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Motivating Example: Bayesian inference without a model

e 3600 downsampled frames of
20 x 20 RGB pixels
(Y € [0, 1))

e 1800 training frames,

remaining for test.

e (Gaussian noise added to Y;.

Challenges:
e No parametric model of camera dynamics (only samples)
e No parametric model of map from camera angle to image (only samples)

e Want to do filtering: Bayesian inference



ABC: an approach to Bayesian inference without a model

Bayes rule:

e P(z|y) is likelihood

e m(y) is prior
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ABC: an approach to Bayesian inference without a model

Bayes rule:

P -
) = TR Galy)m(u)dy
e P(z|y) is likelihood
e m(y) is prior

One approach: Approximate Bayesian Computation (ABC)

ABC generates a sample from p(Y'|x*) as follows:
1. generate a sample y; from the prior ,
2. generate a sample x; from P(X|y;),
3. if D(z*, ) < T, accept y = y;; otherwise reject,
4. go to (i).

In step (3), D is a distance measure, and 7 is a tolerance parameter.



Motivating example 2: simple Gaussian case

e p(z,y) is N((0,1%)",V) with V a randomly generated covariance

Posterior mean on x: ABC vs kernel approach
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Overview

e Introduction to reproducing kernel Hilbert spaces
— Hilbert space
— Kernels and feature spaces
— Reproducing property
— Mapping probabilities to feature space



Overview

e Introduction to reproducing kernel Hilbert spaces
— Hilbert space
— Kernels and feature spaces
— Reproducing property
— Mapping probabilities to feature space

e Nonparametric Bayesian inference

— Learning conditional probabilities: smooth regression to an RKHS

— Kernelized Bayesian inference



Functions in a reproducing kernel Hilbert space
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Kernel methods can control smoothness and avoid

overfitting /underfitting.



Hilbert space

Inner product
Let H be a vector space over R. A function (-,-),, : H x H — R is an inner
product on H if

1. Linear: (a1 f1 + aaf2,9)y = a1 (f1,9)y + a2 (f2,9)y

2. Symmetric: (f,g)y = (9, f)y
3. (f,f)yy = 0and (f, f),; = 0if and only if f = 0.
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Hilbert space

Inner product
Let H be a vector space over R. A function (-,-),, : H x H — R is an inner
product on H if

1. Linear: <Oélf1 —+ 042f2,9>7_[ — (X1 <flag>7-[ =+ 2 <f27g>7—[

2. Symmetric: (f,g)y = (9, f)y
3. (f,f)yy = 0and (f, f),; = 0if and only if f = 0.

Norm induced by the inner product: ||f||x := +/{f, f>7-¢

Hilbert space: Inner product space containing Cauchy sequence limits.



Kernel

Kernel: Let X be a non-empty set. A function £k : X x X — R is a kernel if
there exists an R-Hilbert space and a map ¢ : X — H such that Vx, 2’ € X,

]{I(CU, .CC/) = <90x7 gpx’>7-[ .

e Almost no conditions on X’ (eg, X itself doesn’t need an inner product,

eg. documents).

e A single kernel can correspond to several possible feature vectors. A

trivial example for X := R:

o _ | #/V2

oV =z and ) =




Finite dim. RKHS with polynomial features

Example: A three dimensional space of features of points in R?:

p: R? — R

_ _ 71
I
Xr = = QPp = L2 ;
Zo
- - L1X9
with kernel
— — —|_ — —
X1 Y1
/‘3(557 y) = T2 Y2
L1T2 Yy1y2

(the standard inner product in R? between features). Denote this feature

space by H.



Finite dim. RKHS with polynomial features

Define a linear function of the inputs x1, x2, and their product xixs,

f(z) = fiz1 + faxa + faz122.

f in a space of functions mapping from X = R? to R. Equivalent

representation for f,
-

FO)=1H fo f3

f(-) refers to the function as an object (here as a vector in R?)

f(x) € R is function evaluated at a point (a real number).



Finite dim. RKHS with polynomial features

Define a linear function of the inputs x1, x2, and their product xixs,

f(z) = fiz1 + faxa + faz122.

f in a space of functions mapping from X = R? to R. Equivalent

representation for f,
-

FO)=1H fo f3

f(-) refers to the function as an object (here as a vector in R?)

f(x) € R is function evaluated at a point (a real number).

f(CC) — f(')TSO:B — <f()7 9090>7—[

Evaluation of f at x is an inner product in feature space (here standard
inner product in R?)

