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Preface
The Society for Artiﬁcial Intelligence and Statistics (SAIAS) is dedicated to facilitating interactions between researchers in AI and Statistics. The primary responsibility of the society
is to organize the biennial International Workshops on Artiﬁcial Intelligence and Statistics,
as well as maintain the AI-Stats home page and mailing list on the Internet. The tenth such
meeting took place in January 2005 in Barbados, a new venue for this conference and the ﬁrst
time it had been held outside of the United States of America. Details about the conference
may be found at http://www.gatsby.ucl.ac.uk/aistats/.
Papers from a large number of diﬀerent areas at the interface of statistics and AI were
presented at the workshop. In addition to traditional areas of strength at AISTATS, such
as probabilistic graphical models and approximate inference algorithms, the workshop also
beneﬁtted from high quality presentations in a broader set of new topics, such as semisupervised learning, kernel methods, spectral learning, dimensionality reduction, and learning
theory, to name a few. This diversity contributed to a strong and stimulating programme.
A novel feature of this workshop were prizes awarded to students for Best Student Papers.
Three awards were made to Francis Bach, Philip J. Cowans and Kilian Weinberger. This was
made possible by a donation from the NITCA at the Australian National University.
There were approximately 150 submissions. Almost every paper was assigned three reviewers,
other than the program chairs. On the basis of these reviews, 21 papers were selected for
presentation in the plenary session and 36 were selected for the poster sessions, based on their
interest and relevance to the conference and on their originality and clarity of exposition. In
deciding on which papers to accept we drew heavily on the reviews of the program committee.
The standard was rigorous and impartial, and we note in passing that several members of the
program committee had papers rejected.
The United States was the country with the most submissions (57) with Canada (17) and the
United Kingdom (14) being the next largest contributing countries. Most of the remaining
submissions came from Europe, with submissions from Belgium, Denmark, Finland, France,
Germany, Ireland, Italy, Slovakia, Slovenia, Spain, Switzerland and The Netherlands. Papers
submitted from outside of Europe and North America originated from Algeria, Australia,
Brazil, Chile, Hong Kong, Iran, Israel, Japan, Malaysia and Russia. This range of countries
emphasizes the truly international character of the conference. It is worth noting that several
papers had their co-authors based in diﬀerent countries.
Equal acceptance criteria were used for all submissions, and our decision of how each paper
was presented was aimed at creating a varied programme rather than drawing a distinction
between poster papers and plenary papers. Accordingly, in these proceedings we have ordered
all of the papers alphabetically by the lead author’s name. The conference web page may be
consulted to see how individual papers were presented.
Robert Cowell and Zoubin Ghahramani, Program Chairs
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Abstract

higher than negative ones. This captures, for example, the
information retrieval problem described above; in this case,
training examples consist of documents labeled as relevant
(positive) or irrelevant (negative). This form of ranking
problem corresponds to the ‘bipartite feedback’ case of [9];
we therefore refer to it as the bipartite ranking problem.

The area under the ROC curve (AUC) has been
advocated as an evaluation criterion for the bipartite ranking problem. We study uniform convergence properties of the AUC; in particular, we
derive a distribution-free uniform convergence
bound for the AUC which serves to bound the
expected accuracy of a learned ranking function
in terms of its empirical AUC on the training sequence from which it is learned. Our bound is expressed in terms of a new set of combinatorial parameters that we term the bipartite rank-shatter
coefficients; these play the same role in our result
as do the standard VC-dimension related shatter
coefficients (also known as the growth function)
in uniform convergence results for the classification error rate. A comparison of our result with
a recent uniform convergence result derived by
Freund et al. [9] for a quantity closely related to
the AUC shows that the bound provided by our
result can be considerably tighter.

1

Formally, the setting of the bipartite ranking problem is
similar to that of the binary classification problem. In
both problems, there is an instance space X and a set
of two class labels Y = {−1, +1}. One is given
a finite sequence of labeled training examples S =
((x1 , y1 ), . . . , (xM , yM )) ∈ (X × Y)M , and the goal is to
learn a function based on this training sequence. However,
the form of the function to be learned in the two problems is
different. In classification, one seeks a binary-valued function h : X →Y that predicts the class of a new instance in
X . On the other hand, in ranking, one seeks a real-valued
function f : X → R that induces a ranking over X ; an instance that is assigned a higher value by f is ranked higher
than one that is assigned a lower value by f .

INTRODUCTION

In many learning problems, the goal is not simply to classify objects into one of a fixed number of classes; instead, a
ranking of objects is desired. This is the case, for example,
in information retrieval problems, where one is interested
in retrieving documents from some database that are ‘relevant’ to a given query or topic. In such problems, one wants
to return to the user a list of documents that contains relevant documents at the top and irrelevant documents at the
bottom; in other words, one wants a ranking of the documents such that relevant documents are ranked higher than
irrelevant documents.
The problem of ranking has been studied from a learning
perspective under a variety of settings [4, 10, 6, 9]. Here
we consider the setting in which objects come from two
categories, positive and negative; the learner is given examples of objects labeled as positive or negative, and the goal
is to learn a ranking in which positive objects are ranked

1

The area under the ROC curve (AUC) has recently gained
attention as an evaluation criterion for the bipartite ranking
problem [5]. Given a ranking function f : X →R and a
data sequence T = ((x1 , y1 ), . . . , (xN , yN )) ∈ (X × Y)N
containing m positive and n negative examples, the AUC
of f with respect to T , denoted Â(f ; T ), can be expressed
as the following Wilcoxon-Mann-Whitney statistic [5]:
Â(f ; T ) =
X
1
mn

X

{i:yi =+1} {j:yj =−1}



1
I{f (xi )>f (xj )} + I{f (xi )=f (xj )} ,
2

where I{·} denotes the indicator variable whose value is
one if its argument is true and zero otherwise. The AUC of
f with respect to T is thus simply the fraction of positivenegative pairs in T that are ranked correctly by f , assuming
that ties are broken uniformly at random.1
The AUC is an empirical quantity that evaluates a ranking
function with respect to a particular data sequence. What
1
In [5], a slightly simpler form of the Wilcoxon-MannWhitney statistic is used, which does not account for ties.

(1)

does the empirical AUC tell us about the expected performance of a ranking function on future examples? This is
the question we consider. The question has two parts, both
of which are important for machine learning practice. First,
what can be said about the expected performance of a ranking function based on its empirical AUC on an independent test sequence? Second, what can be said about the
expected performance of a learned ranking function based
on its empirical AUC on the training sequence from which
it is learned? The first question is addressed in [1]; we address the second question in this paper.
We start by defining the expected ranking accuracy of a
ranking function (analogous to the expected error rate of a
classification function) in Section 2. Section 3 contains our
uniform convergence result, which serves to bound the expected accuracy of a learned ranking function in terms of its
empirical AUC on a training sequence. Our uniform convergence bound is expressed in terms of a new set of combinatorial parameters that we term the bipartite rank-shatter
coefficients; these play the same role in our result as do
the standard shatter coefficients (also known as the growth
function) in uniform convergence results for the classification error rate. Properties of the bipartite rank-shatter coefficients are discussed in Section 4. Section 5 compares our
result with a recent uniform convergence result derived by
Freund et al. [9] for a quantity closely related to the AUC.
We conclude with some open questions in Section 6.

2

Definition 1 (Expected ranking accuracy). Let f :
X →R be a ranking function on X . Define the expected
ranking accuracy (or simply ranking accuracy) of f , denoted by A(f ), as follows:
A(f ) = EX∼D+1 ,X 0 ∼D−1



1
I{f (X)>f (X 0 )} + I{f (X)=f (X 0 )} .
2

The ranking accuracy A(f ) defined above is simply the
probability that an instance drawn randomly according to
D+1 will be ranked higher by f than an instance drawn
randomly according to D−1 , assuming that ties are broken
uniformly at random. The following simple lemma shows
that the empirical AUC of a ranking function f is an unbiased estimator of the expected ranking accuracy of f :
Lemma 1. Let f : X →R be a ranking function on X , and
let y = (y1 , . . . , yN ) ∈ Y N be a finite label sequence.
Then
n
o
ETX |TY =y Â(f ; T )

=

A(f ) .

Proof. Let m be the number of positive labels in y, and n
the number of negative labels in y. Then from the definition
of empirical AUC (Eq. (1)) and linearity of expectation, we
have
n
o
ETX |TY =y Â(f ; T )
X
X
1
=
mn

n
EXi ∼D+1 ,Xj ∼D−1 I{f (Xi )>f (Xj )}

{i:yi =+1} {j:yj =−1}

o
1
+ I{f (Xi )=f (Xj )}
2

EXPECTED RANKING ACCURACY

We begin by introducing some notation. As in classification, we shall assume that all examples are drawn randomly
and independently according to some (unknown) underlying distribution D over X × Y. The notation D+1 and D−1
will be used to denote the class-conditional distributions
DX|Y =+1 and DX|Y =−1 , respectively. We use an underline to denote a sequence, e.g., y ∈ Y N to denote a sequence of elements in Y. We shall find it convenient to decompose a data sequence T = ((x1 , y1 ), . . . , (xN , yN )) ∈
(X × Y)N into two components, TX = (x1 , . . . , xN ) ∈
X N and TY = (y1 , . . . , yN ) ∈ Y N . Several of our results will involve the conditional distribution DTX |TY =y
for some label sequence y = (y1 , . . . , yN ) ∈ Y N ; this
distribution is simply Dy1 × . . . × DyN .2 As a final note
of convention, we use T ∈ (X × Y)N to denote a general data sequence (e.g., an independent test sequence), and
S ∈ (X × Y)M to denote a training sequence.

1
mn

=
=

3

X

X

A(f )

{i:yi =+1} {j:yj =−1}

t
u

A(f ) .

UNIFORM CONVERGENCE BOUND

We are interested in bounding the probability that the empirical AUC of a learned ranking function fS with respect to the (random) training sequence S from which it is
learned will have a large deviation from its expected ranking accuracy, when the function fS is chosen from a possibly infinite function class F. The standard approach for
obtaining such bounds is via uniform convergence results.
In particular, we have for any  > 0,
P

n

o
Â(fS ; S) − A(fS ) ≥ 


≤ P sup Â(f ; S) − A(f ) ≥  .
f ∈F

2

Note that, since the AUC of a ranking function f with respect
to a data sequence T ∈ (X × Y)N is independent of the actual
ordering of examples in the sequence, our results involving the
conditional distribution DTX |TY =y for some label sequence y =
(y1 , . . . , yN ) ∈ Y N depend only on the number m of positive
labels in y and the number n of negative labels in y. We choose to
state our results in terms of the distribution DTX |TY =y ≡ Dy1 ×
n
m
.
× D−1
. . . × DyN only because this is more general than D+1

2

Therefore, to bound probabilities of the form on the left
hand side above, it is sufficient to derive a uniform convergence result that bounds probabilities of the form on the
right hand side. Our uniform convergence result for the
AUC is expressed in terms of a new set of combinatorial
parameters, termed the bipartite rank-shatter coefficients,
that we define below.

Definition 2 (Bipartite rank matrix). Let f : X →R be
a ranking function on X , let m, n ∈ N, and let x =
(x1 , . . . , xm ) ∈ X m , x0 = (x01 , . . . , x0n ) ∈ X n . Define the
bipartite rank matrix of f with respect to x, x0 , denoted by
Bf (x, x0 ), to be the matrix in {0, 12 , 1}m×n whose (i, j)-th
element is given by



Bf (x, x0 ) ij

=

I{f (xi )>f (x0j )} +

Theorem 2. Let F be a class of real-valued functions on
X , and let y = (y1 , . . . , yM ) ∈ Y M be any label sequence
of length M ∈ N. Let m be the number of positive labels
in y, and n = M − m the number of negative labels in y.
Then for any  > 0,


1
0
I
2 {f (xi )=f (xj )}


sup Â(f ; S) − A(f ) ≥ 

PSX |SY =y

f ∈F

for all i ∈ {1, . . . , m}, j ∈ {1, . . . , n}.

≤

Definition 3 (Bipartite rank-shatter coefficient). Let F
be a class of real-valued functions on X , and let m, n ∈ N.
Define the (m, n)-th bipartite rank-shatter coefficient of F,
denoted by r(F, m, n), as follows:
r(F , m, n)

=

max

x∈X m ,x0 ∈X n


Bf (x, x0 ) | f ∈ F

.

Clearly, for finite F, we have r(F, m, n) ≤ |F| for all
m, n. In general, r(F, m, n) ≤ 3mn for all m, n. In fact,
not all 3mn matrices in {0, 12 , 1}m×n can be realized as
bipartite rank matrices. Therefore, we have
r(F , m, n) ≤ ψ(m, n) ,
1
m×n
2 , 1}

where ψ(m, n) is the number of matrices in {0,
that can be realized as a bipartite rank matrix. The number
ψ(m, n) can be characterized in the following ways (proof
omitted due to lack of space):
Theorem 1. Let ψ(m, n) be the number of matrices in
{0, 12 , 1}m×n that can be realized as a bipartite rank
matrix Bf (x, x0 ) for some f : X →R, x ∈ X m , x0 ∈ X n .
Then
1. ψ(m, n) is equal to the number of complete mixed
acyclic (m, n)-bipartite graphs (where a mixed
graph is one which may contain both directed and
undirected edges, and where we define a cycle in such
a graph as a cycle that contains at least one directed
edge and in which all directed edges have the same
directionality along the cycle).
2. ψ(m, n) is equal to the number of matrices in
{0, 12 , 1}m×n that do not contain a sub-matrix of any
of the forms shown in Table 1.
We discuss further properties of the bipartite rank-shatter
coefficients in Section 4; we first present below our uniform
convergence result in terms of these coefficients. The following can be viewed as the main result of this paper. We
note that our results are all distribution-free, in the sense
that they hold for any distribution D over X × Y.

4 · r(F , 2m, 2n) · e−mn

2

/8(m+n)

.

The proof is adapted from uniform convergence proofs for
the classification error rate (see, for example, [2, 8]). The
main difference is that since the AUC cannot be expressed
as a sum of independent random variables, more powerful
inequalities are required. In particular, a result of Devroye
[7] is required to bound the variance of the AUC that appears after an application of Chebyshev’s inequality, and
McDiarmid’s inequality [12] is required in the final step of
the proof where Hoeffding’s inequality sufficed in the case
of classification. Details are given in Appendix A.
We note that the result of Theorem 2 can be strengthened
so that the conditioning is only on the numbers m and n of
positive and negative labels, and not on the specific label
vector y.3 From Theorem 2, we can derive a confidence
interval interpretation of the bound as follows:
Corollary 1. Let F be a class of real-valued functions on
X , and let y = (y1 , . . . , yM ) ∈ Y M be any label sequence
of length M ∈ N. Let m be the number of positive labels
in y, and n = M − m the number of negative labels in y.
Then for any 0 < δ ≤ 1,
(
PSX |SY =y

sup Â(f ; S) − A(f ) ≥
f ∈F

s

8(m + n) ln r(F , 2m, 2n) + ln
mn

4
δ

 )
≤ δ.

Proof. This follows directly from Theorem 2 by setting 4 ·
2
r(F, 2m, 2n) · e−mn /8(m+n) = δ and solving for . u
t
As in the case of the large deviation bound of [1], the confidence interval above can be generalized to remove the
conditioning on the label vector completely (we note that
Theorem 2 cannot be generalized in this manner):
Theorem 3. Let F be a class of real-valued functions on
X , and let M ∈ N. Then for any 0 < δ ≤ 1,
(
PS∼DM

Table 1: Sub-matrices that cannot appear in a bipartite
rank matrix.
1 0  ½ 0  1 ½  1 0  1 0  ½ ½  ½ 0  ½ 0  1 ½  1 ½ 
10 01  01

1
 0½ 10  0½½½  ½½1½  0011  0½ ½1  ½0
½
½ ½
½ ½
½ ½  ½ 1  ½½ 1½ 0½½1 0 0½½ 0 110 01 ½0 ½1
1 ½
1 0
1 ½
½ 0
½ ½
½ ½
½
½ 0

1

½
0

1
½

s

sup Â(f ; S) − A(f ) ≥
f ∈F

8 ln r (F , 2ρ(SY )M, 2(1 − ρ(SY ))M ) + ln
ρ(SY )(1 − ρ(SY ))M

4
δ

 )
≤ δ,

00 ½1  ½0 11 

where ρ(SY ) denotes the proportion of positive labels in
1 ½
½ 0
SY .
½



½
½ ½
½ 0

1 ½

3

3

Our thanks to an anonymous reviewer for pointing this out.
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Proof. For any m, n ∈ N, we have4

PROPERTIES OF BIPARTITE
RANK-SHATTER COEFFICIENTS

r(F , m, n)

As discussed above, we have r(F, m, n) ≤ ψ(m, n),
where ψ(m, n) is the number of matrices in {0, 12 , 1}m×n
that can be realized as a bipartite rank matrix. The number
ψ(m, n) is strictly smaller than 3mn , but is still very large;
in particular, ψ(m, n) ≥ 3max(m,n) . (To see this, note
that choosing any column vector in {0, 12 , 1}m and replicating it along the n columns or choosing any row vector
in {0, 12 , 1}n and replicating it along the m rows results in
a matrix that does not contain a sub-matrix of any of the
forms shown in Table 1. The conclusion then follows from
Theorem 1 (Part 2).) For the bound of Theorem 2 to be
meaningful, one needs an upper bound on r(F, m, n) that
is at least slightly smaller than emn/8(m+n) . Below we provide one method for deriving upper bounds on r(F, m, n);
taking Y ∗ = {−1, 0, +1}, we extend slightly the standard
shatter coefficients studied in classification to Y ∗ -valued
function classes, and then derive an upper bound on the
bipartite rank-shatter coefficients r(F, m, n) of a class of
ranking functions F in terms of the shatter coefficients of a
class of Y ∗ -valued functions derived from F.
Definition 4 (Shatter coefficient). Let Y ∗ = {−1, 0, +1},
and let H be a class of Y ∗ -valued functions on X . Let
N ∈ N. Define the N -th shatter coefficient of H, denoted
by s(H, N ), as follows:
s(H, N )

=

max

n

x∈X N

(h(x1 ), . . . , h(xN )) | h ∈ H

o

.

0
 −1

if u = 0
if u < 0 .

Definition 5 (Function classes). Let F be a class of realvalued functions on X . Define the following classes of Y ∗ valued functions derived from F:
1 . F̄

2 . F̃

3 . F̌

=

n

=

n

=

n

f¯ : X →Y ∗ | f¯(x) = sign(f (x))
o
for some f ∈ F
∗

0

≤

≤

x,x ∈X

t
u

Below we make use of the above result to derive a polynomial upper bound on the bipartite rank-shatter coefficients
for the case of linear ranking functions. We note that the
same method can be used to establish similar upper bounds
for higher-order polynomial ranking functions and other algebraically well-behaved function classes.
Lemma 2. For d ∈ N, let Flin(d) denote the class of linear
ranking functions on Rd :
Flin(d)

n

=

f : Rd →R | f (x) = w·x + b
o
for some w ∈ Rd , b ∈ R .

Then for all N ∈ N,
s(F̃lin(d) , N ) ≤ (2eN/d)d .
F̃lin(d)

=

n

f˜ : Rd × Rd →Y ∗ | f˜(x, x0 ) = sign(w·(x − x0 ))
o
for some w ∈ Rd .

Let (x1 , x01 ), . . . , (xN , x0N ) be any N points in Rd × Rd ,
and consider the ‘dual’ weight space corresponding to w ∈
Rd . Each point (xi , x0i ) defines a hyperplane (xi − x0i ) in
this space; the N points thus give rise to an arrangement of
N hyperplanes in Rd . It is easily seen that the number of
sign patterns (f˜(x1 , x01 ), . . . , f˜(xN , x0N )) that can be realized by functions f˜ ∈ F̃ is equal to the total number of
faces of this arrangement [11], which is at most [3]
d
d
X
X

i
d−k

!

N
i

!
=

d
X
i=0

i

2

N
i

!
≤ (2eN/d)d .

Since the N points were arbitrary, the result follows.

t
u

0

Theorem 5. For d ∈ N, let Flin(d) denote the class of linear ranking functions on Rd (defined in Lemma 2 above).
Then for all m, n ∈ N,
r(Flin(d) , m, n) ≤ (2emn/d)d .

(4)

Theorem 4. Let F be a class of real-valued functions on
X , and let F̃ be the class of Y ∗ -valued functions on X × X
defined by Eq. (3). Then for all m, n ∈ N,
r(F , m, n)

s(F̃ , mn) .

=

k=0 i=d−k

(2)

f˜ : X × X →Y | f˜(x, x ) = sign(f (x) − f (x ))
o
for some f ∈ F
(3)
fˇz : X →Y ∗ | fˇz (x) = sign(f (x) − f (z))
o
for some f ∈ F, z ∈ X

=

=

I{f (xi )>f (x0j )} +

max
m 0

Proof. We have,

Clearly, s(H, N ) ≤ 3N for all N . Next we define a series
of Y ∗ -valued function classes derived from a given ranking
function class. Only the second function class is used in
this section; the other two are needed in Section 5. Note

that we take
 +1 if u > 0
sign(u) =

=



1
0 )}
f
∈
F
I
{f
(x
)=f
(x
i
j
x∈X ,x ∈X n
2



1
˜ ∈ F̃
max
f
I
+
I
0
0
˜
˜
{f (xi ,xj )=+1}
x∈X m ,x0 ∈X n
2 {f (xi ,xj )=0}
i
o
nh
˜ ∈ F̃
˜(xi , x0j )
max
f
f
x∈X m ,x0 ∈X n
i
o
nh
f˜ ∈ F̃
max
f˜(xij , x0ij )
X,X0 ∈X m×n

o
n
max
f˜ ∈ F̃
f˜(x1 , x01 ), . . . , f˜(xmn , x0mn )
0
mn


=

s(F̃ , mn) .

4

Proof. This follows immediately from Theorem 4 and
Lemma 2.
t
u
We use the notation [aij ] to denote a matrix whose (i, j)th
element is aij . The dimensions of such a matrix should be clear
from context.
4

Figure 1: A comparison of our uniform convergence bound with that of [9] for the class of linear ranking functions on R.
The plots are for δ = 0.01 and show how the confidence interval width  given by the two bounds varies with the sample
size M , for various values of m/(m + n). In all cases where the bounds are meaningful ( < 0.5), our bound is tighter.

5

COMPARISON WITH BOUND OF
FREUND ET AL.

Freund et al. [9] recently derived a uniform convergence
bound for a quantity closely related to the AUC, namely the
ranking loss for the bipartite ranking problem. As pointed
out in [5], the bipartite ranking loss is equal to one minus
the AUC; the uniform convergence bound of [9] therefore
implies a uniform convergence bound for the AUC.5 Although the result in [9] is given only for function classes
considered by their RankBoost algorithm, their technique
is generally applicable. We state their result below, using
our notation, for the general case (i.e., function classes not
restricted to those considered by RankBoost), and then offer a comparison of our bound with theirs. As in [9], the
result is given in the form of a confidence interval.6
Theorem 6 (Generalization of [9], Theorem 3). Let F
be a class of real-valued functions on X , and let y =
(y1 , . . . , yM ) ∈ Y M be any label sequence of length
M ∈ N. Let m be the number of positive labels in y, and
n = M − m the number of negative labels in y. Then for
any 0 < δ ≤ 1,

s
2

Flin(1) = {f : R→R | f (x) = wx + b
for some w ∈ R, b ∈ R} .
Although Flin(1) is an infinite function class, it is easy to
verify that r(Flin(1) , m, n) = 3 for all m, n ∈ N. (To see
this, note that for any set of m + n distinct points in R,
one can obtain exactly three different ranking behaviours
with functions in Flin(1) : one by setting w > 0, another by
setting w < 0, and the third by setting w = 0.) On the
other hand, s(F̌lin(1) , N ) = 4N + 1 for all N ≥ 2, since
F̌lin(1) = F̄lin(1) (see Eq. (2)) and, as is easily verified, the
number of sign patterns on N ≥ 2 distinct points in R that
can be realized by functions in F̄lin(1) is 4N + 1. We thus
get from our result (Corollary 1) that
(
PSX |SY =y

(
PSX |SY =y

The proof follows that of [9] and is omitted. We now
compare the uniform convergence bound derived in Section 3 with that of Freund et al. for a simple function
class for which the quantities involved in both bounds
(namely, r(F, 2m, 2n) and s(F̌, 2m), s(F̌, 2n)) can be
characterized exactly. Specifically, consider the function
class Flin(1) of linear ranking functions on R, given by

sup Â(f ; S) − A(f ) ≥

sup

Â(f ; S) − A(f ) ≥

f ∈Flin(1)

s

f ∈F

ln s(F̌ , 2m) + ln
m


12
δ

s
+2

ln s(F̌ , 2n) + ln
n

)
12
δ

≤ δ,

where F̌ is the class of Y ∗ -valued functions on X defined
by Eq. (4).
5
As in the AUC definition of [5], the ranking loss defined in
[9] does not account for ties; this is easily remedied.
6
The result in [9] was stated in terms of the VC dimension,
but the basic result can be stated in terms of shatter coefficients.
Due to our AUC definition which accounts for ties, the standard
shatter coefficients are replaced here with the extended shatter coefficients defined above for Y ∗ -valued function classes.

5

8(m + n) ln 3 + ln
mn

4
δ

 )
≤ δ,

and from the result of Freund et al. (Theorem 6) that
(
PSX |SY =y
s
2

sup

Â(f ; S) − A(f ) ≥

f ∈Flin(1)

ln(8m + 1) + ln
m

12
δ



s
+2

ln(8n + 1) + ln
n

12
δ

)
≤ δ.

The above bounds are plotted in Figure 1 for δ = 0.01 and
various values of m/(m + n). As can be seen, the bound
provided by our result is considerably tighter.

6

CONCLUSION & OPEN QUESTIONS

References

We have derived a distribution-free uniform convergence
bound for the area under the ROC curve (AUC), a quantity used as an evaluation criterion for the bipartite ranking problem. Our bound is expressed in terms of a new
set of combinatorial parameters that we have termed the
bipartite rank-shatter coefficients. These coefficients define a new measure of complexity for real-valued function
classes and play the same role in our result as do the standard VC-dimension related shatter coefficients in uniform
convergence results for the classification error rate.
For the case of linear ranking functions on R, for which
we could compute the bipartite rank-shatter coefficients exactly, we have shown that our uniform convergence bound
is considerably tighter than a recent bound of Freund et al.
[9], which is expressed directly in terms of standard shatter
coefficients from results for classification. This suggests
that the bipartite rank-shatter coefficients we have introduced may be a more appropriate complexity measure for
studying the bipartite ranking problem. However, in order to take advantage of our results, one needs to be able
to characterize these coefficients for the class of ranking
functions of interest. The biggest open question that arises
from our study is, for what other function classes F can
the bipartite rank-shatter coefficients r(F, m, n) be characterized? We have derived in Theorem 4 a general upper
bound on the bipartite rank-shatter coefficients of a function class F in terms of the standard shatter coefficients of
the function class F̃ (see Eq. (3)); this allows us to establish a polynomial upper bound on the bipartite rank-shatter
coefficients for linear ranking functions on Rd and other
algebraically well-behaved function classes. However, this
upper bound is inherently loose (see proof of Theorem 4).
Is it possible to find tighter upper bounds on r(F, m, n)
than that given by Theorem 4?
Our study also raises several other interesting questions.
First, can we establish analogous complexity measures and
generalization bounds for other forms of ranking problems
(i.e., other than bipartite)? Second, do there exist datadependent bounds for ranking, analogous to existing margin bounds for classification? Finally, it also remains an
open question whether tighter generalization bounds for the
AUC can be derived using different proof techniques.
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A

Proof of Theorem 2

Our proof makes use of the following two results [12, 7]
that bound the probability of a large deviation and the variance, respectively, of any function of a sample for which a
single change in the sample has limited effect:

Theorem 7 (McDiarmid, 1989). Let X1 , . . . , XN be independent random variables with Xk taking values in a set
Ak for each k. Let φ : (A1 × · · · × AN ) →R be such that


PSX |SY =y

φ(x1 , . . . , xN ) −

sup
xi ∈Ai ,x0k ∈Ak

joint sequence (S̃X , y). Then for any  > 0 satisfying
mn2 /(m + n) ≥ 2, we have

φ(x1 , . . . , xk−1 , x0k , xk+1 , . . . , xN ) ≤ ck .

Then for any  > 0,
2e−2

2

/

PN

k=1

c2
k

f ∈F


≤

2PSX S̃X |SY =y

sup Â(f ; S) − Â(f ; S̃) ≥
f ∈F

.



Theorem 8 (Devroye, 1991; Devroye et al., 1996, Theorem 9.3). Under the conditions of Theorem 7,
Var {φ(X1 , . . . , XN )}

≤

N
1X 2
ck .
4

≥
≥

The following lemma establishes that a change in a single
instance in a data sequence has a limited effect on the AUC
of a ranking function with respect to the data sequence:
Lemma 3. Let f : X →R be a ranking function on X and
let y = (y1 , . . . , yN ) ∈ Y N be a finite label sequence. Let
m be the number of positive labels in y and n the number of
negative labels in y. Let φ : X N →R be defined as follows:
=

sup Â(f ; S) − Â(f ; S̃) ≥

PSX S̃X |SY =y

k=1

φ (x1 , . . . , xN )

=

f ∈F

≤ ck ,

φ(x1 , . . . , xN ) − φ(x1 , . . . , xk−1 , x0k , xk+1 . . . , xN )

X 
1
1
=
I{f (xk )>f (xj )} + I{f (xk )=f (xj )}
mn
2
{j:yj =−1}



PS̃X |SX ,SY =y

n

Â(fS∗ ; S̃) − A(fS∗ ) ≤
1−

o
2

n
o
VarS̃X |SX ,SY =y Â(fS∗ ; S̃)
2 /4

.

Now, by Lemma 3 and Theorem 8, we have

This gives
PS̃X |SX ,SY =y

n

Â(fS∗ ; S̃) − A(fS∗ ) ≤

o
m+n
1
≥ 1−
≥ ,
2
mn2
2

whenever mn2 /(m + n) ≥ 2. Thus, from Eq. (5) and the
definition of fS∗ , we have

PSX S̃X |SY =y

1
n
mn
1
.
m

The case yk = −1 can be proved similarly.



o
n
VarS̃X |SX ,SY =y Â(fS∗ ; S̃)
  
 1 2 
1
m+n
1 2
≤
+n
=
m
.
4
m
n
4mn

Proof. For each k such that yk = +1, we have

=


2

n

≥

where ck = 1/m if yk = +1 and ck = 1/n if yk = −1.

≤

.

The conditional probability inside can be bounded using
Chebyshev’s inequality (and Lemma 1):

Then for all xi , x0k ∈ X ,


1
− I{f (x0k )>f (xj )} + I{f (x0k )=f (xj )}
2



o
Â(fS∗ ; S) − Â(fS∗ ; S̃) ≥
2
o
nn
PSX S̃X |SY =y
Â(fS∗ ; S) − A(fS∗ ) ≥  ∩
n
 oo
Â(fS∗ ; S̃) − A(fS∗ ) ≤
2
n
ESX |SY =y I{|Â(f ∗ ;S)−A(f ∗ )|≥} ×
S
S
n
 oo
PS̃X |SX ,SY =y Â(fS∗ ; S̃) − A(fS∗ ) ≤
. (5)
2

PSX S̃X |SY =y

Â (f ; ((x1 , y1 ), . . . , (xN , yN ))) .

φ(x1 , . . . , xN ) − φ(x1 , . . . , xk−1 , x0k , xk+1 . . . , xN )


2

To see this, let fS∗ ∈ F be a function for which |Â(fS∗ ; S) −
A(fS∗ )| ≥  if such a function exists, and let fS∗ be a fixed
function in F otherwise. Then

P {|φ(X1 , . . . , XN ) − E{φ(X1 , . . . , XN )}| ≥ }
≤


sup Â(f ; S) − A(f ) ≥ 

≥
=

t
u
≥

We are now ready to give the main proof:
Proof (of Theorem 2). The proof is adapted from proofs of
uniform convergence for the classification error rate given
in [2, 8]. It consists of four steps.
Step 1. First symmetrization by a ghost sample.
For each k ∈ {1, . . . , M }, define the random variable
X̃k such that Xk , X̃k are independent and identically distributed. Let S̃X = (X̃1 , . . . , X̃M ), and denote by S̃ the

7

sup Â(f ; S) − Â(f ; S̃) ≥
f ∈F


2



o
n
1
ESX |SY =y I{|Â(f ∗ ;S)−A(f ∗ )|≥}
S
S
2
o
n
1
∗
PSX |SY =y Â(fS ; S) − A(fS∗ ) ≥ 
2


1
PSX |SY =y sup Â(f ; S) − A(f ) ≥  .
2
f ∈F

Step 2. Second symmetrization by permutations.
Let ΓM be the set of all permutations of
{X1 , . . . , XM , X̃1 , . . . , X̃M } that swap Xk and X̃k ,
for all k in some subset of {1, . . . , M }. In other words, for
all σ ∈ ΓM and k ∈ {1, . . . , M }, either σ(Xk ) = Xk , in
which case σ(X̃k ) = X̃k , or σ(Xk ) = X̃k , in which case
σ(X̃k ) = Xk . Denote σ(SX ) = (σ(X1 ), . . . , σ(XM )),
and σ(S̃X ) = (σ(X̃1 ), . . . , σ(X̃M )). Now, define


sup βf (σ(x), σ(x̃)) ≥

Pσ∼U (ΓM )
βf (SX , S̃X ) ≡
X
X
1
mn



1
I{f (Xi )>f (Xj )} + I{f (Xi )=f (Xj )}
2
{i:yi =+1} {j:yj =−1}


1
− I{f (X̃i )>f (X̃j )} + I{f (X̃i )=f (X̃j )}
.
2

Then clearly, since Xk , X̃k are i.i.d. for each k, for any
σ ∈ ΓM we have that the distribution of
sup βf (SX , S̃X )

is the same as the distribution of
sup βf (σ(SX ), σ(S̃X )) .

f ∈F


2

Step 4. McDiarmid’s inequality.
Notice that for any x, x̃ ∈ X M , we can write
Pσ∼U (ΓM )

n

βf (σ(x), σ(x̃)) ≥
=

=
=

=

=
≤

o
2
n

PW ∼U (QM

{xk ,x̃k })
k=1

x̃k ,
xk ,

βf (W , W̃ ) ≥

if Wk = xk
if Wk = x̃k

o
,
2

.

o
β
(W
,
W̃
)
f
{xk ,x̃k })
k=1

=

0,

since for all i : yi = +1 and j : yj = −1,
n
o
EWi ∼U ({xi ,x̃i }),Wj ∼U ({xj ,x̃j }) I{f (Wi )>f (Wj )} − I{f (W̃i )>f (W̃j )}
=





P sup βf (SX , S̃X ) ≥
2
f ∈F


X

1
P sup βf (σ(SX ), σ(S̃X )) ≥
|ΓM | σ∈Γ
2
f ∈F
M
o
n
X
1
E I{sup

β
(σ(S
),σ(
S̃
))
≥
X
X | 2}
f ∈F | f
|ΓM | σ∈Γ
M




X
1
E
I{sup

β
(σ(S
),σ(
S̃
))
≥
}
|
|
X
X
f
f ∈F
2 
 |ΓM |
σ∈ΓM




E Pσ∼U (ΓM ) sup βf (σ(SX ), σ(S̃X )) ≥
2
f ∈F



.
max Pσ∼U (ΓM ) sup βf (σ(x), σ(x̃)) ≥
2
x,x̃∈X M
f ∈F

n

EW ∼U (QM

1
4


I{f (xi )>f (xj )} − I{f (x̃i )>f (x̃j )} +

I{f (x̃i )>f (xj )} − I{f (xi )>f (x̃j )} +

I{f (xi )>f (x̃j )} − I{f (x̃i )>f (xj )} +
!

I{f (x̃i )>f (x̃j )} − I{f (xi )>f (xj )}



=

o
.
2

Now, for any f ∈ F,

Therefore, using U(D) to denote the uniform distribution over a discrete set D, we have the following (note
that except where specified otherwise, all probabilities and
expectations below are with respect to the distribution
DSX S̃X |SY =y ):
sup Â(f ; S) − Â(f ; S̃) ≥

βf (σ(x), σ(x̃)) ≥

f ∈F

W̃k =

f ∈F



r(F , 2m, 2n) · sup Pσ∼U (ΓM )



where W = (W1 , . . .
, WM ), W̃ = (W̃1 , . . . , W̃M ) and

f ∈F

P

≤

f ∈F


2
n

=

0,

and similarly,
n
o
EWi ∼U ({xi ,x̃i }),Wj ∼U ({xj ,x̃j }) I{f (Wi )=f (Wj )} − I{f (W̃i )=f (W̃j )}
=

0.

Also, it can be verified that for any f ∈ F, a change in
the value of a single random variable Wk can bring about a
change of at most 2/m in the value of
βf (W , W̃ )

Step 3. Reduction to a finite class.
We wish to bound the quantity on the right hand side
above. From the definition of bipartite rank matrices (Definition 2), it follows that for any x, x̃ ∈ X M , as f ranges
over F, the number of different random variables

for k : yk = +1, and a change of at most 2/n for k : yk =
−1. Therefore, by McDiarmid’s inequality (Theorem 7), it
follows that for any f ∈ F,
n

PW ∼U (QM

{xk ,x̃k })
k=1

βf (σ(x), σ(x̃))

is at most the number of different bipartite rank matrices
Bf (z, z0 ) that can be realized by functions in F, where
z ∈ X 2m contains xi , x̃i for i : yi = +1 and z0 ∈ X 2n
contains xj , x̃j for j : yj = −1. This number, by definition, cannot exceed r(F, 2m, 2n) (see the definition of
bipartite rank-shatter coefficients, Definition 3). Therefore,
the supremum in the above probability is a maximum of at
most r(F, 2m, 2n) random variables. Thus, by the union
bound, we get for any x, x̃ ∈ X M ,

8

βf (W , W̃ ) ≥
2

o
2

2 )2 +n( 2 )2 )
/4(m( m
n

≤

2e−2

=

2e−mn

2

/8(m+n)

.

Putting everything together, we get that

PSX |SY =y


sup Â(f ; S) − A(f ) ≥ 

f ∈F

≤

4 · r(F , 2m, 2n) · e−mn

2

/8(m+n)

,

for mn2 /(m + n) ≥ 2. In the other case, i.e., for
mn2 /(m + n) < 2, the bound is greater than one and
therefore holds trivially.
t
u
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Abstract

machine-learning literature (Pepe, 2000, Provost and
Fawcett, 2001, Flach, 2003). The ROC is a representation of choice for displaying the performance of a
classifier when the costs assigned by end users to false
positives and false negatives are not known at the time
of training. For example, when training a classifer for
identifying cases of undesirable unsolicited email, end
users may have different preferences about the likelihood of a false negative and false positive. The ROC
curve for such a classifier reveals the ratio of false negatives and positives at different probability thresholds
for classifying an email message as unsolicited or normal email.

