An Anytime Algorithm for Causal Inference

Peter Spirtes

Department of Philosophy

Carnegie Mellon University

Pittsburgh, PA 15213 ps7z@andrew.cmu.edu

Abstract

The Fast Casual Inference (FCI) algorithm searches for features common to observationally e quivalent sets of causal directed acyclic graphs.

It is correct in the large sample limit with probability one even if there is a possibility of hidden variables and selection bias. In the worst case, the number of conditional independence tests performed by the algorithm grows exponentially with the number of variables in the data set. This affects both the speed of the algorithm and the accuracy of the algorithm on small samples, because tests of independence conditional on large numbers of variables hav e very low power. In this paper, I prove that the

FCI algorithm can be interrupted at any stage and asked for output. The output from the interrupted algorithm is still correct with probability one in the large sample limit, although possibly less informat ive (in the sense that it answers ^Can´t tell~ for a larger number of questions) than if the FCI algorithm had been allowed to continue uninterrupted.

1 INTRODUCTION

One approach to causal inference fromobservational data represents causal relations bydi rected acyclic graphs

(DAGs) and makes assumptions relating the causal DAG structure to probabilitydistributions. T he problemof making causal inferences then becomes the problemof finding the ^best~ DAG or set of DAGs for a given sample (Spirtes, Glymou r, and Scheines 1993,

Heckerman, Meek , and Cooper 1999).

T here are two distinct types of algorithms that have been proposed for finding the ^best~ DAG or set of DAGs for a given data set. Both of these types of algorithms share the problemthat theyare veryslowfor data sets with large numbers of variables. ^Score - based algorithms~ assign a score to each causal model (e.g. a Bayesian posterior, an

MDL, or BIC score) and performsearches over a large

number of different DAGs for the DAG with the highest score (Heckerman, Meek, and Cooper 1999). One problemwith this approach is that a conclusion about a causal influence can be reversed if a DAG with a higher score is later found. If the possibilityof unmeasured variables is disallowed, the number of pos sible DAGs grows super - exponentiallywith the number of variables.

Hence heuristic searches are performed, and a very extensive search is needed if a causal conclusion drawn bya score - based algorithmis to be held with any confidence. Moreover, if one al lows the possibilityof unmeasured variables, scoring the models becomes slow, and the number of potential models is infinite, so it is not clear howthe search should be structured.

In contrast, a ^constraint - based algorithm~ constructs a graphical objec t that represents features common to all

DAGS compatible with the results of a set of statistical tests of conditional independence selected bythe algorithm. For example, there are cases in which all causal structures compatible with the results of a set of selected conditional independence tests have the features that ^A causes B~, other cases where all agree that ^A does not cause B~, and still others in which all agree that

^T here is an unmeasured common cause of A and B~. If some causal structures in w hich A causes B are compatible with a given set of conditional independence tests C, and other causal structures in which A does not cause B are compatible with C, then with respect to the question of whether A causes B the algorithmoutputs

^Can´t tell~. In addition, there are cases in which the size of a causal effect can be estimated in the limit as well.

T here is a constraint - based algorithm(the Fast Causal

Inference, or FCI algorithm) which is correct in the large sample limit with probabilityone (Sp irtes, Glymour, and

Scheines 1993, Spirtes, Meek, and Richardson 1999) even if there is a possibilityof latent variables and selection bias. Although it does not performall possible tests of conditional independence among the measured variables, in the w orst case, the number of conditional independence tests performed bythe algorithmgrows exponentially with the number of variables in the data set. Hence, in the worst case the algorithmis not feasible on data sets with large numbers of variables (althou gh in manycases it is feasible with large numbers of variables). In addition,

tests of independence conditional on large numbers of

variables have verylowpower and hence the accuracyof

the algorithmon small sample sizes decreases if the

algorithmreq uires tests of independence conditional on a

large set of variables.

In this paper, I prove that the FCI algorithmcan be

interrupted at anystage and asked for output, and that the

output is still correct in the large sample limit with

probabilityone, a lthough possiblyless informative (in the

sense that it answers ^Can´t tell~ for a larger number of

questions) than if it had been allowed to continue

uninterrupted. (T he FCI algorithmhas an outer loop in

which tests of independence conditional on sets o f

variables of increasing size are considered. ^Interrupting

at anystage~ means stopping the outer loop at anychosen

size). Limiting the number of variables in the

conditioning set of the independence tests that the FCI

algorithmperforms not onlyincrea ses the speed of the

algorithm, it also makes the algorithm more reliable on

finite samples because the statistical tests with the least

power have been eliminated. Call this modified version of

the FCI algorithmthe anytime FCI algorithm.

2 CAUSAL DAGS

Causal relations among randomvariables are represented

bya DAG. A set of variables V is c ausally sufficient if

everycause of two members of V is also a member of V .

A DAG G is a causal DAG for a causallysufficient set of

variables V and a population Pop if and onlyif there is an

edge fromA to B in G if and onlyif A is a direct cause of

B relative to V for some units in Pop.

Causal relationships between a set of variables V, on the

one hand , and the mechanismbywhich individuals in the

sample are selected froma population, on the other hand,

maylead to differences between the expected p arameter

values in a sample and the population parameter values. In

this case saythat the differences are due to selection bias .