H is a space of functions mapping R? to R.



Finite dim. RKHS with polynomial features

¢y 1S a mapping from R? to R3. ..
...which also parametrizes a function mapping R? to R.

-
k(- y) = [ Y Y2 Y1y = Py

Given y, there is a vector k(-,y) in H such that
<k(7 y)7 9033>’H = axry + be + cx12,

where a = y1, b = y2, and ¢ = y1ys



Finite dim. RKHS with polynomial features

¢y 1S a mapping from R? to R3. ..
...which also parametrizes a function mapping R? to R.

-
k(- y) = [ Y Y2 Y1y = Py

Given y, there is a vector k(-,y) in H such that
<k(7 y)7 9033>’H = axry + be + cx12,

where a = y1, b = y2, and ¢ = y1ys

Due to symmetry,

(k(-, ), py) uy1 + vy + WY1Y2

= k(z,y).

We can write ¢, = k(-,x) and ¢, = k(-,y) without ambiguity: canonical

feature map



The reproducing property

This example illustrates the two defining features of an RKHS:

e The reproducing property:

...or use shorter notation (f,¢z)4,.

e In particular, for any x,y € X,

k(xv y) — <k ('7 33) K ('7 y)>7—[

Note: the feature map of every point is in the feature space:
Ve e X, k(-,x) =@, € H,



Infinite dimensional feature space

Reproducing property for function with Gaussian kernel:

f(m) = Zgl O‘ik(m’ia :13) — <ZZ,11 QP 9056>7—[ .
-

0.8

0.61




Infinite dimensional feature space

Reproducing property for function with Gaussian kernel:

f(m) = Zgl O"ik(wia :13) — <Zzi1 QP 9056>7—[ .
-

0.8

0.61

e What do the features ¢, look like (there are infinitely many of them,

and they are not unique!)

e What do these features have to do with smoothness?



Infinite dimensional feature space

12
Gaussian kernel, k(z,z") = exp (—M) ;

202

Moo BF 0 b<1
ex(z) o< exp(—(c— a)z®)Hy(zv2c),

a, b, c are functions of o, and Hj, is kth order Hermite polynomial.

0.4 -
/ N




Infinite dimensional feature space

(Mercer) Let X be a compact metric space, k be a continous kernel, and u

be a finite Borel measure with supp{u} = X. Then the convergence of

k(w,y) = Z Ajej(x)e;(y)

is absolute and uniform (e; is the continuous element of the L? equivalence
class e;.).
The feature map is @, = { o VAei(x) L. }



Infinite dimensional feature space

(Mercer RKHS)(Steinwart and Christmann, Theorem 4.51) Undel’ the aSSU.mptiOIlS Of

Mercer’s theorem,

H = {ZCLZ\/)TZGZ D a; € 62} (1)

is an RKHS with kernel k.
Given two functions in the RKHS

f(x) = Zai\/xiei<x)v g(x) := Zbi\/)‘iiei(aj)a

the inner product is (f, g),, = >, aib;



Infinite dimensional feature space

Proof: There are two aspects requiring care:
1. Is k(z,:) e H  Vx € X? Requires Mercer’s theorem
2. Does the reproducing property hold? (f,k(-,z))y, = f(z).



Infinite dimensional feature space

Proof: There are two aspects requiring care:
1. Is k(z,-) e H Vx € X7 Requires Mercer’s theorem
2. Does the reproducing property hold? (f,k(-,z))y, = f(z).

First part:
By the definition of H, the function in H indexed by x is

k(o) =Y (\/)\iei(az)) (\/)\iez-(-)> .
Is this function in the RKHS? Yes, if the ¢5 norm of (\/)\762(:1:)) is bounded.
This is due to Mercer: Vx € X,

k(. )3 = || (VAiei(a))

2
= k(z,z) < oo.
2



Infinite dimensional feature space

Proof (continued):
Second part:
The reproducing property holds: using the inner product definition,

(£ k(@ = D2 fi (Vi) ) = (@)

which is always well defined since both f € £y and k(x,-) € {5 .