Receiver Operating Characteristic (ROC)
curves are a standard way to display the performance of a set of binary classifiers for all
feasible ratios of the costs associated with
false positives and false negatives. For linear classifiers, the set of classifiers is typically
obtained by training once, holding constant
the estimated slope and then varying the intercept to obtain a parameterized set of classifiers whose performances can be plotted in
the ROC plane. In this paper, we consider
the alternative of varying the asymmetry of
the cost function used for training. We show
that the ROC curve obtained by varying the
intercept and the asymmetry—and hence the
slope—always outperforms the ROC curve
obtained by varying only the intercept. In
addition, we present a path-following algorithm for the support vector machine (SVM)
that can compute efficiently the entire ROC
curve, that has the same computational properties as training a single classifier. Finally,
we provide a theoretical analysis of the relationship between the asymmetric cost model
assumed when training a classifier and the
cost model assumed in applying the classifier.
In particular, we show that the mismatch
between the step function used for testing
and its convex upper bounds usually used for
training leads to a provable and quantifiable
difference around extreme asymmetries.

1

In this paper, we consider linear binary classification of points in an Euclidean space—noting that it
can be extended in a straightforward manner to nonlinear classification problems by using Mercer kernels (Schölkopf and Smola, 2002). That is, given data
x ∈ Rd , d > 1, we consider classifiers of the form
f (x) = sign(w> x + b), where w ∈ Rd and b ∈ R are referred to as the slope and the intercept. To date, ROC
curves have been usually constructed by training once,
holding constant the estimated slope and varying the
intercept to obtain the curve. In this paper, we show
that, while the latter procedure appears to be the most
practical thing to do, it may lead to classifiers with
poor performance in some parts of the ROC curve.

INTRODUCTION

Receiver Operating Characteristic (ROC) analysis has
seen increasing attention in the recent statistics and
∗
This work was done during a summer internship at
Microsoft Research.
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The crux of our approach is that we allow the asymmetry of the cost function to vary—i.e., we vary the
ratio of the cost of a false positive and the cost of a
false negative. For each value of the ratio, we obtain
a different slope and intercept, each optimized for this
ratio. In a naive implementation, varying the asymmetry would require a retraining of the classifier for each
point of the ROC curve, which would be computationally expensive. In Section 3.1, we present an algorithm
that can compute the solution of an SVM (Schölkopf
and Smola, 2002) for all possible costs of false positives and false negatives, with the same computational
complexity as obtaining the solution for only one cost

function. The algorithm extends to asymmetric costs
the algorithm of Hastie et al. (2005) and is based on
path-following techniques that take advantage of the
piecewise linearity of the path of optimal solutions.
In Section 3.2, we show how the path-following algorithm can be used to obtain the best possible ROC
curve (in expectation). In particular, by allowing both
the asymmetry and the intercept to vary, we can obtain provably better ROC curves than by methods that
simply vary the intercept.
In Section 4, we provide a theoretical analysis of the
link between the asymmetry of costs assumed in training a classifier and the asymmetry desired in its application. In particular, we show that—even in the population (i.e., infinite sample) case—the use of a training
loss function which is a convex upper bound on the
true or testing loss function (a step function) creates
classifiers with sub-optimal accuracy. We quantify this
problem around extreme asymmetries for several classical convex-upper-bound loss functions—the square
loss and the erf loss, an approximation of the logistic
loss based on normal cumulative distribution functions
(also referred to as the “error function”, and usually
abbreviated as erf). The analysis is carried through
for Gaussian and mixture of Gaussian class-conditional
distributions (see Section 4 for more details). As we
shall see, the consequences of the potential mismatch
between the cost functions assumed in testing versus
training underscore the value of using the algorithm
that we introduce in Section 4.3. Even when costs are
known (i.e., when only one point on the ROC curve
is needed), the classifier resulting from our approach
which builds the entire ROC curve is never less accurate and can be more accurate than one trained with
the known costs using a convex-upper-bound loss function.

2

PROBLEM OVERVIEW

Given data x ∈ Rd and labels y ∈ {−1, 1}, we consider
linear classifiers of the form f (x) = sign(w> x + b),
where w is the slope of the classifier and b the intercept. A classifier is determined by the parameters
(w, b) ∈ Rd+1 . In Section 2.1, we introduce notation
and definitions; in Section 2.2, we lay out the necessary
concepts of ROC analysis. In Section 2.3, we describe
how these classifiers and ROC curves are typically obtained from data.
2.1

ASYMMETRIC COST AND LOSS
FUNCTIONS

Positive (resp. negative) examples are those for which
y = 1 (resp. y = −1). The two types of misclassification, false positives and false negatives, are assigned
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two different costs, and the total expected cost is equal
to
R(C+ , C− , w, b)

C+ P {w> x + b < 0, y = 1}
+C− P {w> x + b > 0, y = −1}

=

If we let φ0−1 (u) = 1u<0 be the 0-1 loss, we can write
the expected cost as
R(C+ , C− , w, b)

=

C+ E{1y=1 φ0−1 (w> x + b)}
+C− E{1y=−1 φ0−1 (−w> x − b)}

where E denotes the expectation with respect to the
joint distribution of (x, y). The expected cost defined
using the 0-1 loss is the cost that end users are usually interested in during the use of the classifier, while
the other cost functions that we define below are used
solely for training purposes. The convexity of these
cost functions makes learning algorithms convergent
without local minima, and leads to attractive asymptotic properties (Bartlett et al., 2004).
A traditional set-up for learning linear classifiers from
labeled data is to consider a convex upper bound φ on
the 0-1 loss φ0−1 , and use the expected φ-cost :
Rφ (C+ , C− , w, b)

=

C+ E{1y=1 φ(w> x + b)}
+C− E{1y=−1 φ(−w> x − b)}

We refer to the ratio C+ /(C− +C+ ) as the asymmetry.
We shall use training asymmetry to refer to the asymmetry used for training a classifier using a φ-cost, and
the testing asymmetry to refer to the asymmetric cost
characterizing the testing situation (reflecting end user
preferences) with the actual cost based on the 0-1 loss.
In Section 4, we will show that these may be different
in the general case.
We shall consider several common loss functions. Some
of the loss functions (square loss, hinge loss) lead
to attractive computational properties, while others
(square loss, erf loss) are more amenable to theoretical manipulations (see Figure 1 for the plot of the
loss functions, as they are commonly used and defined
below1 ):
• square loss : φsq (u) = 12 (u − 1)2 ; the classifier is
equivalent to linear regression,

• hinge loss : φhi (u) = max{1 − u, 0}; the classifier is the support vector machine (Schölkopf and
Smola, 2002),



• erf loss : φerf (u) = 2 u2 ψ u2 − u2 + ψ 0 u2 ,
where ψ is the cumulative distribution of the
standard normal distribution, i.e. : ψ(v) =
Rv
2
2
√1
e−t /2 dt, and ψ 0 (v) = √12π e−v /2 .
2π −∞
1

Note that by rescaling, all of these loss functions can
be made to be an upper bound on the 0-1 loss which is
tight at zero.
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Figure 1: Loss functions: (left) plain: 0-1 loss, dotted:
hinge loss, dashed: erf loss, dash-dotted: square loss.
(Right) plain: 0-1 loss, dotted: probit loss, dashed:
logistic loss.

The erf loss provides a good approximation of the
logistic loss log(1 + e−u ) as well as its derivative,
and is amenable to closed-form computations for
Gaussians and mixture of Gaussians (see Section 4
for more details). Note that the erf loss is different from the probit loss − log ψ(u), which leads to
probit regression (Hastie et al., 2001).
2.2

v
1
c

true positives

5
4

true positives

5
4

ROC ANALYSIS

The aim of ROC analysis is to display in a single graph
the performance of classifiers for all possible costs of
misclassification. In this paper, we consider sets of
classifiers fγ (x), parameterized by a variable γ ∈ R (γ
can either be the intercept or the training asymmetry).
For a classifier f (x), we can define a point (u, v) in the
“ROC plane,” where u is the proportion of false positives u = P (f (x) = 1|y = −1), and v is the proportion
of true positives v = P (f (x) = 1|y = 1).
When γ is varied, we obtain a curve in the ROC plane,
the ROC curve (see Figure 2 for an example). Whether
γ is the intercept or the training asymmetry, the ROC
curve always passes through the point (0, 0) and (1, 1),
which corresponds to classifying all points as negative
(resp. positive).
The upper convex envelope of the curve is the set of
optimal ROC points that can be achieved by the set
of classifiers; indeed, if a point in the envelope is not
one of the original points, it must lie in a segment
between two points (u(γ0 ), v(γ0 )) and (u(γ1 ), v(γ1 )),
and all points in a segment between two classifiers can
always be attained by choosing randomly between the
two classifiers (note that this classifier itself is not a
linear classifier; this performance can only be achieved
by a mixture of two linear classifiers).
Denoting p+ = P (y = 1) and p− = P (y = −1),
the expected (C+ , C− )-cost for a classifier (u, v) in
the ROC space, is simply p+ C+ (1 − v) + p− C− u,
and thus optimal classifiers for the (C+ , C− )-cost can
be found by looking at lines of slope that are normal to (p− C− , −p+ C+ )—and thus proportional to
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0

false positives

1 u

0

false positives

1 u

Figure 2: (Left) ROC curve: (plain) regular ROC
curve; (dashed) convex envelope.
The points a
and c are ROC-consistent and the point b is ROCinconsistent. (Right) ROC curve and dashed equi-cost
lines: All lines have direction (p+ C+, p− C− ), the plain
line is optimal and the point “a” is the optimal classifier.
(p+ C+ , p− C− )—and which intersects the ROC curve
and are as close as the point (0, 1) as possible (see
Figure 2).
A point (u(γ), v(γ)) is said to be ROC-consistent if
it lies on the upper convex envelope; In this case,
the tangent direction (du/dγ, dv/dγ) defines a cost
(C+ (γ), C− (γ)) for which the classifier is optimal
(for the testing cost, which is defined using the 01 loss), by having (p+ C+ (γ), p− C− (γ)) proportional
to (du/dγ, dv/dγ). This leads to an optimal testing
C+ (γ)
=
asymmetry β(γ), defined as β(γ) = C+ (γ)+C
− (γ)
1
.
p+ dv
(γ)/ du (γ)
1+ p

− dγ

dγ

If a point (u(γ), v(γ)) is ROC-inconsistent, then the
quantity β(γ) has no meaning, and such a classifier is
generally useless, because, for all settings of the misclassification cost, that classifier can be outperformed
by the other classifiers or a combination of classifiers.
In Section 4, we relate the optimal asymmetry of cost
in the testing or eventual use of a classifer in the real
world, to the asymmetry of cost used to train that
classifier; in particular, we show that they differ and
quantify this difference for extreme asymmetries (i.e.,
close to the corner points (0, 0) and (1, 1)). This analysis highlights the value of generating the entire ROC
curve, even when only one point is needed, as we will
present in Section 4.3.
2.3

LEARNING FROM DATA

Given n labelled data points (xi , yi ), the empirical cost
is equal to:
b + , C− , w, b) = C+ #{yi (w> xi + b) < 0, yi = 1}
R(C
n
+ Cn− #{yi (w> xi + b) < 0, yi = −1}

while the empirical φ-cost is equal to
>
bφ (C+ , C− , w, b) = C+ P
R
i∈I+ φ(yi (w xi + b))
n
P
+ Cn− i∈I− φ(yi (w> xi + b)),

where I+ = {i, yi = 1} and I− = {i, yi = −1}.
When learning a classifier from data, a classical
setup is to minimize the sum of the empirical φ-cost
1
||w||2 , i.e., to minimize
and a regularization term 2n
bφ (C+ , C− , w, b) + 1 ||w2 ||.
Jbφ (C+ , C− , w, b) = R
2n

Note that the objective function is no longer homogeneous in (C+ , C− ); the sum C+ + C− is referred
to as the total amount of regularization. Thus,
two end-user–defined parameters are needed to train
a linear classifier: the total amount of regulariza+
∈
tion C+ + C− ∈ R+ , and the asymmetry C+C+C
−
[0, 1]. In Section 3.1, we show how the minimum of
Jbφ (C+ , C− , w, b), with respect to w and b, can be computed efficiently for the hinge loss, for many values of
(C+ , C− ), with a computational cost that is within a
constant factor of the computational cost of obtaining
a solution for one value of (C+ , C− ).

Building an ROC curve from data If a sufficiently large validation set is available, we can train
on the training set and use the empirical distribution
of the validation data to plot the ROC curve. If sufficient validation data is not available, then we can
use 10 random half splits of the data, train a classifier on one half and use the other half to obtain the
ROC scores. Then, for each value of the parameter
γ that defines the ROC curve (either the intercept or
the training asymmetry), we average the 10 scores. We
can also use this approach to obtain confidence intervals (Flach, 2003).

3

BUILDING ROC CURVES FOR
THE SVM

In this section, we will present an algorithm to compute ROC curves for the SVM that explores the twodimensional space of cost parameters (C+ , C− ) efficiently. We first show how to obtain optimal solutions
of the SVM without solving the optimization problems
many times for each value of (C+ , C− ). This method
generalizes the results of Hastie et al. (2005) to the
case of asymmetric cost functions. We then describe
how the space (C+ , C− ) can be appropriately explored
and how ROC curves can be constructed.
3.1

BUILDING PATHS OF CLASSIFIERS

Given n data points xi , i = 1, . . . , n which belong to
Rd , and n labels yi ∈ {−1, 1}, minimizing the regularized empirical hinge loss is equivalent to solving the
following convex optimization problem (Schölkopf and
Smola, 2002):
min

w,b,ξ

P

i

Ci ξi + 12 ||w||2 s.t. ∀i, ξi > 0,
∀i, ξi > 1 − yi (w> xi + b)
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where Ci = C+ if yi = 1 and Ci = C− if yi = −1.
The dual problem is the following:
max − 12 α> Diag(y)K Diag(y)α + 1> α
s.t. α> y = 0 and ∀i, 0 6 αi 6 Ci

α∈Rn

Following Hastie et al. (2005), from the KKT optimality conditions, for an optimal set of primal-dual variables (w, b, α), we can separate data points into three
disjoint sets: M = {i, αi ∈ [0, Ci ], yi (w> xi + b) = 1},
L = {i, αi = Ci , yi (w> xi + b) < 1}, R = {i, αi =
0, yi (w> xi + b) > 1}.
These sets are usually referred to as active sets (Boyd
and Vandenberghe, 2003). If the sets M, L and R
are known, then it is straightforward to show that,
in the domain where the active sets remain constant,
the optimal primal-dual variables (w, α, b) are affine
functions of (C+ , C− ). This implies that the optimal
variables (w, α, b) are piecewise affine continuous functions of the vector (C+ , C− ), with “kinks” where the
active sets change.
Following a path The active sets remain the same
as long as all constraints defining the active sets are
satisfied, i.e., (a) yi (w> xi + b) − 1 is positive for all
i ∈ R and negative for all i ∈ L, and (b) for each
i ∈ M, αi remains between 0 and Ci . This defines
a set of linear inequalities in (C+ , C− ). The facets of
the polytope defined by these inequalities can always
be found in linear time in n, when efficient convex hull
algorithms are used (Avis et al., 1997). However, when
we only follow a straight line in the (C+ , C− )-space,
the polytope is then a segment and its extremities are
trivial to find (also in O(n)).
Following Hastie et al. (2005), if a solution is known for
one value of (C+ , C− ), we can follow the path along a
line, by simply monitoring which constraint is violated
first and changing the active sets accordingly.
Path initialization Hastie et al. (2005) requires
that the training datasets are balanced in order to
avoid solving a quadratic program to enter the path,
i.e., if n+ (resp. n− ) is the number of positive (resp.
negative) training examples, then they require that
n+ = n− . In our situation, we can explore the two
dimensional space (C+ , C− ). Thus, the requirements
become C+ n+ = C− n− along the path. We can start
the path by following the line C+ n+ = C− n− and
avoid the need to solve a quadratic program.
Computational complexity As shown by Hastie
et al. (2005), if the appropriate online linear algebra
tools are used, the complexity of obtaining one path of
classifiers across one line is the same as obtaining the
solution for one SVM using classical techniques such
as sequential minimal optimization (Platt, 1998).
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3.2

CONSTRUCTING THE ROC CURVE

Given the tools of Section 3.1, we can learn paths of
linear classifiers from data. In this section, we present
an algorithm to build ROC curves from the paths. We
do this by exploring relevant parts of the (C+ , C− )
space, selecting the best classifiers among the ones that
are visited.
We assume that we have two separate datasets, one
for training and one for testing. This approach generalizes to cross-validation settings in a straightforward
manner.
Exploration phase In order to start the pathfollowing algorithm, we need to start at C+ = C− = 0
and follow the line C+ n+ = C− n− . We follow this line
up to a large upper bound on C+ + C− . For all classifiers along that line, we compute a misclassification
0
0
)
, C−
cost on the testing set, with given asymmetry (C+
(as given by the user, and usually, but not necessarily,
close to a point of interest in the ROC space). We then
1
1
compute the best performing pair (C+
, C−
) and we se1
1
lect pairs of the form (rC+ , rC− ), where r belongs to
a set R of the type R = {1, 10, 1/10, 100, 1/100, . . . }.
The set R provides further explorations for the total
amount of regularization C+ + C− .
Then, for each r, we follow the paths of direction
1
1
).
, rC−
(1, −1) and (−1, 1) starting from the point (rC+
Those paths have a fixed total amount of regularization but vary in asymmetry. In Figure 3, we show all
of lines that are followed in the (C+ , C− ) space.
Selection phase After the exploration phase, we
have |R| + 1 different lines in the (C+ , C− ) space: the
line C− n− = C+ n+ , and the |R| lines C+ + C− =
1
1
), r ∈ R. For each of these lines, we know
+ C−
r(C+
the optimal solution (w, b) for any cost settings on that
line. The line C− n− = C+ n+ is used for computational purposes (i.e., to enter the path), so we do not
use it for testing purposes.
From R lines in the (C+ , C− )-plane, we build the three
ROC curves shown in Figure 4, for a finite sample
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true positives

C+

Figure 3: Lines in the (C+ , C− )-space. The line
C+ n+ = C− n− is always followed first; then several
lines with constant C+ + C− are followed in parallel,
around the optimal line for the validation data (bold
curve).
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Figure 4: Two examples of ROC curves for bimodal
class conditional densities, varying intercept (dotted),
varying asymmetry (plain) and varying both (dashed).
(Top) obtained from 10 random splits, using the data
shown on the left side (one class is plotted as circles,
the other one as crosses), (Bottom) obtained from population densities (one class with plain density contours,
the other one with dotted contours).
problem and for an infinite sample problem (for the
infinite sample, the solution of the SVM was obtained
by working directly with densities):
• Varying intercept: we extract the slope w corre1
1
sponding to the best setting (C+
+ C−
), and vary
the intercept b from −∞ to ∞. This is the traditional method for building an ROC curve for an
SVM.
• Varying asymmetry: we only consider the line
1
1
in the (C+ , C− )-plane; the
+ C−
C+ + C− = C+
classifiers that are used are the optimal solutions
of the convex optimization problem. Note that for
each value of the asymmetry, we obtain a different
value of the slope and the intercept.
• Varying intercept and asymmetry: for each of the
points on the R lines in the (C+ , C− )-plane, we
discard the intercept b and keep the slope w obtained from the optimization problem; we then use
all possible intercept values; this leads to R twodimensional surfaces in the ROC plane. We then
compute the convex envelope of these, to obtain a
single curve.
Since all classifiers obtained by varying only the intercept (resp. the asymmetry) are included in the set
used for varying both the intercept and the asymmetry, the third ROC curve always outperforms the first
two curves (i.e., it is always closer to the top left corner). This is illustrated in Figure 4.
Intuitively, the ROC curve obtained by varying the
asymmetry should be better than the ROC generated
by varying the intercept because, for each point, the
slope of the classifier is optimized. Empirically, this is
generally true, but is not always the case, as displayed

in Figure 4. This is not a small sample effect, as the
infinite sample simulation shows. Another troubling
fact is that the ROC curve obtained by varying asymmetry, exhibits strong concavities, i.e., there are many
ROC-inconsistent points: for those points, the solution
of the SVM with the corresponding asymmetry is far
from being the best linear classifier when performance
is measured with the same asymmetry but with the
exact 0-1 loss. In addition, even for ROC-consistent
points, the training asymmetry and the testing asymmetry differ. In the next section, we analyze why they
may differ and characterize their relationships in some
situations.

sities, there are two possible different regimes for extreme asymmetries: either the optimal testing asymmetry is more extreme, or it is less extreme. We also
provide, under certain conditions, a simple test that
can determine the regime given class conditional densities.

4

4.1

TRAINING VS. TESTING
ASYMMETRY

We observed in Section 3.2 that the training cost asymmetry can differ from the testing asymmetry. In this
section, we analyze their relationships more closely for
the population (i.e., infinite sample) case. Although
a small sample effect might alter some of the results
presented in this section, we argue that most of the
discrepancies come from using a convex surrogate to
the 0 − 1 loss.
The Bayes optimal classifier for a given asymmetry
(C+ , C− ), is the (usually non-linear) classifier with
minimal expected cost. A direct consequence of results
in Bartlett et al. (2004) is that, if the Bayes optimal
classifier is linear, then using a convex surrogate has
no effect, i.e., using the expected φ-cost will lead to
the minimum expected cost. Thus, if the Bayes optimal classifier is linear, then, in the population case
(infinite sample), there should be no difference. However, when the Bayes optimal classifier is not linear,
then we might expect to obtain a difference, and we
demonstrate that we do have one and quantify it for
several situations.
Since we are using population densities, we can get
rid of the regularization term and thus only the asymmetry will have an influence on the results, i.e., we
can restrict ourselves to C+ + C− = 1. We let
γ = C+ /(C+ + C− ) = C+ denote the training asymmetry. For a given training asymmetry γ and a loss
function φ, in Section 2.2, we defined the optimal testing asymmetry β(γ) for the training asymmetry γ. In
this section, we will refer to the β(γ) simply as the
testing asymmetry.
Although a difference might be seen empirically for all
possible asymmetries, we analyze the relationship between the testing cost asymmetry and training asymmetry in cases of extreme asymmetry, i.e., in the ROC
framework, close to the corner points (0, 0) and (1, 1).
We prove that, depending on the class conditional den-
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In this section, we choose class conditional densities
that are either Gaussian or a mixture of Gaussians, because (a) any density can be approximated as well as
desired by mixtures of Gaussians (Hastie et al., 2001),
and (b) for the square loss and the erf loss, they enable closed-form calculations that lead to Taylor expansions.
OPTIMAL SOLUTIONS FOR
EXTREME COST ASYMMETRIES

We assume that the class conditional densities are mixtures of Gaussian, i.e., the density of positive (resp.
negative) examples is a mixture of k+ Gaussians, with
means µi+ and covariance matrix Σi+ , and mixing
weights πi+ , i ∈ {1, . . . , m+ } (resp. k− Gaussians,
with means µi− and covariance matrix Σi− , and mix+
ing weights π−
, i ∈ {1, . . . , m− } ). We denote p+ and
p− as the marginal class densities, p+ = P (y = 1),
p− = P (y = −1). We assume that all mixing weights
i
are strictly positives and that all covariance matriπ±
ces Σi± have full rank.
In the following sections, we provide Taylor expansions
of various quantities around the null training asymmetry γ = 0. They trivially extend around the reverse
asymmetry γ = 1. We start with an expansion of the
unique global minimum (w, b) of the φ-cost with asymmetry γ. For the square loss, (w, b) can be obtained in
closed form for any class conditional densities so the
expansion is easy to obtain, while for the erf loss, an
asymptotic analysis of the optimality conditions has
to be carried through, and is only valid for mixture of
Gaussians (see Bach et al. (2004) for proofs).
Proposition 1 (square loss) Under previous assumptions, we have the following expansions:
w

b

p+ −1
γΣ (µ+ − µ− ) + O(γ 2 )
p− p −
+
2
γ[2 − 2µ>
= −1 +
− (µ+ − µ− )] + O(γ )
p−

=

2

where m = µ+ − µ− , and Σ± and µ± are the class
conditional means and variances.
Proposition 2 (erf loss) Under previous assumptions, we have the following expansions:


−1/2 e
w = (2 log(1/γ))
Σ− (µ̃+ − µ̃− ) + o log(1/γ)−1/2


1/2
b = − (2 log(1/γ)) + o log(1/γ)1/2
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EXPANSION OF TESTING
ASYMMETRIES

Using the expansions of Proposition 1 and 2, we can
readily derive an expansion of the ROC coordinates
for small γ, as well as the testing asymmetry β(γ).
We have (see Bach et al. (2004) for proofs):
Proposition 3 (square loss) Under previous assumptions, we have the following expansion:


p2
1
p−
(β(γ)−1−1) = 2− 2
log
−1 i− −1
>
8p+ γ
p+
m Σ−!Σ− Σ− m
1
+ o(1/γ 2 ) (1)
−
−1 i+ −1
>
m Σ− Σ+ Σ− m

where i− (resp. i+ ) is one of the negative (resp. positive) mixture component.
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i
The weights π̃±
can be expressed as the solution of a
convex optimization problem (see Bach et al. (2004)
for more details). When there is only one mixture
1
= 1.
component (Gaussian densities), then π̃±

1

testing asymmetry

e ± and µ̃± are convex
where m̃ = µ̃+ − µ̃− , and Σ
combinations of the mixture means and covariances,
i
i.e., there exists strictly positive weights π̃±
, that sum
P
i
i
e± =
to onePfor each sign, such that Σ
π̃
i ± Σ± and
i i
µ± .
µ̃± = i π̃±
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Figure 5: Training asymmetry vs. testing asymmetry, square loss: (Left) Gaussian class conditional densities, (right) testing asymmetry vs. training asymmetry; from top to bottom, the values
i+ −1
i− −1
−1
−1
are
− (m> Σ−1
of (m> Σ−1
− Σ+ Σ− m)
− Σ− Σ− m)
0.12, -6, 3, -0.96.
i

i

−1
+
−1
−
> −1
• if m> Σ−1
− Σ− Σ− m < m Σ− Σ+ Σ− m , then
from the expansion in Eq. (1) and Eq. (2), we see
that the testing asymmetry tends to 0 exponentially fast, in particular, the derivative dβ/dγ is
null at γ = 0, meaning, that the testing asymmetry is significantly smaller than the training asymmetry, i.e., less extreme.
i

i

−
−1
+
−1
> −1
• if m> Σ−1
− Σ− Σ− m = m Σ− Σ+ Σ− m, then
the asymptotic expansion does not provide any
Proposition 4 (erf loss) Under previous assumpinformation relating to the behavior of the testtions, we have the following expansion:
ing asymmetry. We are currently investigating
higher-order expansions in order to study the be

1
p−
havior of this limiting case. Note that when the
(β(γ)−1−1) = 2 log(1/γ)
log
e −1 Σi− Σ
e −1
p+
m̃>!Σ
two class conditional densities are Gaussians with
−
− − m̃
1
identical covariance (a case where the Bayes op+ o(log(1/γ)) (2)
−
timal classifier with symmetric cost is indeed line −1 m̃
e −1 Σi+ Σ
m̃> Σ
+ −
−
ear), we are in the present case.
where i− (resp. i+ ) is one of the negative (resp. positive) mixture component.
The strength of the effects we have described above

The rest of the analysis is identical for both losses
and thus, for simplicity, we focus primarily on the
square loss. For the square loss, we have two different
i− −1
regimes, depending on the sign of m> Σ−1
− Σ− Σ− m −
i
+
−1
m> Σ−1
− Σ+ Σ− m:
i

i

+
−1
−1
−
> −1
• if m> Σ−1
− Σ− Σ− m > m Σ− Σ+ Σ− m, then
from the expansion in Eq. (1) and Eq. (2), we see
that the testing asymmetry tends to 1 exponentially fast. Because this is an expansion around
the null training asymmetry, the ROC curve must
be starting on the bottom right part of the main
diagonal and the points close to γ = 0 are not
ROC-consistent, i.e., the classifiers with training
asymmetry too close to zero are useless as they
are too extreme.
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depends on the norm of m = µ+ − µ− : if m is large,
i.e., the classification problem is simple, then those effects are less strong, while when m is small, they are
stronger. In Figure 5, we provide several examples
for the square loss, with the two regimes and different
strengths. It is worth noting, that, although the theoretical results obtained in this section are asymptotic
expansions around the corners (i.e., extreme asymmetries), the effects also remain valid far from the corners.
We thus must test to identify which regime we are
i− −1
in, namely testing for the sign of m> Σ−1
− Σ− Σ− m =
i+ −1
m> Σ−1
− Σ+ Σ− m. This test requires knowledge of the
class conditional densities; it can currently always be
performed in closed form for the square loss, while for
the erf loss, it requires to solve a convex optimization
problem, described by Bach et al. (2004).

Dataset
Pima
Breast
Ionosphere
Liver
Ringnorm
Twonorm
Adult

γ
0.68
0.99
0.82
0.32
0.94
0.16
0.70

one asym.
41 ± 0.4
0.9 ± 0.03
10 ± 0.5
27 ± 1.8
6.3 ± 0.06
15 ± 0.2
12.8 ± 0.8

all asym.
22 ± 1
0.09 ± 0.04
4 ± 0.8
23.8 ± 0.02
4.3 ± 0.1
1.2 ± 0.2
11.5 ± 0.3

Table 1: Training with the testing asymmetry γ vs.
training with all cost asymmetries: we report validation costs obtained from 10 half-random splits (premultiplied by 100). Only the asymmetry with the
largest difference is reported. Given an asymmetry
γ we use the cost settings C+ = 2γ, C− = 2(1 − γ)
(which leads to the misclassification error if γ = 1/2).

4.3
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BUILDING THE ENTIRE ROC
CURVE FOR A SINGLE POINT

As shown empirically in Section 3.2, and demonstrated
theoretically in this section, training and testing asymmetries differ; and this difference suggests that even
when the user is interested in only one cost asymmetry,
the training procedure should explore more cost asymmetries, i.e. build the ROC curve as presented in Section 3.2 and chose the best classifier as follows: a given
asymmetry in cost for the test case leads to a unique
slope in the ROC space, and the optimal point for this
asymmetry is the point on the ROC curve whose tangent has the corresponding slope and which is closest
to the upper-left corner.
We compare in Figure 1, for various datasets and linear
classifiers, the performance with cost asymmetry γ of
training a classifier with cost asymmetry γ to the performance of training with all cost asymmetries. Using
all asymmetries always perform better than assuming
a single asymmetry—we simply have more classifiers
to choose from. In Figure 1, we report only the performance for the cost asymmetries which show the greatest differences, showing that in some cases, it is very
significant, and that a simple change in the training
procedure may lead to substantial gains.
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key relationships, and have worked to highlight the
potential value of building the entire ROC curve even
when a single point may be needed. Such an approach
can lead to a significant improvement of performance
with little added computational cost. Finally, we note
that, although we have focused in this paper on the
single kernel learning problem, our approach can be
readily extended to the multiple kernel learning setting (Bach et al., 2005) with appropriate numerical
path following techniques.
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Abstract

submanifold of the ambient space.
Within this general framework, we propose two specific families of algorithms: the Laplacian Regularized Least Squares (hereafter LapRLS) and the Laplacian Support Vector Machines (hereafter LapSVM).
These are natural extensions of RLS and SVM respectively. In addition, several recently proposed transductive methods (e.g., [18, 17, 1]) are also seen to be
special cases of this general approach. Our solution
for the semi-supervised case can be expressed as an
expansion over labeled and unlabeled data points.
Building on a solid theoretical foundation, we obtain
a natural solution to the problem of out-of-sample extension (see also [6] for some recent work).When all
examples are unlabeled, we obtain a new regularized
version of spectral clustering.

We propose a family of learning algorithms
based on a new form of regularization that
allows us to exploit the geometry of the
marginal distribution. We focus on a semisupervised framework that incorporates labeled and unlabeled data in a generalpurpose learner. Some transductive graph
learning algorithms and standard methods including Support Vector Machines and
Regularized Least Squares can be obtained
as special cases. We utilize properties of
Reproducing Kernel Hilbert spaces to prove
new Representer theorems that provide theoretical basis for the algorithms. As a result (in contrast to purely graph based approaches) we obtain a natural out-of-sample
extension to novel examples and are thus
able to handle both transductive and truly
semi-supervised settings. We present experimental evidence suggesting that our semisupervised algorithms are able to use unlabeled data effectively. In the absence of labeled examples, our framework gives rise
to a regularized form of spectral clustering
with an out-of-sample extension.

Our general framework brings together three distinct
concepts that have received some independent recent
attention in machine learning: Regularization in Reproducing Kernel Hilbert Spaces, the technology of
Spectral Graph Theory and the geometric viewpoint
of Manifold Learning algorithms.

2 The Semi-Supervised Learning
Framework

1 Introduction
The problem of learning from labeled and unlabeled
data (semi-supervised and transductive learning) has
attracted considerable attention in recent years (cf.
[11, 7, 10, 15, 18, 17, 9]). In this paper, we consider this
problem within a new framework for data-dependent
regularization. Our framework exploits the geometry of the probability distribution that generates the
data and incorporates it as an additional regularization term. We consider in some detail the special case
where this probability distribution is supported on a
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First, we recall the standard statistical framework of
learning from examples, where there is a probability
distribution on
according to which training
examples are generated. Labeled examples are
pairs drawn from . Unlabeled examples are simply
drawn from the marginal distribution
of .



 


 
 


One might hope that knowledge of the marginal
can be exploited for better function learning (e.g. in
classification or regression tasks). Figure 1 shows
how unlabeled data can radically alter our prior belief about the appropriate choice of classification functions. However, if there is no identifiable relation be-



. We would like to ensure that the
of the marginal
solution is smooth with respect to both the ambient
space and the marginal distribution
. To achieve
that, we introduce an additional regularizer:

Figure 1: Unlabeled data and prior beliefs
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tween
and the conditional
, the knowledge
of
is unlikely to be of much use. Therefore, we
will make a specific assumption about the connection
between the marginal and the conditional. We will assume that if two points
are close in the intrinsic geometry of
, then the conditional distributions
and
are similar. In other words,
the conditional probability distribution
varies
smoothly along the geodesics in the intrinsic geometry of
.

 


! " ! #
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We utilize these geometric ideas to extend an established framework for function learning. A number of
popular algorithms such as SVM, Ridge regression,
splines, Radial Basis Functions may be broadly interpreted as regularization algorithms with different
empirical cost functions and complexity measures in
an appropriately chosen Reproducing Kernel Hilbert
Space (RKHS).
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For a Mercer kernel
, there is an associated RKHS
of functions
with the corresponding norm
. Given a set of labeled examples
,
the standard framework estimates
an unknown function by minimizing

where

?@ !\7 Q P 3 %^!$34$
3SR  ]

Theorem 2.1. Assume that the penalty term
is sufficiently smooth with respect to the RKHS norm
.
to the optimization problem in Eqn 3
Then the solution
above exists and admits the following representation
(4)

where

is the support of the marginal

(1)

(2)

Therefore, the problem is reduced to optimizing
over the finite dimensional space of coefficients ,
which is the algorithmic basis for SVM, Regularized
Least Squares and other regression and classification
schemes.
Our goal is to extend this framework by incorporating
additional information about the geometric structure
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.

The proof of this theorem runs over several pages and
is omitted for lack of space. See [4] for details including the exact statement of the smoothness conditions.



.
In most applications, however, we do not know
Therefore we must attempt to get empirical estimates
of
. Note that in order to get such empirical estimates it is sufficient to have unlabeled examples.
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is some loss function, such as squared loss
for RLS or the soft margin loss function for SVM. Penalizing the RKHS norm imposes
smoothness conditions on possible solutions. The
classical Representer Theorem states that the solution
to this minimization problem exists in
and can be
written as

-).

is an appropriate penalty term that
where
should reflect the intrinsic structure of
. Here
controls the complexity of the function in the ambient
space while controls the complexity of the function
in the intrinsic geometry of
. Given this setup one
can prove the following representer theorem:

A case of particular recent interest is when the
support of
is a compact submanifold
. In that case, a natural choice for
is
. The optimization problem becomes

(5)

The term
may be approximated on
the basis of labeled and unlabeled data using the
graph Laplacian ([1]). Thus, given a set of labeled
examples
and a set of unlabeled examples
, we consider the following optimization problem :

(6)
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where
, and is the graph
Laplacian given by
where
are the
edge weights in the data adjacency graph. Here, the
diagonal matrix is given by
. The
normalizing coefficient
is the natural scale factor for the empirical estimate of the Laplace operator.
On a sparse adjacency graph it may be replaced by
.

 P!3   R  3 

The following simple version of the representer theorem shows that the minimizer has an expansion in
terms of both labeled and unlabeled examples and is
a key to our algorithms.
Theorem 2.2. The minimizer of optimization problem 6
admits an expansion

?@ !\7 QPS 3 %^! 3 4$
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(7)

in terms of the labeled and unlabeled examples.
The proof is a variation of the standard orthogonality
argument, which we omit for lack of space.

11 d

Remarks : (a) Other natural choices of
exist. Examples are (i) heat kernel (ii) iterated Laplacian (iii)
kernels in geodesic coordinates. The above kernels
are geodesic analogs of similar kernels in Euclidean
space. (b) Note that
restricted to
(denoted by
) is also a kernel defined on
with an associated
RKHS
of functions
. While this might
(
is restricted to
)
suggest
as a reasonable choice for
, it turns out, that for
the minimizer
of the corresponding optimization
problem we get
, yielding the same
solution as standard regularization, although with a
different .
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3 Algorithms
We now present solutions to the optimization problem posed in Eqn (6). To fix notation, we assume we
have labeled examples
and unlabeled
examples
. We use interchangeably to denote the kernel function or the Gram matrix.
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3.1 Laplacian Regularized Least Squares
(LapRLS)
The Laplacian Regularized Least Squares algorithm
solves Eqn (6) with the squared loss function:
. Since the solution is
of the form given by (7), the objective function can
be reduced to a convex differentiable function of the
-dimensional expansion coefficient vector
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whose minimizer is given by :

(8)

Here, K is the
Gram matrix over labeled and unlabeled points; Y is an
dimensional label vector given by and is an
diagonal matrix given by
with the first diagonal
entries as 1 and the rest 0.