For the purposes of representing selection bias, following

Cooper (1995) for each measured randomvari able A,

there is a binaryrandomvariable S

A that is equal to one if

the value of A has been recorded, and is equal to zero

otherwise. ( S aythat a variable is measured if its value is

recorded for anymember of the sample.) If V is a set of

variabl es, V can be partitioned into three sets: the set O

(standing for observed) of measured variables, the set S

(standing for selection) of selection variables for O , and

the remaining variables L (standing for latent). Although

th is representation allows for the possibilitythat some

units have missing values for some variables and not

others, the algorithms for causal inference that are

describe d in this paper use onlythe data for the subset of

the sample in which all o f the units have no missing data

for anyof the measured variables (i.e. S = 1 ). Since in some

circumstances this reduces the usable sample dramatically

(or even to zero) it would obviouslybe desirable to make use of the full sample; howto do this is an op en research

problem.

For a given DAG G , and a partition of the variable set V

of G into observed ( O ), selection ( S ), and latent ( L )

variables, write G ( O , S , L ). I assume that the only

conditional independence relations that can be tested are

those among variables in O conditional on anysubset X

of O when S = 1 (which is written as X È ( S = 1 ). Let

I( X , Y,Z ) mean X is independent of Z given Y . If X , Y ,

and Z are included in O , and I( X , Y È ( S=1 ) ,Z ), then sayit

is an observed conditional independence r elation.

Saythat a distribution P satisfies the M arkov Condition

for a DAG G if in the distribution P each vertex V is

independent of the set of vertices which are neither

parents nor descendants of V, conditional on the parents

of V. A DAG G entails a c onditional independence

relation I( A , B , C ) if I( A , B , C ) is true in everydistribution

that satisfies the Markov condition for G. T here is a

graphical relationship, d - separation, among three disjoint

sets of vertices in a DAG, which determines whether or

not a DAG G entails I( A , C,B ). A vertex V is a collider on

an undirected path U if and onlyif U contains a pair of

distinct edges adjacent on the path and into V. For three

disjoint sets of variables A , B , and C , A is d - separated

from B given C in DAG G, if an d onlyif there is an

undirected path fromsome member of A to a member of

B such that everycollider on that path is either in C or has

a descendant in C , and everynon - collider on the path is

not in C . For three disjoint sets of variables A , B , and C ,

A is d - connected to B given C in DAG G if and onlyif A

is not d - separated from B given C . Geiger, Pearl, and

Verma have shown that G entails I( A , C , B ) if and onlyif

A is d - separated from B given C in G . See Pearl(1988). In

a DAG G( O , S , L ), if X , Y , and Z are included in O , and X

is d - separated from Z given Y È ( S=1 ) then sayit is an

observed d - separation relation (in the sense that it entails

an observed conditional independence relation.) It is

possible that the set of observed d - separation relations in

tw o different DAGs are identical, in which case saythat

theyare O - equivalent. More formally, if X , Y , and Z are

disjoint subsets of O , and X is d - separated from Z given

Y È ( S=1 ) in G ( O , S , L ) if and onlyif X is d - separated from

Z given Y È ( S´=1 ) in G ´ ( O , S´ , L´ ) then G ´ ( O , S´ , L´ ) is in

O - Equiv ( G ). If two DAGs are O - equivalent, then no set

of conditional independence tests can distinguish between

them. Since the FCI algorithmuses just tests of

conditional independence relations to construct its output,

the out put of the algorithmshould be an object that

represents an entire O - equivalence class of DAGs.

3 PARTIAL ANCESTRAL GR APHS

Partial ancestral graphs (PAGs) serve a dual purpose.

T heyrepresent all of the observed d - separation relations

in a DAG G( O , S , L ) and t heyrepresent some of the

features common to everymember of an O - equivalence class of DAGs. T here are three kinds of endpoints an edge

in a PAG can have: ^ ˘ ~, ^o~, or ^>~. T hese can be

combined to formthe following four kinds of edges: A ®

B, A « B, A o ® B, or A o ¾ o B. Let ^*~ b e a meta -

symbol that stands for anyof the three kinds of endpoints,

e.g. ^A * ® B~ stands for ^A o ® B~ or ^A « B~ or ^ A

® B~. A PAG p represents a DAG G( O , L , S ) if and only:

1. T he set of variables in p is O .

2. If there is anyedge between A and B in p , it is one of

the following kinds: A ® B, A o® B, A o¾o B, or

A « B.

3. T here is at most one edge between anypair of

vertices in p .

4. A and B ar e adjacent in p if and onlyif for every

subset Z of O \ {A,B} A and B are d - connected

conditional on Z È S in G.

5. An edge between A and B in p is oriented as A ® B

onlyif A is an ancestor of B but not S in everyDAG

in O - Equiv (G).

6. An edge between A and B in p is oriented as A * ® B

onlyif B is not an ancestor of A or S in everyDAG

in O - Equiv (G).

7. A * ¾ *B* ¾ *C in p onlyif in everyDAG in O -

Equiv (G) B is an ancestor of either C, or A, or S .

