(X),
JdgeF

17 = 9l <€

We next make the expansion

Ep/(z) —Eo/(y)l
< |Epf(z) — Epg(z)| + |Erpg(z) — Eqa(y)| + [Eqa(y) — Eq/ (y)|-

The first and third terms satisfy

[Ep/(z) — Epg(z)| <Ep|f(z) — 9(z)| < e

69/100



Characteristic kernels (via Universality)

Proof (continued):

Epg(z) —Eqg(y) = (9(-), bp — Ho)x =0,
since MMD(P, Q; ) = 0 implies up = pn. Hence

[Epf(z) —Eof(y)] < 2

for all f € C(X) and € > 0, which implies P = Q.
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How to choose the best kernel (2)
optimising the kernel parameters



The best test for the job

m A test’s power depends on k(z,z'), P, and @ (and n)

m With characteristic kernel, MMD test has power — 1 as n — oo for
any (fixed) problem

But, for many P and @, will have terrible power with reasonable n!
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The best test for the job

m A test’s power depends on k(z,z'), P, and @ (and n)

m With characteristic kernel, MMD test has power — 1 as n — oo for
any (fixed) problem

But, for many P and @, will have terrible power with reasonable n!
B You can choose a good kernel for a given problem

®m You can’t get one kernel that has good finite-sample power for all
problems
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Choosing a kernel for the test

m Simple choice: exponentiated quadratic

1
(e, ) = exp (5 5lle - ol

m Characteristic: for any o: for any P and @, power — 1 as n — o0
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Choosing a kernel for the test

m Simple choice: exponentiated quadratic

1
(e, ) = exp (5 5lle - ol

m Characteristic: for any o: for any P and @, power — 1 as n — o0
m But choice of ¢ is very important for finite n...
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Choosing a kernel for the test

m Simple choice: exponentiated quadratic

1
(e, ) = exp (5 5lle - ol

m Characteristic: for any o: for any P and @, power — 1 as n — o0
m But choice of ¢ is very important for finite n...

f(x)

1

-1 -0.5 0 0.5 1
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Choosing a kernel for the test

m Simple choice: exponentiated quadratic

1
(e, ) = exp (5 5lle - ol

m Characteristic: for any o: for any P and @, power — 1 as n — o0
m But choice of ¢ is very important for finite n...

1

05+

L% @0 mmem o6 & —

f(x)

-0.5
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Choosing a kernel for the test

m Simple choice: exponentiated quadratic

1
(e, ) = exp (5 5lle - ol

m Characteristic: for any o: for any P and @, power — 1 as n — o0
m But choice of ¢ is very important for finite n...

1

05+

f(x)

-0.5
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Choosing a kernel for the test

m Simple choice: exponentiated quadratic

1
(e, ) = exp (5 5lle - ol

m Characteristic: for any o: for any P and @, power — 1 as n — o0
m But choice of ¢ is very important for finite n...
m ...and some problems (e.g. images) might have no good choice for ¢

73/100



Graphical illustration

® Maximising test power same as minimizing false negatives

0.7

0.6

2

Prob. of n x MMD
a 2 &

o
o

0.1

false negatives

—P=Q
—P+#Q

¢o = 1 — a quantile when P = @
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Optimizing kernel for test power

The power of our test (Pr; denotes probability under P # Q):

A2
Pr; (nMMD > ?:a)
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Optimizing kernel for test power

The power of our test (Pr; denotes probability under P # Q):

/\2
Pr; (nMMD > &a)

s <MMD2(P, Q) Cor >
VVn(P, Q)  nyVa(P,Q)

where

m & is the CDF of the standard normal distribution.

m C, is an estimate of ¢, test threshold.
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Optimizing kernel for test power

The power of our test (Pr; denotes probability under P # Q):

/\2
Pr; (nMMD > &a)

5 (MMD2(P, Q )
VVa(P,Q) 1y Vi(P,Q)
O(nl/Z) O(n—1/2)