Vcd®7¯¨

Note that when
, Eqn (8) gives zero coefficients over unlabeled data. The coefficients over labeled data are exactly those for standard RLS.
3.2 Laplacian Support Vector Machines (LapSVM)
Laplacian SVMs solve the optimization problem in
Eqn. 6 with the soft margin loss function defined as
. Introducing slack variables, using standard Lagrange
Multiplier techniques used for deriving SVMs [16],
we first arrive at the following quadratic program in
dual variables :
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subject to the contraints :
, where

(10)

Here, Y is the diagonal matrix
, K is the Gram
matrix over both the labeled and the unlabeled data;
L is the data adjacency graph Laplacian; and J is an
matrix given by if
and is a
labeled example, and
otherwise. To obtain the
optimal expansion coefficient vector
, one
has to solve the following linear system after solving
the quadratic program above :
(11)

One can note that when
, the SVM QP and
Eqns (10,11), give zero expansion coefficients over the
unlabeled data. The expansion coefficients over the
labeled data and the Q matrix are as in standard SVM,
in this case. Laplacian SVMs can be easily implemented using standard SVM software and packages
for solving linear systems.
The Manifold Regularization algorithms and some
connections are presented in the table below. For
Graph Regularization and Label Propagation see [12,
3, 18].
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Manifold Regularization Algorithms
Input:
Output:
Step 1
Step 2
Step 3
Step 4
Step 5
Step 6
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Estimated function
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Construct data adjacency graph with
nodes using, e.g, nearest neighbors. Choose
edge weights
, e.g. binary weights or heat kernel weights
.
Choose a kernel function
. Compute the Gram matrix
.
Compute graph Laplacian matrix :
where is a diagonal matrix given by
.
Choose
and .
Compute using Eqn (8) for squared loss (Laplacian RLS) or using Eqns (10,11) together
with the SVM QP solver for soft margin loss (Laplacian SVM).
Output function
.
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Ã
Ã
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Connections to other algorithms
Manifold Regularization
Standard Regularization (RLS or SVM)
Out-of-sample extension for Graph Regularization (RLS or SVM)
Out-of-sample extension for Label Propagation (RLS or SVM)
Hard margin (RLS or SVM)

4 Related Work
In this section we survey various approaches to semisupervised and transductive learning and highlight
connections of Manifold Regularization to other algorithms.
Transductive SVM (TSVM) [16], [11]: TSVMs are
based on the following optimization principle :
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which proposes a joint optimization of the SVM objective function over binary-valued labels on the unlabeled data and functions in the RKHS. Here,
are
parameters that control the relative hinge-loss over labeled and unlabeled sets. The joint optimization is
implemented in [11] by first using an inductive SVM
to label the unlabeled data and then iteratively solving SVM quadratic programs, at each step switching
labels to improve the objective function. However
this procedure is susceptible to local minima and requires an unknown, possibly large number of label
switches before converging. Note that even though
TSVM were inspired by transductive inference, they
do provide an out-of-sample extension.
Semi-Supervised SVMs (S VM) [5] : S VM incorporate unlabeled data by including the minimum hingeloss for the two choices of labels for each unlabeled

Ú
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example. This is formulated as a mixed-integer program for linear SVMs in [5] and is found to be intractable for large amounts of unlabeled data. The
presentation of the algorithm is restricted to the linear case.
Measure-Based Regularization [9]: The conceptual
framework of this work is closest to our approach.
The authors consider a gradient based regularizer
that penalizes variations of the function more in high
density regions and less in low density regions leading to the following optimization principle:
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where is the density of the marginal distribution
. The authors observe that it is not straightforward
to find a kernel for arbitrary densities , whose associated RKHS norm is
. Thus, in
the absence of a representer theorem, the authors propose to perform minimization over the linear space
generated by the span of a fixed set of basis functions
chosen apriori. It is also worth noting that while [9]
uses the gradient
in the ambient space, we use
the penalty functional associated with the gradient
over a submanifold. In a situation where the
data truly lies on or near a submanifold
, the difference between these two penalizers can be significant since smoothness in the normal direction to the
data manifold is irrelevant to classification or regression. The algorithm in [9] does not demonstrate per-
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formance improvements in real world experiments.
Graph Based Approaches See e.g., [7, 10, 15, 17,
18, 1]: A variety of graph based methods have been
proposed for transductive inference. However, these
methods do not provide an out-of-sample extension.
In [18], nearest neighbor labeling for test examples
is proposed once unlabeled examples have been labeled by transductive learning. In [10], test points
are approximately represented as a linear combination of training and unlabeled points in the feature
space induced by the kernel. We also note the very
recent work [6] on out-of-sample extensions for semisupervised learning. For Graph Regularization and
Label Propagation see [12, 3, 18]. Manifold regularization provides natural out-of-sample extensions to
several graph based approaches. These connections
are summarized in the Table on page 5.
Other methods with different paradigms for using
unlabeled data include Cotraining [8] and Bayesian
Techniques, e.g., [14].

5 Experiments
We performed experiments on a synthetic dataset
and two real world classification problems arising
in visual and speech recognition. Comparisons
are made with inductive methods (SVM, RLS). We
also compare with Transductive SVM (e.g., [11])
based on our survey of related algorithms in Section
4. For all experiments, we constructed adjacency
graphs with
nearest neighbors. Software and
Datasets for these experiments are available at
http://manifold.cs.uchicago.edu/manifold regularization.
More detailed experimental results are presented in
[4].
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images for each
of handwritten digits. The first
digit in the USPS training set (preprocessed using
PCA to
dimensions) were taken to form the training set and 2 of these were randomly labeled. The remaining images formed the test set. Polynomial Kernels of degree 3 were used, and
was set for inductive methods following experiments
reported in [13]. For manifold regularization, we
chose to split the same weight in the ratio
so that
. The observations reported in this section hold consistently across
a wide choice of parameters. In Figure 4, we compare the error rates of Laplacian algorithms, SVM and
TSVM, at the precision-recall breakeven points in the
ROC curves (averaged over 10 random choices of labeled examples) for the 45 binary classification problems. The following comments can be made: (a) Manifold regularization results in significant improvements over inductive classification, for both RLS and
SVM, and either compares well or significantly outperforms TSVM across the 45 classification problems.
Note that TSVM solves multiple quadratic programs
in the size of the labeled and unlabeled sets whereas
LapSVM solves a single QP in the size of the labeled
set, followed by a linear system. This resulted in substantially faster training times for LapSVM in this experiment. (b) Scatter plots of performance on test and
unlabeled data sets confirm that the out-of-sample extension is good for both LapRLS and LapSVM. (c)
Finally, we found Laplacian algorithms to be significantly more stable with respect to choice of the labeled data than the inductive methods and TSVM, as
shown in the scatter plot in Figure 4 on standard deviation of error rates. In Figure 5, we plot performance
as a function of number of labeled examples.
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5.1 Synthetic Data : Two Moons Dataset

5.3 Spoken Letter Recognition

The two moons dataset is shown in Figure 2. The best
decision surfaces across a wide range of parameter
settings are also shown for SVM, Transductive SVM
and Laplacian SVM. The dataset contains
examples with only labeled example for each class. Figure 2 demonstrates how TSVM fails to find the optimal solution. The Laplacian SVM decision boundary seems to be intuitively most satisfying. Figure 3
shows how increasing the intrinsic regularization allows effective use of unlabeled data for constructing
classifiers.

This experiment was performed on the Isolet
database of letters of the English alphabet spoken in
isolation (available from the UCI machine learning
repository). The data set contains utterances of
subjects who spoke the name of each letter of the English alphabet twice. The speakers are grouped into
sets of speakers each, referred to as isolet1 through
isolet5. For the purposes of this experiment, we chose
to train on the first
speakers (isolet1) forming a
training set of
examples, and test on isolet5 conexamples (1 utterance is missing in the
taining
database due to poor recording). We considered the
task of classifying the first
letters of the English alphabet from the last . The experimental set-up is
meant to simulate a real-world situation: we considered
binary classification problems corresponding
to splits of the training data where all utterances

¸ ¨Y¨

9

5.2 Handwritten Digit Recognition

àjá

In this set of experiments we applied Laplacian SVM
and Laplacian RLSC algorithms to
binary classification problems that arise in pairwise classification
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Figure 2: Two Moons Dataset: Best decision surfaces using RBF kernels for SVM, TSVM and Laplacian SVM.
Labeled points are shown in color, other points are unlabeled.
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Figure 3: Two Moons Dataset: Laplacian SVM with increasing intrinsic regularization.
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Figure 4: USPS Experiment - Error Rates at Precision-Recall Breakeven points for 45 binary classification problems
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Figure 5: USPS Experiment - Mean Error Rate at Precision-Recall Breakeven points as a function of number of
labeled points (T: Test Set, U: Unlabeled Set)
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Figure 6: Isolet Experiment - Error Rates at precision-recall breakeven points of 30 binary classification problems
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of one speaker were labeled and all the rest were left
unlabeled. The test set is composed of entirely new
speakers, forming the separate group isolet5.

è¼7é9`¨

We chose to train with RBF kernels of width
(this was the best value among several settings with
respect to -fold cross-validation error rates for the
fully supervised problem using standard SVM). For
SVM and RLSC we set
(
) (this was
the best value among several settings with respect to
mean error rates over the
splits). For Laplacian
RLS and Laplacian SVM we set
.
In Figure 6, we compare these algorithms. The following comments can be made: (a) LapSVM and
LapRLS make significant performance improvements
over inductive methods and TSVM, for predictions on
unlabeled speakers that come from the same group
as the labeled speaker, over all choices of the labeled
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speaker. (b) On Isolet5 which comprises of a separate
group of speakers, performance improvements are
smaller but consistent over the choice of the labeled
speaker. This can be expected since there appears to
be a systematic bias that affects all algorithms, in favor of same-group speakers. For further details, see
[4].
5.4 Regularized Spectral Clustering and Data
Representation
When all training examples are unlabeled, the optimization problem of our framework, expressed in
Eqn 6 reduces to the following clustering objective
function :

K(FHLM GJI N VX1 ? 1 . U ?    ? 

(12)

Figure 7: Two Moons Dataset: Regularized Clustering
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where
is a regularization parameter that
controls the complexity of the clustering function. To
avoid degenerate solutions we need to impose some
additional conditions (cf. [2]). It can be easily seen
that a version of Representer theorem holds so that
By
the minimizer has the form
substituting back in Eqn. 12, we come up with the following optimization problem:
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where is the vector of all ones and
and is the corresponding Gram matrix.

Letting be the projection onto the subspace of
orthogonal to
, one obtains the solution for the
constrained quadratic problem, which is given by the
generalized eigenvalue problem

!V%U+%  %¾ô7Bõª°%  ô
ô
] 7¿ô

(13)

, where is the
The final solution is given by
eigenvector corresponding to the smallest eigenvalue.

V

The framework for clustering sketched above provides a regularized form spectral clustering, where
controls the smoothness of the resulting function in
the ambient space. We also obtain a natural out-ofsample extension for clustering points not in the original data set. Figure 7 shows the results of this method
on a two-dimensional clustering problem.
By taking multiple eigenvectors of the system in
Eqn. 13 we obtain a natural regularized out-of-sample
extension of Laplacian eigenmaps [1]. This leads to
new method for dimensionality reduction and data
representation. Further study of this approach is a direction of future research.
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tions, and then use those representations to predict w.
Two lines of work which have used these ideas are
latent variable models and distributed connectionist
models.

Low-dimensional representations for lexical co-occurrence data have become increasingly important in alleviating the
sparse data problem inherent in natural language processing tasks. This work presents
a distributed latent variable model for inducing these low-dimensional representations. The model takes inspiration from
both connectionist language models [1, 16]
and latent variable models [13, 9]. We give
results which show that the new model significantly improves both bigram and trigram
models.

In latent variable models, one introduces an unobserved discrete random variable with low cardinality,
which represents an underlying class of contexts, and
separates the context from the word w. The parameters of the model are then estimated via EM or related
algorithms [13, 9].
Distributed models map contexts to continuous low
dimensional vectors g(h) ∈ <n . The distribution
p(w|h) is then modeled as a non linear function of
g(h). Recent work by Bengio et al. [1] and by Xu et
al. [16] has shown that this approach yields state of
the art performance.

1 Introduction
Data sparseness is a central problem in machine learning for natural-language processing tasks such as parsing, language modeling, machine translation, and automatic summarization [5, 10, 3]. All these tasks use
sparse data to estimate lexical co-occurrence probabilities. One example is modeling the probability p(w|h)
that a word w occurs in the context of some other word
or words h.
The most common way of dealing with the sparse data
problem is to interpolate the full context with shorter
contexts, combining the full and shortened statistics
into a smoother overall estimate (see [4]). Interpolation models are simple and reasonably effective, but
they fail to take into account useful regularities across
contexts.
An effective approach to capturing those regularities
is to map contexts into low-dimensional representa-
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The multidimensional representation of distributed
models is attractive, since it can be thought of as representing different, possibly independent, properties
of the context. On the other hand, in latent models
the intermediate representation has a clear probabilistic interpretation.
In this work, we suggest a model that combines the
advantages of the above approaches by using a vector
of discrete latent variables. Our latent variable model
can be nicely described as a directed graphical model,
which also encompasses single latent variable models
such as the aggregate Markov model (AMM) of Saul
and Pereira [13]. Because it uses a vector of latent
variables, it also extends naturally to more general ngrams. We show empirically that our model significantly outperforms the AMM on a verb-object bigram
modeling task, and we further demonstrate improved
performance over a standard baseline for trigram lan-

guage modeling.

h

The rest of the paper is organized as follows. Section
2 reviews the AMM and introduces the distributed latent variable model. Section 3 describes the EM algorithms for optimizing the model. Section 4 describes
our experimental procedures and results. We conclude
in Section 6.

z

w

2 Distributed Latent Variable Models
Figure 1: AMM graphical model

In what follows, we describe a model for the probability of observing a word w given a history of previous words h. We begin with a single word history, in
order to compare to standard latent models, and then
discuss extensions to multivariate histories. The simplest, non-distributed, latent model assumes the existence of a low cardinality hidden variable z which
separates w and h in the sense that it makes them conditionally independent
p(w, h|z) = p(w|z)p(h|z)

.

The corresponding graphical model is the Bayes net
in Figure 1. The conditional probability of w given h
is obtained by marginalizing over z:
X
p(w|h) =
p(z|h) · p(w|z)
.
z

The parameters of this model are p(z|h) and p(w|z).
The expression for the conditional distribution suggests that z can be thought of as a clustering of h,
from which w is then predicted.
Saul and Pereira [13] used this model for language
modeling, where they called it the aggregate Markov
model (AMM). Hofmann and Puzicha [9] studied it as
a special case of what they call “aspect” models. The
AMM also falls under the rubric of mixture models.
The distribution p(w|h) can be thought of as a mixture
of |z| low-dimensional distributions, p(w|z), each of
which has mixing weight p(z|h). We will make use of
this view of the latent variable model in our analysis.
To use the advantages of a distributed model, we now
assume that the latent variable is a vector of m binary
latent variables (bits)1 b = (b1 , . . . , bm ). As in the
previous latent variable model, the latent variables are
assumed to separate h and w.
1
Using binary latent variables simplifies the notation, exposition, and implementation without real loss of generality.
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A desired property of a distributed model is that its
vector elements model independent properties of their
inputs. This can be achieved in our model by constraining the variables bi to be conditionally independent given h. The above requirement can be represented graphically using the Bayes net of Figure 2. To
further exploit the distributed nature of b, we use the
following multinomial logistic (also known as conditional maximum entropy) model for p(w|b)
m

X
1
ψ(bi , w)
p(w|b) =
exp
Z(b)

(1)

i=1

with separate interaction potentials ψ(b i , w) for each
variable bi . As in standard condtional maximum entropy models, we assume ψ(bi , w) is an arbitrary, realvalued function of bi and w.
We refer to the above model as the distributed Markov
model (henceforth DMM). The distribution it induces
is specified as follows:

p(w|h) =

X

p(b|h) · p(w|b)

b

=

m
XY
b i=1

m

p(bi |h) ·

X
1
exp
ψ(bi , w)
Z(b)
i=1

The parameters of the model are the binomial parameters p(bi |h), and the real-valued functions ψ(b i , w).
The distribution p(w|h) can be seen to be a mixture of
2m components. However, the DMM has only O(m)
parameters. This should be contrasted with the AMM
which needs O(2m ) parameters to model a mixture
of the same size. When the latent variable has a distributed nature, we expect the DMM model to outperform the standard mixture model, since its fewer pa-

.

3 Learning Distributed Models

h
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...
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w

Figure 2: Graphical model corresponding to the distributed latent
variable model.
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We now discuss the estimation of the parameters specifying the distributed model, from a given training
set. We focus on the two-word history case. Since
the model is a mixture distribution, its parameters
may be estimated using the expectation-maximization
algorithm [7]. Applications of EM to learning single latent variable models are described by Saul and
Pereira [13], and Hofmann and Puzicha [9].
In what follows we denote by Θ(t) the full parameter set at the iteration t of the EM algorithm. Recall that the free parameters are the binomial parameters p(bi |h1 ), p(cj |h2 ) and the functions
ψ(bi , w), ψ(cj , w). We denote all parameters at time
t with a superscript t.
In the E step of the algorithm, posterior probabilities
of the latent variables are calculated given the model
Θ(t) . For the DMM, this posterior is 2

w

p(t+1) (b, c|w, h, Θ(t) ) ∝
p(t) (w|b, c)p(t) (b|h1 )p(t) (c|h2 )

Figure 3: Graphical model corresponding to the multivariate history DMM

rameters make it less likely to overfit. This is indeed
seen in the experiments described later.

2.1

Multivariate Histories

Observe that, because of the DMM’s factored form,
the posterior can be computed as a normalized product of mixture weights and mixture components. Because of this, the histories h and predicted words w
decouple, and we can compute the partition function
Z(b, c) independently of h. Thus the E step for the
model requires O(L · 2m+n ) time, where L refers to
the total number of training instances. This can be
significantly smaller than the required time for other
distributed models.

The distributed model is easily extended to multiword histories. For ease of exposition, we discuss here
the two-word history (trigram) case. Each word in the
history is encoded with a separate vector of latent variables as shown in the graphical model of of Figure 3.

From this, we construct the joint distribution
p(t+1) (h, w, b, c) over the observed and latent variables

We denote latent variables encoding h 1 and h2 by
b = (b1 , . . . , bm ) and c = (c1 , . . . , cn ) respectively.
The distribution p(w|b, c) is assumed to factor with
respect to the latent variables as in Equation 1. The interaction potentials for c will be denoted by ψ(c i , w).
The resulting distribution p(w|h1 , h2 ) is a mixture of
2m+n elements, with O(m + n) parameters. The vectors b and c might have different lengths, allowing us
to use more latent variables for more recent history
elements, for example.

where p0 (h, w) is the empirical distribution of the observed variables.
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p(t+1) (h, w, b, c) ∝ p(t+1) (b, c|h, w, Θ(t) )p0 (h, w)

The M step uses the above posteriors to estimate a new
parameter set Θ(t+1) . The parameters p(t+1) (bi |h1 )
and p(t+1) (cj |h2 ) are easily obtained by marginalization and conditionalization from p (t+1) (h, w, b, c).
The parameters ψ(bi , w), ψ(cj , w) have no closedform expression, due to the dependencies between
2

We use h to denote (h1 , h2 ) for brevity

the latent variables induced by the partition function
Z(b, c). However, as is standard for conditional maximum entropy models like that of Equation 1, the expected complete data log-likelihood is maximized for
the values of the parameter vector ψ (t+1) that satisfy
the marginal constraints
q(w, bi ) = p(t+1) (w, bi )
q(w, cj ) = p(t+1) (w, ci )
where
q(w, b, c) = p(w|b, c, ψ (t+1) )p(b, c)
is the model-expected marginal count of w and b, c.
The above equations can be solved iteratively for
ψ (t+1) (w, bi ) with generalized iterative scaling (GIS)
[6], which uses the following parameter update
∆ψ (t+1) (w, bi ) =

1
p(t+1) (w, bi )
log
C
q(w, bi )

where C is an upper bound on the number of terms in
the exponent in Equation 1. Similar updates are used
for ψ(w, ci ).
3.1

Overrelaxed Updates and Regularization

In this section we discuss briefly two practical issues
related to the learning algorithm.
First, both GIS and EM are known to be slow to converge, so that the doubly-iterative EM algorithm proposed in the previous section is impractically slow
without modification. To make the algorithm practical, we use only a few GIS steps per EM step and
then apply an adaptive, overrelaxed update [12]. For
large models, this modified update gives convergence
in under 75 iterations, whereas the standard EM update does not.
Secondly, while both latent variable models are intended to smooth a conditional distribution, they can
also overfit their training data, in particular when the
number of mixture components is large. Because of
this, we sometimes use a deterministic annealing variant of EM [9, 14], where a free parameter corresponding to temperature is optimized on heldout data.

4 Experimental Evaluations
To evaluate our distributed latent variable model we
first apply it to modeling bigrams, in order to compare
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it to single latent variable models. We then apply it to
the more complex task of trigram modeling.
4.1

Modeling Verb Object Association

We begin with modeling the co-occurrence of bigrams
composed of verbs followed by objects. The task is to
obtain a model of the conditional distribution p(o|v)
of seeing an object given the preceding verb.
Our data come from a subset of the Penn Treebank
Wall Street Journal Corpus [11]. This is a set of one
million words of Wall Street Journal text, where each
sentence is annotated with its syntactic structure in
the form of a parse tree. The data are extracted from
the parse trees by finding all right branching parentmodifier pairs where the parent is tagged as a verb
and the child is tagged as a noun. Instances of the
data then correspond roughly to verbs and objects,
both direct and indirect, but also can include other
nouns such as predicate nominals and the subjects in
subject-verb inversions. The data contain 50,205 such
verb-object pairs, and there are 5191 unique verbs and
8470 unique nouns, so the matrix is quite sparse. In
order to avoid the problem of unseen words, we collapsed all low-count words into a single token. The
count threshold for this normalization also affects the
sparseness of the matrix, and we performed experiments which varied it.
The dataset was divided into 9-1 training-test splits,
and we further divided the training set to give us heldout data on which to optimize model free parameters.
We use a bigram model smoothed by deleted interpolation as a baseline. This model gives the probability
of an object given a verb as:
pinterp
BG (o|v) = λ1 pM L (o|v) + λ2 pM L (o) + λ3 pU (2)
Here the weights λi are positive and sum to 1. The
three distributions interpolated are the maximum likelihood bigram, unigram, and uniform distributions.
Following Jelinek [10], we bin the histories based on
frequency and set the weights to maximize the likelihood of heldout data.
Given a distributed model pDM (o|v) we interpolate it
with the baseline by adding the term λ 4 pDM (o|v) to
Equation 2 and determining the weights as above.
The baseline and distributed models are evaluated using data predictive perplexity. For a model p(o|v),
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Figure 4: Perplexity Results for all three latent variable models for varying numbers of mixture components with two unknown word
thresholds. An AMM with k mixture components has a latent class variable that takes on k values. A DMM with k mixture components
has log(k) binary latent variables

Table 1: Percentage improvement over the baseline smoothed bigram model for the best latent variable models of each type. UNK
refers to the unknown word threshold.
% Improve
over BG UNK=2 UNK=5
AMM 8.6%
7.6%
DMM 12.8%
12.5%

the perplexity
h on aPtest set of verbs andi objects is
Ptest = exp − n1 v,o c(o, v) log p(o|v) .
Here c(o, v) refers to the count of a verb-object bigram, and n is the total number of bigrams in the corpus.
Figure 4 gives perplexity results for the latent variable models with varying numbers of mixture components. The latent variable models are trained with
annealed EM as described in Section 3.1, and the perplexities reported are for interpolated models as described above.
While the single latent variable model (AMM) does
give better results for 8 mixture components, the distributed model consistently outperforms it for all other
numbers of mixture components. It is also worthwhile
to note that the AMM overfits its training data, even
when annealed, while the distributed model shows no
sign of overfitting, even when the number of mixture
components becomes quite large. This is because the
distributed model has a much more compact representation for the same number of mixture components.
As mentioned before, the number of parameters in the
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distributed model scales logarithmically in the number of mixture components, but it scales linearly for
the AMM.
As Table 1 shows, the best distributed models can improve the baseline by nearly 13%. In the next section,
we examine the kinds of lexical “clusterings” discovered by the AMM and DMM.
4.1.1

Analysis of Lexical Co-occurrence
Clusterings

One way to analyze the latent variable models is to
examine the distributions p(z|v), p(o|z) for the AMM
and p(b|v), p(o|b) for the DMM. In the AMM, verbs
v for which p(ẑ|v) is high can be thought of as belonging to the ẑ cluster. Similarly, objects o for which
p(o|ẑ) is high can be thought of as belonging to the
ẑ cluster. Since the latent variable models here are
mixture models, analyzing verbs and objects as belonging to one single cluster can hide some subtleties.
Nonetheless, examining the parameters in this way
provides us with useful insight into their representations of lexical co-occurrences
Table 2 shows one such “clustering” of the 200 most
frequent verbs and 200 most frequent objects induced
by the 32-class AMM on the verb-object data. For
verbs and objects v and o, we assign them to the
cluster ẑ corresponding to ẑ = argmax p(z|v) and
z

ẑ = argmax p(o|z) respectively. We display the top
z

8 clusters, sorted by the highest p(z|v) value for verbs
in the cluster.

Class
1
2
3
4
5
6
7
8

p(z|v)
named
been, become, told, asked
put, build
did, do
are, used
called, find, know
consider, approved, following
give, gives, giving, given, lost

p(o|z)
chairman, president
issue
funds, system
it, business, something
issues
what
plan, bid, program, changes, proposal, bill
support, right, money

Table 2: 8 classes induced by the 32 class AMM. The first column shows the verbs for which this class is the most probable. The second
column shows the nouns which are most probable given this class.
Class
1
2
3
4
5
6
7
8

p(b|v)
said, says, were
held, dropped, yield, rose, grew
ended, ending, began, sent, reached
is, be, been, named, become
closed
set, consider, begin, rejected, made
told, asked, help, called, tell
did, does, do, play, call, know

p(o|b)
executive
point, %, cents, points
Nov., report, March, agreement, June
director, chairman, president, part, reason
year, Tuesday, week, Wednesday, yesterday
acquisition, sale, plan, plans
us, investors, people, him, me
you, what, work, role, something

Table 3: 8 classes induced by the 5 variable DDM. The first column shows the verbs for which this class is the most probable. The
second column shows the nouns which are most probable given this class.

Table 3 gives a similar clustering induced by the 5variable DMM. The 8 clusters are chosen in the same
fashion. Both models find some reasonable clusters
of verbs and objects, but the AMM clusters are a little
less sharply defined, and it induces some clusters that
seem quite counterintuitive. The word “issue” is in a
separate cluster from “issues,” for instance.

models with varying numbers of latent variables per
word. It is natural to suppose that w 2 is the more effective predictor of w3 , and this is indeed shown in these
experiments. In fact for all but the 10-bit case, it is
always better to allocate all of them to the most recent
word in the history. Even then, the models show little
sign of saturating the amount of information present
in either of the histories.

4.2

We also compared our model with an interpolated
Kneser-Ney trigram model. The interpolated KneserNey model is one of the most effective trigram language models, and Chen and Goodman demonstrate
that a variant of this model consistently outperforms
all other interpolation and backoff smoothing techniques [4] 3 . We use the Good-Turing estimate of the
parameters of the Kneser-Ney model and we combine
the AMM and DMM with it by linearly interpolating
the two trained models. As before, we set the weights
to maximize the likelihood of heldout data.

Trigram Language Modeling

In this section, we evaluate our distributed latent variable model on trigram language modeling. Trigram
models are widely used in speech recognition because
they are easy to build and efficient to apply. Trigram
language models also usually generalize in a straightforward way to longer contexts. Our data for this experiment also come from the treebank portion of the
Wall Street Journal restricted to 10,000 distinct words.
The dataset is described more completely in [17] and
contains sections for training, optimizing free parameters parameters and testing. For these experiments, we
do not anneal either model. Instead we regularize the
models by stopping the EM algorithm when the models begin to overfit development data. For this data,
annealing is not effective at regularizing the AMM,
and annealing the DMM did not make a significant
difference after interpolation.
Figure 5(a) gives perplexity results for distributed
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Figure 5(c) shows learning curves for the distributed
model when interpolated with the trigram baseline described above. Again we compare with an aggregate
Markov model. This time, the AMM is used only
to smooth the distribution p(w3 |w2 ). As with the
verb-object bigram results, we compare two models
3
This variant, modified Kneser-Ney, can achieve a perplexity
of 143.9 on this dataset.

Trigram Model Smoothing Results
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Kneser−Ney
AMM
DMM
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(a) Perplexities of models with different
numbers of latent variables
c(w1 )
b(w2 ) 0
1
2
3
4
3 379 361 346 343 344
4 336 329 317 321 316
5 315 310 300 299 296
6 295 292 285 283 X
7 283 280 277 273 X
8 274 273 270 X
X
9 269 261 X
X
X
10 263 X
X
X
X
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(c) Learning curves for DMM and AMM models
with varying numbers of mixture components
Figure 5: Results of trigram language modeling experiments

with identical numbers of mixture components. For
each bit count, we choose the DMM with the lowest heldout data perplexity. For all but 10 bits (1024
mixture components), this corresponds to allocating
all bits to the most recent word. While the DMM
slightly outperforms the AMM for larger numbers of
mixture components, both models improve similarly
(6.6 versus 6.8%) on the Kneser-Ney baseline. One
explanation for the difference between these results
and the verb-object bigram results is the difference in
data sparseness. The AMM quickly overfits the verbobject data, but it is much harder to overfit the 10,000word vocabulary trigram data.

5 Related Work and Discussion
Aside from Saul and Pereira [13], there is also other
work on applying ideas similar to ours to language
modeling. Wang et al. [15] investigate a language
model based on what they call the latent maximum
entropy principle. Like our distributed models, latent
maximum entropy models are mixture models. Similarly, like our factored form from Equation 1, latent
maximum entropy models are maximum entropy for
a fixed posterior distribution over their hidden features. However, unlike our model, the Wang et al.
[15] model is not distributed and uses a single latent
variable.
The models which are most similar in spirit to ours
are the connectionist models of Bengio [1] and Xu
[17]. These models combine a neural network with a
softmax output for probabilities. They are not sparse,
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and because of this, they must use O(H · V ) time per
epoch, where H refers to the number of unique histories and V refers to the vocabulary size. For most corpora, this number is prohibitively large. Finally, we
recently introduced a much faster model which combines dimensionality reduction for continuous embedding of histories with a hierarchical mixture of experts
for faster normalization [2].
Our distributed latent variable model is fully probabilistic, and its factored form allows it to avoid the
prohibitively large O(H · V ) calculation of the earlier
connectionist models. Recall that the DMM requires
time O(L · 2m+n ). Since L is typically close to H (for
our trigram data, L is 1 million and H is 600,000), this
results in much faster training times when m and n
are small. When m and n are large, though, the DMM
also faces speed issues. The coupling of the latent
variables forces us to sum over all mixture components when computing the expectations in the E-step.
While this is possible for 1024-component mixtures,
it becomes too large for more mixture components on
larger corpora.
In terms of model form and inference, our model is
closely related to the factorial hidden Markov model
[8]. The factors of the factorial HMM correspond to
our latent bits, but there are two major differences between the two models: The factorial HMM is a generative model in which the observed variables at a time
slice are generated from the factors. By contrast, our
DMM assumes that the the latent bits are distributed
conditioned on a history. Furthermore, the factorial

HMM explicitly models the dependencies between
hidden variables at different time slices, whereas we
do not. Ghahramani and Jordan give a mean-field approximation to the posterior for their factorial HMM.
Unfortunately, the introduction of the mean field parameters in our model recouples h and w, resulting
in exactly the O(H · V ) computation we avoided by
specifying its factored form.
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Abstract

where the learning rate η need not be constant. The
average log-likelihood is:
PN
L(W; X ) = N1 n=1 log p(xn ; W) = hlog p(x; W)i0
= − hE(x; W)i0 − log Z(W)

Maximum-likelihood (ML) learning of
Markov random fields is challenging because
it requires estimates of averages that have an
exponential number of terms. Markov chain
Monte Carlo methods typically take a long
time to converge on unbiased estimates, but
Hinton (2002) showed that if the Markov
chain is only run for a few steps, the learning
can still work well and it approximately
minimizes a different function called “contrastive divergence” (CD). CD learning has
been successfully applied to various types of
random fields. Here, we study the properties
of CD learning and show that it provides
biased estimates in general, but that the bias
is typically very small. Fast CD learning
can therefore be used to get close to an ML
solution and slow ML learning can then be
used to fine-tune the CD solution.

where h·i0 denotes an average w.r.t. the data distribuPN
tion p0 (x) = N1 n=1 δ(x − xn ). A well-known difficulty arises in the computation of the gradient




∂E(x; W)
∂E(x; W)
∂L(W; X )
+
=−
∂W
∂W
∂W
∞
0

Consider a probability distribution over a vector x (assumed discrete w.l.o.g.) and with parameters W
p(x; W) =

1
e−E(x;W)
Z(W)

(1)

P
where Z(W) = x e−E(x;W) is a normalisation constant and E(x; W) is an energy function. This class
of random-field distributions has found many practical
applications (Li, 2001; Winkler, 2002; Teh et al., 2003;
He et al., 2004). Maximum-likelihood (ML) learning of
the parameters W given an iid sample X = {xn }N
n=1
can be done by gradient ascent:
W(τ +1) = W(τ ) + η

∂L(W; X )
∂W

W(τ )
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where h·i∞ denotes an average with respect to the
model distribution p∞ (x; W) = p(x; W). The average
h·i0 is readily computed using the sample data X , but
the average h·i∞ involves the normalisation constant
Z(W), which cannot generally be computed efficiently
(being a sum of an exponential number of terms). The
standard approach is to approximate the average over
the distribution with an average over a sample from
p(x; W), obtained by setting up a Markov chain that
converges to p(x; W) and running the chain to equilibrium (for reviews, see Neal, 1993; Gilks et al., 1996).
This Markov chain Monte Carlo (MCMC) approach
has the advantage of being readily applicable to many
classes of distribution p(x; W). However, it is typically
very slow, since running the Markov chain to equilibrium can require a very large number of steps, and no
foolproof method exists to determine whether equilibrium has been reached. A further disadvantage is the
large variance of the estimated gradient.
To avoid the difficulty in computing the log-likelihood
gradient, Hinton (2002) proposed the contrastive divergence (CD) method which approximately follows
the gradient of a different function. ML learning minimises the Kullback-Leibler divergence
KL (p0 kp∞ ) =

X
x

p0 (x) log

p0 (x)
.
p(x; W)

CD learning approximately follows the gradient of the

units x = (x1 , . . . , xv )T that encode a data vector, and
h hidden units y = (y1 , . . . , yh )T ; all units are binary
and take values in {0, 1}.

difference of two divergences (Hinton, 2002):
CDn = KL (p0 kp∞ ) − KL (pn kp∞ ) .
In CD learning, we start the Markov chain at the data
distribution p0 and run the chain for a small number
n of steps (e.g. n = 1). This greatly reduces both
the computation per gradient step and the variance
of the estimated gradient, and experiments show that
it results in good parameter estimates (Hinton, 2002).
CD has been applied effectively to various problems
(Chen and Murray, 2003; Teh et al., 2003; He et al.,
2004), using Gibbs sampling or hybrid Monte Carlo as
the transition operator for the Markov chain. However, it is hard to know how good the parameter estimates really are, since no comparison was done with
the real ML estimates (which are impractical to compute). There has been a little theoretical investigation
of the properties of contrastive divergence (MacKay,
2001; Williams and Agakov, 2002; Yuille, 2004), but
important questions remain unanswered: Does it converge? If so how fast, and how are its convergence
points related to the true ML estimates?
In this paper we provide some theoretical and empirical evidence that contrastive divergence can, in fact,
be the basis for a very effective approach for learning random fields. We concentrate on Boltzmann machines, though our results should be more generally
valid. First, we show that CD provides biased estimates in general: for almost all data distributions, the
fixed points of CD are not fixed points of ML, and
vice versa (section 2). We then show, by comparing
CD and ML in empirical tests, that this bias is small
(sections 3–4) and that an effective approach is to use
CD to perform most of the learning followed by a short
run of ML to clean up the solution (section 5).
To eliminate sampling noise from our investigations,
we use fairly small models (with e.g. 48 parameters)
for which we can compute the exact model distribution
and the exact distribution at each step of the Markov
chain at each stage of learning. Throughout, we take
ML learning to mean exact ML learning (i.e., with n →
∞ in the Markov chain) and CDn learning to mean
learning using the exact distribution of the Markov
chain after n steps. The sampling noise in real MCMC
estimates would create an additional large advantage
that favours CD over ML learning, because CD has
much lower variance in its gradient estimates.

1

ML and CD learning for two types
of Boltzmann machine

We will concentrate on two types of Boltzmann machine, which are a particular case of the model of
eq. (1). In Boltzmann machines, there are v visible

34

Fully visible Boltzmann machines have h = 0 and
the visible units are connected to each other. The energy is then E(x; W) = − 12 xT Wx, where W = (wij )
is a symmetric v × v matrix of real-valued weights (for
simplicity, we do not consider biases). We denote such
a machine by VBM(v). In VBMs, the log-likelihood
has a unique optimum because its Hessian is negative
definite. Since ∂E/∂wij = −xi xj , ML learning takes
the form

(τ +1)
(τ )
wij
= wij + η hxi xj i0 − hxi xj i∞

while CDn learning takes the form
(τ +1)

wij


(τ )
= wij + η hxi xj i0 − hxi xj in .