(Suppose that A and B are adjacent, and B and C are

adjacent, and A and C are not adjacent, and the edges

in the PAG are not both into B, i.e. the PAG does not

contain A * ® B ¬ *C. T hen the underlining of B

should be assumed to be present, although it is not

explicitly represented in p .)

Note that an ^o~ endpoint doe s not place anyrestriction

on the ancestor relations in G. Hence there can be several

different PAGs representing the same DAG G( O , S , L )

because where one PAG p mayhave a ^>~ or ^ ¾ ~

endpoint, or an underlined pair of endpoints, the other

PAG p ´ mayhave a ^o~ endpoint or a non - underlined pair

of endpoints respectively; if this is the case saythat p is

more informative than p ´. An example of a PAG is

shown in Figure 1 where O = {X,Z,Y,W}, L = {L}, and

each S Î S (not shown) ha s no edges into or out of it .

Figure 1

T he proofs of the following theorems are in Spirtes,

Meek , and Richardson (1999).

Theorem 1 : If p is a partial ancestral graph, and there is a

directed path U fromA to B in p , then in everyDAG

G( O , S , L ) represented byPAG p , there is a directed path

fromA to B, and A is not an ancestor of S .

A semi - directed path from A to B in a PAG p is an

undirected path U fromA to B in whic h no edge contains

an arrowhead pointing towards A, (i.e. there is no

arrowhead at A on U, and if X and Y are adjacent on the

path, and X is between A and Y on the path, then there is

no arrowhead at the X end of the edge between X and Y).

T heorem 2 , T heorem 3 , and T heorem 4 give information

about what variables appear on causal paths between a

pair of variables A and B, i.e. information about h ow

those paths could be blocked.

Theorem 2 : If p is a partial ancestral graph, and there is

no semi - directed path fromA to B in p that contains a

member of C , then everydirected path fromA to B in

everyDAG G( O , S , L ) represente d byPAG p that contains

a member of C also contains a member of S .

Theorem 3 : If p is a partial ancestral graph of DAG

G( O , S , L ), and there is no semi - directed path fromA to B

in p , then everydirected path fromA to B in every DAG

G( O , S , L ) represented byPAG p contains a member of S .

Theorem 4 : If p is a partial ancestral graph, and every

semi - directed path fromA to B contains some member of

C in p , then everydirected path fromA to B in every

DAG G ( O , S , L ) represented byPAG p contains a

member of S È C .

Pearl (1995) showed howin some cases to use the

^Causal Calculus~ (equivalent to T heorem7.1 of Spirtes,

Glymour, and Scheines 1993) to calculate the effects of

interventions froma DAG of completely known structure

and a marginal observed distribution, even if the DAG

contains latent variables. PAGs represent partial

knowledge about DAGs (possiblywith latent variables.)

T here is an algorithmwhich can take partial knowledge

about a DAG which maycon tain latent variables (in the

formof a PAG) and an observed marginal distribution as

input, and in some cases calculate the magnitude of an

effect of an intervention. See Spirtes, Glymour, and

Scheines (1993).

4 FAST CAUSAL INFERENC E

ALGORITHM

For details, proofs, and examples for this section see

Spirtes, M eek , and Richardson (1999). T he fundamental

assumption I will make relating causal DAGs to

probabilitydistributions is the following:

Selection Bias Causal Assumption: For each set of

variables O , and each population Pop such that S = 1 ,

there is a causallysufficient set of variables V such that

O È S Í V and for all A , B , C Í O , I( A ,( C È ( S = 1 )

,

B ) in

Pop if and onlyif the causal DAG G( O , S , L ) relative to V

in Pop entails that I( A , ( C È ( S = 1 )

,

B ) in Pop.

X L Y X Y

Z W Z W

G PAG o oo

T he justification of this assumption, and conditions under

which it mayfail are discussed in Spirtes, Meek , and

Ri chardson , 1999. One of its consequences is a kind of

Markov condition, i.e. the indirect causes of a variable V

are screened off fromV byits i mmediate causes.

In practice, for several different families of

parameterizations of DAGs there are statistical tests of

conditional independence that can be performed. For the

purposes of this paper, however, problems of sample size

will not be considered . I will assume that there is an

oracle that the FCI algorithmcan use to determine if

I( A ,( C È ( S = 1 )

,

B ) in Pop; in that case saythat the oracle is

an input for the FCI algorithm.

DAG G( O , S , L ) entails that I( A ,( C È ( S = 1 )

,

B ) if and only

if A is d - separated fromB conditional on C È ( S = 1 ). So

given the Selection Bias Causal Assumption, the

assumption of an oracle that can determine whether

I( A ,( C È ( S = 1 )

,

B ) in Pop. is equivalent to having an oracle

that can determine whether A is d - separated from B

conditional on C È S in G( O , S , L ).

T he algorithmstarts off with a complete undirected graph

between the observed variables. When the algorithm

removes an edge between A and B, it does so because it

has queried its oracle and received a ^yes~ answer to the

question of whet her some subset Z of O \ {A,B} is such

that A and B are d - separated conditional on Z È S . T he

subset Z is recorded in Sepset (A,B) and Sepset (B,A).