Infinite dimensional feature space

Example RKHS function, Gaussian kernel:

fla) =Y aik(eia) = Y ai | Y Aejaej(@) | =D f; [/ Aese)

where fj = 221 (87RVS )\j@j (:CZ)

1*

0.8} NOTE that this
0.6/ enforces smoothing;:
A; decay as e;

become rougher,

J; decay since

I £17, =325 f7 < oo




Reproducing kernel Hilbert space

‘H a Hilbert space of R-valued functions on non-empty set X'. A function
k:X x X — Ris a reproducing kernel of H, and H is a reproducing kernel
Hilbert space, it

o Vx e X, k(-,x) € H,
o Vxe X, VfeH, (f(-),k(,x))y = f(x) (the reproducing property).

In particular, for any x,y € X,

k(ac,y) — <k (7$)7k(7y)>7-t (2)

Original definition: kernel an inner product between feature maps. Then

0, = k(-,x) a valid feature map.



Probabilities in feature space: the mean trick

The kernel trick

e Given x € X for some set X,

define feature map ¢, € H,

Oy = [\/)\jez(az)} € {2

e For positive definite k(x,z),

k(ajv :Ul) — <90967 90513’>”H

e The kernel trick: Vf € H,

f(x) = {f, pz)n



Probabilities in feature

space: the mean trick

The kernel trick

e Given x € X for some set X,

define feature map ¢, € H,

Oy = [\/)\jez(az)} € {2

e For positive definite k(x,z),

k(.ilj, .CU/) — <90967 9033’>”H

e The kernel trick: Vf € H,

f(x) = {f, pz)n

The mean trick

e Given P a Borel probability
measure on X, define feature

map up € H

up = [...\/)\TEP [eZ(X)]} € U

e For positive definite k(x, z'),

Ep k(X,Y) = (up, pq)n

for X ~P and Y ~ Q.

e The mean trick: (we call up a

mean /distribution embedding)

Ep(f(X)) =Ep [(¢x, f) 7]



Feature embeddings of probabilities

The kernel trick:

The mean trick:
Ep(f(X)) = (e, )5

Empirical mean embedding:

m
~ — i.i.d.
MP:mli:%’i x; ~ P
1=1

Lp gives you expectations of all RKHS functions

When k characteristic, then pup unique, e.g. Gauss, Laplace, ...



Nonparametric Bayesian inference using distribution
embeddings



Bayes again

Bayes rule:

P —
) = TRy ey
e P(z|y) is likelihood
® T is prior

How would this look with kernel embeddings?



Bayes again

Bayes rule:

P —
) = TRy ey
e P(z|y) is likelihood
® T is prior

How would this look with kernel embeddings?

Define RKHS G on Y with feature map 1, and kernel I(y, -)

We need a conditional mean embedding: for all g € G,

Ey+9(Y) = (9, tp(yla))g

This will be obtained by RKHS-valued ridge regression



Ridge regression and the conditional feature mean

Ridge regression from X := R< to a finite vector output ) := R? (these
could be d’ nonlinear features of y):

Define training data

X:[$1 cee Ty ERdxm Y:[yl ym}ERd/Xm



Ridge regression and the conditional feature mean

Ridge regression from X := R< to a finite vector output ) := R? (these
could be d’ nonlinear features of y):

Define training data
X — dxm _ d' xm
—{xl xm}ER Y—{yl ym]GR
Solve
A= argmin, g (HY CAX|? + AHA;PHS) |

where
min{d,d’}

|Allfs = tr(A"A) = Z VA



Ridge regression and the conditional feature mean

Ridge regression from X := R< to a finite vector output ) := R? (these
could be d’ nonlinear features of y):

Define training data
X — dxm _ d' xm
—{xl xm}ER Y—{yl ym]GR
Solve
A= argmin, g (HY CAX|? + AHA;PHS) |

where
min{d,d’}

|A]lfs = tr(A" A) = Z VA

Solution: A = Cyx (Cxx + m)\])_



Ridge regression and the conditional feature mean

Prediction at new point x:

y* = Ax

where

and



Ridge regression and the conditional feature mean

Prediction at new point x:

v

y* = Ax
= Cyx (CXX + m)\I)_l €T
= > Bilz)y
i=1
where
Gile) = (K +xmD) ™| k(er,2) ... k@m.a) |
and
K=X'X k(z1,2) = «

What if we do everything in kernel space?