Here, pn (x; W) = pn = Tn p0 is the nth-step distribution of the Markov chain with transition matrix1 T
started at the data distribution p0 .
Restricted Boltzmann machines (Smolensky,
1986; Freund and Haussler, 1992) have connections
only between a hidden and a visible unit, i.e.,
they form a bipartite graph. The energy is then
E(x, y; W) = −yT Wx, where we have v visible units
and h hidden units, and W = (wij ) is an h × v matrix of real-valued weights. We denote such a machine
by RBM(v, h). By making h large, an RBM can be
given far more representational power than a VBM,
but the log-likelihood can have multiple maxima. The
learning is simpler than in a general Boltzmann machine because the visible units are conditionally independent given the hidden units, and the hidden units
are conditionally independent given the visible units.
One step of Gibbs sampling can therefore be carried
out in two half-steps: the first updates all the hidden units and the second updates all the visible units.
Equivalently, we can write T = Tx Ty where tx;j,i =
p(x = j|y = i; W) and ty;i,j = p(y = i|x = j; W).
Since ∂E/∂wij = −yi xj , ML learning takes the form
D
E

(τ +1)
(τ )
wij
= wij + η hyi xj ip(y|x;W) − hyi xj i∞
0

while CDn learning takes the form
D
E

(τ +1)
(τ )
wij
= wij + η hyi xj ip(y|x;W) − hyi xj in .
0

2

Analysis of the fixed points

A probability distribution over v units is a vector of
2v real-valued components (from 0 to 2v − 1 in bi1
Here and elsewhere we omit the dependence of T on
the parameter values W to simplify the notation.

nary notation) that lives in the 2v –dimensional simP 2v
v
plex ∆2v = {x ∈ R2 : xi ≥ 0,
i=1 xi = 1}. Each
v
coordinate axis of R2 corresponds to a state (binary
vector). We write such a distribution as p(·), when emphasising that it is a function, or as a vector p, when
emphasising that it is a point in the simplex. We define
a Markov chain through its transition operator, which
PSfrag
replacements
is a stochastic 2v × 2v matrix T. We
use the
Gibbs
sampler as the transition operator because of its simplicity and its wide applicability to many distributions.
For Boltzmann machines with finite weights, the Gibbs
sampler converges to a stationary distribution which
is the model distribution p(x; W). For an initial distribution p we then have pn = Tn p for n = 1, 2, . . . ;
and p(x; W) = p∞ = T∞ p for any p ∈ ∆2v , i.e.,
T∞ = p∞ 1T where 1 is the vector of ones.
VBMs or RBMs define a manifold M within the simplex, parameterised by W, with wij ∈ R (we ignore
the case of infinite weights, corresponding to distributions in the intersection of M and the simplex boundary). The learning (ML or CD) starts at a point in
M and follows the (approximate) gradient of the loglikelihood, thus tracing a trajectory within M.
For ML with gradient learning, the fixed points are the
zero-gradient points (maxima, minima and saddles),
which satisfy hgi0 = hgi∞ where g = ∂E/∂W. For
n-step CD, the fixed points satisfy hgi0 = hgin . In this
section we address the theoretical question of whether
the fixed points of ML are fixed points of CD and vice
versa. We show that, in general,
∃p0 : hgi0 = hgi∞ 6= hgi1
∃p0 : hgi0 = hgi1 6= hgi∞ .
We give a brief explanation of a framework for
analysing the fixed points of ML and CD; full details
appear in Carreira-Perpiñán and Hinton (2004). The
idea is to fix a value of the weights and so a value of the
moments (defined below), determine which data distributions p0 have such moments (i.e., the opposite of
the learning problem) and then determine under what
conditions ML and CD agree over those distributions.
Call G the |W| × 2v matrix of energy derivatives, defined by
∂E
(x; W)
Gix = −
∂wi

where we consider W as a column vector with |W|
elements and the state x takes values 0, 1, . . . , 2v − 1
in the case of v binary variables. We can then write
∂E
= − hgip of a distribution
the moments s = − ∂W
p
p as s = Gp, i.e., s is a linear function of p. Call T
the transition matrix for the sampling operator with
stationary distribution p∞ (so we have p∞ = Tp∞ ).
In general, both G and T are functions of W.
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Figure 1: The simplex in 4 dimensions of the VBM(2).
The model has a single parameter W = w ∈ (−∞, ∞).
The tetrahedron represents the simplex, i.e., the set
{p ∈ R4 : 1T p = 1, p ≥ 0}. The tetrahedron corners
correspond to the pure states, i.e., the distributions
that assign all the probability to a single state. The red
vertical segment is the manifold of VBMs, i.e., the distributions reachable by a VBM(2) for w ∈ (−∞, ∞).
The ML estimate of a data distribution is its orthogonal projection on the model manifold. The CD estimate only agrees with the ML one for data distributions in the 3 shaded planes in the inset.
Now consider a fixed value of W and let p∞ be its
associated model distribution. Thus its moments are
s∞ = Gp∞ . We define two sets P0 and P1 that depend
on s∞ . First, the set of data distributions p0 that have
those same moments s∞ is:


Gp
=
s


0
∞
v
P0 = p0 ∈ R 2 : 1T p0 = 1
.


p0 ≥ 0
Each distribution in P0 gives a fixed point of ML. Likewise, define the set of data distributions p0 whose distribution p1 = Tp0 (first step in the Markov chain,
i.e., what CD1 uses instead of p∞ ) has the same moments as s∞ :


GTp
=
s


0
∞
v
1T p0 = 1
.
P1 = p0 ∈ R 2 :


p0 ≥ 0

Both P0 and P1 are nonempty since p∞ is in both.
Now we can reformulate the problem in terms of the
sets P0 and P1 . For example, a distribution with p0 ∈
P0 and p0 ∈
/ P1 satisfies hgi0 = hgi∞ 6= hgi1 and thus
gives a fixed point of ML but not of CD (that is, the
CD learning rule would move away from such a p∞ ).

In general (and ignoring technical details regarding the
inequality p0 ≥ 0), P0 and P1 are linear subspaces of
the same dimension because G is full rank (the moments are l.i.) and T is generally full rank. Thus we
cannot generally expect P0 = P1 , so points with CD
bias are the rule; points in P0 ∩ P1 have no CD bias
but are the exception (the intersection being a lowerdimensional subspace). We can make the statement
precise for a given model. For example, for VBM(2)
with Gibbs sampling we have G = (0 0 0 1) (G happens to be independent of W for VBMs), we can compute T and we can work out the set P0 ∩ P1 for every s∞ value. The resulting set, which contains all the
data distributions for which ML and CD have the same
fixed points (i.e., no bias), is the union (intersected
with the simplex) of the 3 planes: p11 = 0; p11 =
1
4 ; 3p01 + p11 = 1, where we write a distribution as
a 4-dimensional vector p = (p00 p01 p10 p11 )T , corresponding to the probabilities of the 4 states 00, . . . , 11
(see fig. 1). This set has measure zero in the simplex,
so CD is biased for almost every data distribution.

A reachable distribution p0 ∈ M is a fixed point for
both CD and ML, as it is invariant under T (Hinton,
2002). This is consistent with the above argument,
as p0 = p∞ ∈ P0 ∩ P1 . The distributions of practical interest are typically unreachable because real data
are nearly always more complicated than our computationally tractable model of it.

3

Experiments with fully visible BMs

Since CD is biased with respect to ML for almost all
data distributions, we now investigate empirically the
magnitude of the bias. In all experiments in the paper, ML and CD are tested under exactly the same
conditions (unless otherwise stated). Both ML and
CD learning use the same initial weight vectors, the
same constant learning rate η = 0.9 and the same
maximum of 10 000 iterations (which is rarely reached
for VBMs), stopping when kek∞ < 10−7 (where e =
hxi xj i0 − hxi xj i∞ is the gradient vector for ML, and
e = hxi xj i0 − hxi xj i1 is the approximate gradient for
CD1 ). All the experiments use n = 1 step of Gibbs
sampling with fixed ordering of the variables for CD
learning, because this should produce the greatest bias
(since CD −−−−→ ML). Although each of our simun→∞
lated models is necessarily small, our empirical results
hold for a range of model sizes and conditions, which
suggests they may be more generally valid.
In this section we consider fully visible Boltzmann
machines, denoted VBM(v), which have a single ML
optimum. It appears that CD has a single convergence point too: for v = 2 we can prove this, and
for v ∈ {3, . . . , 10} we checked empirically by running
CD from many different initial weight vectors that it
always converged to the same point (up to a small
numerical error). Thus, we assume that CD has a
unique convergence point for VBM(v). This allows us
to characterise the bias for this model class by sampling many data distributions and computing the convergence point of ML and of CD.

In summary, we expect that for almost every data
distribution p0 , the fixed points of ML are not fixed
points of CD and vice versa. This means that, in general, CD is a biased learning algorithm. Our argument can be applied to models other than Boltzmann
machines, transition operators other than Gibbs sampling, and to n > 1 (writing Tn instead of T). What
determines whether CD is biased are the hyperplanes
defined by the matrices G and GT. However, nontrivial models (i.e., defining a lower-dimensional manifold) may exist for which CD is not biased; an example is Gaussian Boltzmann machines (Williams and
Agakov, 2002) and Gaussian distributions, at least in
2D (Carreira-Perpiñán and Hinton, 2004).

For a given value of v we sampled a number (as large
as computationally feasible) of data distributions uniformly distributed in the simplex in 2v variables (see
Carreira-Perpiñán and Hinton, 2004 for details of how
to generate these samples). Then we ran ML and CD
starting with W = 0 because small weights give faster
convergence on average. The results for experiments
for v ∈ {2, . . . , 10} were qualitatively similar. For
v = 2 it was feasible to sample 104 data distributions
and the results are summarised in figures 2–5.

This analysis does not imply that CD learning converges (to a stable fixed point); at present, we do not
have a proof for this. But if CD does converge, as
it appears to in practice and in all our experiments,
it can only converge to a fixed point. Naturally, ML
does converge to its stable fixed points (maxima) from
almost everywhere, since it follows the exact gradient
of an objective function; in the noisy sampling case
that is used in practice, it also converges provided
the learning rate η follows a Robbins-Monro schedule (Benveniste et al., 1990), since the rule performs
stochastic gradient learning.

The histograms in figs. 2–3 show the bias is very small
for most distributions. Fig. 4 shows that the KL error
(for both ML and CD) is small for data distributions
near the simplex centre. For less vague data distributions there is more variability, with some distributions
having a low error and some having a much higher
one. Generally speaking, the distributions having the
highest KL error for ML (i.e., the distributions that
are modelled worst by the VBM) are also the ones
that have the highest bias. Most of these lie near the
boundaries of the simplex, particularly near the corners. However, not all corners and boundaries are far
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Figure 2:
Histograms of KL (p0 kpML ) and
KL (p0 kpCD ) for VBM(2) after learning on 104
data distributions, where pML and pCD are the
convergence points for ML and CD, respectively. The
performance of CD is very close to ML on average.

Figure 3: Histogram of the symmetrised KL divergence for VBM(2) between the model distributions
found by ML and CD for all 104 data distributions.
This shows that the bias of CD is almost always very
small (< 5% of the KL error obtained by ML for the
same distribution; data not shown). However, data
distributions do exist that have a relatively large bias.

0.9

0.8

0.7

KL (p0 k·)

from the model manifold; this depends on the geometry of the model. In fig. 4 (for v = 2) we can discern
the geometry of the simplex in fig. 1. The discontinuity in the slope at a Euclidean distance kp0 − uk just
less than 0.3 corresponds to the radius of the inscribed
sphere. The branch in the scatterplotPSfrag
whichreplacements
has low
error corresponds to the direction passing through the
centre and the simplex corner corresponding to the
Euclidean distance p0 ↔ simplex centre
delta distribution of the (1, 1) state (i.e., along the
VBM manifold). The other branch which has high
Figure 4: KL error for ML KL (p0 kpML ) (red ◦) and
error and more data points corresponds to the direcfor CD KL (p0 kpCD ) (black +) vs Euclidean distance
tions passing through the centre and any of the other
kp0 − uk between the data distribution and the uni3 corners (i.e., away from the VBM manifold).
form distribution (centre of the simplex). This Euclidean distance gives a linear ordering of the data
As v increases, most of the volume of the simplex condistributions (lowest Euclidean distance: p0 is the unicentrates at a distance intermediate between the corform distribution, kp0 − uk = 0; highest:
√ p0 is one of
ners and the centre, close to the radius of the inscribed
the corners of the simplex, kp0 − uk = 1 − 2−v ). For
hypersphere. Consequently, a finite uniform sample
clarity, not all 104 distributions are plotted.
contains essentially no points near the boundaries of
the simplex, which produce the highest bias. For large
v, CD has very small bias for nearly all randomly chohigher KL error. In the lower example, the CD curve
sen data distributions. Only those rare distributions
increases slightly at the end, suggesting it came close
near the simplex boundaries produce a significant bias,
to the ML optimum but then moved away.
but these are important in practice: real-world distributions are often near the boundaries (though not as
In summary, we find the CD bias to be very small for
far as the corners) because large parts of the data space
most distributions and to be highest (but still small)
have negligible probability.
with real-world distributions (near the simplex boundary). This bias is small in relative terms (compared to
Fig. 5 shows some typical learning curves. Both CD
the KL error for ML) and absolute terms (compared
and ML decrease in a similar way, converging at the
to the simplex dimensions). CD and ML converge at
same rate (first-order), taking the same number of itabout the same rate, but an ML iteration costs much
erations to converge to a given tolerance. CD yields a
0.6
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of optima and a Good-Turing estimator (Good, 1953)
can be used as a coarse indicator of how many optima we missed. The graph depends on how we decide
whether two very similar optima are really the same.
The threshold and number of parameter updates have
to be carefully chosen so that truly different optima
are not confused but two discoveries of the same optimum are not considered different. We found that
using the symmetrised KL distance with a threshold
of 0.01 worked well with 105 parameter updates.
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We ran experiments for various values of v and h and
various data distributions. Fig. 6 summarises the results for one representative case, corresponding to:
v = 6, h = 4. The data distribution was generated
from a data set of 4 binary vectors by adding an extra count of 0.1 to each possible binary vector and
renormalising (thus it is close to the simplex boundary). We used 105 iterations and 60 different initial
weight vectors: 20 random N (0, σ = 0.1), 20 random
N (0, σ = 1) and 20 random N (0, σ = 10). We found
27 ML optima and 28 CD optima, and missed about
3 and 4, respectively (Good-Turing estimate).
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Figure 5: Learning curves for ML and CD for 2 randomly chosen data distributions. Axes are in log scale.

more than a CD one in a MCMC implementation.

4

Experiments with restricted BMs

RBMs are practically more interesting than VBMs,
since they have a higher representational power. They
also introduce a new element that complicates our
study: the existence of multiple local optima of ML
and CD. This prevents the characterisation of the bias
over a large number of data distributions. Instead, we
can only afford to select one data distribution (or a
few) and try to characterise the set of all optima of
ML and CD.
Given a data distribution, we generate a collection of
60 random initial weight vectors W and compute all
the optima of ML and CD that are reachable from any
of the initial weight vectors or from the optima found
by the other learning method. This requires iterating over the current set of optima with ML and CD,
until no new optima are found. The result is a bipartite, self-consistent convergence graph where an arrow
A → B indicates that ML optimum A converges to CD
optimum B under CD, or CD optimum A converges to
ML optimum B under ML. Using many different initial
weight vectors should give a representative collection
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Panel A shows a 2D visualisation of ML optima (red ◦)
and CD optima (black +), i.e., the visible-unit distributions pML and pCD , and their convergence relations.
The blue ✩ is the data distribution p0 (of the visible variables). To avoid cluttering the plot, pairs of
arrows A  B are drawn as a single line without arrowheads A — B. Note that many such lines are too
short to be distinguished. The 2D view was obtained
with SNE (Hinton and Roweis, 2003) which tries to
preserve the local distances. Using a perplexity of 3
to determine the local neighborhood size, SNE gives
a better visualisation than projecting onto the first 2
principal components.
This panel shows an important and robust phenomenon: ML and CD optima typically come in pairs that
converge to each other. The CD optimum always has
a greater or equal KL error than its associated ML optimum but the difference is small. These pairs are to
be expected for CDn when n is large because CD becomes ML as n → ∞. However they occur very often
even for n = 1, as shown. Panels B–C show that the
choice of initial weights has a much larger effect on the
KL error than the CD bias.

5

Using CD to initialise ML

The previous experiments show that CD takes us close
to an ML optimum, but that a small bias remains. An
obvious way to eliminate this bias is to use increasing
values of n as training progresses. In this section we
explore a crude version of this strategy: run CD until
it is close to convergence then use a short run of ML
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Figure 7: Learning curves for CD-ML and ML, where
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iterations. The axes have a log scale, so CD-ML is an
order of magnitude faster for about the same final KL.
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to reduce the bias. We call this strategy CD-ML. We
use a data distribution which is more representative of
a real problem. It is located on the simplex boundary
and derived from the statistics of all 3 × 3 patches in
11000 16 × 16 images of handwritten digits from the
USPS dataset. The 256 intensity levels are thresholded
at 150 to produce 9-dimensional binary vectors (thus
v = 9). p0 is the normalised counts of each of these
binary vectors in the 2 156 000 patches.
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We used 60 different initial weight vectors: 20 random N (0, σ = 13 ), 20 random N (0, σ = 1) and 20
random N (0, σ = 3). For each starting condition, two
types of learning were used: ML learning for 104 iterations; and CD learning for 104 iterations, followed by
a shorter run of ML learning. We ran experiments for
h ∈ {1, . . . , 8} and found that there is a unique ML
optimum and several CD optima of varying degrees of
bias. If CD learning was followed by 1 000 iterations of
ML, all the CD optima converged to the ML optimum.
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Figure 6: Empirical study of the convergence points of
ML and CD for RBM(6, 4) with a single data distribution. A: 2D SNE visualization of the points (ML:
red ◦; CD: black +), and convergence relations among
them with ML and CD (a line without an arrowhead
stands for two arrows , to avoid clutter). B: KL error of CD vs ML from the same initial weight vectors,
for 60 random initial weight vectors. C: histograms of
the KL error of ML and CD.
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Fig. 7 shows the learning curves (i.e., the error
KL (p0 k·) as a function of estimated CPU time) for
the different methods with h = 8: CD (blue line), the
short ML run (1 000 iterations) following CD (green
line) and ML (red line), for a selected starting condition. We assume that each ML iteration costs 20 times
as much as each CD iteration (a reasonable estimate
for the size of this RBM). CD-ML reaches the same
error as ML but at a small fraction of the cost. Note
how sharply the CD-ML curve drops when we switch
to ML, suggesting good performance can be achieved
with very few of the expensive ML iterations.

6

Conclusion

ing algorithm. IEE Proceedings: Vision, Image and
Signal Processing, 150(3):153–158, June 20 2003.

Our first result is negative: for two types of Boltzmann machine we have shown that, in general, the
fixed points of CD differ from those of ML, and thus
CD is a biased algorithm. This might suggest that
CD is not a competitive method for ML estimation of
random fields. Our remaining, empirical results show
otherwise: the bias is generally very small, at least
for Gibbs sampling, since CD typically converges very
near an ML optimum. And this small bias can be eliminated by running ML for a few iterations after CD,
i.e., using CD as an initialisation strategy for ML, with
a total computation time that is much smaller than
that of full-fledged ML (which will also have slight bias
because the Markov chain cannot be run forever).
The theoretical analysis of CD is difficult because of
the complicated form that the p1 (or pn ) distribution
takes; p1 is a moving target that changes with W in a
complicated way, and depends on the sampling scheme
used (e.g. Gibbs sampling). As a result, very few theoretical results about CD exist. MacKay (2001) gave
some examples of CD bias, but these used unusual
sampling operators. Our analysis applies to any model
and operator (through the G and T matrices), in particular generally applicable operators such as Gibbs
sampling. Williams and Agakov (2002) showed that,
for 2D Gaussian Boltzmann machines, CD is unbiased
and typically decreases the variance of the estimates.
Yuille (2004) gives a condition for CD to be unbiased,
though this condition is difficult to apply in practice.
One open theoretical problem is whether the exact version of CD converges (we believe that it does). Assuming we can prove convergence for the exact case,
the right tools to use to prove it in the noisy case
are probably those of stochastic approximation (Benveniste et al., 1990; Yuille, 2004).
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M. Á. Carreira-Perpiñán and G. E. Hinton. On contrastive divergence (CD) learning. Technical report,
Dept. of Computer Science, University of Toronto,
2004. In preparation.
H. Chen and A. F. Murray. Continuous restricted
Boltzmann machine with an implementable train-

40

Y. Freund and D. Haussler. Unsupervised learning
of distributions on binary vectors using 2-layer networks. In NIPS, pages 912–919, 1992.
W. Gilks, S. Richardson, and D. J. Spiegelhalter, editors. Markov Chain Monte Carlo in Practice. Chapman & Hall, 1996.
I. J. Good. The population frequencies of species
and the estimation of population parameters.
Biometrika, 40(3/4):237–264, Dec. 1953.
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Abstract

so that links between random variables in dierent
time slices are established. This also occurs when we
are interested in the relations between sets of random

In this paper we evaluate forensic identication
hypotheses conditionally to the characteristics
observed both on a crime sample and on individuals contained in a database. First we solve the
problem via a computational ecient Bayesian
Network obtained by transforming some recognized conditional specic independencies into
conditional independencies. Then we propose
an Object Oriented Bayesian Network representation, rst considering a generic characteristic,
then inheritable DNA traits. In this respect we
show how to use the Object Oriented Bayesian
Network to evaluate hypotheses concerning the
possibility that some unobserved individuals, genetically related to the individuals proled in the
database, are the donors of the crime sample.

variables and when some specied relations between
the sets must be taken into account.

In the former

case the model increases its dimensions over time, in
the latter its growth depends on the number of sets
involved.
In this respect, a new approach, stemmed from the

Object Oriented

language, has been introduced in the

last few years. This modelling tool, called

ented Bayesian Network,

Object Ori-

provides a useful technique

capable of building a BN by merging pieces of simple
BNs.

Each item is an instantiation of a well-dened

class which can be modied in order to accomplish the
maintenance requirements. An update in the structure
or in the CPTs of a class is automatically extended

1

to all instantiations of that class. The subject is de-

INTRODUCTION

veloped in Koller and Pfeer (1997) and Bangso and

Bayesian Networks (BN) are a powerful and com-

Wuillemin (2000).

pact representation of complex statistical models that

Here, we specically deal with the forensic identica-

exploit some recognized conditional independencies

tion problem arising when a crime sample has been

among random variables.

A BN is dened as a pair

found but there is no clue about its origin. Searching

a Directed Acyclic Graph (DAG) whose

a database (DB) of previously collected items is a com-

nodes represent discrete random variables, and a set

mon practice and the scope of this analysis is to assess

of Conditional Probability Tables (CPT) which denes

the probability for each member of the database to be

the conditional distributions of each vertex given the

the origin of the trace. The problem has found consid-

parents.

erable attention in the literature, but only not inherita-

of objects:

One of the reasons to represent a statistical model as
a BN is the possibility to use well-established and effective algorithms to solve the inferential issue, i.e. to

ble characteristics were considered, see e.g. Stockmarr
(1999), Donnelly and Friedman (1999), Dawid (2001)
and Meester and Sjerps (2003).

compute the distribution of some variables of inter-

The aim of this paper is to show how this dimension-

est conditionally to the evidence by using one of the

dependent problem, once opportunely formulated as

available propagation algorithms (e.g. Jensen, 2001).

a BN, can be eectively tackled. First, we provide a

A limit in the representation of a BN arises when the
number of random variables in the model increases due
to some features of the problem.

theoretical contribution transforming some recognized
conditional specic independencies (Geiger and Heckerman, 1996) into conditional independencies, Section (2).

Then, since the resulting BN shows many

Typically, this happens for time series models where a

dierent repetitive structures, we propose an OOBN

certain structure, a time-slice, is replicated over time,

solution.
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The use of OOBN to model genetic data
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for identication was previously experienced by Dawid
(2003) with special attention to the possibility of mutations.
The DB search problem is rst developed for a not
inheritable characteristic, but our real aim is to consider more complex genetic traits in order to extend
the search to the relatives of the individuals proled
in the database, providing hints also when no match
between the crime sample and one (or more) of the
database members is found, Section (3.2).

In Sec-

tion (4) we provide the results of a simulation study
based on a real database, emphasizing some computational issues. Finally we draw some conclusions.

2

EQUIVALENT BN FOR THE DB

Figure 1:

A DAG for the DB search problem.
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SEARCH PROBLEM
Let

X

the discrete population characteristic (or at-

Figure 2:

The augmented DAG obtained from Figure (1).

tribute) considered for the forensic identication problem.

X.

X

With

m states of
θx , with x ∈ X , is the probabilstate x, that is P (X = x) = θx and

we indicate the set of the

The parameter

X is in
θx = 1. Uncertainty

ity that

P

x∈X

v.

no other clue is available in advance, so the prior
probability on H is P (H = j) = 1/N
P (H = r) = 1 − n/N .

about these probabilities,

derived from an inference process, could be introduced

and

but this will not be considered here.
Let

n

N

the

size

of

the

reference

population

and

the number of the individuals in the DB. For

Xj with
dene Xc , the

each of them we dene a random variable

∈ J =

j

{1, 2, . . . , n}.

Also, we

characteristic related to the crime scene, and the hy-

H

pothesis variable

n

n+1

which has

states. The rst

of them represent the originator status of each indi-

H = j,

with

of the trace is the

j -th

vidual, i.e.
the last,

H = r,

j ∈ J,

means that the origin

individual in the DB, while

is referred to the hypothesis that the

trace's donor is outside the DB.

mon and reasonable assumptions:

the individual characteristics in the DB are jointly

dent of the hypothesis variable, i.e.

iii.

iv.

if

the

X ⊥⊥ H

X = {Xj : j ∈ J };
individual

v

( ).

n+1

Note that (

iii )

iv )

and (

j

is

Conditional Specic Independence (CSI) (Geinger and Heckerman, 1996), which
of independence is known as

diers from the usual denition of conditional independence since, in the latter, the independence assertions
of the conditioning sets.

independence, so, for some evidence, the probability
updating does not take advantage of the graphical repin-

dividuals in the DB, so that the propagation becomes
rapidly unfeasible. Our scope is to provide a more efcient solution by introducing a set of instrumental

the

originator

of

the

nodes in order to allow local computations. The result

Xj ≡ Xc | H = j;

Step 1.

the individual attributes are jointly

independent of the characteristic involved in the
i.e., X ⊥
⊥ Xc | H = r
P (Xc = x | H = r ) = θx with x ∈ X ;

crime scene,

Xc

creases exponentially according to the number of in-

is attained in three steps.

H = r

H

a dierent assertion of independence holds. This form

trace the crime sample is observed without error

for

imply a whole set of

independence statements: for each value of

resentation. Moreover, the size of the CPT of

the individual characteristics are jointly indepenwhere

ii ) while the
iii )-

CPTs are specied according to the assumptions (

The proposed network does not feature any conditional

independent;

ii.

i

rives only from the assumptions ( ) and (

between variables do not vary according to the values

To specify the DB search model we adopt some com-

i.

The graphical structure, depicted in Figure (1), de-

and

H̄ =

First, a set of binary random variables

H̄j : j ∈ J

is added and a new network is

dened on the augmented domain, as in Figure (2).
The marginal distribution of the variables

Xj

and

H

does not change with respect to the original network
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and the remaining CPTs are dened as follows:

(

1

if

j=i

0

otherwise

P̂ (H̄j = 1 | H = i) =

(
P̂ (Xc | X, H̄ = h̄) =

(1)

P (Xc | Xj , H = j)

if

h̄ = 1j

P (Xc | H = r)

if

h̄ = 0
(2)

n. Each element of
0 is 0 while the i-th element of 1j is 0 ∀i 6= j and 1 for
i = j.

where

0

and

1j

are vectors of size

The CPTs for each node

H̄j ,

Figure 3:

divorce.

The augmented DAG of Figure (2) after the

scene which has been redened for convenience.
specied as in (1), are

particular

Xc?

takes values in

X ? = X ∪ {NA}

In

where

the probabilistic translation of the deterministic logi-

the state labelled NA is an instrumental event to make

cal

the conditional distribution of

if-then relation, i.e., ∀j if H = j then H̄j = 1
and ∀i 6= j , H̄i = 0. Thus, each variable H̄j represents the originator status for the j -th individual and

Z

Xc?

well dened also for

values dierent from those allowed in this context.

The

Z can be considered as private

copies of the crime

the deterministic relation is a consequence of the as-

sample, reproducing its value for each of the members

sumption that the characteristic observed on the crime

of the DB.

scene was left by only one individual belonging to the
The CPTs specication of the nodes

reference population.

X, H̄

and

H

re-

mains unchanged with respect to the BN of Figure (2).
It is easy to prove that:

X

P̂ (Xc , X, H̄, H) =

Imposing the CSI conditions

n
X

∀j, Zj ⊥⊥ Xj | H̄j = 0,

P̂ (Xc , X, H̄ = 1j , H)+

j=1

H̄

(4)

the rest of CPTs are specied as follows

P̂ (Xc , X, H̄ = 0, H) = P (Xc , X, H).

(3)

P̃ (Zj = x | H̄j = 0) = θx

(5)

Since the hypotheses are mutually exclusive, all congurations of

H̄

not equal to the

1j s

and

0

have zero

probability to realize. For this reason, in the marginal-

(

ization (3), we consider only the relevant congurations of

H̄.

(

The main consequence of the above mentioned result
concerns the updating of the query variable
for any evidence on

X

and

Xc ,

H.

P̃ (Xc? = x̄ | Z = z) =

In fact,

the posterior probabil-

ity of the hypotheses variable can be calculated indif-

1

if

x = x̂

0

if

x 6= x̂

P̃ (Zj = x | Xj = x̂, H̄j = 1) =

(6)

1

if

x̄ = NA

0

otherwise

or

∀j, x̄ = zj
(7)

where

x̄ ∈ X ?

and

x, x̂, zj ∈ X .

ferently by using the BNs of Figure (1) or Figure (2).

The following proposition provides the probabilistic

Step 2.

relation between the networks in Figure (2) and Fig-

Here a

is applied.

divorcing

technique (Jensen, 2001)

The idea is to introduce a set of mediat-

ing variables between parents and children in a large
converging connection to lead some parents to divorce.
The main advantage of this method is the reduction of
the computational eorts because the original clique,

{X, Xc , H},

ure (3).

PROPOSITION 2.1 For each x ∈ X and for a
given quantity C(x), depending on x, the following relation holds:

is broken into a tree of smaller cliques.

A reasonable way to divorce the parents of node

Xc

in

n mediating variables
Z = {Zj : j ∈ J }, which take values in X , so that each
pair of variables Xj and Hj are married. Figure (3)

Figure (2)'s network is to add

P̂ (Xc = x, X, H̄, H) =
X
C(x) ·
P̃ (Xc? = x, X, H̄, H, Z)
Z

illustrates the DAG after divorcing. There, the node

Xc?

represents the characteristic related to the crime
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Proof in the Appendix.
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...
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Figure 4:

The OOBN representation for the DB search
problem derived from Figure (4).
Figure 5:

Finally, combining (3) with (8), we obtain the main
result:
eral hypotheses variable

P (Xc = x, X, H) =
C(x) ·

X

the variables

P̃ (Xc? = x, X, H̄, H, Z)

(9)

Z,H̄

posterior probability of the hypotheses variable

H

we

can use the network of Figure (4) instead of that in
Figure (3).

Step 3. As explained in the proof of PROPOSITION 2.1, during the propagation each valid evidence
Xc?

is transferred to all mediating variables. So, op-

erationally, we build a new DAG merely by dropping
the node

Xc?

pointing towards each ref-

H̄jr

are specied as in (1).

Figure (5) illustrates the OOBN representation for the
DB search problem as the basic model to solve the

The above equation establishes that for calculating the

on

H

erenced node is drawn. Finally, the CPTs related to

as well as its incidental arcs, Figure (4).

Moreover, we use the characteristic observed on the
crime scene for evidencing each vertex

Zj .

forensic identication issue.

3.2 INHERITABLE DNA TRAITS
A DNA prole involves measurements on several wellspecied locations of the DNA, called

loci.

For each

locus we observe a genotype i.e. two alleles, one inherited from the father and the other from the mother,
even if their origin is not distinguishable. For a generic
locus we dene two random variables
states,

a1 , a2 , . . . , am ,

A0

and

A1

whose

are the inherited alleles. In ad-

dition, we consider a further random variable

X

whose

states represent the genotypes, i.e., an ordered pair of

3

OOBN FOR THE DB SEARCH

alleles

(at , au )

with

t ≤ u.

In this paper we assume

Hardy-Weinberg (H-W) conditions and linkage equiThe graph depicted in Figure (4) is conspicuous for

librium. H-W implies that parents are not related so

its repetitive structure. For each individual prole in

that the inherited alleles in a genotype are indepen-

the DB the same BN is built and all the networks are

dent. Linkage equilibrium refers to the independence

mixed by the hypotheses variable
parent of every

H̄j .

H

which is the only

Therefore, a set of conditional

independence assertions appears, i.e., given
triple (Zj ,

H̄j , Xj )

H,

each

is independent of the rest of the

variables so that, for calculating the posterior distributions of

H,

local computations are allowed.

are generated by dierent meiosis processes.
The genetic inheritance allows us to consider, as the

way the no-match case, the most common in prac-

transforming the proposed network into the OOBN
As in Bangso and Wuillemin (2000), we

F,

far enough in the genome to make plausible that they

never typed but related to the DB members. In this

A more compact representation can be achieved by

dene a class,

This is justied

since the loci considered for identication are chosen

possible donors of the crime sample, also individuals

3.1 NOT INHERITABLE TRAITS

framework.

among loci in the same individual.

H̄ → Z ←
while X and

containing a simple BN,

X , where the node H̄ is an input node
Z are interior nodes. For each instantiation of the
class F(j), with j ∈ J , we build a binary random varir
able H̄j which is referenced node of F(j).H̄ . They
are connected through a reference link (⇒), that is
H̄jr ⇒ F(j).H̄ . Moreover, a set of arcs from the gen-
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tice, but unfortunately the less useful, could originate

compatible

unobserved individuals, i.e. those having a

positive probability for the characteristic observed on
the crime sample, conditional to all the available evidence. For instance, a DB member not matching the
crime sample but sharing at least one allele for each
considered locus has a compatible child.
Here, we consider a pedigree,

F,

constituted by a

generic individual (i), their parents (0 and

1),

their

child (c), their partner (p) and their brother (b). Note

that Labels

0

and

1

7654
0123
7654
0123
Ai
Ai0 ?
??
 1

??

? 
'&%$
!"#
X

specically to the mother or father because this information is not available.

Since each pedigree is built

rst-degree-

around a member of the DB we call it a

relative

7654
0123
Ao
O1

7654
0123
Ao
O0

refer to a generic parent and not

pedigree. This choice is essentially due to the

fact that, in the expectation of a signicant hint about

()*+
/.-,
H̃

the trace's donor, we cannot explore too far from each
individual in the DB. Renements of the search could


!"#
/ '&%$
Z

be achieved if familiar connections between the DB
members were known. This kind of information is not

()*+
/.-,
/.-,
()*+
A1
A0 ?
??

??

? 
()*+
/.-,
At

exploited to relate two or more familiar classes with
suitable links.
In this new perspective, the variables

H

and

Hjr

shown

in Figure (5) have a new meaning.

j -th state of H ,

The

with

j ∈ J,

refers to the hypotheFigure 7:

sis that the donor of the trace belongs to the family of
the

j -th

individual of the DB, while

H = r

included in the considered families. Every variable

F̄ = F ∪ r.

H̄jr

r concerns the

The state

hypothesis that the trace is left by none of the considered family's members, while the statement
with

q -th

q ∈F

H̄jr = q ,

means that the donor of the trace is the

member of the

j th

The segregation class

concerns

the possibility that the trace was left by someone not
takes values in

The individual class

Figure 6:

usually recorded in a DB but, if available, could be

family.

able, the allele input nodes

Ai0

and

Ai1

depend on the

reference population parameters, otherwise they are
determined by the transmitted alleles. Another input
node is the binary random variable

H̃

representing the

originator status of a generic individual.

To provide

the transmission of the individual genetic characteristics to the child, a copy of the alleles is expressed as

o

Ao1 )

X

Since, by denition, we have no clue about the donor

output nodes (A0 and

of the trace, all the considered individuals are assumed

and

to have the same prior probability to be the searched

the observable genotype and its CPT is specied as

person. Within each family we assume that six persons

follows

are the possible suspects but, obviously, some of them
To rene the analysis we dene an indicator variable
the relevance of the
Moreover, with

kj =

qP
-th

and the other vertexes

being interior nodes. The variable

X

person in

q∈F

Jq,j

0

we

otherwise.
(11)

indicate the number of the relevant persons in the j-th
family. The prior on

H

is

denotes

P (X = (ar , au ) | A0i = ah , A1i = at ) =
(
1 if (h = r and t = u) or (h = u and t = r)

might be ruled out if, e.g., they were in jail or dead.

Jh,j ∈ {0, 1} for
the j -th family.

Z

P (H = j) = kj /N ,

and
The segregation class, Figure (7), has two alleles as


Jq,j /kj




1
P (H̄jr = q | H = i) =



 0

if
if

j=i
j 6= i

and
and

input nodes and provides the selection mechanism to

q 6= r

generate the transmitted allele

i, j ∈ J

and

q=r

otherwise

q ∈ F.

For inheritable DNA traits the class

F

includes the

rst-degree-relative pedigree and the set of hypothe-

P (At = ar | A0 = at , A1 = au ) =

1
if r = t = u




0.5 if (r = t and r 6= u) or (r = u



 0
otherwise.

ses variables related to a generic family. Considering
the

Allele Network

through dening two other classes: the
and the

Segregation (S) class.

The individual class

I

F

Individual (I)

On the whole the family class
of instantiations of

F

is represented in Figure (6). If

no information about the individual's parents is avail-

45

and

r 6= t)

(12)

proposed by Lauritzen and Shee-

han (2003), we provide an OOBN representation of

via the following

CPT, which reects the rst Mendelian law:

(10)
where

At

and

while

t

q 6= t.

I, I(q),

The index

and

q

F is dened by a set
S, S(q, t), with q, t ∈

is referred to the donor

denotes the member who receives the allele in

the segregation. The links among the instantiations of
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H̄ YYYYYY
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j
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Figure 8:

I

and

S,

by the input node

H̄

with

sentation of

F,

q ∈ F.

j -th

family is:

∀i, P (xc,i | Hjr = q) = P (xc,i | Hjr 6= q).

in fact,

(14)

The

1

if

∀i ∈ L

P (xi | xc,i , Hjr = q)
=
P (xi | xc,i , Hjr 6= q)

I(q).H̃

P (Hjr = q) P (Hjr 6= q | xi , xc,i )
·
.
P (Hjr 6= q) P (Hjr = q | xi , xc,i )

(15)

has

All of them are mixed

Merits and diculties to provide results as posteriors
or LRs are discussed below.
1) The posterior probability of the hypothesis directly

q=u
(13)

0
and

individual of the

provided by each locus-specic net after propagation,

= 1 | H̄ = u) =

u ∈ F̄

q -th

(LR) and can be evaluated making use of the results

and the related CPTs are built

(

e.g., the

rst term on the RHS of (14) is the likelihood ratio

as follows

P (H̃qr

cation hypothesis expressed in odds form, concerning,

since

are drawn according to the

H̃qr .

If linkage equilibrium holds, the posterior of the identi-

k
Y
P (xi | xc,i , Hjr = q) P (Hjr = q)
·
,
P (xi | xc,i , Hjr 6= q) P (Hjr 6= q)
i=1

I(i)

biological relationships and each input node
its own referenced vertex

samples observed on the considered loci.

S(1,i)

The family class F when F = {0, 1, i}.

the basic classes,

the DB

P (Hjr = q | x, xc )
=
P (Hjr 6= q | x, xc )
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L = {1, 2, . . . , k} the set of
x = {x1 , . . . , xk } the genotypes observed on
members and xc = {xc,1 , . . . , xc,k } the crime

To give details, dene:
the loci;

otherwise

provides an answer to the uncertainty about the origin
of the crime sample. Since a posterior requires the elicitation of a prior, this forces to deeply understand the

In Figure (8) we give a repre-

meaning of each hypothesis, avoiding misunderstand-

assuming, to simplify the picture, that

ing. This is a real problem as reveals the controversy

F = {0, 1, i}.

between Stockmarr (1999), Dawid (2001) and Meester

The OOBN specied above deals with a single specic
locus and it aims at the evaluation of the marginal
posteriors for all the identication hypotheses.

and Sjerps (2003): there the problem concerned the
choice among hypotheses that sound logical.

In this

work both positions are represented: the Stockmarr's
hypothesis is represented by the event

H 6= r and con-

In forensic practice, about 13-15 loci are usually typed

siders the presence of the originator of the trace in the

for each individual and the support to the hypotheses

(augmented) DB; The Dawid's individual hypotheses

is required conditionally to all the evidence.

are represented by the set of the

Fortunately, this evaluation can be performed by using the results of the locus-specic nets, since linkage
equilibrium still holds conditionally to the crime sample and the identication hypotheses.

In fact, given

an individual, the genotype distribution in a specic

Hjr s.