T his information is used later in the orientation phase of

the algorithm. Because each edge is removed at most

on ce, Sepset (A,B) contains at most one subset of

O \ {A,B}. In the algorithm, Adjacencies (Q,X) is the set of

vertices that are adjacent to X in graph Q.

Adjacencies (Q,X) changes as the algorithmprogresses,

because the algorithmremoves edges fromQ. (However,

Possible - D - Sep is calculated onlyonce, and remains

fixed, even as the graph changes.) When an orientation

rule changes the orientation of an edge, e.g. from^A* ¾ *

B~ to ^A* ® *B~ this means that the orientation of the A

endpoint of the edge remains at whatever its current value

is, and the the orientation of the B endpoint of the edge is

changed to ^>~.

T he following definitions are used in the algorithm. A, B,

a nd C forma triangle in a DAG or a PAG if and onlyif A

and B are adjacent, B and C are adjacent, and A and C are

adjacent. V is in Possible - D - Sep (A,B, p ) in a PAG p if

and onlyif there is an undirected path U between A and B

in p such that for everysubpa th X * ¾ *Y * ¾ *Z of U

either Y is a collider on the subpath, or X, Y, and Z forma

triangle in p . In a partial ancestral graph p , U is a definite

discriminating path for B if and onlyif U is an

undirected path between X and Y, B is the predecessor of

Y on U, B ¹ X, everyvertex on U except for the endpoints

and possiblyB is a collider on U, for everyvertex V on U

except for the endpoints there is an edge V ® Y, and X

and Y are not adjacent.

Fast Causal Inference Algorithm

Input: Oracle for G ( O , S , L )

A). Formthe complete undirected graph Q on the vertex

set V .

B). n = 0.

repeat

repeat

select an ordered pair of variables X and Y that

are adjacent in Q such that

Adjacencies (Q,X) \ {Y} contains at least n

members,

repeat

select a subset T of Adjacencies (Q,X) \ {Y}

with n members, and if X and Y are d -

separated given T È S according to the

oracle for G( O , S , L ), delete the edge

between X and Y fromQ, and record T in

Sepset (X,Y) and Sepset (Y,X)

until all subsets of Adjacencies (Q,X) \ {Y } of

size n have been checked for d - separation

given T È S or there is no edge between X

and Y;

until all ordered pairs of adjacent variables X and

Y such that Adjacencies (Q,X) \ {Y} has at least n

members have been selected;

n = n + 1;

until for each or dered pair of adjacent vertices X, Y,

Adjacencies (Q,X) \ {Y} has fewer than n members.

C). Let p

0 be the undirected graph resulting fromstep B).

Orient each edge as ^ ¾ ~. For each triple of vertices A, B,

C such that the pair A, B and the pair B, C are each

adjacent in p

0 but the pair A, C are not adjacent in p

0

,

orient A ¾ B ¾ C as A ® B ¬ C if and onlyif B is

not in Sepset (A,C).

D). Let p

1 be the graph resulting fromstep C.) For each

pair of variables A and B adjacent in p

1

, if there is a

subset T of Possible - D - SEP (A,B, p

1

) \ {A,B} or of

Possible - D - SEP (B,A, p

1

) \ {A,B} such that A and B are d -

sepa rated conditional on T È S according to the oracle for

G( O , S , L ) , remove the edge between A and B from p

1

, and

record T in Sepset (A,B) and Sepset (B,A).

E.) Orient each edge in p

1 as ^o ¾ o~. Call this graph p

2

.

F. For each triple of vertices A, B, C such that the pair A,

B and the pair B, C are each adjacent in p

2 but the pair A,

C are not adjacent in F’, orient A * ¾ *B * ¾ *C as A * ®

B ¬ *C if and onlyif B is not in Sepset (A,C).

G. repeat

(i) If there is a directed path fromR to S, and an edge

R * ¾ *S, orien t R * ¾ *S as R * ® S,

(ii) else if P * ® M * ¾ *R then orient as P * ® M ®

R.,

(iii) else if B is a collider along <A,B,C>, A is not

adjacent to C, B is adjacent to D, and D is a non -

collider along <A,D,C>, then orient B * ¾ *D as B

¬ *D,

(iv) else if X ¬ *Y, X ® Z, and Z o ¾ *Y, orient as

Z ¬ *Y;

(v) If U is a definite discriminating path between F

and H for J, K is adjacent to H on U, and K, J, and H

forn a triangle, then if J is in Sepset (F,H) then mark J

as a non - collider on subpath K * ¾ *J * ¾ *H else

ori ent K * ¾ *J * ¾ *H as K * ® J ¬ *H.

until no more edges can be oriented.

Theorem 5 : If the input to the FCI algorithmis an oracle

for G( O , S , L ), the output is a PAG that represents

G( O , S , L ).

T he output of the FCI algorithmrepre sents ancestor

relations common to anyDAG that is O - equivalent to G.

T his is because the output of the FCI algorithmis a

function of the oracle for G( O , S , L ) and hence it produces

the same output for anyDAG G´( O , S´ , L´ ) that has the

same observed d - separa tion relations as G.