For large n, second term negligible!
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Optimizing kernel for test power

The power of our test (Pr; denotes probability under P # Q):

/\2
Prq (nMMD > &a)

5 <MMD2(P, Q) Ca )
VVa(P, Q)  nyVn(P,Q)

To maximize test power, maximize

MMD2(P, Q)
Va(P, Q)

75/100



Data splitting

Choose a kernel k

maximizing \/%
Use chosen k& for MMD test

76,/100



Learning a kernel helps a lot

Kernel with deep learned features:
ko(z,y) = [(1 — €)x(®s(z), Bo(y)) + €] a(z, y)
k and ¢ are Gaussian kernels
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Learning a kernel helps a lot

Kernel with deep learned features:
ko(z,y) = [(1 — €)x(®o(z), 26(y)) + €] o(z, y)
k and ¢ are Gaussian kernels
m CIFAR-10 vs CIFAR—lO 1 null rejected 75% of time

CIFAR-10 test set (Krizhevsky 2009)  CIFAR-10.1 (Recht+ ICML 2019)
X ~P Y ~Q
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Learning a kernel helps a lot

Kernel with deep learned features:
kg(xx y) = [(l - E)K.(q)g(x), @g(y)) + 6] Q(‘Ti y)
k and ¢ are Gaussian kernels

m CIFAR-10 vs CIFAR-10.1, null rejected 75% of time

arXiv.org > stat > arXiv:2002.09116

Statistics > Machine Learning
[Submitted on 21 Feb 2020]

Learning Deep Kernels for Non-Parametric Two-Sample Tests
Feng Liu, Wenkai Xu, Jie Lu, Guangquan Zhang, Arthur Gretton, D. J. Sutherland

ICML 2020
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How to choose the best kernel (2)
test without data splitting



Two-sample problem

Our aim: find a condition on ||p — g||2 to control Type II error g

prq(A(Xm;Yn) = O) < B

Definitions:
m Samples X, = (X1,...,Xn), Xi S p in R4
m Samples Y, = (Y3,...,Y,), V) id g in R?
Ho:p=q against
AXpy, V) =1 =
AXy,Y,)=0 =

Type I error: controlled by o by design
Ppxp(A(Xm, Yn) =1)

Hi:p#4q
reject Ho
fail to reject Ho

79/100
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Kernels and bandwidths

d L .

Kernel: k(z,y) =] Ki<mz yz) Bandwidth: ) € (0, 00)¢
i=1

Assumptions: Ki,..., K4 integrable and square integrable

Examples: Gaussian (K;(u)=e~%"), Laplace (K;(u)=eI¥), Matérn

80/100



Kernels and bandwidths

d L .

Kernel: k(z,y) =] Ki<mz %) Bandwidth: ) € (0, 00)¢
i=1

Assumptions: Ki,..., K4 integrable and square integrable

Examples: Gaussian (K;(u)=e~%"), Laplace (K;(u)=eI¥), Matérn

(@ — v)?
Gaussian kernel: k,(z,vy) := exp| — Z —
i=1
A=0.5
1.0
0.5
005 0 5
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Kernels and bandwidths

d R .

Kernel: k(z,y) =] Ki<mz %) Bandwidth: ) € (0, 00)¢
i=1

Assumptions: Ki,..., K4 integrable and square integrable

Examples: Gaussian (K;(u)=e~%"), Laplace (K;(u)=eI¥), Matérn

(@ — v)?
Gaussian kernel: k,(z,vy) := exp| — Z —
i=1

A=4

0.0
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Choice of bandwidth

can only detect global differences
Global differences: detectable with small and large sample sizes
Risk: fails to detect local differences under #;

can also detect local differences
Local differences: detectable only with large sample sizes

