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Here I verify that the right-hand side of Eq. 14 in Titsias and Lawrence (2010) (reproduced
here as Eq 1) is correctly implemented in the file gplvm.py of GPflow (Listing 1).
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Listing 1: Calculation of the variational lower bound in GPflow’s gplvm.py
1 cov uu = covar i ance s .Kuu( s e l f . i nduc ing va r i ab l e , s e l f . kerne l , j i t t e r=d e f a u l t j i t t e r ( ) )
2 L = t f . l i n a l g . cho l e sky ( cov uu )
3 sigma2 = s e l f . l i k e l i h o o d . var i ance
4 sigma = t f . s q r t ( sigma2 )
5
6 # Compute in t e rmed ia t e matr i ce s
7 A = t f . l i n a l g . t r i a n g u l a r s o l v e (L , t f . t ranspose ( p s i 1 ) , lower=True) / sigma
8 tmp = t f . l i n a l g . t r i a n g u l a r s o l v e (L , ps i2 , lower=True)
9 AAT = t f . l i n a l g . t r i a n g u l a r s o l v e (L , t f . t ranspose (tmp) , lower=True) / sigma2
10 B = AAT + t f . eye ( num inducing , dtype=d e f a u l t f l o a t ( ) )
11 LB = t f . l i n a l g . cho l e sky (B)
12 l og de t B = 2 .0 ∗ t f . reduce sum ( t f . math . l og ( t f . l i n a l g . d i ag pa r t (LB) ) )
13 c = t f . l i n a l g . t r i a n g u l a r s o l v e (LB, t f . l i n a l g . matmul (A, Y data ) , lower=True) / sigma
14
15 # compute log marginal bound
16 ND = t o d e f a u l t f l o a t ( t f . s i z e ( Y data ) )
17 bound = −0.5 ∗ ND ∗ t f . math . l og (2 ∗ np . p i ∗ sigma2 )
18 bound += −0.5 ∗ D ∗ l og de t B
19 bound += −0.5 ∗ t f . reduce sum ( t f . square ( Y data ) ) / sigma2
20 bound += 0.5 ∗ t f . reduce sum ( t f . square ( c ) )
21 bound += −0.5 ∗ D ∗ ( t f . reduce sum ( ps i 0 ) / sigma2 −
22 t f . reduce sum ( t f . l i n a l g . d i ag pa r t (AAT) ) )
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Expanding the logarithm and grouping terms, Eq. 1 can we rewritten as:
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and replacing W (Eq. 2) we obtain:
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and replace it in Eq. 3
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As outlined in Rasmussen and Williams (2006, Section 3.4.3), to invert B̃ more reliably, we
re-write it in the following form (using the Cholesky decomposition KMM = LLᵀ):
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where AAT and B in Eqs. 5 and 6 are defined as:
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Calling LB the Cholesky factor of B (i.e., B = LBL
ᵀ
B) we have
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Replacing Eqs. 9, 11 and 12 in Eq. 4 we obtain
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Lines 1-6 in Eq. 13 corresponds to lines 17-22 in Lising 1, taking β−1 = σ2.
From line 8 in Listing 1:

L tmp = Ψ2

tmp = L−1Ψ2

tmpᵀ = Ψ2(L
−1)ᵀ

and from line 9 in Listing 1:

β−1L AAT = tmpᵀ
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Eq. 14 agrees with Eq. 7.
From line 7 in Listing 1:
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and from line 13 in Listing 1
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Eq. 16 agrees with Eq. 10.
To compute log |B|, line 12 in Listing 1 uses the fact that if C = LLᵀ then log |C| =

2 Tr(log(L)).
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