It is no t known whether the PAG outpu t by the FCI

algorithmc aptures all of the ancestor relations common to

the DAGs in t he O - e quivalence class of G. However, the

PAG output bythe FCI algorithmdoes contain enough

orientation information to represent the observed d -

separation relat ions in G in the following way. SayB is a

definite non - collider on undirected path <A,B,C> if and

onlyif either A ¬ B * ¾ *C, A * ¾ *B ® C, or A * ¾ *

B * ¾ *C in p . A is a descendant of B in a PAG p if and

onlyif there is a directed path (all of the edges on the path

are oriented as ^ ® ~) fromA to B in p or A = B. In a

PAG p , if X ¹ Y, and X and Y are not in Z , then an

undirected path U definitely d - conne cts X and Y given Z

if and onlyif everycollider on U has a descendant in Z ,

everydefinite non - collider on U is not in Z , and every

other vertex on U is not in Z but has a descendant in Z . If

X , Y , and Z are disjoint sets of variables, then X is

definite lyd - connected to Y given Z if and onlyif some

member of X is d - connected to some member of Y given

Z .

Theorem 6 : If G( O , S , L ) is a directed acyclic graph, and

p is the output of the FCI algorithmwhose input is an

oracle for G( O , S , L ), and X , Y , and Z are disjoint subsets

of O , then X is d - connected to Y given Z È S in G( O , S , L )

if and onlyif X is definitelyd - connected to Y given Z in

p.

5 ANYTIME FAST CAUSAL

INFERE NCE ALGORITHM

T he Anytime Fast Causal Inference Algorithmsimply

halts the outer repeat loop in step B) of the algorithmat

some fixed size n. T he result of stopping the algorithmat

that point is a PAG which is correct, but possiblyless

informative than if the algorithmhad been allowed to

continue running.

Halting the outer repeat loop in step B) of the algorithmat

some fixed size n is equivalent to having an oracle that

always returns ^no~ for all conditioning sets of size

greater than n. Let an n - or acle for G( O , S , L ) be an

algorithmthat on input ^ X , Y , Z ~ outputs ^no~ if | Z |> n

or X is not d - separated from Y given Z È S , and otherwise

outputs ^yes~. (| Z |represents the number of variables in

Z .)

T he sense in which the Anytime Fast Causal Inference

Al gorithmis correct but possiblyless informative than the

Fast Causal Inference Algorithmis twofold. First, it

correctlyrepresents ancestor relations common to the set

of DAGs that that have the same observed d - separation

relations as G for all condition ing sets of size less than or

equal to n. T his condition can be expressed more formally

using the following definitions. If X , Y , and Z are disjoint

subsets of O , and for all | Y | £ n, X is d - separated from Z

given Y È ( S=1 ) in G ( O , S , L ) if and onlyif X is d -

separated from Z given Y È ( S´=1 ) in G ´ ( O , S´ , L´ ) then

G ´ ( O , S´ , L´ ) is in n - O - Equiv ( G ). T he definition of a PAG

p n - representing a DAG G( O , L , S ) is the same as the

definition of p representing DAG G( O , S , L ) except that

each occurrence of O - Equiv (G) in the definition is

replaced with n - O - Equiv (G), and clause 4) of the

definition is replaced by4´:

4´. A and B are adj acent in p if and onlyif for

everysubset Z of O \ {A,B} such that

| Z | £ n, A and B are d - connected conditional on Z È S

in G( O , S , L )

Suppose that O = {X,Z,Y,W}, L = {L}, and each S Î S

(not shown) ha s no edges into or out of it. T hen (i) of

Figure 2 0 - represents and 1 - repre s ents G of Figure 1 , and

(ii) 2 - represents G.

Figure 2

Theorem 7 : If the input to the FCI algorithmis an n -

oracle for G( O , S , L ), the output p is a PAG that n -

represents G ( O , S , L ).

Second,, if the input to the anytime FCI algorithmis an n -

oracle for G( O , S , L ) the output PAG represents all of the

observable d - separation relations in the DAG G( O , S , L )

whose conditioning sets are of size less than o r equal to n.

Theorem 8 : If p is the PAG output bythe FCI algorithm

with an n - oracle for G( O , S , L ), and | Z |

~ n, then X and Y are definitelyd - connected given Z in p if and onlyif X and Y are d - connected given Z È S in G( O , S , L ).

X Y X Y

Z W Z W

(i) n= 0 or n=1 (ii) n=2

o oo

o o

oo o

o

In addition to stopping the FCI algorithmafter any iteration in step B), it is also possible to stop the FCI algorithmin anyiteration in step G. Once an edge is oriented in the repeat loop of step G of the anytime FCI algorithmthe algorithmnever chang es that orientation.

Hence step G can be halted at anystage without affecting the correctness of the output; onlythe informativeness of the output will be affected.

6 APPENDIX

T he proof of Lemma 1 is in Spirtes, G lymour, and

Scheines (1993).

Lemma 1 : In a DAG G over V , if X and Y are not in Z , and there is a sequence H of distinct vertices in V fromX to Y, and there is a set T of undirected paths such that

(i) for each pair of adjacent ver tices V and W in H there is a unique undirected path in T that d - connects

V and W given Z \ {V,W}, and

(ii) if a vertex Q in H is in Z , then the paths in T that contain Q as an endpoint collide (are both into) at Q, and

(iii) if for three vertices V, W, Q occurring in that order in H the d - connecting paths in T between V and

W, and W and Q collide at W then W has a descendant in Z , then there is a path U in G that d - connects X and Y given

Z .