Ridge regression and the conditional feature mean

Recall our setup:
e Given training pairs:
(@3, i) ~ Pxy
e F on X with feature map ¢, and kernel k(x, -)
e G on Y with feature map 1, and kernel I(y, -)

We define the covariance between feature maps:

Cxx = Ex (px ® ¢x) Cxy = Exy (ox ® ¥y)

and matrices of feature mapped training data

X =1 @z ... g@xm} YZ:[wyl %m}



Ridge regression and the conditional feature mean

ObJeCtlve: [Weston et al. (2003), Micchelli and Pontil (2005), Caponnetto and De Vito (2007), Grunewalder

et al. (2012, 2013) ]

A=ar min (E Y—AX2—|—)\A2), All4q = %
¢ min o (Bxv IV = AXIG - AIAlRs) . JAlls =303

Solution same as vector case:
A = Cyx (CXX -+ m)\I)_l :

Prediction at new = using kernels:

Ap, = [ Yy oo Uy } (K +AmlI)™} [ k(xi,2) ... k(zm,z)
— Zﬁz(x)wyz
i=1

where K;; = k(z;, ;)



Ridge regression and the conditional feature mean

How is loss ||Y — AX Hé relevant to conditional expectation of some

EY|$g(Y)? Deﬁne: [Song et al. (2009), Grunewalder et al. (2013)]

Ly|z = Apy



Ridge regression and the conditional feature mean

How is loss ||Y — AX Hé relevant to conditional expectation of some

EY|$g(Y)? Deﬁne: [Song et al. (2009), Grunewalder et al. (2013)]

HY |z += ASO:E
We need A to have the property
Ey.9(Y) = (g, ty|2)g

= (9, Apz)g
= (A"g, pu)r = (Ag) ()



Ridge regression and the conditional feature mean

How is loss ||Y — AX Hé relevant to conditional expectation of some

EY|$g(Y)? Deﬁne: [Song et al. (2009), Grunewalder et al. (2013)]

Ky |z = Apy

We need A to have the property

EY|:Cg(Y) ~ <galuY|aJ>g
= (9, Apz)g
= (A%g, oz) 7 = (A%g)(2)

Natural risk function for conditional mean
_ 12
L(A,Pxy):= sup Ex | (Eyxg(Y))(X)— (A%g) (X)]| ,

lgl|<1 — —
Target Estimator




Ridge regression and the conditional feature mean

The squared loss risk provides an upper bound on the natural risk.

L(A,Pxy) < Exy ¢y — Apx |3
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Ridge regression and the conditional feature mean

The squared loss risk provides an upper bound on the natural risk.

L(A,Pxy) < Exy ¢y — Apx |3

Proof: Jensen and Cauchy Schwarz

L(A,Pxy) = ”81|J|1£>1 Ex [(Eyxg(Y)) (X)— (4%9) (X))

< Exy ||Sﬁl£1 9(Y) — (A*g) (X))?

=Exy sup [(g,0y)g — (A%g, ox) 7]
lgl|<1



Ridge regression and the conditional feature mean

The squared loss risk provides an upper bound on the natural risk.

L(A,Pxy) < Exy ¢y — Apx |3

Proof: Jensen and Cauchy Schwarz

L(A,Pxy) = ”81|J|1£>1 Ex [(Eyxg(Y)) (X)— (4%9) (X))

< Exy S 9(Y) = (A*9) (X))

= Exy sup [(9,%y)g — (g9, Avx)g)’
lg]|<1



Ridge regression and the conditional feature mean

The squared loss risk provides an upper bound on the natural risk.

L(A,Pxy) < Exy ¢y — Apx |3

Proof: Jensen and Cauchy Schwarz

L(A,Pxy) = ”81|J|1£>1 Ex [(Eyxg(Y)) (X)— (4%9) (X))

< Exy S 9(Y) = (A*9) (X))

=Exy sup (g,%y — Apx)g
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Ridge regression and the conditional feature mean

The squared loss risk provides an upper bound on the natural risk.

L(A,Pxy) < Exy ¢y — Apx |3

Proof: Jensen and Cauchy Schwarz

L(A,Pxy) = ”81|J|1£>1 Ex [(Eyxg(Y)) (X)— (4%9) (X))

< Exy S 9(Y) = (A*9) (X))

=Exy sup (g,%y — Apx)g
lg]|<1
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Ridge regression and the conditional feature mean

The squared loss risk provides an upper bound on the natural risk.