A possible draw-

back in the use of the posterior is that a large population size often implies very small (marginal) priors for
each of the identication hypotheses so that small posteriors are likely to be obtained, wrongly suggesting a
failure of the identication trial.

locus assumes the value of the genotype observed on

2) The LR is the measure usually provided to eval-

the crime sample with probability one if identication

uate the evidence in a court; it does not imply any

is assumed; otherwise it follows the reference popula-

choice about priors and can be combined by the judge

tion distribution i.e. it never depends on the genotypes

with others LRs obtained using dierent sources of ev-

observed on other loci.

idence. An LR typically emphasizes a
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discover,

even

Table 1: The rank distributions of the LR supporting

Table 2: Parameter estimates of the CPU time pro-

the correct identication hypothesis.

posed model

Child

Brother

CPU

α

β

θ

◦

54.99%

61.89%

Pentium IV

-10.93

1.82

0.01

◦

16.24%

10.71%

AMD64

-11.75

1.84

0.01

◦

7.53%

4.26%

◦

4.17%

2.36%

◦

2.90%

2.08%

one allele is equal to one and the probability they are

◦

1.81%

1.27%

identical is equal to

◦

1.63%

1.45%

10.73%

15.98%

Rank
1
2
3
4
5
6
7

≤

◦

8

A further simulation experiment has been achieved,

5000 −
50000, and loci with a number of alleles varying in the
range 5 − 20. We estimate the dependence of the CPU
times (t) required to perform the search with respect to
the DB size (n) and the alleles' number (a) according
to the model log(t) = α+β ·log(n)+θ ·log(a)+e where
e is the stochastic error with zero mean. Results are
making use of dierent DB sizes in the range

if the result might be of dicult interpretation, since
the LR is not expressed in a normalized form.

4

0.5.

APPLICATIONS

in Table (2).
Now let us give account of a simulation study on a real
DB containing

1102

observations on

10

loci. What is

Clearly the estimation of the

βs

and the

θs

produced

involved is how eective is the DB search in retrieving

very similar results and the dierence in technology is

the origin of the simulated crime samples.

provided by

α.

Note that there is a very slight depen-

dence on the number of the alleles, due to the adoption
To produce the rst simulation, we generated for each

of an allele recoding strategy (Lauritzen and Sheehan,

observed individual two crime samples obtained re-

2003).

spectively sampling from the posterior marginal dis-

is less then quadratic, making the search feasible also

tribution of the child's and brother's genotypes.

when very large DB are involved.

We

Instead the dependence of

t

on the DB size

call them the Child Crime Sample (CCS) and Brother
Crime Sample (BCS).
Consider rst the CCS. For each considered rstdegree-relative pedigree we evaluate the hypothesis
concerning the identication of the family originating the child. Obviously we expect that the LRs, or
the posteriors, evaluated for the family from which the
CCS was generated has one of the highest values. Sim-

5

CONCLUSIONS

The use of BN to provide an evaluation of the LR for
forensic identication purposes is a new but already
well-established approach, see Dawid (2003), Mortera
and al. (2003) and Corradi et al. (2003).

ilar computations are provided if the BCSs are used,

Here, the BN technology is invoked when there is no

and the results are in Table (1).

clue about the origin of the trace, but a list of well

Concerning the identication of a child, in over 85%
of the cases, the LR corresponding to the originating
family ranks in the top ve highest positions; the identication of a brother is slightly less successful, since
in this case the same gure is just over 80%. In real
cases, it seems safe to suggest that the the results' evaluation should include a comparison between the LRs
or the posteriors for the families exhibiting the highest
values associated to a careful investigative work.

identied individuals, not apparently related to the
crime, is available in the DB. This result is all the
more eective when an augmented DB is introduced,
having assumed that all its members belong to the
population of the crime sample's possible donors, even
if some of them are not observed. In this new perspective the OOBN approach provides the most striking
solution: the familiar, the individual and the segregation classes of hierarchy provide a concise representation of the repetitive part of the problem, saving eorts

As a comment, it must be noted that our simulation is

when maintenance operations are required. This could

disadvantaged with respect to real cases. For instance,

happen, for instance, when we want to introduce the

when we sample a BCS we do not know the relatives'

possibility of a mutation in the alleles transmission: in

genotypes as the nature knows but our knowledge is re-

this case a slight modication of the segregation class

stricted to the brother posterior distribution, typically

produces the result.

over-dispersed. In real cases, brothers' genotypes are

solution leaves some room to operate on the single in-

often very similar: for each locus, if one of the par-

stance of the classes. This is compulsory for our prob-

ents is homozygote the probability that brothers share

lem since we are required not to consider as possible
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At the same time the proposed

iv ) and equation (5) we obtain

originator of the crime sample those individuals in the

Finally, from condition (

augmented DB who are not included in the donors'

again

population since e.g.

dead or in jail.

In the OOBN

environment this can be realized just by intervening
on the hypotheses input nodes concerning each family
and detailed for each considered members.

REFERENCES
O. Bangso and P-H. Wuillemin (2000).

Top-down

Construction and Repetitive Structures Representa-

Proceedings of the Thirteenth International Florida Articial Intelligence Society Conference, 282-286. AAAI Press.
tion in Bayesian Networks. In

PROOF OF PROPOSITION 2.1
The joint marginal distribution of

C(x) = θx1−n .

{X, H̄, H}

is the

same in the two BNs of Figure (2) and Figure (3) so

F. Corradi and G. Lago and F. M. Stefanini

(8) becomes

(2003). The Evaluation of DNA Evidence in Pedigrees

Journal of the Royal
Statistical Society, A166, 425-440.
Requiring Population Inference.

P̂ (Xc = x, | X, H̄) =
n
X
Y
C(x) ·
P̃ (Xc? = x, | Z) ·
P̃ (Zj | Xj , H̄j ).

(16)

j=1

Z

A. P. Dawid (2001).

Comment on Stockmarr's Like-

lihood Ratios for Evaluating DNA Evidence When the
Suspect is Found Through a Database Search. In

?
When the variable Xc receives an evidence x ∈ X it
is easy to show that after the reduction (7) can be
written as product of

n

φj ,

potential

n
Y

P̂ (Xc? = x | Z) =

that is

φj (Zj )

(17)

(

1

if

x̂ = x

φj (Zj = x̂) =

(18)

0

otherwise

Proceeedings of the Ninth International Workshop on Articial Intelligence and Statistics, January 3-6 2003, Key
West, Florida, edited by Christopher M. Bishop and

P. Donnelly and R.D. Friedman

nding

Zj , establishes that all mediating variables take value x with
probability 1. So, combining equations (17) and (18)
The equation (18), which denes a

on

with (16) we obtain

P̂ (Xc = x, | X, H̄) = C(x) ·

n
Y

(19)
then from (2) and (4) we have

P (Xc = x, | Xj , H = j) = C(x)·
Y
P̃ (Zi = x | H̄i = 0) · P̃ (Zj = x | Xj , H̄j = 1).
i6=j
(20)
The third part of RHS of (20) involves
From (5), each of them is equal to

θx

n−1

terms.

so, considering

iii ) we obtain C(x) = θx1−n .

(6) and assumption (

Michigan Law Review, 974, 931-984.

D. Geiger and D. Heckerman (1996).

Knowledge

Representation and Inference in Similitary Networks
and Bayesian Multinets.

Articial Intelligence, 82, 45-

74.

H̄ = 0 as well.

Graphs.

Springer-Verlag, New York.

D. Koller and A. Pfeer (1997).

Object-Oriented

Proceedings of Thirteenth Conference on Uncertainty in Articial Intelligence, 302-313.
Bayesian Network.

S. L. Lauritzen and N. A. Sheehan

(2003).

Graphical models for genetic analyses.

Statistical Sci-

R. Meester and M. Sjerps (2003).

The Evidential

ence, 18, 489-514.

Value in the DNA Database Search Controversy and
the Two Stain Problem

Biometrics, 59, 727-732

J. Mortera and A. P. Dawid and S. L. Lauritzen
(2003). Probabilistic expert system for DNA mixture

In fact,

in that case, considering (2) and (4), the equation (19)
becomes

P (Xc = x, | H = r) = C(x) ·

DNA

F.V. Jensen (2001).Bayesian Network and Decision
P̃ (Zj = x | Xj , H̄j ).

j=1

The same result is achieved for

(1999).

Database Searches and the Legal Consumption of Science Evidence.

x̂ ∈ X .

H̄ = 1j

An Object Oriented Bayesian

Brendan J. Frey.

where

If

A. P. Dawid (2003).

Bio-

Network for Estimating Mutation Rates. In

j=1

with

metrics, 57, 976-980.

proling.

Theoretical Population Biology, 63, 191-205.

A. Stockmarr

(1999).

Likelihood Ratios for Eval-

uating DNA Evidence When the Suspect is Found

n
Y

P̃ (Zj = x | H̄j = 0).

j=1
(21)

48

Through a Database Search

Biometrics, 55, 671-677



!"#%$ &')( *,+&-.-/0#
G0HJkFI>l ]&Km3LMHJHNPNnORNPQ3UoW^STa#NV13UXpbWZqn25Y[WZ47rP68\DsJW^4:t9<]u<;>_7sw`b=@v a?BxcAD\nyYd`bCEinLd9FYz`bNn2:eeb25YM9 ]&O&N8HJL8rPfh{|gF]iVa^m3]a^HJNPNF]jg W^YMO&U
}F~nwVbbZPVF~<~F<VJVFP"7DDTD

 |Dn!
Yzm3xNnHwW^]WZP]>l YzU a^``b_#l inH WZLdln]m]&]>a)]&`i<I _g¡l Hb]m¢OOWZW^YdYd]NPb]Ydm¢LzWZ]Yz]£&HUoYza^NnW3NPe¤Yd]&NnaZDYea^z`ba^YMa]U¦§OH WZlnLdxgl naZHJ]¡`bNHm3OR]PUXHJWZ]YzY[N ¥
`bDYO&\n\Dd¨©aZW HJl OjW^\n\n]W LdLdWXgblgª¦±aZ`YdN«iP°²HWZ]³innYdYMLzU^UYd\nW^Yzeb]¬oe`U!]l NnUoW^]W0Yz]m3nHJ]WZLMa^§`¯]®iVUXnYWZ]#aZ[´µHJ]UoW^]&W^]aZYze]&m¢N<g®W¶HJYMW^U3]m¢3HWZ]&PW^DHwOW¥¥
`DO&`nUN<W^]&_7`bI<a3Wrn]WZUonW^]@Yzm¢K!HJHW^a^YzNn£]&e·N¡W^¸"P`bYdNPU^]¡n`w]&¸¹¨©O&OjLzYzHb]&N<U^U^W^YdLzºPg]&¦«aSTYMNªU#O&W^`PNDYzU¥
innU^YzYzYzn]LzeYz&PUoaZW^Ld]YMYzeOJi¦"<WZxU#]nO&W^H]¯V\PHwHU^WNP]HJa^Y[]LzW|gDeUoYz\nU#YMLMU"HJiV`JaZ`Yz_£W^0]jHwIWZYdU^l `bYd]&m NaZYdl Yzm¢U»Lz]@]H>NbHWRQNPHJ]&L.gla^Yz]a^NnUo`be\niPaZLdHwWZ]jU¥¥
DYz]&N<W"_7`baW^nYMUUoW^aRHwW^]egb¦
¼ ½b¾ Dn¿"À#Á#nÂo¿ ¾
ST]N²UoW^YzW^m3n]©HwWZUo]|WZHHNP_7nH\nNPaZOj²UW^Yz`o\ N¡l iP]Ha^FU^]YMUo¤`]0_N>7aRH@HJm¢eYz]&¸]N©`aZWZQµaZrµHYdW^NnnYz]3Nne eb`bUoH]&WL!¦hYzU|Ã)WZÄj` Å
W^YzÆÈNnPÇÊÉe ]@Ë©l LzÌd]`bËRHÍwYda^N<ÎNnWZÏPYzU ÇÊNnÏFl e>Ð Hm¢UZYzU»UoHbYzHOR]NÑnLdYzgbNn]jr<IF] iPWZn`\D]&NPW#<U^]O&YdU|`bHN¡NÑNn`JH`W»Lz_U^``W^NnnORLzYMgPU|`<_7aZ`<aR]HJUoOj])m¢]YdW^b]&P¸]] `W^laZPQ`]@Yz¸"N<WZaZWZnHU]&YdWZNnaZ`] ¥
iUoWZ])HJa^YzNPW@Oj¸"Lz\PYdD]W^ª©YH¶zN©U^m3WZnHJ]#LzLEWZWZaZaZHHYdNPYdNPYdNnYdNne e²Uo]&UoW]&¦!W¢ÒHNPNHOjHJW^W Yz]])HLdOR] HJaZYdNnW^]]&aZahHJm¢W^Yz`HNg
W^O&PH]a^]&Lz_7H\niVLzLd]g3LzUU^]&WZLz`©]OH@WRUEF\n`bNnm3]H`bN>a]&U^I ]&l b]&]&a^aRWHJ¦ L l `YzN<WZUh_7`ah¸"nYzOR¤Y[W"HU^QDU
xHJLznLzg@]aZm3]Ó<H\nYdN©Yza^]m¢UB`W^W^YzYzm¢HJ])W^YzHJ`NVN¢VÔ_7`b`baEa!Hm OjW^`bYzNn]&]g@Lz]_7H`a^aENnW^YznNn]#e<YMU!\Pm¢WZPHHwN3WY[]jWEI \Vl Uo]&\Da^W¥
W^¸`@HLzUoHW^iV] ]LWZH`¯N3LMHJ]jiIn]&HJLm Nnl `LzND])¥ÕYzHNDNP_7¢W`aZZm3nHw`bW^U^Yz]aZ]"]UZU^HJ`m \naRl OjLz]]UUrbUoPiP`\D\nWhLMi3N])nU `l Wh]iN<]W
`N¡YzNbWZ]&aZ]UoW^YzNne¢`Nn]U&¦
OjH¤Ö)Lz`bl U^U^]jWZ]&W»Ydm3Lzg `JHJ_ a^LØ]l Lz`HJ×YzW^N<I ]WZl@WU»]Za^U^`@Yz\Pm¢ORH]&OjN<W^W^YzWZVH]"HwLØW|Lz]Ù#W^Hna^]Nn]@UoYzYzeNnNÛ
eHa^YMHbHJÚ:UÜPNVYd]OjWh]D`Hwb`W^a^W^_!`w]µW^m nrÞ]l WZÝ]UEß<UoW^W^s`¯Yztm3àºVHwNPWZYz]U
W^YMUoUhPW^aR]m¢HwW^W^Yz]]Nna^eYzmm g¢YzÚ:£&Íâ"]Ä `w¦ÆÈg»ÇÊ!Éã«ËSTN>ÌdG0ËRO&Íw`OÎN<ÏPfW^ÇÊHJaRÏFHLzÐ LdUo\nWE`Jm_ÊWZW^`rJ]tJN©WZubnaZunYM]jU@Ýb_7ä]&¬^aRk iPU!\nHwWZeWR`ORYzgbPHJHN¤m¢_7Yd`bH#NPa^O&ã m@a^]\nÖ m¢LMHwe<]&W^HN<Yz¸`WZNáHHPLrr
tJÝubßbußbuPtJiVäJfhà¦ `bnN]jWHJLÈ¦drDÝßß<åDä k \nNne|ã«æYzg`ebY5r<ÝßbßbånäGÑHO&çHgbr

49

²°O&H]#LdLz]¸"YzLdLOj`NVÄ Oj]&N<WZaZHJW^]"è `N èPàjéïé Ì WZÅonê Í]@ë&LzËR]ì HHba^NPOWZ]&Yda)b]OHJLdN0]HJ`baZNnNnYzLzNnge©Ó<Ú:\nH]Lza^U^g`
W^iP]&]Lz]Lz¯UHiV^ëj]j]Ë&WLzUÌd¦BË `Jæ#Æ5_8`JÇÊUoÉwW^`bË]m¢W^ë&P]ÍwHJí l WB`bYzYdÌîNN<ÇÊÏFWZW^Ð UEPYz¸"UBnUXWRYMORHJ NPPHiJ]&aRLz`NPD]ejºPW^`¯NPY[H»WZYdLM`bHJN¯aZe`J]"_ \nl NP`FLz`HJLd¥¥
iPYdW^Hb]&UoaR]HwªHWZYd`bbN8Or8WZYdWZbn]]©Ld]ebHJ`baZHJNnLYdYMNPUePWZrh`W^nºP]ÑNP«éU^]HaZORªl YM`U3YzNbeW¯aZ]&¸"]PDgYzµORïÑ·Hw¸"W©YzLd]LhHa^OR]& ¥
U^H\nPL[D]W!Yz¤WN^WZ`¢n]"WZnUom3]»HW^aRLdLzHJ]YzUoNnW!YzNn]je3I l Uo]]&OWWZ¦ ]@e]&ÏµNPË]&aRHJLzYd£HwW^Yz`N]&aZa^`ba.¸"n]N
LzxÝ]ßbnHJßJaZ]ôFNna^à¢]©YzNn`VePa HrFU@U^\PiVOR]>]&NHbé U#wð HJÏ aZè YzÄ `Ë&Ä \PÎÆTUÍwnÇÊÏP]&ÆÈ\nñ@aZYMëjUXÍJWZíYzO è l ÌîÇÊé a^Ï<` Ð l Ú5`<Ú5Ünò8UoaZ]]]&¶_¸"\nYzNV7U`«]a¢ãójH{»WOWZHJHJYdLzbLÈ]¦d] rr
ÝYMUßbß<WZ`>sDäbORx.n``FNn`beU^É]Ë&ãöÎRWZënÇ ç»] Ï`l LzLd`ë ]YzaN<Í rFW»tJË²U^u\PuPí@ORÝàjÇÊÏV¦.WZÇÊ÷Pí@Hw`wÇdW|¸õÍwW^]&ÆÈnbÇ ] ]&aÏ ]jrI YMD]l ]HOjW^LdLz]gWr<WZ^n]])UoW»H]&Ydm a^¥
aZH `lPal a^YMU¯`<Hm¢OR¢YdNPPYdm¢HbUhYz£&H]Lz«ÚU^`¯5iâ"]&`w]&g¶N¡ãøUo\PeG0eO]UXfWZHJ]Lz¢YLd\nzmNÑr!Ú k tJORubnun`ÝnàjN>¦ ãk \VfhOR·`nHN8N r
YWZztJNnHJubePW^uYzru<`inàµNP\nHYdN@W|LdLzg©W^WZPnYz]N<]3W^O&HJaR`H\DN<OWZW^WRn]&HJ`I<inaRWLzU|]`J¦HJ_áaZùVeð\nè]èPWé Î^Æ#PHJúVWË Ä Y[WÆ é ¸Îh`ûÑ\nÍLM0iÄRü ÇÊÏ] ËjO&ë `Lzm]Hl a^\DNn¥¥
l
lnl
l
m¢÷ÚÈfh`w]&V¸N<H W^]&l]bÿ_]&]&Lza®Ld]b7`rPW^a ntJYMuUÞk ubpn¬oG0rF` ORUPW^H YzHm¢l NPW^H,K]&Lza"!q<HàHJrFaZin£&]&\DaZNÞ`bWHbYd¸"ORW ýYzl NP]PD`aowH_7`b¸U³a^m¢iO&]&]LzHb]&©WNþU^U^^Yd]ºPYda^m ]&aZYda§iPLzLdYz]jgbN ¥ ¦
WZSTHJN3HJNVW^WZYz`nN¶U^YzU\n`Jel _ebH ]WZl Uon]W>YzaU»r<WX¸Hb¸hO`®])W^YzYdaZNF]&]@bm¢]Ld]Uo]W^HJnYYzaZebdNn]HwU>YzWZNn]e>iV¸"HUoU^FW^]aRgØ`HwWZWZ]&nbeN]|gNPU^D`HJ]&YzFm¢]]YdU|¥ÕYzU^Nnm \ `l l W|]&Lz]&aZ¸<m¢`YMU^]&aZ]QDNDU¥
Lz]HJaZNnYzNne¢HJNP¡aZ]&e\PLzHa^Yz£HJW^Yz`N8¦
W^W^xP]nUX]W»] Uo]&W^l aRaZH aZHwl`WZ]&a)]ebaHg)YzNPU»¸"ÑU`bn^a^YM]e<OROj¢HJW^NnYzOj`Yz`£&NÑNV]ÑHUop¡YMUXU^WRU)nUá`wYz_7N¸`bLdUmLz`wn¸YzNn`wU&Yz¸¹m¢ï»U^YdWZ£]`¡YdONnWZH e)Ydln`bW^lN·PLzg]t ]&Y[l W|I aZl W^]]`>U^O]&W^W^N<]PWR]U
]&K!OjaZLMHJHYzNnaZUZ£&U^e]Y[ºPW^NP]¸"aYzUYdm¢NVUoYzD`Ydm ebw<¸®l WLz])OjYdN<LMOjHW^LMUZaZHU^`DUZY[D\ºPU^Y[P]ºPaO&]¦]aÖ H3YMUNninWZ]YMPH`JHwU"_nWhWZYzHNn]hm¢`aZ\P`]a#aZHb]#HJUo`bNPUoN` Hl Ld_7gD`nU^a!YMYzUXUO&WZ`Yz`JONP_HwU^WZHYz]D¥Oj¥
W^m¢Yz]&])N<W"Ld]W^HJVaZHwNnWYzNnWRePHJ¦BQ]STN¤UYdU^N<]WZO`©WZYd`bHN3O&O&ôP`r<\n¸hN<W] W^l PaZ]¯` l \n`bNnU^LM]#HJiH»]&ºPLz]aRUXWl Yd`m YzNbl WRaZU"`w_7`b]&a¥
W^W^PYz`]hN0OjLMå@HUZYzNbU8WZO&a^``DNPD\DYVdOjW^]Yz`U"NVH HJlnLbl n]aZ&`bNPHbU^ORY[WXng|]Uh]UoiPW^HYzm3U^]Hw>`WZ]UNrHaZNP]&eb|º\nPLzHNPa^HYzLd£LzHJgW^rwYzU^`]N8Oj¦¥
læDYaZM`Hw]W^WZU^]]&]&LzN<W^g3VW^]W^Hw©HnW!] _7J`Lzl La!]&HJO&a^Lz`_7``NFNnaZm3e]NnW^HJnYdNP]] O&NP]»Ojl ]bH`Jrw_!l ]j]H@I ahl NPYz]&N¡]&aZ¸ Yd`m¢aRm¢D]]&N<&]&aEW^WRnHJW^LD`D`¢aZ¦]HU^UZ\nUo]L[WRU^UBUh¸"Ydm¢YdLzm¢Lni]j] ¥

 nÂÞ!nÂ   8 ¾ Â ¾

PxtJubHbnuU]¢uPiäb` ]&â"l ]W^`wN³Yzgm¢D]ãHLU^GÑO&Ha^OjYzOW^iVfYz]HJ·_]¢LzLzLd\n7]`mHJa@aZrFNnYdNVtYzNnUXuWRe¡unHJÝNPUoàW^O&¦.aR]¤HwSÕWWZYzN]&Ojeb`bg¡Ú NPk U^¸ORYznUo] WZ`UElnYdaZN³N©]U^ãÓ<]&\nN<]Wfha^`gFnnYz]&NnN8aZe] r
W^W^PaRHJ]¤YzNnLMHJYzNnie3]&LEUo]&`W_rnW^¸"nYz] LzLl g<`Yz]&YzN<LM>WWrB^W^nV]HwLzW@`w¸`bNP]UoOjW]¤]&YdI NPl O&`]Oa lW^]`b©WaZHJZW^]]UoÑYW]&zN§aZa^`bW^Pa¦ ]
lò8`b]&WU^] WZP HwWÚ WZn]¹Èà e]&NP ]&aR!²HJLziYd£]¢HwW^W^Yzn`]3N WZ]&aZHaZa^YdNP`bYda³Nne`_ÑUZHJW^m P]¹l Lz]_7U\n¦ NPOk WZ\ Yd`bl N ¥
LzD]]HJNnaZ`JNnWZ]]>`iFg N"WZn#Ú YM¤U#àWZaZU^H\PYdNPORªYdNneHJN®U^]j]W|UXWZOYdHJm3N¶HJiVW^]·] Ú7]¸"UoW^nYzm3YMOR8HwW^rE]`¦_)Ojò8`b]&\nW|aRUo\P]bU r
D]HOjW^l Yz]NP]»nULz"]HJHJaZLMNnU^`@YzNn`be¢N¤UXWZWZaZnHJ]»W^]&Ld]ebHJg©aZNn¸Yd`NP\ne LM¤iHLdeb`]»aZW^Y[WZPn]»m©_7`àLz¦Ld`wx¸"nYz]»NneP` r l WZYdm3HJL
Ý¦"`x._%aZH$ YdN0l `bW^nYdN<] WZU#OjLMHJHNPUZUo>eYdºP]&]&a)W\PWZnU^Yd]Nne¤Fg W^l n`]¢W^nOj\P]a^UoYMaZU']&N<&( W!WZ¦ aZHYdNnYzNne¡Uo]&W
tD¦"ÜBYdI¡H l `bYdN<)W ²YdN¡WZn]\nNnLMHJi]&Lz]U^]jW
Ú:H<à>WZÜBaZYdHIYdNPH¢YdNnLMHJe3iU^]&]j*L W >HNPHn¡WZn] l `YzNbW Ú nàYzNW^P]
Ú7ià>lâ`]jYzW^N<aRWHJ¦ YzN WZn]ýOjLMHUZUoYdºP]a ¸"YdW^ W^n]ýHbnDYdW^Yz`NPHL
Ú:Oà>×hÚ UXWZnYdm3àoàjHJ¦ W^] WZn] eb]&Nn]aZHLdYz£HJW^Yz`N ]&aZaZ`+a "#Ú -,
Ú:Và>×hUXWZYdm3HJW^]W^n] l `bUoW^]a^Yz`a l aZ`iVHJinYzLdYdWXg 3&. Ú 0/  &( ! à
`_.WZn]Nn]¸ l `YzNbW\PNPD]&aW^n]Fg l `W^n]UoYM1U &( !¦
Ú7]àfh2 `bm l \DW^] W^n]§]&I l ]OjW^]¹e]&NP]&aRHJLzYd£HwW^Yz`N ]&aZa^`ba
"435 687 ¢&. Ú 0/ 9&( !nà "#Ú +,ÑÚ nàoàj¦
pn¦#]fhUXnWE`F]&`<I Uol ]E]_7O`W^a]3eLzHiV]]NnLdYz]&NnaRe#HJLzW^Yzn£]HwWZl Yd`b`N¢YzNb]&:W aZ©a^`b¸"a n" 2 YM3 ORHJNVV3HHU.W^nn¢Y]dLzWE`w¸WZ` ¥
WZaZHYdNnYzNne3U^]jW¦
xOj`bnm ]a^l ]¯\DWZHHJa^W^]¯Yz`U^NP]&bH]&L.aRDYHJdL ¨©l OjaZ\n`LdinW^LzYz]&]m3U U"Ú:HJ¸"W|YdH©W^ºPWZaZnUoW)YMU#U^YdUoebW^<aRHwWW^rµ]H3egbLd`¦hW)c`]_U^Yza^n]]&¥
W^aRHJYzNnYzNnebUHJaZ]3Nn]O&]UZU^Ha^gnàráW^n]¤_7\nNPnHm¢]&N<WZHL l aZ`inLz]&m YzU
naZ]`wUo¸ÿW`JW^_`ÑW^O&n`] m l l H \Dl WZ]&;] arP"ý¸]¯HJNP¸"YzLdL.3&. a^Ú ]&0_7]&/ a YzNP&( ! DYàd¦´]æa^]`N<W^W^]3Lzg¤WZPWZHw` W3&. YzN·Ú W^/ Pá]à
HU l `bUoW^]a^Yz`a`ba"`\DW l \DW l aZ`iPHinYzLdYdWXg¦
ÜnDYz`ba^a.]OO&WZLzHbLdg²U^U^Y[Ú:ºâ"O&`wHwg¤WZYdãÞ`bN8G0rW^nOf] HJl Lz`<Ld\nUXWZm]&aZrVYd`btauuPl ÝaZä=`iV<HJFin\YzLd]jYdWXW#g»HO&L5HJ¦zrVNtJiVub]hup<\Pà!Uo]WZ`
Oj`bm l \DW^>] "r
A
"? $Ý @ B F HÝ G 7JILm3KNM HwI O QP .3Ú /  &( !nà R ÚXÝà
DC!E*
¸".3nÚ]a^/ ;]  &( !à E*YMSU©UHJTVTUNTN] UXWZA Ydm3YzU¯HwWZW^]0n]¡`J_|Uo]&W^W@P] `_l \P`<NnUXWZLz]&HaZiVYd`b]Lda ] l a^nH`bJiPWZHJH0iPYdHLzY[NPWXg
_7W^`aRHJaYzNnW^nYzNn] e3l Uo`b]&YdWN<¦ W «ebYdb]&N²W^n]¤_7\nNPOjW^Yz`W
N &( !·Lz]Ha^Nn]²`N·W^P]
×EÓ¦"ÚXÝàO&HN>i]¯Uo]]&NHUWZn]]&m l YzaZYzOHJLOj`b\nN<W^]&a l HJa^W`_
Ý
tYXX / ZG²Ha^em3HJI[.3Ú/  &( !nàV/]\L.3Ú/  &( !nà\^.3Ú áà

50

¸"\L.3nYMÚOR /  ¸h&( !n`b\nà@LMi
]¤] W^nWZ]>n]W^aZ\nWZ]n]Oj`bNPeDY]dNnW^]&Yz`aRNPHJHLzYzL£HwnYWZzYdUo`bW^NaZYdiP]\Da^W^aZYz``N³a`JYd__
h
¸

]
^
a
©ebYdb]&]N !¦
_ ` b a0 d
¾ c Â ¾ À#¿ c 0 X!FFÂ ef8
xD`wn¸]eOj`<LMHHJUZLFUoYMYdUáºP]&WZ`a¦BH STlnN>l WZLzgnYMWZUnO&YzU!HbUoUo]bW^aRrDHw¸hWZ]&]»ebPg|H¸"b] YdW^ WZn]"K!HJaZ£&]&N¸"YdND¥
B
3&. Ú / nà  Ý
Ú Õà Ú5tbà
/hgUiN/L  jkl/  O 7Qm C 70n

HJNV¤iFg>cHgb]Ua^\PLd]
Ú:p<à
3&. Ú / áà  6 6  O !o7 C*m C 7 n ÚÚÕà Õà 
n
¸W^"`3nH]a^N¡] YznaZa^]YMLdU]WXHg N<l WYzOm@HJLz\nLdg@L[WZH¯Y l {»LdYMO&HJHJ\PW^UZYzUoYM]¯HJN Oj`bQNP]Uoa^WZNPHJ]&N<LDW`Jà_r W^P]"_7`aZm Ú7\ l
n Ú pÊqà Ø]jI l Ú G/D/ rGspt/D/ uSvJxt w0uàT
SÕYz£WHwYzWZU|Yd`bWZN«F\P]&U aZa^l `b`<a3U^U^\PYzU^inYdLdNn] e WZ`ÚXÝO&à¤`mHJNPl \DWZl ] ]&a^W^_7n`]3aZm ]UXWZW^Ydnm3]¶HwWZ` ]l ¶eWZYdm3]HJNnL|]&aRHHJOjLd¥¥
W^OjYz`bNP])U^YzLd]D]HJaZa^NnYzNnYzNneeWZnUoW^YzaRU HwU^W^Yd]m eg¢l LzD]]>O&UZOjLzHbaZU^YziVU^Y[]ºV©H]&a¯Ji¸"`wYdW^]b®¦BHbxOnWZYd])b]©a^]LdH]U^HJ`aZN¢NnYz_7Nn`be a
YMl U»`bW^UoPW^]&HJaZWYz`]a Ó<\Pl HJaZ`W^YziV`HJNinYzÚ:Ldp<YdWXà»g³eHYzNP]³WU^DYPdaZHJ]W>OjW^YdLzW>gÑD`HJFN·]U¤]UXNnWZYd]&m3]«HHwWZ]©`JOj_`<UXW^WZPLdg ]
aZ]jW^aRHJYzNnYzNne ¸"n]&NH l `bYdN<WYMUHPD]¤W^` W^P]»W^aRHJYzNnYdNPe¢U^]jW¦
yz CE9<;#4 { l9 |4}U~
xU^\n¸L[WR`¢U PHl waZWZ]HbU^Uo]&]&N<WZWZU]²YPHdbN·]|WZin]&YMU]Nl H\Pl Uo]]©_aï7`bHaN W^nHJa^]W^Yd]&ºVI Ojl YM]HJa^LEYzm¢`Nn]&]©N<WZHHNPL·Ha^]&¥
aZU^]]jW^HJ\ L|l ¸H`a^aZ]»Lz«`HUbNnYzNP]DYr|MO&HJHJNPW^ØW]>i^n]·]&Lz`wD]¸&WZ¦ HJYzLMU>`_¯W^P]²]&I l ]a^Yzm¢]&N<WZHL
35

30

25

20

15

10

5

0
0

5

10

15

20

25

30

35

Ü.Yze\Pa^]¯tDï!x.`wg l aZ`inLz]&mï!ORn]ORQ]&ai`bHaZ¡nHwWRHU^]jW
[l CB;  2:l9 { xnYMU¢YzU¢H²m¢`DDY[ºV]³]&aRU^Yd`bN `J_)W^n]¡W^`wg
ºPl]HebaZ`OR\niPaZ]3LdOj]Lzm tn\Pr8Uo\PW^YdW]&U^a]OjrD¡Y`WZNVndN§Uo] YMUXÚtl WR<U»`FYz`JNb\¡_"WR]&UHW#HJORHJaZn]LÈ¦d]rDaORtJRQbuH]&ub¸"a»pbNiVàj`<¦HbHJÒ)O&aRO&Ur`8aRl DY¸"Lz`JdNPnW^W^e]]a^WZ¡Y]¢`©YzzNNH
\nNPY[_7`ba^m DYMUXWZa^Yzin\DWZYd`bN HJNP²WZn]¤NF\nm@iV]a`J_ l `YzN<WYzU

0.55
Random
Error reduction
Max Uncertainty

0.5
0.5
0.45
0.4
Test error

Test error

0.4

0.3

0.35
0.3

0.2

0.25

0.1

0

Random
Error reduction
Max Uncertainty
5

15
10
Labeled set size

0.2
0.15

20

5

10

20
15
Labeled set size

25

30

ÜBÚ7aZYdYzebe\n<aZWR]3à Ýïhx.]UoW#]a^aZ`aRU"HORnYz]&b]>iFg¡p©HbOWZYdb]Ld]HJaZNnYdNPe¢UoW^aRHwWZ]&ebYd]U"`N¡W^P]¯W^`wg l aZ`inLz]&m±Ú7Lz]j_ÊWRà#HJNP¡WZn] k K k nHJWZHiPHU^]
laRHHJLz`U^NPYz`¯N<n`WZDaURm¢HÚ7`Ld¸"gªNPN ]EHJaRNnNPHJ]NVebD`HwtJWZu§Ydm¢bUZ]hLzgHJHm iNPl]j`WXLz]¸U¤NP]&] ]&HNÑla^]0`bÝU^ORY[HJWZPNPYd`bb¢ôU^]]&<à8N«unH¦!a^Yz]hNPt»OjUoLzaZ]H]&LdiV]m¢O]W^]&Ld]]Nn¥
WRWZnHJLz])LdgNP`WZ`>ND¥TiÓ<\n]@]&LMaZHJYdi]]&Lz]l 8¦`¯YzNbxáWRUh]UXHW»NP]&¤HaZa^`bbaZ]&U)aRHJHJebaZ]]@@`O&w`m ]&la)\DÝWZub]u»0`W^baZY[N ¥
]HUXLzUWZYd¦.m3Ò)HwU.WZ]YzN¸Ú Hb<UhF\ºnID]&]WHHL5w¦z)Wrbtw uu up< àrtDW^¦ n]wHJaZYMHJNPO&]E`J_VQ]&aZNn]L
 44}2:A ~U~4  A }4  | xn]¤aZ]HLE¸`aZLz·nHJWZHJiVHU^]©YzUW^P]
k k
l
tDYuzFu<KYzs©n]WZ`]`UoNPW]N0`O&Nnt`p3]NPU&U^Uo¦Yz\nUoW^iVxYzUoNnn]&e»]3WZU`JWZ_8`aZHsJ_YdtpPNPßnÝYdÝhNns@e¶W^]&aRIDHJU^HHYzNnmm YdNPl l e»LdLd]]UZUU"HJP]m HbHOR8Lz]3]¦hUixH]&NP]PN ]
WR_7`bHa"U^Q¤W^nYMU"]¯W^W^`©`wg O&Lzl Hba^U^`bU^Ydin_7g>Ld]mDYzrVeYdt WZUaZHu3NPW^D``3bm ô©HJLzHe<iVHJYz]NPLd]UoW)å@l `bW^Yd`©N<WRßnU¦HJÒ#aZ]U
YzU^K!Nn]&He©Lz]a^£OjHJW^]&aZ]N¯]®HOjÓ<LMJ\nHNP]&UZaZU^Y[YdºP]pb>_]u0aá7¸`UZHJa"Hm UBWZnlUo]&]&LzYz]W.aU WZLM`fHJHJm¢iw ]&`LMU&Nn ¦Ee0txW^åPnv ]¯]¡ÕÚ:¸"pnuÝYzTdDWÝåà^a^rw]`J¸"m¢_BnHW^YMYdPORNn ] ¥
e<FHYMUo]]©_WZ7naRHJ]m¢iV]]¸hUXW`ba^l Qµ]&¦áa^æ#_7``JaZW^m3]HJWZNPPO&Hw]>WEW^uYzNªnYMU!H²YMUUoWZHHJOjNVW^nH\PJHaRLdLz®Uug@^H|\ l ]]&a^a^g ¥
m¢U^m3`bHJUoWLzLnHwU»HJLzÝ&\n¥È]Nn]HJHJNPaZ]UoWZWn]NP]&aZYz]eU^F\niVLdW^`bYzaNneOjLMOjHLMUZHUoUZYdUoºPYd]ºPa]&¦ a!i]&VH]UEHJLd¥
W^×!PI ]§l ]&m aZYd]&m¢W^wn]à»`DNb¹YzWRU HJLD]Oj`ba^]mU^O&Uo\Pla^YzL[HJiVWRaZU@]]Y²WHa^dZ] N` l W^a^P!"`w#YzFU0"YMD]U^$]§YOjW^Ó<Yzz`N\nN,]ºVa^YzeÚ7]]\nU¯NbaZWZH]0Y[NPWZLdÝ·W]rEZ¸"`0nW^]&PaZ]] 
lYÈUo¦WZ]b`HJ¦3YzNVNbnHYW¸"JnaR`b"%$U^_7]¢`&a¯`!\D'(¸"W nl "YM\DORW ²)l W^aZ*n`!+]3iP,)HLz.]-®inHYza^LdUoYdNPW^WX]&g®aRHwa»W^Ú:Yz]p<Ueà)gW^YznU»]©¸"WZnnm¢YM]3OR`< UXNnW]U^HJ\n]&aZNPLz]]O&UoOj]&W)WZa^U¡_7WZaZHW^`YdPN8m ] r
ÝÔtD¦
xDYMnU^H]3lnaZl ]`U^\nYzNbLdWZWZYdU»NP_7eP`bïaYdW^W¯nYz/] UNP`JW¯0m\VOR#²1i ]jW^>W^]UXaWZaZW^HJPW^H]&eb2N gÑ!"HJ#aZ+]¢3a^$ÿ]HJLz`bLdNg
k K k HJNP>YMUW^]a^aZYdiPLd]»`N>W^P]»W^`wg l aZ`iPLd]m¡¦
]&YzxLdebgng ]`blNÑOjaZ`b]aZ5N ]&U^4X]&Lz]YzN<HOjW^inW^]\nLd®Y] aZ]¤]zN®Uo`W^_YzWZm3n¸"]Hw<WZg·l]U|aZYd]&W@`JF_Yd_:`bHWZ\PYdnLzU¢]] ®YUol ]z`<OU@UXWZWZYdi`b]&]aZNªO&Yd`bHD]a \PU^l l ]©a^]`bNPW^iPPnUHJ]¡¢inUonYzLzW^]Y[aRWZHHwYd<]W^U¥¥
l
U^ÚÊWZ`nN8aZrV`¸h\neb]¯>¸"WZYznLzL8]W^aZUog¡W^] YdNÚ:WZ]nà"]¯HaZNP]¡]UoW#Ó<`J\P_HJW^PW^Yz] `N§l H ÚXl Ýào]&àa#¦W^Ün`©`bVa"HW^n]YMU"m¢aZ`]aZHJ] ¥