Lemma 2 : In a DAG G( O , S , L ), if X is not an ancestor of

{Y} È S , and for each M Í O , such that | M |

~�U�;�DQG�<�

are d - connected given M È S , then for each R Í O , such

that | R |

~�U�%\�K\SRWKHVLV�;�LV�DQ� ancestor o f {Y} È S . If X is an ancestor of S the proof is done. Suppose then that X is an ancestor of Y. T here is a directed path D fromX to Y that does not contain any member of S . If D contains a member of R , then X is an ancestor of R . If D does not contain a member of R , then

D is a path that d - connects X and Y given ( R È S ) \ {X,Y} that is out of X. Q.E.D

Lemma 4 : In G( O , S , L ), if {A,B} Í O , A is an ancestor of {B} È S , and B is an ancestor of {A} È S , then A and B are ancestors of S .

Proof. Because G( O , S , L ) is acyclic, either A is not an ancestor of B, or B is not an ancestor of A. Suppose without loss of generalitythat A is not an ancestor of B. It follows that A is an ancestor of S . Either B is an ancestor of A, in which case it is an ancestor of S , or it is an ancestor of S . Q.E.D.

For a DAG G( O , S , L ), let G n

( O , S´ , L´ ) be formed in the following way:

· Initialize S´ = S and L´ = L .

· If there is an edge fromX to Y in G( O , S , L ), there is a corresponding edge fromX to Y in G n

( O , S´ , L´ ).

· If there is no edge between X and Y in G( O , S , L ), but in G( O , S , L ), X and Y are d - connected given everysubset

R È S such that | R | ~�Q�WKHQ�

· if X is an ancestor of {Y} È S , and Y is an ancestor of {X} È S , add S

XY

to S´ , and add edges X ® S

XY

¬

Y to G n

( O , S´ , L´ ),

· if X is an ancestor of {Y} È S , and Y is not an ancestor of {X} È S , add an edge X ® Y to

G n

( O , S´ , L´ ),

· if X is not an ancestor of {Y} È S , and Y is an ancestor of {X} È S , add an edge X ¬ Y to

G n

( O , S´ , L’ ),

· else if X is not an ancestor of {Y} È S , and Y is not an ancestor of {X} È S , add L

XY

to L´ , and add edges

X ¬ L

XY

® Y to G n

( O , S´ , L´ ).

Lemma 5 : If X , Y Í O i n G( O , S , L ), X is an ancestor or

Y È S in G( O , S , L ) if and onlyif X is an ancestor or Y È S´ in G n

( O , S´ , L´ ).

Proof. Because S Í S´ , and the edges in G( O , S , L ) are a subset of the edges in G n

( O , S , L ), if X is an ancestor of

Y È S in G( O , S , L ) then X is an ancestor o r Y È S´ in

G n

( O , S´ , L´ ). Suppose that X is an ancestor or Y È S´ in

G n

( O , S´ , L´ ). If {A,B} Í O , there is an edge fromA to B in G n

( O , S , L ) but not in G( O , S , L ) onlyif A is an ancestor of {B} È S in G( O , S , L ). If A Î O , and S Î S´ , there is an edge fromA to S in G n

( O , S´ , L´ ) but not in G( O , S , L ) only if for some B Î O , A is an ancestor of {B} È S in

G( O , S , L ), and B is an ancestor of {A} È S in G( O , S , L ). It follows from Lemma 4 that A and B are ancestors of S in

G( O , S , L ). Q.E.D.

Lemma 6 : In G n

( O , S´ , L´ ), if R Í O , | R | ~�Q�DQG�;

1

and

X m

are d - connected given R È S´ in G n

( O , S , L ), then X

1 and X m

are d - connected given R È S in G( O , S , L ).

Proof. Suppose R Í O , | R | ~�Q�DQG�;

1

and X m

are d - connected given R in G n

( O , S´ , L´ ) bysome und irected path U = <X

1

, � , X m

>. Let U

S

be the subsequence of vertices <X j(1)

, � , X j(m)

> on U that are in O È S È L . By the definition of d - connection, each pair of vertices X j(i) and X j(i+1)

that are adjacent on U

S

are d - connected conditional on ( R È S´ ) \ { X j(i}

,X j(i+1)

} bythe subpath

U(X j(i)

,X j(i+1)

), and similarlyfor the subpath U(X j(i - 1)

,X j(i)

).

Suppose that U(X j(i - 1)

,X j(i)

) and U(X j(i)

,X j(i+1)

) collide at

X j(i)

in G n

( O , S´ , L´ ). It follows that either U(X j(i - 1)

,X j(i)

) is an edge X j(i - 1)

® X j(i)

or a path X j(i)

¬ L ® X j(i+1)

. If

U(X j(i - 1)

,X j(i)

) is an edge X j(i - 1)

® X j(i)

and there is a corresponding edge X j(i - 1)

® X j(i)

in G( O , S , L ), then let

U´(X j(i - 1)

,X j(i)

) in G( O , S , L ) be the edge X j(i - 1)

® X j(i)

, in

which case U´(X j(i - 1)

,X j(i)

) in G( O , S , L ) d - connects X j (i - 1) and X j(i)

given ( R È S ) \ { X j(i - 1}

,X j(i)

} and is into X j(i).