Risk: wrongly detects artificial local differences Ho (small sample sizes)
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Choice of bandwidth

| can only detect global differences
Global differences: detectable with small and large sample sizes
Risk: fails to detect local differences under #;

| can also detect local differences
Local differences: detectable only with large sample sizes

Risk: wrongly detects artificial local differences Ho (small sample sizes)

- should decrease with the sample size

— Aim: quantify at which rate X = (m + n)~" to guarantee
minimax optimal test power over a class of differences p — q.
m Choice of is crucial for test power! Existing methods:

Median heuristic: no theoretical guarantees, fails in some settings
Data splitting: loss of power (fewer samples being used for testing}/100



[Gretton et al., 2012]

MMD tests for fized bandwidth

Az —
AL (Ko, V) = ]l(MMD (X, V) > ql_a>

Quantile: g;_,, is the [ B+1)(1—a)|-th largest value of
2
MMD, (X, Y,) and B Ho-simulated test statistics

/\2
Permutations: MMD, (X7, V7) where (X7, V7)) = o(X,, UY,)

82/100



[Gretton et al., 2012]

MMD tests for fized bandwidth

Az —
AL (Ko, V) = ]l(MMD (X, V) > ql_a>

Quantile: g;_,, is the [ B+1)(1—a)|-th largest value of
2
MMD, (X, Y,) and B Ho-simulated test statistics

/\2
Permutations: MMD, (X7, V7) where (X7, V7)) = o(X,, UY,)
Wild bootstrap: case m = n, €1,...,€, Y Unif{—1, 1} (Rademacher)

n(nl_l) D € (k (X3, X5) =k (X, YV5) =R (Y3, X5)+Ro (Y5, Yj))
1<ij<n

82/100



[Gretton et al., 2012]

MMD tests for fized bandwidth

Az —
AL (Ko, V) = ]l(MMD (X, V) > ql_a>

Quantile: g;_,, is the [ B+1)(1—a)|-th largest value of
2
MMD, (X, Y,) and B Ho-simulated test statistics

/\2
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Non-asymptotic level (permutation and wild bootstrap):
Ppyp(A(Xp,Y,) =1) < a, Time complexity: O(B (m+ n)z)
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[Gretton et al., 2012]

MMD tests for fized bandwidth

Az —
AL (Ko, V) = ]l(MMD (X, V) > ql_a>

Quantile: g;_,, is the [ B+1)(1—a)|-th largest value of
2
MMD, (X, Y,) and B Ho-simulated test statistics

/\2
Permutations: MMD, (X7, V7) where (X7, V7)) = o(X,, UY,)

Wild bootstrap: case m = n, €1,...,€, Y Unif{—1, 1} (Rademacher)
1

n(n-1) D €iE (k (Xe, X5) =k (X, Y5) =k (Y3, X5)+h0 (V3 Yj))

1<ij<n

Non-asymptotic level (permutation and wild bootstrap):
Ppyp(A(Xp,Y,) =1) < a, Time complexity: O(B (m+ n)z)

Power guarantee} need smoothness assumption on p — g 52100



Sobolev balls

Regularity /smoothness assumption: p — ¢ € S3(R)
Sobolev balls:

Si(R) = {f € LY(RY) N LAR?) : /R JENZIF @) dé < (27r)dR2}

radius R > 0 smoothness parameter s > 0
dimension d Fourier transform 7(5 )= fgaf (m)e—iITf dz

2 s =0.01
s=0.

