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14.05

14.40

15.15

15.25

16.00

Risi Kondor:  Non-commutative harmonic analysis

Guy Lebanon:  Modeling distributions on permutations and partial 
ranking

Jason Morton:  Algebraic models for multilinear dependence

coffee break

Yanxi Liu:  Symmetry Group-based Learning for Regularity 
Discovery from Real World Patterns

Marina Meila:  Estimation and model selection in stagewise 
ranking: a representation story
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8.40
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9.25

10.00

Stephen E. Fienberg: Algebraic statistics for random graph models: 
Markov bases and their uses

Adrian Dobra: Algebraic statistics and contingency tables

Keisuke Yamazaki: Toric Modification on Mixture Models

coffee break

Vincent Auvray: Learning Parameters in Discrete Naive Bayes Models 
by Computing Fibers of the Parametrization ma

Paul von Bunau: Stationary Subspace Analysis

Workshop session 1 (Callaghan room @ Westin)



15.30

16.05

16.40

17.15

17.25

17.55

Doru Balcan: Alternatives to the Discrete Fourier Transform

Lek-Heng Lim: Graph Helmholtzian and rank learning

Xiaoye Jiang: Identity Management On Homogeneous spaces

coffee break

Jonathan Huang: Exploiting Probabilistic Independence for 
Permutations
Tiberio Caetano: Consistent structured estimation for weighted 
bipartite matching

Workshop session 1 (Callaghan room @ Westin)



Non-commutative harmonic 
analysis

Risi Kondor



f(x) =
∫

e2πikx f̂(k) dk

f̂(k) =
∫

e−2πikx f(x) dx



f : S2 → R



[1, 2, 3, 4, 5] !→ c1

[1, 2, 3, 5, 4] !→ c2

[1, 2, 5, 3, 4] !→ c3

[1, 5, 2, 3, 4] !→ c4

[5, 4, 3, 2, 1] !→ c5!

[5, 1, 2, 3, 4] !→ c5

...
...

...



f2
f1

f3

f4
f5

f6

f7
f8





f̂(k) =

∫
e−i2πkxf(x) dx



f t(x) = f(x− t)

t

f̂ t(k) = e−i2πktf̂(k)



fR(x) = f(R−1x)

R ∈ SO(3)



In general,                 and      is a group 
acting on    .

f : X → R G

X

g1g2 ∈ G

g3(g2g1) = (g3g2)g1

eg = ge = g

g
−1

g = g g
−1

= e

∀g1, g2 ∈ G

∀g1, g2, g3 ∈ G

for some e ∈ G

for some g−1 ∈ G



f̂(k) =

∫
e−i2πkxf(x) dx

e−i2πkx1 e−i2πkx2 = e−i2πk(x1+x2)



f̂(ρ) =
∑

x∈G

f(x) ρ(x)

ρ(x2)ρ(x1) = ρ(x2x1)

ρ : G→ Cd×d is called a representation



Irreducible Representations of SO(3)

ρ0(R)

ρ1(R)

ρ2(R)

ρ3(R)

[ρl(θ,φ, ψ)]m,m′ = e−im′ψ Y m
l (θ,φ)



d = 1

d = n − 1

d = n(n−3)/2

d = (n−1)(n−2)/2

d = n(n−1)(n−5)/6

d = n(n−2)(n−4)/3

d = (n−1)(n−2)(n−3)/6

Irreducible representations of Sn



ρ1(σ) =
(

1
)

ρ2(σ) =





−0.5 −0.289 −0.204 −0.791
0.866 −0.167 −0.118 −0.456

0 0.943 −0.0833 −0.323
0 0 0.968 −0.25





ρ3(σ) =





0.25 −0.433 0.433 −0.75 0
−0.433 −0.25 −0.75 −0.433 0
−0.433 −0.25 0.25 0.144 −0.816
0.75 −0.144 −0.433 0.0833 −0.471
0 0.816 0 −0.471 −0.333





ρ4(σ) =





0.333 0.236 0 0.913 0 0
−0.471 0.0417 0.217 0.161 0.839 0
0.816 −0.0722 0.125 −0.28 0.484 0

0 −0.484 −0.28 0.125 0.0722 0.816
0 0.839 −0.161 −0.217 0.0417 0.471
0 0 0.913 0 −0.236 0.333





σ = (2, 1, 3, 4, 5) ∈ S5



f̂(ρ) =
∑

x∈G

f(x) ρ(x)

2.  Unitarity: 〈f, g〉 = 〈f̂ , ĝ〉

1.  Linearity: f̂ +g = f̂ + ĝ

3.  Left-translation: f̂z(ρ) = ρ(z) f̂(ρ)

4.  Convolution: f̂ ∗g(ρ) = f̂(ρ) ĝ(ρ)

f(x) =
1

|G |

∑

ρ∈R

dρ tr
[
f̂(ρ) ρ(x−1)

]

5.  The individual components correspond to 
different levels of smoothness.  



Group algebra: {ex}x∈G ex · ey := exy

F : CG
isom.→

⊕

ρ∈R
GL(dρ)



Persi Diaconis

“Group Representations in 
Probability and Statistics”
IMS, 1988



Multi-object tracking with representations of the symmetric 
group [K., Howard, Jebara, AISTATS 2007]

Efficient inference for distributions on permutations [Huang, 
Guestrin, Guibas, NIPS 2007]

The skew spectrum of graphs [K., Borgwardt, ICML 2008]

Characteristic kernels on groups and semigroups [Fukumizu, 
Sriperumbudur, Gretton, Scholkopf, NIPS 2008]

Inferring rankings under constrained sensing [Jagabathula, 
Shah, NIPS 2008]



1.  Band-limited approximations
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pt(x1, x2, . . . , xn, σ)
n n!

2 2

3 6

4 24

5 120

6 720

7 5040

8 40320

9 362880

10 3628800

11 39916800

12 4.8 · 108

...
...