On the other hand, if the subpath U(X j(i - 1)

,X j(i)

) is not an edge in

G n

( O , S´ , L´ ), or there is no corresponding edge X j(i - 1)

®

X j(i)

in G( O , S , L ), bythe definition of G n

( O , S´ , L´ ) X j(i)

is not an ancestor of X j(i - 1)

È S in G( O , S , L ). It follows from

Lemma 2 that there is a path U´(X j(i - 1)

,X j(i)

) in G( O , S , L ) that d - connects X j(i - 1)

and X j(i)

given ( R È S ) \ { X j(i - 1}

,X j(i)

} that is into X j(i).

Hence, there is a path U´(X j(i - 1)

,X j(i)

) in

G( O , S , L ) that d - connects X j(i - 1)

and X j(i)

given

( R È S ) \ { X j(i - 1}

,X j(i)

} that is into X j(i).,

and similarlyin

G( O , S , L ) there is a path U´(X j(i+1)

,X j(i)

) that d - connects

X j(i+1)

and X j(i)

given ( R È S ) \ { X j(i}

,X j(i+1)

} that is into X j(i).

Because the subpat hs U(X j(i - 1)

,X j(i)

) and U(X j(i)

,X j(i+1)

) collide at X j(i)

in G n

( O , S´ , L´ ), X j(i)

is an ancestor of R È S´ in G n

( O , S´ , L´ ). By Lemma 5 , X j(i)

is an ancestor of R È S in G( O , S , L ).

Suppose that U(X j(i - 1)

,X j(i)

) and U(X j(i)

,X j(i+1)

) do not co llide at X j(i)

in G n

( O , S´ , L´ ). X j(i)

is not in R È S´ , and hence by Lemma 5 , X j(i)

is not in R È S in G n

( O , S´ , L´ ). At least one of the two subpaths U(X j(i - 1)

,X j(i)

) and

U(X j(i)

,X j(i+1)

) is out of X j(i)

. Suppose without loss of general itythat U(X j(i - 1)

,X j(i)

) is out of X j(i)

. It follows that either U(X j(i - 1)

,X j(i)

) is X j(i - 1)

¬ X j(i)

or a path X j(i)

® S ¬

X j(i+1)

. If U(X j(i - 1)

,X j(i)

) is an edge X j(i - 1)

¬ X j(i)

in

G n

( O , S´ , L´ ), and there is a corresponding edge in

G( O , S , L ), then let U ´(X j(i - 1)

,X j(i)

) in G( O , S , L ) be X j(i - 1)

¬

X j(i).

Otherwise, bythe definition of G n

( O , S´ , L´ ), X j(i)

is an ancestor of S È {X j(i - 1)

} in G( O , S , L ). By Lemma 3 , either X j(i)

is an ancestor of R È S in G( O , S , L ) or in

G( O , S , L ) there is a path U´(X j(i - 1)

,X j(i)

) that d - connects

X j(i - 1)

and X j(i)

given ( R È S ) \ { X j(i - 1}

,X j(i)

} that is out of

X j(i).

. It follows that either U´(X j(i - 1)

,X j(i)

) d - connects X j(i - 1) and X j(i)

given the set ( R È S ) \ { X j(i - 1}

,X j(i)

} and

U´(X j(i)

,X j(i+1)

) d - connects X j(i)

and X j( i+1)

given the set

( R È S ) \ { X j(i}

,X j(i+1)

}in G( O , S , L ), and theyare not both into X j(i)

, or X j(i)

is an ancestor of R È S in G( O , S , L ). It follows from Lemma 1 that X

1

and X m

are d - connected given R È S in G( O , S , L ). Q.E.D.

Theorem7: If the input to the FCI algorithmis an n - oracle for G( O , S , L ), the output p is a PAG that n - represents G ( O , S , L ).

Proof. By T heorem 5 the output of the FCI algorithm represents G n

( O , S´ , L´ ) if the input is an oracle fo r

G n

( O , S´ , L´ ). Because everyedge in G( O , S , L ) is also in

G n

( O , S´ , L´ ), S Í S´ , and each member of S´ \ S has no edges out of it, for X , Y , Z Í O , if X and Y are d - connected given Z È S in G( O , S , L ), X and Y are d - connected given Z È S ´ in G n

( O , S´ , L´ ). T hus by Lemma

6 , an oracle for G n

( O , S´ , L´ ) is an n - oracle for G( O , S , L ).

In order to showthat p n - represents G ( O , S , L ) I will showthat it satisfies the 7 clauses of the definition. Parts

1 through 3 followimmediately.

Suppose that A and B are d - connected given Z È S in

G( O , S , L ) for all | Z |< n. It follows that there is a path U that d - connects A a nd B conditional on Z È S in G( O , S , L ).