L(A,Pxy) < Exy ¢y — Apx |3

Proof: Jensen and Cauchy Schwarz

L(A,Pxy) = ”81|J|1£>1 Ex [(Eyxg(Y)) (X)— (4%9) (X))

< Exy S 9(Y) = (A*9) (X))

=Exy sup (g,%y — Apx)g
lg]|<1

<Exy ¢y — Apx|g

If we assume Ey [g(Y)|X = z] € F then upper bound tight (next slide).



Conditions for ridge regression = conditional mean

Proof: conditional mean obtained by ridge regression when
Ey[g(Y)|X ==zl F
Given a function g € G. Assume Fy|x [g(Y)|X = -] € F. Then

CxxEyx g(Y)|X =] =Cxyyg.




Conditions for ridge regression = conditional mean

Proof: conditional mean obtained by ridge regression when
Ey[g(Y)|X ==zl F
Given a function g € G. Assume Fy|x [g(Y)|X = -] € F. Then

CxxEyx g(Y)|X =] =Cxyyg.
PI‘OOf: [Fukumizuet—al, 2004]
For all f € F, by definition of Cx x,

([ CxxEyx [g(YV)|X =]) -
= cov (f, By x [9(Y)|X =)
= FEx (f(X) Ey|x [g(Y)|X])
= Exy (f(X)g(Y))

= (f,Cxvg),

by definition of C'xy .



Kernel Bayes’ law

e Prior: Y ~ n(y)
e Likelihood: (X|y) ~ P(z|y) with some joint P(z,y)



Kernel Bayes’ law

e Prior: Y ~ n(y)
e Likelihood: (X|y) ~ P(z|y) with some joint P(z,y)

e Joint distribution: Q(z,vy) = P(x|y)n(y)

Warning: Q # P, change of measure from P(y) to m(y)

e Marginal for z:

e Bayes’ law:




Kernel Bayes’ law

e Posterior embedding via the usual conditional update,

—1
Ha(ylz) = CQua) Cqem P



Kernel Bayes’ law

Posterior embedding via the usual conditional update,

—1
Hagylz) = Cae) Cqe.e)Pe-
Given mean embedding of prior: p,(y)

Define marginal covariance:

CQ(aw) = /(9% @ pz) Plaly)m(y)de = C(m)yC@luw(y)
Define cross-covariance:

CQ(y,:c) — /(gby & 9033) P(x|y)77(y)d$ — C(ym)yCy_ylﬂw(y)°



Kernel Bayes’ law: consistency result

e How to compute posterior expectation from data?

e Given samples: {(z;,y;)}i from Py, {(u;)}?_; from prior 7.

7=1
e Want to compute E|g(Y)|X = x| for gin G

e Forany z € A,
gy By |xkx(z) — E[f(Y)|X = 2]| = Op(n"27), (n— o0),

where

— gy =(9(y1),---,9(yn)) € R™
~ kx(z) = (k(x1,2),..., k(wn,a:))T c R"

— Ry |x learned from the samples, contains the w;

Smoothness assumptions:
o T/py € R(Cl/ ), where py p.d.f. of Py,

e Elg(Y)|X =] €R(CZ,.).



Experiment: Kernel Bayes’ law vs EKF




Experiment: Kernel Bayes’ law vs EKF

Compare with extended Kalman

filter (EKF') on camera 5/\

orientation task 5 %
3600 downsampled frames of | | |

20 x 20 RGB pixels
(Y; € [0,1]"2%9)

1800 training frames, remaining

for test.

Gaussian noise added to Y;.



Experiment: Kernel Bayes’ law vs EKF

e Compare with extended Kalman
filter (EKF') on camera
orientation task

e 3600 downsampled frames of
20 x 20 RGB pixels
(Y; € [0,1]"2%9)

e 1800 training frames, remaining

for test.

e Gaussian noise added to Y;.

Average MSE and standard errors (10 runs)

KBR (Gauss) KBR (Tr) Kalman (9 dim.) Kalman (Quat.)
0?2 =10"% | 0.210+0.015 0.146 £ 0.003 1.980 £ 0.083 0.557 = 0.023
0?2 =10"3 | 0.222+0.009 0.210 £ 0.008 1.935 £ 0.064 0.541 £+ 0.022




Overview

e Introduction to reproducing kernel Hilbert spaces
— Hilbert space
— Kernels and feature spaces

— Reproducing property
e Nonparametric Bayesian inference
— Mapping probabilities to feature space

— Learning conditional probabilities: smooth regression to an RKHS

— Kernelized Bayesian inference
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Questions?
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