51

aZD]]&LzOjYzHYMUoinYz`Ld]ÑN>]_7\nUoW^NPYzm¢OjW^HJYz`W^N]U&er)Yzin]\DN>W>iFNPg¤`JW^H]Ña^eW^Pm3HJHJW¡I Yz3NØ&. Úm¢/ á`bUoàW¡¸"OYdHLzL8U^]aZ]&Um3r"W^HJPYzN ]
\nNPORVHJNneb]²Ú7]jInO&] l WYzNUo]OW^Yz`N¡ôP¦ tàj¦
W^eÒ YzYzm3ºP]HwaZN WZUo]W¢l U¤``HYziPN<a^U^]ÑW;]&aZ!Nnw`JHwrEW¤W^WZYzn`b]N§]&aZw¸"g®HJPLzaZ\nYz]&OR]Lz®YzH`JinU^_ nLz]0.3`w¸YzÚU©áUà3W^W^nPO]0HJHJW@Nª_7`WZ]&LznLdYd`w]W^¸"nD]]YzNn&a3NPePiVU^ï¶Yd]WX_7g§`]UXa>]WZUoY[H ¥¥
m3HwWZ]ØHbUÑSÝ v76 6 AoC* n Ú   9à 8 K!Ha^£]&N«¸"YzNP! D`w¸`NØHLdL
W^8 K!P]HJaZl £&`]&N>YzN<WZ¸"*U Yd:µNV`bD`awHb¸ U `b6 N¡7 W^n3&. ]Ú  LMHJ/ Dià]&©Lz&. ]Ú nqàl `óYzNbJÝ WRvS;U :Õ$ äP6 HNPD>WC* ^nn `<UoÚ ]»WX¸Õ` à
wHJLz\n]U"OHJN¡iV]¯Ó<\nYdW^]¯nY[´µ]&aZ]&N<W¦

= X!F µ¿ ¾ À#ÂTnÂo¿ ¾  À) ¾ <ÂX>dábnÂÞB
Á#FÂ ¾ Á ¾ X> áÀ  ¿EÂ ¾ n
W^YzÒ#NbYzm3UWZ`3mHwWZH]`O&N<aO&W^``Yz\n`_VNnN<WZW]n>H]W^POj]LMiVH`w\nUZbU!Nn]LMOjHJrF`biW^NPP]&DYLz]¯]dW^UXYzWR`HJl NPNP`bHnHYdLPN<D]WRaZU&&¡K¦!NVUo!STYdNW^HJYzaZ]`J£&UWZ]nn`N©]&<a"¸"]¸U!YzNPNn`D`aR`wnUW!¸WZr HJ]QbUo] ¥
¢&. Ú  óÝà ? 3&. Ú  +GÝAà C
@ .3B Ú Õà  Ú7ôFà
¸"HJNVn¤\]a^n] NP.LzB HYMiVU]WZLdn]]K!l HJ`aZYzN<£&WZ]&UN|¦ ¸"YzNPD`w¸§]UoW^Yzm3HwWZ`a8`bNW^n]hLzHiV]Ld]
°²aZ]&]¯]¸"HJLzYd]LzLá¤iDY<Mg¤UZOj]\PÓ<UZ\PUHwWXWZ¸Yd`b`3N²¸Ú:Hô<gDàjUh¦ W^`¤U^`Lz]|WZn]¬^O&`N<W^aRHDYMOWZYd`bNP
DFEG =  |*~U}&;wAn#4 |.9 HJI)AD5; Kl9 |JL34 |MH  L
xD]nNP]#UoYdºPW^aZYz]UoUWhYzYMNPD]D]Hl YzUh]NPNnD]`&WEN<W^WZ`@Ldgb]rDUoinW^\DYzm3WHwYdN¡W^]#UoiV\P`OR¡W^>H¯O&¸LzHbHU^g UhOjW^P`bNPHJWDYd]W^ÓbYz`\VNPHJHLd¥L
YdK!WXg>HJaZÚ7£&ôF]àBNn¸"`LMYdnUNPn`¦wST¸NÚ]UoW^H Yzlm¢NPHJYdW^Qµ`brPa>ÝßO&ßbHqbN«àriVY[]·WE¸U^]&H]&U!N U^nH`wU¤¸"H³N@W^UoP`bHJLd\nWW^W^Yz`PN ]
W^W^`J]P_a^]HJmÿN3]&m HJ` NPl l ¢HW^YzaZYzm¢)YzOW^HJYd£]LHwa^DYWZmöYdz`bUoºPW^N aZWoYzlW^inYza^Nn\D`be»W^inYz`LdWZ]nN0mÿ]_7\nnHO&NPw`WRNPOH@WZU^YdYz`bÚ7UoW^NÑW^nYzNn]0HJe»NVN W`Ju _8^]&HnaZa^]@U^`bm¢]a.Uo`<iW^`Yz]jW^m3WXn¸HwNP]&W^]]]UZN U
`NP]à¦
<

cÚÈfhHVU^]H l ]&Lz`bLd]bN r"tWZunubYzUøpnr`bfhiPVUoH ]la^wWZHJ]&a¡W^Yz`sN8à rÿYdNY[WWZn¸]0HOjUø`bNbUoWZ\n]jIFebW©e]`JUX_WZ]U^]&m¢YzY[N ¥
U^Oj\`blNPUo]W^a^aRFHJYMUoYzNb]W¡LYzdN²]HJW^aZnNn]3YdNP` e¢l W^W^`3Yzm¢]jYdI £l HwLzW^YMYzOj`YdNW^Lzg¡l aZHb`niP]Ld]mÓ<\PHJHNPLdYd¶WWXg¶ZnÚ:ô<YzUàOjH`U#NnH ¥
UoW^aRHJYzNn]¡K!HJaZ£&]N¤¸"YzNPD`w¸ ]UXWZYdm3HJW^]|W^\naZNPU"`b\DWW^`3i]
&. "Ú  óÝq
à  3&. Ú Q öÝà ? tÝ  .3Ú Tà  Ú5åbà
¸"PHnNP]Ua^] oYM D].ÿ`_áYzUÚ7ôFW^nàr]¯Y5¦ DY]d¦ ´µ ]&aZ.3]&NPÚ áO&]¯à iV ]&WX.¢B¸hÚ ]á]&Uà N¡G W^68P]¯7 Ld3]&&. _ÊW)Ú HJNV>a Z?Yzen<Wà
°«i]YdOjW^`b¯m¢WZ]nUYMU.NnNP`w]&¸¸§HJ]NUoW^]Yzm3Ó<\PHwHWZLd]hYdWX`g_P¦ OjLMHUZUáOj`bNPDYdW^Yz`NPHL<n]&NPU^Y[WXgbrnÚ7ôFà
l
¸"÷HJiPn`wYd¸]LzY[N WX]&g b ]&a.&. rªWZn YMuPÚU§r<Yd/ m¢Wáà@`Fm¢nYYzYdU [ebºV<NnOWHw`·WZPYdLzH `b`lnNÿNnl eb]&aR]&N>HJa YMUoW^iV]P]&U¶HJWXW"¸hH]W^Nnn]&`JN³]»WZn`u²]&\na WHJl NV\Da^W `bÝbinl ¦LdaZ]`mSTinN ¥ ï
W^ÝP¦ YzUOHU^]r¸] D]OjYMD]ÑW^`>W^Pa^]Uon`bLz0W^n]¢`b\DW l \nW|WZ`u¤`ba

YÈÒ¦ ]bm¢¦W^Yz`¢PDLa^d] ]#l ¸LMHHOjg]»U^]`ÓbLz\V\DHwWZYdW^`bYz`N@N·YMUÚ5åbW^`¯àiFHbgnr `NnLzgH|_7aRHOjW^Yz`N `J_ .¢r
&.   Ú     óÝqà  3&. Ú     ¹ÝFà ? t  .3Ú   à  Ú:v<à
¸"n]a^] YMUORn`bU^]&N>iV]&WX¸h]]&Nu¢HJNP²Ýb¦
0.21
0.2
0.19

Test error

0.18
0.17
0.16
0.15
Adjusted PW
Random
Max Uncertainty

0.14
0.13



0








1

lÜB`YdebYzNb\nWRaZU"]¸pn]&ïaZxá]|]HbUXnW|D]]&aZ¡Ya^`bzaN¤HWZU)n]H¢LM_7HJ\niNP]&OjLzW^]YzU`N0o]&`W_ `J_ YzN k Ú:K vbk à#¦ Hw_ÊWZ]&a)pbu
l
Yz]&Ò#m bU ]&l aa^rbLz`w`JYdbWW^]&W^Yzm¢]UÑY]&NnN<`dN0W3WO&¸"ºPLde]n\nHJ]&aaZN ]npP`w¸«rPYMWZU©nY[W"OR]&nU^aZn]@`<`UoO]\nHJN³LMN0©iH ilP]@]»l a^H¤OR` nl `b]&aZU^aZYz]&HJgN8W^¦!]&UoLzYzÒ#ge¦«NnLzU^Yd`PºV÷#r<O`wW^HJ¸PN<]W¥
_:O&HHOj\PW!U^]`J_VW^VPH]&<g¤YzNnHe#a^])W^`|Nn`JW^W"naZHJ]LzU^¸nH`bgDLzUE¯WiV^n]&WX]"¸h`b]\D]&W N>l \nu W HJl NVa^0Ý`biP#HJYMinUYzLzNnY[WZ`JYdW]U.]ia^]jg ¥
UZHJHwN¡W^YMYzUom _:Hl Oa^WZ`w`baZ]g¡O¦ªjÜn`\DNVWZUX\nWZaZa^]HYdNnaZ]]U^¤K]H!aZHORa^ £]&YzN¤NPO&¸"Ld\PYzNPn]D`Uw¸ W^P]]0UoW^D]Yzm3&aZHwYdwW^HJ]bW^¦ Yz`N
9 *|B2:A  9<259 H³C  #4 |4}U~
DFE yz CbA |*~4  |  |1}?.
`JLMÒHJ_iUoWZ]&]nLMOjU]¤``JNVOj_B©YLMHW^UZMPD]U]¯nYH@\nzNnUoYzUEW^LMaZHJW^Ydi`iP]&\D\PLzW^]U^Yz]|`NØlHLd`LÚÈYztN<WZànWZ¦U] ÜB¸l Yz`]&aZYzaZUoN<]WWZr!QFUU^NnYz\ N¤`wln¸"WZl nN8`b])¦U^]¢]&xI W^nl P]&HJHJN8NPWrVU^W^W^Yz`PPN ]]
OjLMHUZU"K!HJaZ£&]N©¸"YzNPD`w¸]UoW^Yzm¢HJW^]»¸`\nLM¤ebYdb]
¢&. Ú  / !E* O O A qà  6 Ý oC*B O A 7 m C 7n Ú ÈNà T
Level of adjustement γ

52

STeN<aRW^HwaZWZ`DYdNPD\ePOj`wYzNn]&e3a»WZWZnn]]>wORHPa^`YMHJYMOjin]©Lz]`U_WZqn ]©\n.3NPÚ Q<NPq`wÿ¸"N§ÝL/ LzHÈiVà#]HJLzNPUY`J_"zN<W^W^P]j] ¥
\nNnLMHJi]&Lz] l `YzN<WZUrD¸h]»WZn]&NPHb]
3&. Ú  óÝqà  6 Ý BDC*A    n Ú   Nà T
ÚÈsà
l
inLMxHJ\DniW)] ]&Lz¸h]]¯_7l¸"`b`aáYzLzYzWZL.NbnWRU^]U8]&]HJ\naZNnn]LM`wHJU^¸i]jW8]&W^LzYz`3]N»]W^UXnWZYM`bYdUám3YdN<U^]HJWZOjUW^W^]HYz`a^WZ]hN|n]&`JW^m_`O&u¦"``bx\naaRnU^Ý]!]r\n=HNnO!OjQF_7``bNnaRa`wDY¸"W^zNnPN8e] r
W^` WZn]LzHiV]Lz)U XrnYÈ¦ ]"¦ =*óÚ ?ØÝQà vJtD¦
W^æK!PHJ`w]aZ¸ª£&O&]`NnN¤NP`nYW^¸"]"[WZYzNPYdWZ`bPD`NPHwwHJWE¸ L iFl m g aZ``DOjiP`D]HNVinL5DYr Yd[LzWZYdYdWX`bgNn`YzNn\DeW l `\DN W!`J_V]H Ó<\Pl HJ`W^YzNbYz`WN\nÚÈNPsn]à&eaYzW^P]]U
à 'B #b
3&. Ú $#>óÝL/  #Jà  6 6 AoC*AoC*    n Ú  Ú     # #&
à
%
n
W^VHwW¸]»OHJN¡a^]¸"a^YdW^]»YzNm¢HJW^aZM Y[I>Nn`JWRHwW^Yz`NHU
(B 
( 
Ú:q<à
%
n
¸"n ) ]a^ Y]  Ú YMU H3 DY) MàHJ¦ eb`NPHLm¢HJW^aZY[I¡¸"Y[WZ  D: 6*) n  ) HNP
n
Ò]HbOR¸®H\ng§nNPW^Lz`·HiV]]UoLdW^]Yzm3lHwWZ`] YzN<(W; YMU  ¦W^`§c]g®ND_7D``aRYzOjNn]¡e·WZUoP`VHwr+W WZn] m `D B D] L"_7`bYzUa
\nOj`bNnnLMHJ]&iaZ]&]&N<Lz]W¡i¦ nkFLzl `DLzORY[W^QDW^U&YzNnrFM WZen ]YzU#Ó<\POj`HJNVW^YzUX`WZN³aZHÚ5YdqbN<à#W¸"iVM ]&a^WXYdW^¸h]]U ]&N²LzHiV]Ld]ÑHNP
( @ZÚ 
à @^O @ ( @ ?Ø#Ú  n à @O , ( , 
n
W^¸"2Ú P1 n]Ñ]?Øa^LM]¶HJÝiQà W^]&vJnLztn]]·rD«H¸hU^\nJ]»iPNVeUZ«\Oj]&aZW nY l NnWRLMHJ.U i-]&LzHJ]NV«Y0/zNP¹DYMUXOjWR]HJU&NP¦óÒ#a^NP]UØUl ]^OjYdNVW^YzOj] ]Ld(g,;_7`b a
M
M M
( @  2Ú 3>GÚ   à @^O @ à  Ú   à @^O , 2Ú 1 ?ØÝQà vJt
M
 8d#Ú  G n à @^n O @ :  n @^O ,X2Ú 1 ?Øn ÝQà vJt 
¸"m3nHwYMWZOR]¤¡YYMdUN§]jIntÚ <HFOjW^\>Lzg ]&W#P`wHJ¸«LÈ¦drPW^tnu]|up<`à\n¦ W l \DW l aZ`iVHJinYzLdYdW^Yz]UHJaZ]#]UXWZY[¥
gFxOj`bYdn]mLzYM³U·inYz¸DYNnz]Ha^0¸g¹]O"W^`LzYd_>g W^¶]HJUoN³W^W^nYzm3H] OHw_7WZaRWZYdHJbYdNnm¢]>e]&Lz]¸`JH_>`a^aZNPW^Q YdnNn]l e¶a^]`bHJUo\DLz]eW N<`l W^aZ\n]YdW^WÑYnmldN²a^`b`UoiP]NVHJOOjWZin]¡YdYz`bLzY[Y[N²W¢WZYd]tDYzUU ¦
xHJNVn3WYMU^PHJ])Lze]&`bI a^lYdW^]&naZm Yzm ]¸N<HWZUHJLU^aZ\n]eU^eb\n]L[WRUoUW^]WZn]&YdaZN,]&YzN>Ú <µH<a^\]|Ó<]j\nW0Y[WZH])L5¦zYzr»m tl uaZub]pbUoà¥
W^eU^VYd`bbHwa^]YdWEW^¦0PWZnÒm¡]&N®aZ¦²]]jSTYMINPUhl D]H LMHJ]ëjNPrË&HJí hW^YzOjÇ `Å `ëN·NVðUoè _7YM`Ë&D]aÎ&Éa¢W^ÇMnë&HJËR]N®ì Uo]>Lz\n]eNnH`Fa^LMHJNP`DiYdNn]&e¯Lzl ]]UoW^ao_7] l `bl `a^m3YzYzN<N3H5W W^NPnOjYM)]UU_7HJ`bYzLdUa¥
W^W^¸"PPn]@]¢YMOROjO& `bLzHbNP.3U^UoU»W^ÚaRO&HJ`YzNPNnDY] dKW^Yz !`NVHJÝHJaZà.£&L!]D]4N>&NV¸".3UoYzYdNPWXÚg0D`w]¸¹UoW^ ]Yzm3UX WZHwYdm3WZG]HwU|ÝWZà5`iFag04 ¸"HnYzunLzDYL.¦ zOjNn`bxe¡a^naZW^]&]PN8Oj]W r
UZU^]&HJm¢m¢Y[]¥TU^\ Hl Ld]\Pa^] FYM Uo].30`Ú b Nn àQ]@vJ¸"tÑYzW^LzL`§ORPi`<`JWZ`<Uo]¢`JH>_#WZnHLd]&\Pm6] r ¸" niV]]&a^WX]¸hH]U ]&N²W^Pu]
HJNV Ý¢HO&O&`aRDYzNne©WZ`>¸"PHJW|YMU)W^n]¢m¢`bUoW¬oLzYdQb]&LzgF¤LzHiV]L`J_
 ¦
YzÜBHNP8U YdD]eb7 &\n$]aZ¯`]0 b9:ô 7iD<WZOj;H`bYdNDNn>="ºP] \aZ7 m¢PFU©U^àYd¦ NPW^PeHJW^W>PYzU^U.Ydebm¢Nn]jY[ºW^PO&`FHJN<>ÚW©7aZYz]jm _7]l a^a^aZ`w]bY]&zm¢N]&WZN<nWR] U©l HJLd`aZ]W

eYz]U

Semi−supervised
Random
Max Uncertainty

0.5

n

0.4
Test error

N)Ú ( ,  ( B

5à

, 4

B

!
DC*
6

Ú   G(B  à u  ,Ú ( ,  ( ,4G ( B ,:à
  ÚoH
Ý G  à


¸"n]a^] ,Ú  à % m  7 Mm m T
l
l l
¸YMò8D]]&]¯&W#N<YdN<W^\PYdWZU)W^a^Yz`DUo]]U#D\]¯PHO&nU] `w¸¸ 1]&LzW^L8 `¤H3YUO&`GÚ:m ß<à rn\D¸M WZ]!]»n e]&r*W HJG NP0\B ^P¦"UoÜnYzNn`be©a"W^iPnLd`DYMU ORQ¡\nm¢a HJ`<W^aZUoY[]bI r

0.3



0.2







0.1

0

15
10
Labeled set size

5

20

BÜD]YdebU^O&\na^aZYz]|iV]ôV0Yïâ"zNÑ]U^WZ\nnLdYMWZUU"Uo`b]N¤OW^WZYz`nNª]»W^Ú`w7 $g¡nH 9:w7WR<HJ;iPHb>Uo=+]) 7 _7`Faàr8WZn¸"]¯Pm¢YzOR¶]jWZn¸`DHbU
ºPaRUXW"YzN<W^aZ`Fn\POj]>YzN§Ú <F\¡]jW#HL5¦zrPtJubupbà
 } { An#; 4 | t J; { B2:A }4  |
DFE
°²wHJ]@aZYzHNnin`wLz¸ö]UO&¦ `NPU^Yzn]&a)W^n6]   _7`a#W^n] LMHJi]&Lz] l `YzN<WZU»HU_7a^]]
ÜnHJiP`bYda#LzY[HWZYd]ºnU¯ID]`bN§wW^HnLd]>\n]\nNn`J_LMHJW^in]&]Lz]]Ojl W^``bYza N<WZ( U , rPHJWZaZn]3] el Yz`b]&UoNáW^]ra^HbYz`U¯a YzN§l aZW^`Pin] ¥
l aZ]&FYz`\PUU^]OWZYd`bNi<g
M
M M
( @Z2Ú 3Gª#Ú   à @^O @Fà  #Ú   à @^O , ( ,T
Ú:ß<à
n
n
°²l aZ]E`inUo\PLz]&emøe]OjUX`bWNPWZ`"UoYMUoºPW^NPYzNne3( `J, _HH¢UµWZLznYdQb]E]&U^LzYd`nLz`F\D`DW^Yz>W`N^]`a^_Dm HN»HJ`NPl HWZYd·m¢¬ZYz£Oj`bHwWZnYd]&`ba^N ¥
]&NVOj]@WZ]&aZm¡¦
lÜBaZYdaR`UoiPW^HLzginrVYzLdO&YdW^`YzNP]nYU [(WZYd,X`brnNnW^YdnNP]e©Lz``Ne¥ÈWZLzYdnQb]¯]&LzYzYdN Pl `<\D`DWR¤`U)JH_áNPWZ`n]NLMHJWZin]&]LMU"`bYz\DU W l \nW
Lz`9e .3Ú ! L  !/ *  !4 ( @<qà 
B Ý ? t  Lz`e   ? HÝ G t  Lz`eÚXHÝ G   à N)Ú ( , Nà 
%
oC*
¸"nYMORUon`b\nLM¤i]m3HwIDYdm¢Yz£&]¦
lU^k n]`b`OjUo`\nW^]&NVLMiaZDLYz`dgba ]@rPlNnYMD]aZ``W^iV]NbHJWZWZYzinPOYzHJHwLdYdLÈW|W^¦|YziV]cU¤`gW^HJ NPD](&YºPHNnMD]NPYdW^(BYzH`Ld(N0Lzg³`HJW^_aZn]W^`<n]Uo]Uo]W^ORYzWXm3n¸`Hw` YMW^Oj]@]@b]`J`JO__ WZW^`( PaR@] U
YzYzNØm l Ú:ßb`bàjUZrU^Yd¸hinLz]3]¡PW^H`·b]©e]&HJW Lza^( ],HDg (( B @, rh `bNn(]B @ O&¦HJN³×EW^aZ]g§N¶WZWZ`§n`m \PeYzNn§Yzm¢YdWYd£Yz]U
W^YMU©P]¤Uo`bDYm¢d´]&]na^`w]¸ NPOj]©H·im¢]j]WX¸HU^]&\n]aZN ]( `J,_HJnNP`w¸ ( B YzNP, ¦O&`xnn]a^]]YdaNbW3nYzWZUZnOj]0aZ] m¢l H`DNPD]Oj&g L
YMOjU&`b¦ NPk DYYzdNPW^YzOj`]"NPiH`JLWZDY3MUXWZ]a^OjYzinW^`b\DaZWZUYd`bHJN8aZr[].3HOjÚ W^\P/ HáLdàjLzg¯rYd]W©UXWZUoYd]m3]&Hwm3WZU3]UNPHHJiVW^`b\n\DaRHJW!LW^PWZ`]
\PO&HbU^]©Uo]bWZrDn\n]>NPD]ç»\naLzLzHJiPNHORYzNPQ<D]¥Tò8l]&Yz]&inNVLz]&D]a&NPnYO&d]¯b]&HaZUZeUo]&\PNVm Oj]l rW^Yz¸"`N8nrYMOR YMUYzN§WZnYzU
!
N)Ú ( , ( B , à  B   Lz`e F   R ?¶ÚXÝ G   àFLz`e F HÝ G   R T
B 
ÝHG(=B 
n
DC%
SÕ_ ( ,EHNP ( B ,Ha^]@OjLz`bU^]]&NP`\neb8rH3ºPaZUoW)`baZn]&a#]&I l HJNPU^Yz`N








53

TÚ23G  M  n à F ( ( @ , R 
 8zÚ ,M ,  G M  , @ @JM @  @ , à ( , : 
 8zÚ à ,, ( ,: 
K]\nOWoWZW^`YzNna e³( ,B]&¸"]na^Yzg<ORWZnYdm¢NPe·YzNnYdW^m¢`ebYz£&]j]WZnU ]&ar¸]ÑM Uo\PM ee]UXW¤W^`§ºPNV«W^P]
G N)Ú ( , à ? ,Ú ( , Ú  à ,,  ( , à 
ÚoÝu<à
HJNV©WZ`3e]jW ( @3_7a^`bm ( ,.W^naZ`\neb>]Ó<\PHwWZYd`bN²Ú5ßbà¦
m¢æ`Yd£W^Hw]3WZYdWZ`bPN HwW@l aZW^`niP]¤Ld]m m YzNnHYzm¢U"U^Yd£nHw`wW^¸"Yz`N¡N§YdN`_¯H lPÚXÝl u<]à»NPYMDYUdIµH0¦ O&`NF]&IÑ` l WZY[¥
l
WZ]&Ò#HJaRUEUW^YzH`l NPaZUo]YMHD]U^L<]&O&N<`aZWZ]&m ]m3¡Yl HJLzd]jaZNIDQµYdWZrwWXn`g)YMNnU `]"_Dl m¢W^H nl YzYMe]UB<am W¦h]&iSTW^NP]nD]¸h`D&¯H]`bra^baZVUáYzHJ]¸@iW#]&]<LzLbHbgHbORW^U.nU^Y[]`WZ]&m¢O&aR`Hw]m W^`Yz`W^D\DNá¥¥ r
HJÚ:UoNVW^] l _7`Ú7aEiV]à|HYzORN§3UoO&]HONPW^DYYz`MnHN·wtWZ]àjrárbW^¸"nn] YMOR¶.Nn¸]&`]\PLz¶iW^`¯Vi] ]#l aZa^]j`b¥Õn]UoYdiPW^YzY[m3WZYdbHw]WZ]Yd_
W^`PNP`b]U^\]El \ nHl wnHWZw]WZU]HJU.NP¸h¢i]a^n]Lz`DD`ORQ@NPm3]ENPHJHW^aZYdbY[I ]&LzYzgD]¦.÷#N<W^`wYd¸hW^Yz]]Ur<]a`brNn\P]#UoYzONnHJe)N©aZOjH`bNnm Q<¥¥
l`i\D4XWZ]]3OWZ]jYd¨©b]OjYz_7]&\nN<NVWZOLdgÑW^Yz`W^N·n]3ÚXÝNnub]à¸ÿ¸"ebnaZ]&HbNDYzH¯]&N<LMHJWZiU»]&HJLzNV] ²÷l #`b]YdN<UZUoWYMHJYzUN²H`JP_D]W^P¦]
\ÜnlaZ`nHm wWZ] W^n( ],Ta^¦]bráH>æ#]&¸WZ`N UUXWZ] l YzUU^Yzm\nLMHwWZ]¶YdN·`aRD]a#WZ`
W^×!DYYzM`I NN¡l P]&HJ`JaZaZYdWm¢] nl]]&Nba^L l]WRUoHJ¦]LhxNba^WZn]]YzUo¤YU\nm¢LddWZN¤U@YzeWZ\P<HJU^iPWYdLdNPiV]¢e0]Ý»iW^HJP]NPO&YzU H¤`\PUoU^`N¤]E_ÊW@WZinm3`J`bWZHJU^¡]aZePHPHYzwN·wWZWZHHb_7`iPUoaZ]&HmWZU^UB]\PUhHJLzaZHJYd]W¥
Nnk `WhG aZ]HJl Lz]&Lza^g@_7`NnaZ`bm3YzU^U#giÚÊ]j_7`bW^W^aE]&WZa|nWZ] Pl HJ`bN²UoWZH>HLU^`JnH_ÊJW»WZHbm3UoHJ]&WaZerFYzH¯N0P`HNnaZ]¢mà3¦¯÷#HJaZ`we¸YzN ¥
]&HJbLze]&`baa^rEYdW^YzNªPmý_7\D`W^N\naZNn]`]jYMU^I g¤l ]&nHaZwYdWRm¢H]U^Nb]jWRWRU&U&¦r¸]¡¸"YzLzL]jI l ]&aZYdm¢]&N<W3WZnYzU
Ý Ýu Ýubuu ÷)HJaR¤m3HJaZeYzN
fhnk ]K ORk Q]&ai`bHaZ tÝvnun¦¦ qå tJÝunåD¦¦ vß tDÝånÝb¦¦ åå
tDÝånÝb¦¦ tå
lixBH`bHJaZHJinHaRLzm]Ñ¡]&nHÝbW^ï©w]WRa xáHU^]]jUXWW¢HJHJ_Ê]&W^NPaZ]&a^¡pa¶`baÝu@u HU_7`bÓ<H0a\n]_7a^\PYzk ]NPK OWZk Ydl `b`N®YzN<`JWZ_#U©W^_7n`]a©UoWZ`n_Ê]¶W@ORm3PHJ]ORaZQe]YzN a
Ø¾ 4 8nF!Â ¾  ¿h 8VÂX¿  n¿E#)Â oÂTnÂ á
Ó<fh\n`YdNVW^]¯UoYMD]U^Yd&m¢a¯YzW^LzHna]©W^]&`¢InHJW^Pm ]l `Lz] Nn]l a^YzN§]Uo]Ú <N<FW^]\²Y]jzW#N·HºPL5¦zerP\PtJa^ub]¤upbånàr.H¸"NPnYMORl ·YzORYzQ U
=G B 



























`l NPaZ`] iPl H`binYdYzN<LdYdW#WXgÑYzN_7`bW^a¯P]@WZnOjYzLzU \PUol W^`]a#YzNb`W@NW^`¶aZYzeiV<]WLd`bPNnHJe0NVUWZ`ÑoYM]&D]YdW^P¦"]&xa@nO&]LzHbNU^UW^PYz]U
÷]`wa^¸g]&U^bm3]&aHJr<LzL.U^YziNP]OjO]|HJW^\PPU^] ]l YdW`bYdYzN<U#W"_:HJYzUa|Nn_7aZ]`Hm a^]aEiV_7`aZW^`¶mýLzHWZiVn]¯]Ld]OjYzaROjl Lz]`rFYzNbW^WRPU&] ¦
lYdWZ`bU"UoLMW^HJ]&iaZYz]&`La il ]&aZYzNn`e©iPHH¢inYzOjLdYzYdaZWXO&gÑLd]»]UXYMUWZYdm3HJLzm¢HwWZ`b]Uo·iWFÝg·¦ K!HJaZ£&]&N²¸"YzNPD`w¸Þ`J_
l
"¸iÜB]&YdYzebLdLzLµYd\n]NnaZ]|`]W>WåDiï!Z]»` xÓbni\P]|]¯]&\nOjaZYzYdNnaR]LMOj©iHJLzi]U]&]¦ LzO&]H\PU^]#`bYdWZN<nWR]&Uhg©`bN3Ha^W^] PÚ7])m3aZHYdebgF<iVWh]|P¸"Ha^NP`b¤UNne^YzLzn]gnà
STLz]N<HJW^aZ\nNnYdW^YzNnYze³]LdgbHr|LdebW^`naZY[YMWZUnYMm UNn¸"`JYdWLzL»bNn]&`JaZWg UoU^]HJLd]W^YMOUXW_:HbH OWZ`l aZ`gYzN<ï³W>W^_7PaZ]`m HOWZWZnYdbYz]U
OjH LzlP\Pl Uoa^W^`<]aH¦²OR xl na^Yz]U Uo]YMN<UW^`b]Nn]¤HJi``w_"W^]nH] Ul ¸aZ`]&LzinLnLzH]&m±
`DO&Ú:â"O&\n`wa^g@aZYzã Nne0G0YzN OfW^HJPLd] ¥

U
z
Y

N
W^Lz`\nPa"m] PrF`wl t¸ `buUounW^aZ]]&Ýba^LzäLYzYzH`<ina FLd\3])l aZW^]j`PWiP`bHJHU^LÈ]in¦drFYd]LztJYdUoW^uW^YzubYz]m¢pbU à.HJinYMW^U\D]W¢U"W^PHJYdHJebaZWENn]¦`YdWEaZ]\PUU^]W^UP]]&UXYza WZYdm3wHHJa^W^YMHJ]UNPO&`J] _
EG =  |*~U}&;wAn#4 |.9 HJI)AD5; Kl9 |JL34 |MH  L
Yz¸"xN¤nnaZ]"YM]&OR®eOj`bYz`NPHJNVaZUoU]3W^aR`JHJ_:_áHYzNnaW^]n_7@K]»aZ`!U m±l HJHaZW^Oj£&P])]&N@]>¸"¸"LMnHJYd]&iNVaZ]&D`]Lzw]WZ¸³§`n]&bU^aZ`Nn]»Lz]HJU]aZrU8]#Y[WZW¢\nnNnYzYzUNPLMHJOjl iaZa^]]&`bHbLzin]Uo>Lz]]&UmnHW^wPWRHbH]U
4X`YzN<W#D]&NVUoYdWXg>]UXWZYdm3HJW^]U#HJNP>W^P]¯HJm¢`\nN<WiFg¤¸"PYzORYdW#YzU
YzO&NPHbOjUoaZ]b]rFHbW^Uon]] §Yl z`bU@UoWZW^n]a^]Yz`U^a Hml aZ]¤`iV_7`HJa¢inYziLdYd`JWXg3W^ªYMU"OjNnLMH]UZHUoa]U&_7a^¦ `bm xFÝ\PÔU@tDYz¦ N®WZnYzU
E

 9 B2:AD;w4.K4 |M

SÕYdWX_g©W^n`J]_a^H ]YMl U!`HJYzN<N W\nrFNPW^POj]YzUaoWR`bHJNnYzN<]WXUog¯nHJ`bi\n`LM©i\DW!WZ] nl ] \Pl Uo`<PUX]WZ¤W]&aZ^Yd`w`b¸a lHJaRa^nU`biP#HJÝwinÔJYztnLd¥ ¦
xÜBYdnaR]UoWa^]¢rLdHJ]&aZW©] \PU^U3]&bYz]&NbaRWZHJa^L`DD\l V`<OjU^U^]YzinW^YdPLzYd]W^Yz]Ld`bU)e²_7`aRaHwWZHYdOR`·PYd`]_#<YzW^NnPe¤] W^l n`<YMU»UXWZe]&`<aZYdHJ`bLÈa ¦
l aZ`iPHinYzLdYdW^Yz]Ur
ÚoÝÝà
  «Lz`e .3.3Ú Ú  %+¹GLÝ ÝL/ / Õà5à T
 BA H.;w4 ¡CEl9 |.AP2 }  xn]ºVaZUoW§YzD]H¹YzU²WZ`öYdN<WZa^`DD\PO&]«H
WZWZÓ<Ydn\Pb] Hb]3Da_7Z\n HJNPW^¸"YMOjO¯W^nYzYMaZ`OR]&N§ eb\n¸HJLzaZH]3]3a^¸Yz£NnHHJ`NbW^W@YzW`OjN¡WZ`b`0NPW^UX]m¢WZa^aZmYdHNPYdYdNPm¢`b]NYz²i£&Þ]F¦¡g²YzN0STN·U^`W^Pm¢W^P]@]©YzU`b`i ¸W^4Xn]H]Ojgba¥ r
WZU ]&l aZ`bm¢NP DYU)z¸"Nne YzLdLB P HNn]] Ha^Uo]m3ahH_7LdaZL.`mHLd\PÝÔJ]tnU|¦ HJNPWZF\PU&rWZn] O&`aZa^]&¥
 ~#4 |F }?B96nAD;w45bA |Fb9 k \ lPl `<Uo]¡W^VHwW¢W^n]a^]YMU¢H·{»H\PUo¥
YdU^U^WZYz\nU)HeN³webHJ]]aZUoa^YzWZaZHUh`NPW^a Oj`3] `aZNª ] @l WZLzn¦Hb]Ojx] nH]&LdN¶!\PiF]G0g `JH_ OçHg¶HJNPÚ:®WGÑ^HPO&HJçW©Hgb¸hr8]ÝßbQFßbNnt`wHb¸ à