T he corresponding path U´ with the same edges exists in

G n

( O , S´ , L´ ). Everycollider on U is an ancestor of Z È S in

G ( O , S , L ) and hence by Lemma 5 everycollider on U´ is an ancest or of Z È S´ in G n

( O , S´ , L´ ). Everynon - collider on U is not in Z È S , and hence everynon - collider on U´ is not in Z È S´ . It follows that A and B are d - connected conditional on Z È S´ in G n

( O,S´ , L´ ). Since the FCI algorithmonlyremoves an edge from p when the answer to a d - connection question fromthe n - oracle is ^no~, it follows that there is an edge between A and B in p .

Suppose that there is an edge between A and B in p . It follows that A and B are definitelyd - connected given everysubset Z , and hence are d - connected given Z È S´ in

G n

( O , S´ , L´ ) By Lemma 6 if Z Í O , | Z |

~�Q�DQG�$�DQG�%�

are d - connected given Z È S´ in G

n

( O , S´ , L´ ), then A and B

are d - connected given Z È S in G( O , S , L ).

Suppose there is an edge in p oriented as A ® B. By

T heorem 5 A is an ancestor of B but not S´ in

G

n

( O , S´ , L´ ). By Lemma 5 , A is an ancestor of{B} È S in

G( O , S , L ). If A is an ancestor of S in G ( O , S , L ) it is an

ancestor of S in G

n

( O , S´ , L´ ) , and because S Í S´ , A is an

ancestor of S´ in G

n

( O , S´ , L´ ) . But because A is not an

ancestor of S´ in G

n

( O , S´ , L´ ) , it is not an ancestor of S in

G( O , S , L ) . Hence A is an ancestor of B but not S in

G( O , S , L ) . B ecause the output of the FCI algorithmis a

function of the n - oracle for G( O , S , L ), it produces the

same output for anyDAG G´( O , S´ , L´ ) in n - O - Equiv (G).

Hence A is an ancestor of B but not S´ for anyDAG

G( O,S´ , L´ ) in n - O - Equiv (G).

Suppose there is an edge oriented as A * ® B in p . T hen

by T heorem 5 , B is not an ancestor of { A} È S´ in

G

n

( O , S´ , L´ ) . By Lemma 5 B is not an ancestor of { A} È S

in G ( O , S , L ). B ecause the output of the FCI algorithmis a

fu nction of the n - oracle for G( O , S , L ), it produces the

same output for anyDAG G´( O , S´ , L´ ) in n - O - Equiv (G).

Hence B is not an ancestor of { A} È S´ for anyDAG

G( O,S´ , L´ ) in n - O - Equiv (G).

Suppose that there are edges A * ¾ *B* ¾ *C in p . By

T heorem 5 it follows that B is ancestor of { A} È {C} È S´

in G

n

( O , S´ , L´ ) . By Lemma 5 , B is an ancestor of

{ A} È {C} È S in G ( O , S , L ). B ecause the output of the FCI

algorithmis a function of the n - oracle for G( O , S , L ) , it

produces the same output for anyDAG G´( O , S´ , L´ ) in n -

O - Equiv (G). Hence B is ancestor of { A} È {C} È S´ for

anyDAG G( O,S´ , L´ ) in n - O - Equiv (G). Q.E.D.

Theorem8: If p is the PAG output bythe FCI algorithm

with an n - oracle for G( O , S , L ), and | Z | ~ n, then X and Y

are definitelyd - connected given Z in P if and onlyif X

and Y are d - connected given Z È S in G( O , S , L ).

Proof. By Lemma 6 , if p is the output of the FCI

algorithmwith an oracle for G

n

( O , S´ , L´ ), then p is also

the output of the FCI algorithmwith an n - oracle for

G( O , S , L ). By T heorem 6 , X and Y are definitelyd -

connected given Z in p if and onlyif X and Y are d -

connected given Z È S´ in G

n

( O , S , L ). By Lemma 6 , if | Z |

~�Q� X and Y are d - connected given Z È S´ in G

n

( O , S , L )

if and onlyif X and Y are d - connected given Z È S in

G( O , S , L ). So X and Y are d - connecte d given Z È S in

G( O , S , L ) if and onlyif X and Y are definitelyd -

connected given Z in p .

Acknowlegements

T his research was partiallysupported by N SG grant

DMS - 9873442.

References

Cooper, G. (1995). Causal discoveryfromdata in the

presence of selection bias. Proc eedings of the Fifth

International Workshop on Artificial Intelligence and

Statistics , Fort Lauderdale, FL.

Heckerman, D., Meek, C., and Cooper, G. (1999) A

Bayesian approach to causal discovery. Computation,

Causation and Discovery . C. Glymour and G. Coop er.

Cambridge, MA, MIT Press.

Pearl, J. (1988). Probabilistic Reasoning in Intelligent

Systems . San Mateo, Morgan Kaufmann.

Pearl, J. (1995). Causal diagrams for empirical research.

Biometrika , 82 , 669 - 709.

Spirtes, P., Glymour, C., and Scheines, R. (1993)

Causation, Prediction, and Search . Springer - Verlag

Lecture Notes in Statistics, NewYork.

Spirtes, P., Meek, C., and Richardson, T . (1999). An

algorithmfor causal inference in the presence of latent

variables and selection bias. Computation, Causation an d

Discovery . C.Glymour and G. Cooper. Cambridge, MA.