15 1.3 · 1012

...
...

20 2.4 · 1018



What does it mean for a function over 
permutations to be smooth?



[1234]

[1243]

[2134]
[1324]

[3124]

[1342]

Cayley graph:



Theorem
The eigenvectors of the Laplacian of the Cayley graph are
the vectors vλ,i,j(σ) = [ρλ(σ)]i,j and the corresponding
eigenvalues are

αλ =
(

n

2

) (
1− tr [ρλ((1, 2))]

dλ

)



d = 1

d = n − 1

d = n(n−3)/2

d = (n−1)(n−2)/2

d = n(n−1)(n−5)/6

d = n(n−2)(n−4)/3

d = (n−1)(n−2)(n−3)/6



1. Noise/filtering/prediction

f̂t+1(ρλ) = ĝ(ρλ) · f̂t(ρλ).

[K., Howard, Jebara, 2007]

O(D2)

2. Observations/conditioning

p ( Oπ
a→i | σ ) =

{
π if σ(a) = i,

(1− π)/(n−1) if σ(a) "= i.

ft+1(σ) =
p ( Oa→i | σ ) ft(σ)∑

σ′∈ p ( Oa→i | σ′ ) f(σ′)
.

O(D2n)

3.  Inference
P{ σ(n) = i } =

∑

σ(a)=i

f(σ) = f̂i,n(ρ(n−1)) O(n3)



•  Enforcing positivity 
constraints by projection.

•  More general, but somewhat 
more expensive updates 
requiring  Clebsch-Gordan 
decomposition.

[Huang, Guestrin, Guibas, 2007]



2.  Invariances



Recall: fz(x) = f(z−1x)f̂z(ρ) = ρ(z)f̂(ρ)

Power spectrum: â(ρ) = f̂(ρ)† f̂(ρ)

Bispectrum:

b(ρ1, ρ2) = C†
(
f̂(ρ1) ⊗ f̂(ρ2)

)†
C

⊕

ρ

f̂(ρ)

ρ1(z) ⊗ ρ2(z) = C
[

⊕

ρ

ρ(z)
]

C†



Skew spectrum:

q̂z(ρ) = r̂z(ρ)† · f̂(ρ) rz(x) = f(xz)f(x) z ∈ G

(unitarily equivalent, but easier to compute)

[K. 2008]
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A =





0 0 1 0 0
0 0 1 0 0

1 1 0 0 0
0 0 0 0 0

0 0 0 0 0





0 1 1 0 0

0 0 1 1 1

0
0

1
1

1

0
1

1
0

0

0

0

0

0

[Aπ]π(i),π(j) = [A]i,j

[K., Borgwardt, 2008]



f̂(ρ1) = (6)

f̂(ρ2) =





-0.25 -0.323 0 0
-0.323 -0.417 0 0
0.913 1.18 0 0

0 0 0 0





f̂(ρ3) =





1.33 0 0 0 0
0.471 0 0 0 0

0 0 0 0 0
0.816 0 0 0 0

0 0 0 0 0





f̂(ρ4) =





-1.67 0 0 0 0 0
1.18 0 0 0 0 0
0 0 0 0 0 0

-0.913 0 0 0 0 0
0 0 0 0 0 0

-2.24 0 0 0 0 0







MUTAG ENZYME NCI1 NCI109
Number of instances/classes 600/6 188/2 4110/2 4127/2
Max. number of nodes 28 126 111 111
Reduced skew spectrum 88.61 (0.21) 25.83 (0.34) 62.72 (0.05) 62.62 (0.03)
Random walk kernel 71.89 (0.66) 14.97 (0.28) 51.30 (0.23) 53.11 (0.11)
Shortest path kernel 81.28 (0.45) 27.53 (0.29) 61.66 (0.10) 62.35 (0.13)

Proposition [K. & Borgwardt 2008]
The reduced skew spectrum of a graph contains 49 scalar
components and may be computed in O(n3) operations.



3.  Algorithms



John Wilder Tukey
1915-2000

"An algorithm for the machine 
calculation of complex Fourier 
series,",  James W. Cooley and 
John W. Tukey, Math. Comput. 19, 
297–301 (1965)



Michael Clausen

“Fast generalized Fourier 
transforms” [Clausen, 1989]

FFTs for wreath product 
groups and many others by 
Maslen, Rockmore, Healy,...



Sn





Bratelli diagram
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Conclusions



Harmonic analysis generalizes naturally to non-
commutative groups of transformations.

Strong connections to well developed branches of 
mathematics.

Rich algorithmic side:  FFTs, etc.