A A

[T

<@
Y
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Sobolev balls

Regularity /smoothness assumption: p — ¢ € S3(R)
Sobolev balls:

Si(R) = {f € LY(RY) N LAR?) : /R JENZIF @) dé < (27r)dR2}

radius R > 0 smoothness parameter s > 0
dimension d Fourier transform 7(5 )= fgaf (m)e—”Tf dz

2 s =0.01
s = 0.
s

LI (O T T
SETCTeY:

>
> 111111
>
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[Schrab et al., 2023, Corollary 7]

MMD test power, known smoothness

Theorem (MMD test minimax optimality)

For known smoothness s, assuming p — q € S;(R) and setting
= (m + n)~2/(4std)

fori1=1,...,d, the condition
9 —2s/(4s+d)
P—gqll2 2 m+n
Ip =l > 5 (m+n)

guarantees control of the type II error of the MMD test

Ppug (B3 (Xm, Yn) =0) < 8.
Minimax rate over Sobolev balls: (m 4 n)~2/(4s+d)
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[Schrab et al., 2023, Corollary 7]

MMD test power, known smoothness

Theorem (MMD test minimax optimality)

For known smoothness s, assuming p — q € S;(R) and setting
= (m + n)~2/(4std)

fori1=1,...,d, the condition

9 (m+n)72s/(4s+d)

lp—alz > —
VB
guarantees control of the type II error of the MMD test

Ppug (B3 (Xm, Yn) =0) < 8.

Minimax rate over Sobolev balls: (m 4 n)~2/(4s+d)

Can we be adaptive to the unknown smoothness s?
84/100



[Schrab et al., 2023]

MMDAgg for a collection of bandwidths

Bonferroni multiple testing: non-asymptotic level a

— 2
AL (X, Yy) = ]l(MMD (Xmy Yn) > G1_q s for some A € )

time complexity (9(\ | B1 (m + n)z)

85/100



[Schrab et al., 2023]

MMDAgg for a collection of bandwidths

Bonferroni multiple testing: non-asymptotic level a
/\2
AL (X, Yy) = ]l(MMD (Xmy Yn) > G1_q s for some A € )
time complexity (9(\ | B1 (m + n)z)
MMDAgg (MMD Aggregation): non-asymptotic level o
/\2
AL (X, Y,) = IL(MMD (X, Y5) > G{_,,,, for some ) € )

positive weights (w),en satisfying 35, o, wy <1

85/100



[Schrab et al., 2023]

MMDAgg for a collection of bandwidths

Bonferroni multiple testing: non-asymptotic level a

— 2
AL (X, Yy) = ]l(MMD (Xmy Yn) > G1_q s for some A € )
time complexity (9(\ | B1 (m + n)z)
MMDAgg (MMD Aggregation): non-asymptotic level o
—2
AL (X, Y,) = IL(MMD (X, Y5) > G{_,,,, for some ) € )

positive weights (w),en satisfying 35, o, wy <1

Correction u, defined as
/\2
sup{u >0:Pyup (mgx (MMD (X, Yr) — Gy ) > O) < a}

more powerful than Bonferroni correction as u, > o

85/100



[Schrab et al., 2023]

MMDAgg for a collection of bandwidths

Bonferroni multiple testing: non-asymptotic level a

— 2
AL (X, Yy) = ]l(MMD (Xmy Yn) > G1_q s for some A € )
time complexity (9(\ | B1 (m + n)z)
MMDAgg (MMD Aggregation): non-asymptotic level o
—2
AL (X, Y,) = IL(MMD (X, Y5) > G{_,,,, for some ) € )

positive weights (w),en satisfying 35, o, wy <1

Correction u, defined as
/\2
sup{u >0:Pyup (mgx (MMD (X, Yr) — Gy ) > O) < a}

more powerful than Bonferroni correction as u, > o

Time complexity O(\ | (B1 4+ B2) (m + n)z) 85/100



Multiple testing correction comparison

Simple example: 3-d Gaussians with different means

1.0
—— Bonferroni
0.8 1 MMDAgg
+ 0.6 1
3]
g
A 0.4+
0.2
0.0 — . . . . .
0 20 40 60 80 100

Number of bandwidths

(3) = {2Z med : L€ {—1,.. .,z'}} for 1 € {0, 10, 20, 30, 40, 50}

wy =1/
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[Schrab et al., 2023, Corollary 10]