Ý ? Ú  à u vJq T

54

cHing>YdLzn`YdWXg YzNnYMe3U¶UoH`VLdrDm¢Y[_`<UXÚWÑ  \Pà NPEORYzPU"HJU^NPm3eHJ]Lz8¦L5rnW^n÷#] `wl ¸h`b]UoW^]]aa^Yzr`aYd_©l Y[aZW²`inYzU¥
LM.3HJaZÚ e]brJ,W^PÝL]&/ N©  WZà#n]#YMU#NPOj]&Lz¸`bU^]& a# W^YM`¶UUoÝJm3vJtnHJ¦LzLÈrbx¸"nnYMU#YMORYM©U]&m¢ID]HbHONPWZLdUEg¡W^PW^PHJ]W
D]UoYzaZ]>]j´µ]OW¦
l`bxiLznYM4XO&]¶]HwOjWZwW^YdHJYzbaZ]] YzHO&_7NP`\nNPOjNP]²UoOjWZW^HO&YzN<HJ`NWRN·àáW^iVHwPW»]¶HW^Nn]nUoQD]3W^U.Yzm¢` W^l`|HJW^W^W^Yzn]m3Ú]"HJ÷#L!7\ ]wlUZHJUoLzYM\nW^HJ]b`ªNrEH Ú  m@`à_P\nW^L[WZPY[] ¥
 u
 oM   ¦
 9 .25AD;w4 Kb"9 H2I)AD5; Kl9 |JL34 |MH M  L °«P]&N¹`iPU^]&aZFYdNPe $ E
lnH`baZU^¯¸Y[WZYdb]Hg)]jInW^`)HJm ]Uol W^LzYz]m¢U!HJHW^NP]E$W^n]aZHJNnW^]Yzeb`HJ`JW^_DYzWZ]n]`Nnl ]`<U&UorwYdW^WZYzn]]UoOjWZLMHJHNnUZU¥
YMU>W^`ª\PUo]²H³c]&WZH l a^Yz`a¡`N W^n]·OjLMHUZU l a^`b!iPbHJE*in YzLzY[WXgbr
¸"nYMORLd]HnUWZ` W^n]»_7`bLdLz`w¸"YdNPe ]UXWZYdm3HJW^]r !  E!bE u ¦
lWZcYd`bm3HUoU^W^Hw]]WZ²`a^]¯Yz`bHaN·Url W^aZn`YMiVU¯HJ`biniPYzLdUoYd]WXa^g¯w\PHJW^U^YzYz`NnN8e»r.W^n`Nn])]¤K!OHJHJaZ£&N§]&N ]UX¸"WZYdYzm3NPD`HwwWZ]3¸ªW^]PUo] ¥
3&. Ú 1 ölÝ /  j #bà  66  7Qm C%Ú n  Ú  # à  ?³#bà t ?  
n
¸"n]a^]  YzU"H¢U^m¢HLdL8O&`NPUoWZHN<WWZ`3iV]¯ORP`bU^]&N8¦ ÚoÝtbà
¸"xD]nnOj`<YMYMORD]Uo ]|²WW^aZP] Zla^`0]aZ]|]W^U^Pm¢]&]¤N<]&WRW^OjU©n`b`DNPWZnUnUoYM"]²D]aZH]am¢Ó<W^\n`nYz\n]>aZ]|N<LzWHbH¢UX`JOjW@_`b`NPaZNnUo]&]©WZebHJ\niN<LzW]HOa^W^HJYz`¢£\PHJiU^W^] ]¯Yz`ORN8n¦ÞP`bHU^°²U]&NáH] r
m¢ÒLM`U^aZ`P]rwDYYdWBza^m¢]OYzeWá<YzN<WBW^i]&]a l YdaZN<]jWZWR]&HwaZW^]YzUo`W^N»YzNnYzeN»WZW^`|]a^ORm3n`FU`<`Uo_ ]l "a^YzHb`U.a W^l `|a^`bm iPYzHJNninYzm¢YzLzY[YdWX£gb] ¦
W^W^PP]¤]#\nçNnò«LMHJiDYz]&Lz]]&aZel ]NP`bYdOjN<]¢WZUir ]j6 WX¸A ]&]N¶WZnÚ ]¤D]áNPàhU^HJY[WXNPg¶¢W]ZUonW^]¤Yzm¢¬^a^HJ]W^e]\n¶`LMHJba^N ¥
Yz£&]P"D]&NPU^YdWXg)`bN)WZn]LMHJi]&Lzo]C* ln `YzN<WZUr 6 !DC% n Ú  áà ?t D¦
xU^nn`w]¸ aZWZ]PU^Hw\nW!L[WRWZU n`JYzU_aZWZ]&neb]\nLM]jHJI aZYdl £]Hwa^W^YzYzm¢`N@]&N<YzUWZU ]&IFl W^a^aZ]]&Uom¢]Nb]&WZLzg¯]®Y\PU^dN³]j_7\nºPLÈer\P]a^U ]¡l ]jv ¥
l7OjYM`<HJ$ `bLzLza^ g¢9:Lz7g_7<`;¸"aY[W^>WZ=+nn ]7 `\D«W¶.m¢a^ ]]jeWZ\nnLM`DHJöaZYd£D]HwWZUZYd`bOjUXaZWZNÞYzaZiVHJÚ5]W^Uo]]e]®g¢YzNöUo¸"]UoOn]WZYMOYdOR`bWZ NóYd`bl Npb]&a^àôV_7¦ `¦ tªaZm¢xiP]]j] ¥
PLz`FHObHJ]LhU#m¢HLzHJU^ID`¤Ydm@m@\n\Pm OR0YzN§i]jWZW^nW^]&]¤a»aZ¸"YdebYd<W^¶W la^]Lz`JeW\nLM`HJ_"aZYdºP£HweWZ\nYdaZ`b]¤N8¦)vP¦0æ#`JxW^n]@YzUW^PYz]U
Ó<\nYdW^]¯U^\na l a^YMUoYzNne¢HJNP¡aZ]Ó<\nYza^]Uh_7\naoWZn]&a"YzNF]UXWZYde<HwW^Yz`Ná¦
¿ ¾ 0^Á#FÂX¿ ¾
a_7Zx`]&naZLzYzm3YMHU inHJlLdNP] H O&l]l ]&`b`Ja Uo_áW^Hl ]N¤a^aZYz`w`HFa OjYzD]W^l Yza^ØH]`biPLzJ]HJN Hina^YzNPHJLzY[NP]&WZaYdH]¦áLdU¢gDSTU^N ]YzUoU>l W^YzHJ`Jm¢a^_¯W^HJYMWZW^Ojn]\n]·U3LMHJYd`aN NrPYdW\nWZn]&U^NVn] Oj`wl]²¸]]`Jao¥_
W^YzN>VHwWZWna^`b]U^e]»\n]LMUoHJW^aZYzYdm3£HwHwWZW^YdYz`b`N|NVU^U&]&¦ ]m¢UáW^`)iV]Hb]&aZg)\VUo]&_7\nLFYdNneba^]DYz]&N<W
l
_7ÜBHJ`iPYdaZebLdm3]¯\naZHJ`b]»NPNnO&s]]U#U^UnYdNHb`wOR¸WZnnUYd]@]W^PO]HJHÑHWU^]¯J\PaZ`JU^]¢Yz_NnNnWZe¯n`JWZ]¯WnWZ_:YzUH`wga»aZ]&_7l eba^aZ`b\n`mLziPHLda^]W^Yz£Pm¡HJ]3rW^YziVHJ`]NPN8UXHrWW^nHbLzOR]U^n`3Yd]_7]`b<aoa¥¥
W^P] k K k PHwWZHiPHU^]»Hw_ÊW^]apu¢Ó<\n]&aZYz]U¦
xU^nn`]|\nLMOj³i`NVVOj]Lz\P\PUoYzU^`]jNV_7\PUEL"DaW^R`H¸"HbN nH_7a^l `bW¢mÿWZnWZnYzU¤])HHONPWZHJYdbLzgD]UoYMLdU!]HJYzN3aZNnW^YdPNPYze²U l UoW^H aRl Hw]W^a¥


=

0.22

0.25
Error reduction
Semi−supervised

Error reduction
Semi−supervised

0.21
0.2
0.19
Test error

Test error

0.2

0.15

0.18
0.17
0.16
0.15
0.14
0.13

0.1

0









0.12

10

1

Amount of regularization ε

0











10

1

Amount of regularization ε

l
k k
l
7_ÜB\nYdNPebOj\nW^aZYz]`Nvnï`J_×I \P]&U^aZ]Yz>Wm Z]` N<WZ]UUXWZ`bYdNm3HJW^PW^]]@>WORZnn]]ORQa^]&]a#e\niVLM`<HJHJaZaRYz£&]nHwl WR`<HUXU^WZ]j]&W aZYdÚ:`bLd]&a _ÊWRl à)a^`bHJiPNPHJ0`iPYdLzN9Y[WXg0ÚoÝK tbà¦ Ú:a^Yze<Wà¦)xP]¯W^]UXW|]&aZa^`baYMU Lz`JW^W^]0HU)H
0.55

Error reduction
Semi−supervised
Oracle
Random

0.5

Error reduction
Semi−supervised
Oracle
Random

0.5
0.45

0.4

Test error

Test error

0.4

0.3

0.35
0.3

0.2
0.25

0.1

0.2
0.15

0

5

20

15
10
Labeled set size

30

25

20
15
Labeled set size

10

5

ÜBYdeb\naZ]>sF>ï@K\PU^]]@ao_7`bH¤a^a^m3]eH\nNPLMOjHJ]aZU|Yd£HbHwORWZnYd`bYz]&N ]l ²`HJaRHJN²m¢W^]jnWZ]&]©a W^;`wg ,l Ýa^u `bMinLz]&m Ú:U^]&]@Ú:Ld]&H_ÊLzWRU^à`©HJºVNPe\naZ]k vbK àjk¦|xÚ7aZPYze] <WRàj ¦!# c@U`XW^WZ aZHJW^]eg¡&Yz)U#3W^#n1]  3i¤]UoHJW|NV`bNn]7 $O&HN 9
HORPYd]]ïYdW]UoW^Yzm3HwW^]UW^n]»WZ]UoW]&aZa^`ba|ÚoÝà\PU^YzNne W^n] ÆÈÎ ð Ë LzHiV]LzU`J_áWZn]\nNnLMHJi]&Lz]U^]jW¦
]&eb]g0OjW^WZ`b`0am¢G0`HaZOR]©nYzUoNn` ]l Un`YMUXa#WZ{»YzOHwHJW^\V]U^·OU^YzHjN>LMHUZKEUoa^YdºP`D]&Oj]aRUU^U^U^]\PU¦OR HU k \ lnl `a^W I»;  xn]¯÷#]UZUoYMHJN¡`J_ ( u v YMU
5u ( u  t ( 5u ( G ( uu 5u
? t Ú ( G ( àjÚ ( G ( à [
  ¾ À#Â
¸"nYMORYzU"H¢U^\nm `_ l `bU^Y[WZYdb]¯D]jºPNPY[WZ]m¢HJW^aZYzO&]U @¦
°²\nNP]>OjWZW^nYz`]&N N( H ÚlP( l à Ldg· WZn/] 6 l ) aZ]&F )Yd`b \P) U /"LdÚ:]Y[W¤m¢UZm¢HwWZH¶YzUo¸"ºP]YdW^U ªW^]nNP]Uo]O&N `U¢NFYd]&NDI ¥
xn]»_7\nNVOW^Yz`NVHJLÚXÝubàYMU"H¢Oj`NFb]jI3_7\nNPOjW^Yz`N`_ ( , ¦
7
_
ST]NPHbD]Uog»]WZr`|OROjP`b]m ORQ»l W^\DVW^HwYzNnW e²NÑW^YMPU!]0H|UoOj]`OjNV`O&NVH®]ED]_7\na^NPYzwOjHwW^YzW^`YzN8]¦U fh`J`_ NPN#O&]&rhaZNnYdW3YzNnYze U ]Ó<\PHLdYdWXgnàHJNP>W^P]¯Oj`NVO&H]#_7\nNPOjW^Yz`N Ú ( àq ZÚXÝHG Õà¦
ÞráHLdLWZn] W^]&aZm3UHJaZ]@`_EWZn] _7`aZm m   M m m r.¸"nYMOR¶O&HN STNPUoW^]Hª`J_»` l WZYdm¢Yz£&YzNne§`N ( 8 u&Ý1: ! rYdN l aRHOjW^YMOj]¸]
i]»U^n`w¸"N¤W^`¢iV]O&`NF]&I3W^PHNnQDUEWZ` W^n]|_7`LzLz`w¸"YdNne Lz]&m¢m3H ` l W^Yzm Yz£&]¢`bN   ÿLz`e   vDÚXfÝ G   à Ú5Uo]]¢HLzU^`·ÚXÝÝà¦ xnYzU
LzYM]UH]PUHBU^YzW^]&`¯aHJW^N¢`3\nU^`NVLzOj`]»NVNFUXWZ\naZm¢HYd]&NnaZ]YzO`HJLzLdl gbW^¦ Yzm¢Yd£HwWZYd`bN l a^`binLd]mó¸"nYMOR
!l9 { Íw{®Ïµì A ªG ÇMë>Í ( ÄRé ÇMë©Ï Ä Í ÍwÉwÄRË é ÏVèPÉé Ë ëÏÇÊÆÈÇÊÉé Ë Ï Å ð ÏµÏ ËÕÐbÄ ÆÈÍJÇ Æ5é ÇÊÉwÏ Ë é Ï ð Ï Ä ! ÆÈÇ é Ï Æ ü éË&ÏÏ æ`W^]»WZPHwWiFg¤D`bYdNPe@WZnYMUORPHJNPe]»`J_BHa^YMHJiPLd]brFW^n]`bi 4X]Oj¥
( u v ¶ÇMë ÄRé ÏVÉË
W^Yz]©_7\nNPOWZYd`bN§YzUNn`JW Oj`NFb]jI¶HN<gFm¢`aZ]¦¡÷`w¸]&b]&aráUoYzNPO&]
7<;>=" 7







)(

#

*

*

#

#



*

#



#

#

#

*

*

#

#

*

*

#

,+

.-



/

#











"

#

10





!



#



"

%$

!'&

55



W^W^PVYzHwU#WÑYzU)WZnH¢] m _7\P`bNPNn`JOWZWZYd``bNnNóYMO»YzU²WZaZHÓ<NP\PUXH_7U^`bYMa^Ojm3`NFHJbW^]jYz`IÿN8rDÚ5chYdW)`wYMgDU"öã]HbUog¤W^`¤HJNVU^D]n&`wND¸ ¥ k \n7_ NP\nePNPrµOç¢WZYd`b¦VNÑç¢H ¦zrVlPã,l a^`æIDYzYzgm3`beHwW^YÈrVYz`KNá¦.¦"ÚoÃÝßbßbåàj¦"Ä Ò#OWZYdb]¯Lz]ð HJaZNnYzNne3_7é `ba Å
iÚÊWZ]&naZ]&eaZn]]bYMr!UtNnu`¢ubpbLd`DàrBO&HHJL8NPm¢®OYd&NPHJYdm3N·HbWZàjF¦ \PU¯i]¤m¢YzNnYdm¢Yz£&]§]j¨©OjYz]&N<WZLdg K¢í Za ÍJ]Æ5UZÇ U&é ¦ Ï+Î éÄ ËjëZëÇÊÏFÐ ù ñëÆÕË&íë ìwÚ lnÉwÍwl Ï ¦<åJËjßë¯pFÇÊÏ*vbuËubàj¦DxÎ^ÍwnÌ ]Ï GSXÎx
x.`HNnOVe ZW rYdbk ]©¦zrbLzã ]HJaZç»Nn`bYzNnLdLze]&a¸"rÙ@YdW^¦P®Ú5tH ulnuPl ÝLzYzàO¦ Hwk W^\Yz`lnNVl U`W^a^`0WW^]]jOjIFW^W¢`ba!OjLMm¢HUZHbUoORYdºVnYzO&NnHJ] ¥
« ¾ ¿ c    ¾ n
W^ô<Yzå`D8N v ¦v<à,D¦ éwð ÎÏÍJÌ é û0Í ÄZü ÇÊÏË*.ËRÍwÎÏPÇÊÏFÐ # Ëë&ËRÍwÎ ÄZüÚ lnl ¦
 á
  8b ¾ 4
c`wgDr k ¦zé rhã ¦fHJHm@NPinD]&aZYzNFDeib]&] aZe#Nnn]bYzr]&òaR¦U^Y[ÚÈWXtJg¤uKEubpba^]àj¦U^U¦ é ÏVÉË éRè ÆÈÇ Å H °«l NnYdYdLzµQ&] g¡r ã ¦Bk ÚXÝ`bßbNPßU&q<¦ à¦)ù ÆTÍwÆÈÇMëRÆÈÇ Ä ÍwÌËRÍwÎÏVÇÊÏ<Ð µü Ë é Îñ ¦ `bnN
í@ÇdõÍwÆÈÇ Ï
fhPH él ]LdèLz]r Ö Ä ¦è Ú5tuubpbà¦Eè ùVðèbèné ð ÎÆÉË Ä Æ é Î»í¢è Í ÄZüé ÇÊÏËjë  é Ïì ðPÄ&Å¦ <Fin\8Ydr.NP-YdNnz¦ >e rPò.HHwOWZ´µYd]&ba^]WXgLd]r HJPaZ¦zNnrDYzãNne©{|HJPNPHUnaZ^H]&m¢m3YdHJ¥ÕNnU^\ YÈrl <B]&aZ¦<Ú5YMtJU^ub]u¡Lp<dà]¦HJfhaZNn`bYzm Nne ¥
Ù#Æ5Ç `DÏ OWZ`ÎaRÇÊHJÏ L8DYÇ MUZÌzUoË ]aoÍbWRHwìW^Í Yz`Æ5NáÇÊÉwrFËòáSXÆ KEÏPvPÇÊ¦ ÏFÐ3ÍwÏµì ÎÇ Î JÏ ÌdËRì&Ð<Ë \PUoé YzÎ0NnwëeüP<e ZéHJè®\PUZé UoÏYMHJNµºPü ]&Ë LMnUé HÏVNPÆ5ÇÊÏ ðDPð HJíaZm¢`Î Nné YMíOh_7.\nÍNPê OjËjW^ÌzYzËZ`ì©NPUÆ é2¦ 1  ÏPû/ÌzÍ  Å
fh`Ò#PON8WZr<YdbÙ@]¦bÒLd]HJ¦drnaZ{|NnYzPNnHe·n¸"aRHJY[m3WZØHJNnUXWRYÈlrHwW^<YM¦dUor<W^ãYMO&HJbL#`m aRnH`DD]N8rbLzUG§¦¹¦bSÃ ¦VÚoÝßß<Äåàj¦ ê Ë&ÌdËRì3% wÍ ÆTÍ3ÇÊÏÑûÑÍ ÄRü ÇÊÏË4.ËRÍwÎÏVÇÊÏ<Ð¡ÍwÏì %@ÍJÆÕÍ3ûÇÊÏPÇÊÏ<Ð ¦
ÇsFÊÏÝtbËà¦!ð xÎ^nÍJÌ]GÏ SXé xÎí3KÍwaZÆÈ]Ç UZé U&Ï¦ Î éÄ ËjëRëÇÊÏ<Ð ù ñëÆÕË&í@ë Ú lnìwl Éw¦<ÍwswÏ u<åË ë
Ün]æD`]&aZ¸ `wµr `aZQµ¦)ï!ÚXÒ#ÝßFO&sJHbtbD]à&¦ m¢YMµO»ü KË é aZ]ÎñUZU&¦ é éRè ÆÈÇÊí¢ÍJÌ)Ë è ËjÎÇÊí3Ë&ÏPÆ5ë ¦
ÜnaZ]&ÚX\PÝßbNPß<rsà¦ k ¦dr ]&Lzk ]]Oj\nW^YzNneP]¯rUZ÷¯HJm ¦ l k Lz¦zYdr NPek P\VHJUom¢YzNnYze¢arW^P×]¯¦zrhÓbã \P]&aZxg©YMU^iF<g>iFgbOjrh`bm æ¯¥ ¦
m YdWoWZ]&]¯HLdeb`aZY[WZnm¦ ûÑÍ ÄZü ÇÊÏË áËRÍJÎÏPÇÊÏ<Ð rJráÝppÝvbqn¦
ò8]ºP¸"]&YzaRUU¤rEÙ@iFg«¦dr\nãNVOj{»]&a^HWZLdH]bYdrEN<WX°ög¦U^HÚXÝm ßl ßLdô<YzNnà¦ eV¦ x.aRHJYzNnéYdÄ NPe0W^]&IFW3O&é LzHbU^U^ü Yd¥
Î ËRËRìwÇÊÏFÐwë
ÆË
 Æ ü¤Ã ÏVÏ ð ÍJÌ ÏPÆTË&ÎÏÍwÆÈÇ é ÏµÍwÌ Ã  û ù "! $# é Ï ËjÎ^Ë&Ï Ä Ë
é # ÄRü
éRè
é é # Å
Æ5ÎÏ Ç:Ë&ÉÍJËÌ ë&ÚËRlnÍwlÎ ¦Pp'µÍJÝÏt&ì àj¦ %@Ë&ÉË&Ì í3ËjÏVÆ@ÇÊÏ Ï Îí¢ÍJÆ5Ç Ï Ë
G0HbW^`ÑO&çO&HLzHbgU^r<U^ÙY[º¦µO&ÚXHwÝWZßYd`bß<N¶tJHbNPàj]j¦WXx¸P`]#aZQF]&UF¦ YMD]&NVOjð ]"_7aRHJm¢é ]&¸èµ`ð aZQ@H lné l LzrYd](nr
Ë Î^ÍwÌ í ÆÕÍJÆ5Ç Ï
sJtJu nsJpvn¦
G0Hb_7\nO&NPçOHWZgYd`br¡NPÙU|¦_7`a»ÚoÝHßOjß<W^twYziV]¢àj¦ nHwWRSTH¤ND_7U^`]&aZLzm3]OjHwW^WZYz`Yd`bN8ND¦ ¥ÈiVHU^]ð ,`i 4Xé ]OWZèYdbðD] Å
@Ë ÎZÍwÌ í
ÆÕÍJÆ5Ç é Ï r (PrVåJßbu'FvbuJôV¦
â"`wW^gbYzrF]¤æLz¦d]rVHãa^NPG0YdNnOe0fW^HJnLzLdaZ\n`m\nebrn ÒU^¦8HÚ5m tJubl unLdYzÝNnàe¶¦xá]`wUoW^¸Yzm¢HJaRHJ3`W^Yz`l N W^Yz`m¢_H]&L8aZa^H`bOja¥
a^]D\Ä POéWZYd`bN8¦ ÄRüÎ éÄ ËRËRìwÇÊÏFÐwë é Æ ¦ ü Ë ÏPÆTË&ÎÏÍwÆÈÇ é ÏµÍwÌ !é Ï Ë&Î Å
ËjÏ Ë ÏÑûÑÍ ÇÊÏË .ËRÍwÎÏPÇÊÏFÐ
k ORnLd]`bHJnaZN8NnYdrµNP{ e@¦d¸"rµãYdW^fhU^`\ nlnN8l r`Ùa^W¦bÚ5]tOjuW^ub`ubaàm3¦ò8H]ORPU^U#YdNnYz]U#U&m¢¦ `aZ]éïhÄ Ò)OWZYdb]
é Ú  lnÆ ül ¦qÏPpbÆT'ßËjÎFÏµqÍwôbÆÈv<Ç àé ¦ Ïµk ÍwHJÌ N¯Üné aRÏ HJNVË&Î^OjË&YMU^Ï O&Ä `PË réfÏ¢ÒûÑïG0Í ÄR`ü aZÇÊÎebÏHJË)N»ËRáËRçËRìwÍJÇÊHJÏ<Î\nÐJÏ _Êë¥Å
m¢ÇÊÏ<HÐ NnN8¦
k \nLdeb]YdHJg<aZHJNnm3YdNPHnerG§_7`ba"¦zr` ã l WZÖ Ydm3e<HHJ¸LáHPer&]&÷¯NP]&¦<aRÚ5HJtJLzubYd£uHwu<W^àYz`¦wSTNáNP¦ O&a^]m ð ]N<WZHJLbé HOWZèYdbðD] Å
Ë Î^ÍJÌ í
ÆÕÍJÆ5Ç é Ï r  rtßubß'DtßJô<un¦






/

!

/



$





/







)



























56

Semi-Supervised Classification by Low Density Separation

Olivier Chapelle, Alexander Zien
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72076 Tübingen, Germany

Abstract

makes the classification robust with respect to
perturbations of the data points [6].

We believe that the cluster assumption is key
to successful semi-supervised learning. Based
on this, we propose three semi-supervised algorithms: 1. deriving graph-based distances
that emphazise low density regions between
clusters, followed by training a standard
SVM; 2. optimizing the Transductive SVM
objective function, which places the decision
boundary in low density regions, by gradient
descent; 3. combining the first two to make
maximum use of the cluster assumption. We
compare with state of the art algorithms and
demonstrate superior accuracy for the latter
two methods.

1

• For the unlabeled points, the margin maximization implements the cluster assumption. It is not
directly related to regularization (in this respect,
we have a different view than Vapnik [20]). Consider for instance an example where the cluster
assumption does not hold: a uniform distribution
of input points. Then the unlabeled points convey almost no information, and maximizing the
margin on those points is useless (and can even
be harmful).

INTRODUCTION

The goal of semi-supervised classification is to use unlabeled data to improve the generalization. The cluster
assumption states that the decision boundary should
not cross high density regions, but instead lie in low
density regions. We believe that virtually all successful
semi-supervised algorithms utilize the cluster assumption, though most of the time indirectly.
For instance, manifold learning algorithms (e.g., [1])
construct decision functions that vary little along the
manifolds occupied by the data. Often, different
classes form separate manifolds. Then, manifold learning indirectly implements the cluster assumption by
not cutting the manifolds.
The Transductive SVM [20] implements the cluster assumption more directly by trying to find a hyperplane
which is far away from the unlabeled points. In our
opinion, the rationale for maximizing the margin is
very different for the labeled and unlabeled points:
• For the labeled points, it implements regularization [20]. Intuitively, the large margin property
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TSVM might seem to be the perfect semi-supervised
algorithm, since it combines the powerful regularization of SVMs with a direct implementation of the cluster assumption. However, its main drawback is that
the objective function is non-convex and thus difficult to minimize. Consequently, optimization heuristics like SVMlight [12] sometimes give bad results and
are often criticized. The main points of this paper are:
• The objective function of TSVM is appropriate,
but different ways of optimizing it can lead to
very different results. Thus, it is more accurate
to criticize a given implementation of the TSVM
rather than the objective function itself.
• The search for a low density decision boundary is
difficult. The task of the TSVM algorithm can be
eased by changing the data representation.
To substantiate our claims, we develop and assess corresponding algorithms. Firstly, we propose a graphbased semi-supervised learning method exploiting the
cluster assumption. Secondly, it is shown that a gradient descent on the primal formulation of the TSVM
objective function performs significantly better then
the optimization strategy pursued in SVMlight [12].
Finally, by combining these two ideas in one algorithm,
we are able to achieve clearly superior generalization
accuracy.

ALGORITHMS

Let the given data consist of n labeled data points
xi , 1 ≤ i ≤ n, and m unlabeled data points xi , n + 1 ≤
i ≤ n + m. For simplicity, we assume that the labels
yi , 1 ≤ i ≤ n, are binary, i.e. yi = ±1; for multi-class
problems, we use the one-against-rest scheme that is
common for SVMs (e.g., [17]).
In the following sections, we describe two different
ways to enforce the cluster assumption in SVM classification and how they can be implemented.
2.1

Two observations, illustrated in Figure 1, allow to approximate the above similarity with paths on a graph:
(a) An optimal connecting curve can be well approximated by conjoining short line segments that directly
connect points. (b) The minimum density is assumed
at the middle of a line segment, and dominated by the
closest points.

GRAPH-BASED SIMILARITIES

Let the graph G = (V, E) be derived from the data
such that the nodes are the data points, V = {xi }.
If sparsity is desired, edges are placed between nodes
that are nearest neighbors (NN), either thresholding
the degree (k-NN)1 or the distance (²-NN). Many semisupervised learning methods operate on nearest neighbor graphs, see e.g. [1, 14, 18, 23, 22]. Usually they do
not require the data points themselves, but only their
pairwise distances along the edges. In the following we
assume that the edges (i, j) ∈ E are weighted by Euclidean distances d(i, j) := ||xi − xj ||2 (missing edges
correspond to d(i, j) = ∞), although other distances
are possible as well.
Many graph-based semi-supervised algorithms work
by enforcing smoothness of the solution with respect
to the graph, i.e. that the output function varies little between connected nodes. Here we use the graph
to derive pairwise similarities between points, thereby
“squeezing” the distances in high density regions while
leaving them in low density regions. This idea has been
proposed before, e.g. in [5, 21] and [4, section 3]. It
has been implemented and used in Isomap [19], cluster
kernels [7], and connectivity clustering [10].
2.1.1

p̂(x0 )

=

(b)

(a)

distance along path

Figure 1: Optimal connecting curves are well approximated by paths of short distance edges on a graph.
2.1.2

A density-sensitive distance measure

Formally, we define p ∈ V l to be a path of length
l =: |p| on a graph G = (V, E), if (pk , pk+1 ) ∈ E for
1 ≤ k < |p|. A path p is said to connect the nodes p1
and p|p| ; let Pi,j denote the set of all paths connecting
xi and xj . We obtain
¶
µ
1
(xpk + xpk+1 )
max min p̂
p∈Pi,j k<|p|
2
"
¶2 #
µ
1
(1)
≈ c · exp − 2 min max d(pk , pk+1 )
p∈Pi,j k<|p|
2σ

≡

k(xi , xj ).

This k, called “connectivity kernel”, is positive definite
and was suggested for clustering previously [10].

Motivation

According to the cluster assumption, the decision
boundary should preferably not cut clusters. A way
to enforce this for similarity-based classifiers is to assign low similarities to pairs of points that lie in different clusters. To do so, we construct a Parzen window
density estimate with a Gaussian kernel of width √12 σ,

¶
µ
n+m
||x0 − xi ||2
1 X
√
.
exp −
σ2
πσ i=1

The kernel values do not depend on the length of the
paths, which may lead to the connection of otherwise
separated clusters by single outliers (“bridge” points).
To avoid this problem, we “soften” the max in Equation (1) by replacing it with


|p|−1 ‡
·
X
1
eρd(pk ,pk+1 ) − 1  . (2)
smaxρ (p) := ln 1 +
ρ
k=1

If two points are in the same cluster, it means that
there exists a continuous connecting curve that only
goes through regions of high density; if two points are
1

in different clusters, every such curve has to traverse a
density valley. We can thus define the similarity of two
points by maximizing over all continuous connecting
curves the minimum density along the connection, but
this is hard to compute.

density

2

made symmetric by including (j, i) in E if (i, j) ∈ E
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Equation (1) is recovered by taking ρ → ∞. If ρ → 0,
smaxρ (p) becomes simply the sum of original distances
along the path p ∈ Pi,j . Due to the triangular inequality, this is never less than d(i, j), so that in a full graph
with Euclidean distances the minimum path distance

becomes ||xi − xj ||2 . Thus, the standard Gaussian
RBF kernel is recovered, and no use is made of the unlabeled data. However, for a sparse graph computing
the minimum path distance when ρ → 0 is equivalent
to Isomap [19].
The proposed method can be summarized as follows:
1. Build nearest neighbor graph G from all (labeled
and unlabeled) data.
2. Compute the n × (n + m) distance matrix D ρ of
minimal ρ-path distances according to

2
|p|−1 ‡
·
X
1
ρ
eρd(pk ,pk+1 ) − 1 
= 2 ln 1 + min
Di,j
p∈Pi,j
ρ
k=1

3- K is in general not positive definite (p.d.), except
for ρ = 0 (standard RBF) and ρ = ∞ (then D ρ is an
ultrametric and thus negative definite [10], yielding a
p.d. kernel [17]). In practice, negative eigenvalues can
be observed, but they are few and small in absolute
value, as documented in Table 1. In our experiments,
the SVM training still converges quickly. Moreover,
recent papers have argued in favor of the use of nonpositive definite kernels for learning [11, 16].
ρ
ν

0
0

0.5
0.19

1
2.96

2
4.66

4
1.89

8
0.02

∞
0

Table 1: Empirically found weight on the Coil20
dataset of the negative eigenvalues as percentage Pof the weightP of all eigenvalues, ν :=
100 i max(0, −λi )/ i |λi |.

from all labeled points to all points.

2.2
3. Perform a non-linear transformation on D ρ to get
kernel K,
!
Ã
ρ
Di,j
Ki,j = exp − 2
2σ

The linear case corresponds to σ = ∞ and K =
− 12 H n Dρ H n+m , with H p being the p × p centering matrix (as in Multidimensional Scaling [8]):
p
Hij
= 1i=j − 1i≤n /n.

4. Train an SVM with K and predict.
2.1.3

MARGIN MAXIMIZATION

The Transductive Support Vector Machine (TSVM),
first introduced in [20] and implemented by [3, 12],
aims at minimizing the following functional,
n
n+m
X
X
1
ξi + C ∗
ξi ,
min w2 + C
2
i=1
i=n+1

under the constraints:
yi

(w · xi + b) ≥ 1 − ξi
|w · xi + b| ≥ 1 − ξi

1≤i≤n
.
n+1≤i≤n+m

Comments

This can be rewritten without constraint as the minimization of

A few comments can be made on these steps.
1- The use of a sparse graph G is merely a way to save
computation time. This is in contrast to some other
graph-based methods, that require sparseness for detecting the manifold structure (e.g. Isomap). In our
method, the sparse graph is always seen as an approximation to the full graph. However, the accuracy of
this approximation depends on the value of the softening parameter ρ: for ρ → 0, the direct connection
is always shortest, so that every deletion of an edge
can cause the corresponding distance to increase. For
ρ → ∞, shortest paths almost never contain any long
edge, so that long edges can safely be deleted.
2- For large values of ρ, the distances between points
in the same cluster are decreased. In contrast, the distances between points from different clusters are still
dominated by the gaps between the clusters and, as a
result, those gaps become more pronounced.
Instead of Equation (2), it is possible to use other interpolations between the max and the mean such as the
‡P
·1/(ρ+1)
|p|−1
ρ+1
Minkowski metric,
.
k=1 d(pk , pk+1 )
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n
n+m
X
X
1 2
L(yi (w · xi + b)) + C ∗
L(|w · xi + b|),
w +C
2
i=1
i=n+1

(3)
with L(t) = max(0, 1 − t).
Unfortunately, the last term makes this problem nonconvex and difficult to solve [3, 12]. The implementation of TSVM that we propose in this paper is to
perform a standard gradient descent on (3). However,
since this latter is not differentiable, we replace it by
n+m
n
X
X
1 2
2
∗
L∗ (w ·xi +b),
w +C
L (yi (w ·xi +b))+C
2
i=n+1
i=1

(4)
with L∗ (t) = exp(−3t2 ) (c.f. Figure 2).
To enforce that all unlabeled data are not put in the
same class, we add the additional constraint,
n
n+m
1X
1 X
yi .
w · xi + b =
n i=1
m i=n+1

(5)

10

3

10

4

10
TSVM Joachims

Finally, note that unlike traditional SVM learning algorithms, which solve the problem in the dual, we directly solve the problem in the primal. If we want to
use a non-linear kernel, it is possible to compute the
coordinates of each point in the kernel PCA basis [17].
More directly, one can compute the Cholesky decomposition of the Gram matrix, K = X̃ X̃ > and minimize
(4) with xi ≡ (X̃i,1 . . . X̃i,n+m ).

5

4

10

TSVM Joachims

This is in analogy to the treatment of the min-cut
problem in spectral clustering, which is usually replaced by the normalized cut to enforce balanced solutions [13].
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Figure 3: Each point represents the values of the objective function reached by the TSVM and ∇TSVM for some
value of C, σ. Points above the diagonal mean that
∇TSVM found a better local minimum. Left: Coil20
dataset, right: g10n (both described below).
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Signed output
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Figure 2: TSVM cost functions for unlabeled data.
∗

We decided to initially set C to a small value and
increase it exponentionally to C; thereby following
SVMlight. Note that the choice of setting the final
value of C ∗ to C is somewhat arbitrary. Ideally, it
would be preferable to consider this value as a free
parameter of the algorithm.
2.3

IMPLEMENTATION

From the methods discussed above, we derive three
algorithms:
1. graph, training an SVM on a graph-distance derived kernel;
2. ∇TSVM, training a TSVM by gradient descent;
3. LDS (Low Density Separation), combining both of
the previous algorithms.
For SVM, we use the Spider2 machine learning package
for matlab. For ∇TSVM, a conjugate gradient descent
method was used.3
The distance computation for graph can be carried out
using the shortest path algorithm by Dijkstra [9]. For
LDS, the full (n + m) × (n + m) matrix D ρ of pairwise
distances has to be computed.
2

available at http://www.kyb.tuebingen.mpg.de/bs/
people/spider
3
available at http://www.kyb.tuebingen.mpg.de/bs/
people/carl/code/minimize
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Since the derived kernel is (in general) not positive definite, we can apply Multidimensional Scaling (MDS)
[8] to find a Euclidean embedding of D ρ before applying ∇TSVM. The embedding found by the classical MDS
are the eigenvectors corresponding to the positive
eigenvalues of −HD ρ H, where Hij = δij − 1/(n + m).
For computational reasons, we decided to take only
the first p eigenvectors such that
p
X

λi ≥ (1 − δ)

i=1

X

max(0, λi )

and

λp ≤ δλ1 , (6)

with decreasing eigenvalues λ1 ≥ . . . ≥ λn+m .
We compare our algorithms to one state of the art supervised method, SVM, and to two state of the art semisupervised methods, the TSVM optimization scheme
as implemented in SVMlight [12] and a graph-based
manifold learning, which is closely related to those in
[1, 22, 23]. More precisely, we estimate the labels of
the unlabeled points by minimizing the functional
n
X
i=1

(fi − yi )2 + P

λ
i,j wij

n+m
X

(fi − fj )2 wij ,

(7)

i,j=1

where wij = exp(−||xi − xj ||2 /2σ 2 ) if xi is among
the k nearest neighbors of xj (or vice-versa), and 0
otherwise. This methods depends on the sparsity of
the graph.
Figure 3 compares how both implementations of
TSVM are able to minimize the cost function (3). Note
that our proposed implementation does not minimize
(3), but the differentiable approximation (4) and for
this reason it has a disadvantage in the comparison
shown in Figure 3. Nevertheless, on average it produces better values of the objective function, which
translate, as we will see later, into better test errors.
2.3.1

Computational Complexity

We implement the search for the next-closest unexplored node in Dijkstra’s algorithm with a prior-

ity queue based on a binary heap. This results in
O (|E| log(n + m)) run time for computing the path
distances of one labeled point to all other points. Thus,
the entire matrix D ρ costs O (nk(n + m) log(n + m))
on a k-NN graph.
The time complexity of a gradient descent algorithm
is approximately equal to that of evaluating the cost
function multiplied by the square of the¡ number of
¢
variables. For ∇TSVM , this amounts to O (n + m)3 .
The MDS is of the same time complexity, since it computes the eigendecomposition of an (n + m) × (n + m)
matrix. For both algorithms, the complexity can be
reduced if one considers only the first p eigenvectors.
While ∇TSVM needs to store the entire kernel matrix
(on both labeled and unlabeled points), for graph an
n × (n + m) part is sufficient. Memory can be reduced to the n×n part required for SVM training, but
the (worst case) time required to compute individual
shortest paths is as much as is required for computing
all paths from a single source to all targets. For both
SVM and TSVM, in practice only parts of the kernel matrices have to be (computed and) stored, because of
the sparsity of the solution.
For training the manifold algorithm as given in Eq. 7,
a sparse (n+m)×(n+m) matrix needs to be stored and
inverted. Due to the use of a k-NN graph, the matrix
has about k(n + m) entries (at most 2k(n + m)).
2.3.2

Parameters

For each algorithm, the values for a number of parameters have to be fixed. In practical applications, this
is usually done by cross-validation (CV). While this is
no major problem for two parameters (like the SVMs
have), it is impractical for the five parameters of the
graph algorithm. To reduce this number, we fix three
of them in advance, as shown in the table:
algorithm
SVM
TSVM
manifold
∇TSVM
graph
LDS

free parameters; [fixed parameters]
σ, C
σ, C
σ, k, λ
σ, C
C, ρ; [σ = ∞, k = n + m, δ = 0.1]
C, ρ; [σ = ∞, k = n + m, δ = 0.1]

Figure 4 demonstrates that for LDS the parameter fixing proposed above leads only to a minor loss in accuracy. As shown in (a), a fully connected graph is
good (for the optimum value of ρ). As shown in (b),
σ = ∞ (i.e. no further non-linear transformation) is
good (again, for the optimum value of ρ). In general
the resulting kernel will not be positive definite (except for ρ = 0 and ρ = ∞, see also Table 1). As shown
in (c), the SVM seems to handle negative eigenval-
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ues reasonably well. This can be seen on the right of
(c): almost the same results were obtained with and
without MDS. It seems safe to discard the eigenvectors
corresponding to small (positive) eigenvalues (c.f. left
side of the plot (c)). In the rest of the experiments,
we set δ = 0.1.
To determine good values of the remaining free parameters (eg, by CV), it is important to search on the
right scale. We therefore fix default values for C and
σ that have the right order of magnitude. In a c-class
problem, we use the 1/c quantile of the pairwise disρ
of all data points as the default for σ. The
tances Di,j
default for C is the inverse of the empirical variance s2
of the dataPin feature P
space, which can be calculated
by s2 = n1 i Kii − n12 ij Kij from a n×n kernel matrix K. Below, all values for these parameters will be
given relative to the respective default values, making
them comparable for different data sets.