MMDAgg test power guarantee

Theorem (MMDAgg minimax adaptivity)

~ 2 m+n 6
::{2 ZILd:36{1,...,[d10g2(mﬂ}}’ YA g

Assuming p — g € S;(R), the condition

l=ak > 55 ()
PP = VB \In(In(m + n))

guarantees control of the type II error of MMDAgg
prq(Aa (Xm:Yn) = 0) < :3

Minimax rate over Sobolev balls: (m + n)~2s/(4s+d)
Minimax adaptive over{Sj(R): s > 0, R > 0}
Unlike the MMD test A, , MMDAgg A, is independent of s 87/100



MMDAgg parameter-free user-friendly implementation
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MMDAgg parameter-free user-friendly implementation

=)

Collection of bandwidths A: discretisation of the interval | , ]

Radial basis function (RBF) kernel: k(z,y) := K(

where and are the (robust) minimum and maximum of
{llz =yl : & € Xm,y € Y}
Possible to aggregate several kernels each with multiple bandwidths

Uniform weights: w, =1/ |A]

Number of permutations / wild bootstraps: B; = B; = 2000

JAX: runs on either CPU or GPU (significant speed improvements)
m JAX GPU runs 100 times faster than Numpy CPU

mmdagg package: github.com/antoninschrab/mmdagg

from mmdagg import mmdagg # X shape (m, d)
output = mmdagg(X, Y) # 0 or 1 # Y shape (n, d)
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Experiment on perturbed uniform d =1

1 perturbation

2 perturbations

o

9
1
0
0.0 0.5 1.0 0.0 0.5 1.0
3 perturbations 4 perturbations
2
1
0
0.0 0.5 1.0 0.0 0.5 1.0
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Experiment on perturbed uniform d = 1

1.001

0.751

0.001

Number of perturbations

—*— MMDAgg --=-- MMD split — 4= AutoML
--a-- MMD median ¥ MMD extra data
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Experiment on perturbed uniform d = 2

1 perturbation

2 perturbations

1.0

0.5

0.0

. 2 B
. - »
. 2 B
. . 2 B

0

3 perturbations

1.0

0.0

0.0

0.5
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Experiment on perturbed uniform d = 2

1.001

0.001

Number of perturbations

—*— MMDAgg --=-- MMD split — 4= AutoML
--a-- MMD median ¥ MMD extra data
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Experiment on MNIST digits

ol/g2131-s16171714
FINEEFBEBREER
MNEEBCIEAEHA
ol 2131 161712)7
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Experiment on MNIST digits
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Experiment on MNIST digits

1.001
0.75]
g
£ 0.50
o
0.251
0.001_ | | | |
5 4 3 2 1
Number of digits missing from one sample
—*— MMDAgg --=-- MMD split — 4= AutoML

--a-- MMD median ¥ MMD extra data
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Experiment on image shifts on MNIST & CIFAR-10

Failing Loudly Benchmark: Rabanser et al., 2019

068’47912_04-

-EBHNUUJEIEI
ot S 1S ¥g?
GHGOLL 9 )54
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Experiment on image shifts on MNIST & CIFAR-10

Failing Loudly Benchmark: Rabanser et al., 2019
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Experiment on image shifts on MNIST & CIFAR-10

1.001

10! 10? 10° 10
Number of samples

—k— MMDAgg —+- AutoML
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MMD kernel choice without data splitting

MMD Aggregated Two-Sample Test
(JMLR 2023):

ar <1V > stat > arXiv:2110.15073

Statistics > Machine Learning
[submitted o 28 Oct 2021 (v1), last revised 29 May 2023 (this version, v3)]

MMD Aggregated Two-Sample Test

Antonin Schrab, limun Kim, Mélisande Albert, Béatrice Laurent, Benjamin Guedj, Arthur Gretton
=
B = ’
Code:

https://github.com/antoninschrab/mmdagg-paper
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