2.3.3

LDS algorithm

The final LDS algorithm is summarized in Figure 1.
Note that slight changes are required for the extreme
settings of ρ: for ρ = 0, steps 1 to 3 have to be replaced
by simply running the shortest path algorithm on
d(i, j) to compute di,j ; for ρ = ∞, a modified version
of Dijkstra that keeps track of maximum distances instead of sums along paths must be used. A matlab implementation of LDS can be obtained at http://www.
kyb.tuebingen.mpg.de/bs/people/chapelle/lds/.

3
3.1

EXPERIMENTAL RESULTS
DATA SETS

In order to get a good picture of the effectiveness of
the algorithms, we compare their generalization performance on two artificial and three real world data
sets with different properties.
data set
g50c
g10n
Coil20
Text
Uspst

classes
2
2
20
2
10

dims
50
10
1024
7511
256

points
550
550
1440
1946
2007

labeled
50
50
40
50
50

The artificial data sets are inspired by [2]: the data
are generated from two standard normal multi-variate
Gaussians. In g50c, the labels correspond to the Gaussians, and the means are located in 50-dimensional
space such that the Bayes error is 5%. In contrast,
g10n is a deterministic problem in 10 dimensions,
where the decision function traverses the centers of
the Gaussians (thus violating the cluster assumption),
and depends on only two of the input dimensions.
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Figure 4: Influence of parameter choice on the test error of LDS on the Coil20 data: (a) the graph structure;
(b) σ; and (c) the approximation accuracy of the MDS. Plot (c) shows the square difference between the test
error achieved with and without MDS, averaged over different values of C and ρ.

Algorithm 1 LDS algorithm
Require: ρ, C
# Compute ρ-distances:
1: Build a fully connected graph with edge lengths wij = exp(ρd(i, j)) − 1.
2: Use Dijkstra’s algorithm [9] to compute the shortest path lengths d SP (i, j) for all pairs of points.
·2
‡
3: Form the matrix D of squared ρ-path distances by Dij = ρ1 log(1 + dSP (i, j)) .
# Perform multidimensional scaling:
4: U ΛU > = −HDH, where Hij = δij − 1/(n + m).
5: Find the threshold p such that (6) holds. √
6: The new representation of xi is x̃ik = Uik λk , 1 ≤ k ≤ p.
# Train TSVM:
7: for i=0 to 10 do
8:
Set C ∗ = 2i−10 C
9:
Minimize by gradient descent (3) under constraint (5).
10: end for

The real world data sets consist of two-class and multiclass problems. In Coil20, the data are gray-scale
images of 20 different objects taken from different angles, in steps of 5 degrees [15]. The Text dataset are
the classes mac and mswindows of the Newsgroup20
dataset preprocessed as in [18]. Finally, our Uspst
set contains the test data part of the well-known USPS
data on handwritten digit recognition.
3.2

errors are obtained after training the selected model
on the entire training set. For the other algorithms,
we are interested in the best possible performance, and
simply select the parameter values minimizing the test
error. In both cases, we select combinations of values
on a finite grid as follows:
parameter
width σ
exponent ρ
penalty C
degree k
regulariz. λ

EXPERIMENTS

For each of the data sets, 10 different splits into labeled
and unlabeled points were randomly generated. We
took care to include at least one point of each class in
the labeled set (two for Coil20).
We used a different model selection strategy for LDS
than for the other algorithms. For LDS, we carry out 5fold cross-validation (CV) on the training set for each
split, thereby simulating the real world application scenario. Note that all data (training and test) can be
(and is) used as unlabeled data. The reported test
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values
2−3 , 2−2 , 2−1 , 20 , 21 , 22 , 23
0, 20 , 21 , 22 , 23 , 24 , +∞
10−1 , 100 , 101 , 102
10, 100, all
4−2 , 4−1 , 40 , 41 , 42

Although LDS and graph work with any kernel, we here
fix the linear kernel (σ = ∞; c.f. section 2.3.2).
3.3

RESULTS

The results are presented in Table 2. Except for the
data set g10n, LDS always achieves lower test errors
with empirically found parameter settings than all the

4
Coil20
g50c
g10n
Text
Usps

Cross validation error

0.6
0.5

The TSVM objective function could, at a first sight,
be interpreted as a straight-forward extension of the
maximum margin principle of SVM to unlabeled data.
We conjecture that it actually implements two different principles: the regularization by margin maximization on the labeled points, and the cluster assumption
by margin maximization on the unlabeled points. The
latter does not lead to smoother decision functions,
but it enforces that the decision boundary lies in low
density regions.

0.4
0.3
0.2
0.1
0

0

1

2

4
ρ

CONCLUSIONS

8

16

Inf

Figure 5: Cross-validation error (with standard deviation error bars) as a function of the parameter ρ.

other algorithms are capable of achieving, even when
optimal parameter settings are known. This clearly
demonstrates the superiority of LDS.
Although ∇TSVM always performs better (and usually,
significantly better) than TSVM, it still fails to reach
the level of manifold on the Coil20 data set. But
this shortcoming is eliminated by making use of the
graph transform of the distances.
To better understand the role of the distance transform, we depict the 5-fold cross validation error for
the best value of C, averaged over the 10 splits, as a
function of ρ in Figure 5. We can distinguish three
cases: the minimum is (i) at or close to 0; (ii) at or
close to ∞; or (iii) somewhere in between.
(i) Linear classifiers are optimal by construction for
the artificial data, and likely to be optimal for Text
due to the high dimensionality. For g50c and Text,
ρ > 0 does not substantially help ∇TSVM, but does not
hurt either. Only for g10n, where the cluster assumption does not hold, increasing ρ immediatly increases
the test error. (ii) In Coil20, the points of each class
lie eqi-distantly on a ring. With ρ = ∞, all their
pairwise distances are reduced to the distance of two
neighboring points. Note that there is no noise which
could cause unwanted bridging between two classes.
(iii) Perhaps the most interesting case is Uspst, with
an optimum of ρ = 4. While there definitely are clusters corresponding to the classes, there seem to exist
outliers that would, for too large ρ, lead to erroneous
merging of clusters.
As the optimum value of ρ seems to correspond to features of the data set, prior knowledge on the data could
possibly be used to narrow the range to be searched.
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The strength of our gradient descent approach might
be that it directly optimizes the objective according
to the cluster assumption: to find a decision boundary that avoids high density regions. In contrast,
TSVM (SVMlight implementation) might suffer from
the combinatorial nature of its approach. By deciding, from the very first step, on the putative label of
every point (even though with low confidence), it may
lose important degrees of freedom at an early stage,
and get trapped in a bad local minimum.
The pairwise distances computed by the graph algorithm attempt to reflect the cluster assumption: distances of points from the same cluster are shrunk,
while for points in different clusters they are dominated by the inter-cluster distance. Used with an
SVM, this clearly improves over standard (Euclidean)
distances, but not over other semi-supervised methods.
The combination of the graph distance computation
with the TSVM training yields a clearly superior semisupervised algorithm. Apparently the preprocessed
distances make it less likely for the TSVM to get stuck
in very suboptimal local minima. Probably the preprocessing widens small density valleys so that they are
more readily found by local searches.
Although manifold learning indirectly exploits the
cluster assumption, as argued above, another feature
may contribute to its successes. If the intrinsic dimensionality of the data manifolds is much smaller than
that of the input space, restricting the learning process
to the manifolds can alleviate the “curse of dimensionality”. We plan to investigate how much performance
can be gained in this manner.
Future work will be on a thorough comparison of discriminative semi-supervised learning methods. We observe that the time (and to some degree, also space)
complexities of all methods investigated here prohibit
the application to really large sets of unlabeled data,
say, more than a few thousand. Thus, work should
also be devoted to improvements of the computational
efficiency of algorithms, ideally of LDS.

data set
Coil20
g50c
g10n
Text
Uspst

methods from literature
TSVM
SVM manifold
6.20% 26.26%
24.64%
17.30%
6.87%
8.32%
30.64% 14.36%
9.36%
11.71%
7.44%
18.87%
21.30% 26.46%
23.18%

proposed methods
graph
∇TSVM
LDS
6.43% 17.56% 4.86%
8.32%
5.80% 5.62%
9.36%
9.82%
9.72%
10.48%
5.71% 5.13%
16.92% 17.61% 15.79%

Table 2: Mean test error rates. Note that model selection was done by cross-validation for LDS whereas by
minimizing the test error for the other methods. Bold numbers are statistically significantly (95% confidence)
better compared to all other methods.
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Abstract

cess. In this paper, we will demonstrate a system that
can detect and segment rectangular shaped objects in
a clutter image background by learning from examples.

We present a general graph learning algorithm for spectral graph partitioning, that
allows direct supervised learning of graph
structures using hand labeled training examples. The learning algorithm is based on
gradient descent in the space of all feasible
graph weights. Computation of the gradient
involves finding the derivatives of eigenvectors with respect to the graph weight matrix.
We show the derivatives of eigenvectors exist
and can be computed in an exact analytical
form using the theory of implicit functions.
Furthermore, we show for a simple case, the
gradient converges exponentially fast. In the
image segmentation domain, we demonstrate
how to encode top-down high level object
prior in a bottom-up shape detection process.

1

INTRODUCTION

Image segmentation and data clustering are two fundamental operations in computer vision and machine
learning. Let I = {x1 , ..., xn } be a set of feature vectors representing n image pixels or data points. The
image segmentation process partitions pixels into K
disjoint groups. In a 2-way segmentation, we seek an
output vector SEG(I) = {y1 , ..., yn } ∈ {0, 1}n , such
that a segmentation goodness measure is optimized.
We defined segmentation as a mapping from xi to
yi ∈ {0, 1} to purposely hint its potential connection
to a supervised learning method we should propose.
Our goal is to teach the image segmentation through a
set of hand labeled training examples. Given a set of
image/segmentation pairs {Ii , SEG∗ (Ii )}, the system
will learn to adjust so that the computed segmentation SEG(Ii ) is close to SEG∗ (Ii ). With a supervised
image segmentation, we are able to encode top-down
object familiarity prior in a bottom-up distributed pro-
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To appreciate why learning image segmentation is difficult, we summarize below its basic principles. Segmentation algorithms are defined by the clustering criteria and computational process to optimize it. For
example, in the Markov Random Field (MRF) formulation,
P the criteria is to maximize P (SEG(x)|x) =
1
exp(
−f (yi , yj |x)), where f (yi , yj |x), called clique
Z
potential, specifies a local measure of grouping pixel
i with j. While each f (yi , yj |x) can be easily corrupted, the global optimum of P (SEG(x)|x) must balance preferences on all pairs of f (yi , yj |x) and therefore is stable. Spectral graph partitioning, such as
Normalized Cut (Ncut)[6][5], has been developed as a
computationally efficient alternative to MRF. Image
segmentation is mapped to a graph partitioning problem, where the graph consists of the pixels/data points
as nodes, and the weighted graph edges W (i, j) serve
as the equivalent of Clique Potential f (yi , yj |x). The
global segmentation criterion Ncut seeks a balanced
segmentation and grouping of the pixels. Computationally the solution is derived from the eigenvectors
of W y = λDy, where D is the degree matrix. As in
the MRF case, the eigenvectors are implicitly related
to the input weight matrix W , and are quite insensitive
to random perturbation of W .

While global decision process from local feature comparison brings a stable segmentation, it makes the
learning segmentation a difficult task. Treating any
segmentation learning algorithm as a black box, one
must be able to back-trace error on the output of
global segmentation to the input local clique potential
or pair-wise weight matrix. Since the global decision
is only implicitly related to the input, it is hard to explicitly assign a blame to a particular clique potential
or weight matrix entry. To account for segmentation
error on just one pixel, we would potentially need to
adjust all possible pairs of clique potential or weight

Image
Image

Model

Model

Ncut

Ncut

P*[I]
Hand Segmentation

Hand Segmentation

(A)

(B)

Figure 1: Two alternative algorithms for learning spectral graph partitioning. (A) methods of Meila-Shi[4]
optimizes the graph weight W (I, Θ) by minimizing the KL-divergence between an equivalent random walk matrix
P (I, Θ) and the target P ∗ (I, Θ). (B) Our method directly optimize the error on the output Ncut segmentation
vector XN cut [W (I, Θ)] by gradient descent in the space of all feasible graph weights using explicit computation
of the derivatives of eigenvectors.

matrix entries!
Meila-Shi[4] first studied the problem of learning spectral graph cuts with supervised training data. Their
proposed algorithm learned the graph weight Wij by
minimizing the KL-divergence between an equivalent
random walk matrix Pij and the target Pij∗ derived
from the hand labeled segmentation. However the formulation provides no explicit constraints on the Ncut
eigenvector itself. Bach-Jordan[1] formulated a direct
optimization of W with respect to its Ncut eigenvector. They transform the implicit relationship between
W and Ncut eigenvector into an explicit one by making a differentiable approximation of eigenvector using
power method. The resulting computation of derivatives of eigenvector is however complex and can be
computationally unstable.
We present in this paper a direct method for learning spectral graph cut, based on efficient computation
of derivatives of Ncut eigenvectors in exact analytical
form. We show that there is an explicit computation
that assigns the segmentation error to the input graph
weight matrix. This capability allows us to design parameterized graphs that can encode and detect complex objects. The paper is organized as follows. We
describe in Sec. 2 the structure of the graph we use
for image and shape segmentation. Sec. 3 describes
the learning algorithm and its convergence properties.
We show our results in Sec. 4.

2

PROBLEM SETUP

We will demonstrate a learnable segmentation algorithm for detecting and segmenting desired object shape such as a rectangle in an image. The
shape detection-segmentation process begins with
edge detection. Each edge i is parametrized by
(xi , yi , θi ), its location and orientation. Denote F (I) =
{e1 , ..., ek |ei = (xi , yi , θi )} the set of edges detected for
image I, and F the complete set of possible edges de-
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tected in all images. The goal of the segmentation
algorithm is to group the edges which form a rectangle, and separate them from background edge clutters,
as shown in Fig. 11.
While a rectangle is a relatively simple shape, its aspect can be quite flexible with variable aspect ratio
in x, y, and variable orientation. Assuming we have
quantized the orientation into Nangle angles, for an
image size of Npixel × Npixel a brute force method
4
would need to search over O(Npixel
Nangle possible
configurations (for a 100 × 100 image with 10 orientations quantization, we have 1 billion configurations!). One way to avoid this large scale search is
to decompose the rectangles into simple local configurations (corners, lines, parallel lines), and combine
them by checking their global consistency. This datadriven bottom-up process only needs to check roughly
O(Nedge ) = O(|F (I)|) local configurations (assuming
a fixed neighborhood size). The global integration can
be carried out in the grouping framework of graph partitioning such as Ncut, which has empirically a running
1.5
time of O(Nedge
). Furthermore, the decomposition of
a shape into local edge relationships also makes the
detection more robust to image background clutter.
2.1

LOCAL SHAPE CONFIGURATIONS

We need to define functions on local configuration
goodness, with the hope of discriminating rectangular object vs. background. Since we are using oriented edges, we can favor convex configurations and
penalize concave or other impossible configurations,
as illustrated in Fig. 2. The function that assesses
the goodness of a particular configuration is denoted
as clique potential: f (e1 , . . . , eK ) is high only when
(e1 , . . . , eK ) form a familiar configuration. The problem of designing this clique potential can be quite
complex in general. For example, consider the case
of binary relationships: we need to find a potential function for all possible pairs of edges (e1 , e2 ):

background. A direct thresholding technique would
fail here. Another example is provided by Fig. 4,
where a local approach would favor the wrong edge
orientation. As in the case of image segmentation, local grouping measures need to be aggregated to form a
global segmentation decision. We will see in the next
section how to formulate this precisely in graph framework, through Spectral Graph Partitioning.
Figure 2: Different oriented edge configurations and
associated clique potential. Left: three edges forming a convex object (likely to be found in rectangle
shapes). Middle: concave configuration (unlikely in
rectangular shapes). Right: impossible configuration
(very unlikely to be found in any object).
Figure 4: Each edge has 2 hypothesized opposite polarities. We want to inhibit clutter edges and recover
correct polarity. Left: local segmentation of edges produces the wrong polarity for one edge (barred), grouping it with clutter. Right: global aggregation of edge
affinities yields a correct grouping and inhibits clutter.
Figure 3: Properties of the clique potential/affinity
matrix. Left and middle: translation and rotation
invariance, f (x1 , y1 , θ1 ; x2 , y2 , θ2 ) = f¯(x2 − x1 , y2 −
y1 , θ1 , θ2 ) and, f (z1 , θ1 ; z2 , θ2 ) = f¯((z2 − z1 )e−iθ1 , θ2 −
θ1 ). Right: summing up ternary
affinities to obtain a
P
binary affinity, f (e1 , e2 ) = i f3 (e1 , e2 , ei ).
f (e1 , e2 ) = f (x1 , y1 , θ1 , x2 , y2 , θ2 ). The function takes
4-dimensional inputs, and even in the simple case
of 10x10 possible edge locations, with 4 orientations
{π/2, 2π/2, 3π/2, 4π/2}, that makes 160,000 different
values to design through learning. To make the learning problem more managable, we use the following parameterization that induces translational invariance:
f (x1 , y1 , θ1 ; x2 , y2 , θ2 ) = f¯(x2 − x1 , y2 − y1 , θ1 , θ2 ) (1)
If in addition we also require invariance by rotation,
the use of complex numbers comes in handy, with z =
x+iy we obtain f (z1 , θ1 ; z2 , θ2 ) = f¯((z2 −z1 )e−iθ1 , θ2 −
θ1 ). These invariance properties are illustrated in Fig.
3.
2.2

GLOBAL SHAPE DETECTION FROM
LOCAL CONFIGURATIONS

With local edge clique function we could eliminate
wrong patterns of edges, retrieve the correct edge orientation when ambiguous, and enhance good configurations. However, there are many ambiguous cases
in which local properties are insufficient to decide the
foreground/background labeling. Think about a weak
edge at object boundary, or a strong clutter edge in the
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2.3

SPECTRAL GRAPH PARTITIONING
FORMULATION

Such local relationships between image features are
well captured by the notion of graph G = hV, W i.
The graph nodes V consist of the image edge features F = {ei }, and the graph edges are the relationships between the edge features with affinity matrix W ∈ Rn×n defined by Wij = f (ei , ej ). Higherorder edge feature relationships can be translated into
binary
affinities by summing over cliques: Wij =
P
i1 =i,i2 =j,i3 ,...,iK f (ei1 , ..., eiK ), as illustrated in Fig.
3. We denote V (I) the image edge features, F (I),
detected in I; W (I) = W (V (I), V (I)), the subgraph
affinity induced by image features in I.
Let us recall our goal: we want to partition the graph
nodes V (I) into two groups, using an indicator vector X: Xi = 1 if detected feature V (I)i belongs to
foreground, and Xi = −1 if it belongs to background.
The segmentation process should ensure that edge features (nodes) grouped together have high mutual affinity, and nodes in different sets have low affinity. We
will use the Normalized Cuts (Ncut) criterion for the
segmentation process. Ncut criterion can be optimized by finding the second generalized eigenvector
of (W (I), D(I)) (D(I) is the degree matrix of W (I)):
W (I)X(I) = λ2 D(I)X(I)

(2)

X(I) is then thresholded to determine the foreground/background labelling. Note that, the solution we obtain for X(I) is an implicit function of the
weight matrix W (I), which is defined by the local

3.2

Figure 5: The XOR function. Suppose we have a face
detection graph with nodes: Left Nose (LN), Right
Nose (RN), Face (F), and Non-Face(NF). The Hebbian
learning rule, based on feature coocurrence, would find
the following weights: W (LN, F ) = W (RN, F ) =
W (LN, N F ) = W (RN, N F ) = 12 , making it impossible to distinguish between a Face and a Non-Face.
The graph learning algorithm we propose does not suffer from this.

clique potentials, f (ei , ej ). However, its computation
is tractable and, as we shall see, we can apply perturbation theory to analyze their effect on the segmentation task. This last point is essential: it means that
we can assign a blame to the local graph structure, by
looking at the global segmentation result. Hence the
system is not a black box anymore, we can train it.

3

LEARNING THE GRAPH
STRUCTURE

As we have seen, the design of the clique potential is
as crucial to the segmentation as it complex. In the
Ncut formulation, whether we use a parameterization
of the affinity matrix W (Θ) or a direct representation
through its coefficients Wij , real image segmentation
tasks will require a large number of parameters to be
optimized. Hence the need for a principled algorithm
to learn the clique potential.
3.1

WHY ARE SIMPLE LEARNING
SCHEMES INSUFFICIENT

One natural idea in learning the graph clique potential
is simply to measure the coocurrence of image features
accross a set of training images, in accordance to the
Hebbian rule. This rule strengthens the weight Wij if
feature i and feature
j are strongly correlated, accordP
ing to: Wij = I V (I)i V (I)j in our notation. Though
intuitive, this rule is insufficient for our problem. Fig.
5 illustrates a typical situation that the Hebbian rule
is unable to handle, namely the XOR boolean function. More generally, the Hebbian rule cannot learn
non-linearly separable functions. We have shown in
[2]1 that our system does not have this limitation and
it could learn XOR.
1

http://www.seas.upenn.edu/∼timothee/research.html
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PRINCIPLE OF LEARNING

The Maximum Likelihood formulation (ML) tries to
adjust the clique potential so that it maximally explains the data (the set of training images). However,
this formulation doesn’t take into account the graph
inference procedure I → X(I), as a result, it can produce a probability distribution that cannot be inferenced efficiently. We use a different approach. We
adjust the clique potential so that the output of the
system gets closer to the desired segmentation. In the
following, we assume we are given a set of images I
with a target segmentation X ∗ (I).
3.3

COST FUNCTION FOR LEARNING

Definitions Xp [W ], λp are the pth largest eigenvector, eigenvalue of W X = λDW X with kXp [W ]k = 1
and DW = diag(W 1). Xp [W ] is uniquely defined
up to polarity, which we disambiguate using a fixed
vector Y and forcing sign(Y T Xp [W ]) = +1. This
is possible only when Y T Xp [W ] 6= 0. We also require λp be unique. To satisfy these constraints, we
will restrict our attention to weight matrices W in a
2,X ∗ (I)
of symmetric matrices, where
certain subset Sn
Snp,Y = {W ∈ Sn : W 1 > 0, ker(W − λp DW ) 6⊂ Y ⊥ ,
λp single}. Note that if W ∈ Sn and W 1 > 0, W has
probability 1 of being in the feasible space. What’s
2,X ∗ (I)
is open, which implies that any small
more, Sn
perturbation of W is allowed.
Define the one-target energy function:
E(W, I) =

∗
1
kX2 [W (I)] − X ∗ (I)k2 , for W ∈ Sn2,X (I)
2
(3)

The multi-target energy function is defined as E(W ) =
P
2,X ∗ (I)
. This error energy
I E(W, I), for W ∈ ∩I Sn
function has the following property, which will be useful later on when we try to learn the graph network.
Prop. 3.1 (E(W, I) has no local minimum) The
single target
energy function has all its local minima
∗ T
{W : λ2 (W ) 6= −1} equal to the global
in Sn2,X
minimum, 0.
The proof, in [2], shows that at a critical point, the
error vector X2 − X ∗ (I) is in the kernel of a certain
matrix of rank n-1. This shows in fact that X2 −
X ∗ (I) is proportional to X2 , which finally leads to
X2 = X ∗ (I).
3.4

GRADIENT DESCENT ALGORITHM

We minimize the error energy over W by gradi∂E ∂X2
∂E
. When
= −η ∂X
ent descent: ∆W = −η ∂W
2 ∂W
W is parameterized by Θ, we have instead ∆Θ =

∂E ∂X2 ∂W
. In the case of rectangle detection, the
−η ∂X
2 ∂W ∂Θ
parameters Θ consist of all the values of the function
f (ei , ej ) = f¯(x2 − x1 , y2 − y1 , θ1 , θ2 ), which is a 4 dimensional lookup table.

The main difficulty is to study how the Ncut eigenvector, X2 [W (Θ)], varies with the graph weight matrix
W (Θ). We will write down a continuous-time PDE
describing evolution of the error energy on X2 [W (Θ)]
with respect to Θ. We show that this PDE has an exact analytical form, and the resulting PDE converges.
We have also proved the convergence rate is exponential for a simple case[2]. This result shows that we can
minimize the error energy over W or Θ by gradient
descent.

Theorem 3.2 (Derivative of Ncut eigenvector)
The map W → (Xp , λp ) is C ∞ over Snp,Y , and we
can express the derivatives over any C 1 path W (t)
as:
dXp [W (t)]
dt

dλp
DW )Xp
dt
′
)Xp
XpT (W ′ − λp DW
T
Xp DW Xp

=

We obtain an analog theorem for the derivative of
standard eigenvectors, by simply replacing DW
with In . The proof in [2] uses the implicit function
theorem to show Xp [W ] is C ∞ , then differentiates
W Xp = λp DW Xp to obtain (W − λp DW )Xp′ + (W ′ −
′
λp DW
− λ′p DW )Xp = 0.
∂X2
∂W

alone reComputation of the partial derivatives
quires O(n3 ) time because of the pseudo-inverse term
(W − λp DW )† in each gradient direction. We remove
∂E
. We inthis bottleneck by first left-multiplying by ∂X
2
†
∗
troduce Y = −(W − λ2 DW ) (X2 − X (I)), which we
showed how to compute efficiently in [2], and obtain a
O(n2 ) gradient update rule:

∂E
∂W ij

= X2,i Yj + X2,j Yi − λ2 (X2,i Yi + X2,j Yj )
−λ′2ij Y T DW X2

with λ′2ij
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Figure 6:

Learning point set clustering. W (i, j) =
exp(−σx (x(i) − x(j))2 ) + exp(−σy (y(i) − y(j))2 ). A) 2D
layout of the points. The first set is the cross set and
the second is the star set. The resulting clustering can
be identified by the red and black colors. B) Energy
landscape of E(σx , σy ), and gradient path taken by Eq.4,
∂E
, ∂E ). C) Target vector comparing with
(σ˙x , σ˙y ) = −( ∂σ
x ∂σy
initial and final learned Ncut vector. The graph nodes are
ordered according to their x-axis position (first row), and
to their distance to origin (second row).

= −(W − λp DW )†
′
(W ′ − λp DW
−

dλp
dt

Energy map − Gradient descent

0.5

2X2,i X2,j − λ2 (X2,i 2 + X2,j 2 )
X2T DW X2

PROPERTIES OF THE LEARNING
ALGORITHM

imply that of W (t). Indeed, one can construct functions for which gradient descent leads to limit cycle
oscillations. The following proposition shows that this
cannot happen here.
Prop. 3.3 (Exponential convergence of E(W, I))
∂E
either converges
The 1-target energy PDE Ẇ = − ∂W
to a global energy minimum W∞ , or it escapes any
∗
compact K ⊂ Sn2,X . In the first case, E(W (t)) → 0
exponentially.

√
∂E
k ≥ b E, leading to
Our proof in [2] shows that k ∂W
d
E(W (t)) ≤ −b2 E,
the convergence of W (t), and then dt
which shows the exponential decay of E(W (t)).

Pathological non-convergence cases. As stated in
the proposition, W (t) could potentially hit the bound∗
ary of Sn2,X . This arises in 2 pathological cases: 1)
λ2 (t) → 1 or λ2 (t) − λ3 (t) → 0, and 2) DW (t) (i, i) → 0
for some i. Note that X ∗ (I)T X2 [W (t)] → 0 cannot happen, because initially X ∗ (I)T X2 [W (t)] > 0
and E(W, I) decreases. There are ways to alleviate
those problems through weight parameterization, but
in practice they only occur when learning a lot of target vectors.

4

Empirically, we observe that E(W (t)) converges to
0 exponentially fast when W (t) follows the gradient
path, even if the number of training examples grows
as O(n). We will prove this fact in the case of a single
target. The convergence of E(W (t)) however does not
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4.1

RESULTS
POINT SET CLUSTERING

In experiment 1, figure 6, we examine our spectral
graph learning algorithm on simple 2D point set clustering examples. The graph weight matrix Wij =

Input image

Target vector

Ncut vector
best scale

Ncut vector
multiscale

Ncut vector
after multiscale learning

Figure 7: A simple example of multiscale learning. The
input image is 40 by 40 and 4 narrow scales are used. The
best result (minimum of energy) with one scale is displayed
as well as the result with all four scales set up with the same
weight, and with the learned weight. The use of multiscale
enable to segment correctly the inside of the G. The lowest
energy is achieved after learning.

A

exp(−σx (xi − xj )2 ) + exp(−σy (yi − yj )2 ) has two parameters σx , σy which we aim to optimize. We update
(σx , σy ) as follows:
∆σx

∆σy

∂X
∂σx
∂X
= −η(X − X ∗ )T
∂σy

= −η(X − X ∗ )T

(4)

(5)

We use directly the derivatives given in Sec. 3.4 with
the following expressions of W ′ :
∂wij
∂σx
∂wij
∂σy

= −(xi − xj )2 e−σx (xi −xj )

= −(yi − yj )2 e−σy (yi −yj )

2

2

(6)

In this experiment, we focus on an application of spectral learning in image segmentation. The aim is to
provide a powerful tool to find the best scales of edge
extraction in Ncut segmentation[3]. Basically the idea
of multiscale segmentation is to use several edge scales
find a consistent segmentation of the image across
scales. The simultaneous use of various scale levels
is interesting for complex and big images which mixes
textures with sharp and soft contours. In those images, meaningful boundaries may exist at weak contours or between textures that do not rise to edges.
Using simultaneously several scales of edges enable to
face this problem. The global affinity matrix is the
sum of r-affinity matrices at different scales:
(I)

Wi,j =

2: Ncut vector after learning. Row 3: target vector. B:
Testing. Row 1: testing input vector, Row 2: Ncut vector
after learning. For each edge, 2 polarities are hypothesized
(only 1 is displayed in Row 1 of Training/Testing). Notice
that after learning, not only clutter edges are suppressed
but also the correct edge polarities are recovered.

the scales and to set up the weighting coefficients when
more than two scales are required. Learning on σ coefficients enables to find the sensitivity to edge strength
at a given scale.
The update rules for αr , σr are as following:

MULTISCALE IMAGE
SEGMENTATION

k
X

Figure 8: A: Training. Row 1: training input vector. Row

(7)

The experiments on simple clustering show a fast convergence of the gradient descent. We also tested the
algorithm with radial distributed point sets.
4.2

B

(r)

αr exp (−σr ∆i,j (I))

(8)

r=1

(r)

where ∆i,j (I) is a matrix of the same size as W which
expresses a distance measure in a specific scale. Learning on the α coefficients of the scales enables to select
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∆αr

∆σr

∂λ
∂D
∂W
D)X
−
−λ
∂αr
∂αr
∂αr
∂λ
∂D
∂W
D)X
−
−λ
= −ηY (
∂σr
∂σr
∂σr

= −ηY (

(9)

(10)

Figure 9: The learned shift-invariant graph clique
function f¯(x2 − x1 , y2 − y1 , θ1 , θ2 ) with θ1 = 0, and
θ2 = π/2. Each 2D function corresponds to a fixed
(θ1 , θ2 ) pair. The clique function learns to favor good
continuation of the edges with (θ1 = 0, θ2 = 0),
(θ1 = π/2, θ2 = π/2), and corner configurations (θ1 =
π/2, θ2 = 0), (θ1 = 0, θ2 = π/2)

200

SHAPE DETECTION

We first generate random rectangles in synthetic images of 100 by 100, see Fig. 8. The edges extracted, ei
are specified by its quantized location (xi , yi ), orientation θi , and polarity pi . Three graph weight clique
potential functions are implemented:
1. unconstrained f (e1 , e2 ) = f (x1 , y1 , θ1 , x2 , y2 , θ2 )
2. translational invariant f (e1 , e2 ) = f¯(x2 − x1 , y2 −
y 1 , θ1 , θ2 )
3. translational invariant
P with ternary clique potential f (e1 , e2 ) = N1 k g(x1 − xk , y1 − yk , x2 −
xk , y2 − yk , θ1 , θ2 , θk ).

We apply the following graph learning algorithms to
train segmentation algorithm to detect rectangles.

1. Generate random rectangles with one noisefree and one noisy version per example.
Generate a random affinity matrix W to
start with
2. For each image I, extract edge features from
the noisy image to compute subgraph V (I),
and compute target X ∗ (I) from the noisefree image
3. initialize E = 0; for each image I,
(a) W (I) = W (V(I), V(I)), using one of
the clique potential function f (ei , ej )
described above.
(b) Compute X2 (I), second generalized
eigenvector of (W (I), DW (I) )
(c) Update W (I) with gradient update and
propagate updating to each f (ei , ej )
(d) Update E := E + EI with the partial
energy EI = 12 ||X2 (I) − X ∗ (I)||2

4. Go back to step 3 until E < threshold

COMPARISON BETWEEN THE
DIFFERENT CLIQUE POTENTIAL
FUNCTIONS

We have applied the three methods to random rectangles in 100 by 100 images. The unconstrained affinity
matrix has 40000 entries, shift-invariant clique function f¯ has 1444 entries and triplet clique function g
has 1042568 entries. Several simulations have been run
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No constraint
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Translation invariance on triplet nodes
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Figure 10: Square shape detection and enhancement.
For each simulation, the table indicates the percentage
of remaining noise (100 is the initial amount of noise)
on 2000 testing examples. These results have been
obtained for different sizes of training set, according
to three methods: 1- learning on full affinity matrix,
2- invariance by translation, 3- mean on third node
with invariance by translation.
for each training set and the result displayed in fig.10
have been averaged. We noticed a very low standard
deviation on our training sets.
We see that the best results are achieved with the
triplet clique method involving summation of ternary
affinities over a third node. With only 20 training
examples, an average of 75% of the noise was eliminated in the 2000 testing examples. We achieved the
best result with a training data set of 500 squares.
15 iterations were enough to reach energy convergence and it took 4 minutes. This fast convergence
can be explained by the averaging on a third node:
when the affinity between two nodes is updated, all
ternary affinities involving this pair are updated in a
single pass. Also, ternary clique potentials carry out a
stronger, more robust cue than binary affinities.
4.5

Fig.8 display the results of the training and testing using shift-invariant clique function f¯. Figure 4.2 shows
the shift-invariant clique function learned on a pair of
horizontal and vertical edges.
4.4

Percentage of remaining noise

4.3

RECTANGLE DETECTION ON REAL
IMAGES

This rectangle detection algorithm can be applied directly on real images, fig.12. We just have to adapt
the filter parameters to have a good edge extraction.
The amount of noise on real images turns out to be
frequently below the one we used in the learning step,
thus giving those encouraging results.
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Abstract

part identifiers represent the same partition (see Section 3.4 for a comparison of the two approaches). In
this work we restrict ourselves to binary labels, but
the method can be generalized straightforwardly to
larger label sets. Conversely, unlabeled partitioning
may be viewed as a special case with just one label.
Our model is similar to the Conditional Random Field
(CRF) [2], and allows the probability distribution to
be conditioned on arbitrary observed data. This model
is widely applicable to joint segmentation and classification tasks, which are common in computer vision,
handwriting recognition, speech and natural language
processing. The Markov Random Field (MRF), which
is an undirected graphical model whose potential functions do not depend on observed data, is for the purposes of this paper a special case of the CRF, and can
also be extended in the way described below.

In this work we develop a graphical model for
describing probability distributions over labeled partitions of an undirected graph which
are conditioned on observed data. We show
how to efficiently perform exact inference in
these models, by exploiting the structure of
the graph and adapting the sum-product and
max-product algorithms. We demonstrate
our approach on the task of segmenting and
labeling hand-drawn ink fragments, and show
that a significant performance increase is obtained by labeling and partitioning simultaneously.

1

Martin Szummer
Microsoft Research
Cambridge, CB3 0FB, United Kingdom
szummer@microsoft.com

INTRODUCTION

Probabilistic models are usually defined over the
Cartesian product of a number of discrete or continuous one-dimensional spaces. For example, models
performing joint binary classification of N objects are
N
defined over {−1, +1} . While in many cases it is intractable to explicitly enumerate all possible configurations, in the case of graphical models where the probability distribution factors according to the structure of
an undirected graph, message passing techniques such
as the sum-product and max-product algorithms can
be used to render the computation feasible.
In this work, we extend the graphical model formalism to the case of probability distributions defined
over labeled partitions of an undirected graph; in other
words, possible divisions of the graph into sets of vertices referred to as parts, where each part is assigned a
label. An example of a labeled partition is given in Figure 1. Note that the number of parts varies between
partitions and is usually unknown in advance. Our
method represents partitions directly, rather than incorporating part identifiers into the labels. We thereby
avoid the degeneracy that different permutations of
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Previously, probabilistic models have been used for
graph partitioning, but by using Monte Carlo techniques rather than exact inference [1]. Liu [4] has
performed partitioning, but not using a probabilistic
framework. Other work [7] has extended the CRF to
perform multiple inference tasks simultaneously, but
has not considered partitioning of non-linear graphs.
We begin by describing the full probabilistic model,
then consider representations for labeled partitions
and efficient algorithms for performing the necessary

2
1

6
4

3

5
7

Figure 1: An example of a labeled partition. Vertices
are partitioned as follows: (1, 2, +), (3, 4, −), (5, 6, −),
(7, +), where the last symbol in each group indicates
the label assigned to that part.

inference tasks. Finally, we describe the application
of our model to the task of parsing hand-drawn ink
diagrams.

2

THE PROBABILISTIC MODEL

Let G be an undirected graph consisting of vertices V
and edges E. We assume that G is triangulated, so that
every cycle of length greater than three is spanned by
a chord. This can always be achieved by adding edges,
but usually at the expense of increasing the maximum
clique size, and therefore computational complexity.
Let S be a partition of G, that is, a set of non-empty
subsets of V, such that each vertex in V is a member
of precisely one subset. Each subset is referred to as a
part of G. In this paper, the term partition will always
refer to a contiguous partition:
Definition 1. A partition of G is contiguous if and
only if all parts are internally connected. In other
words, if i and j are vertices contained within the same
part, there exists a path on G between i and j entirely
contained within that part.
A labeled partition of G is represented by Y = (S, y),
M
where S describes the partition and y ∈ {−1, +1}
is a vector containing the labels associated with each
part. For example, a partition of three elements into
two parts could be S = {{1}{2, 3}}, y = [+1, −1]. Let
Y be the set of all possible labeled partitions of G. Note
that M , the length of y, is dependent on S. Let ti be
the index of the part to which vertex i is assigned, so
that yti is the label given to that vertex.
In this work, the conditional probability distribution
over Y has the form P (Y | x, θ) =
Y (2)
1 Y (1)
ψi (Y, x; θ)
ψij (Y, x; θ) ,
Z (θ)
i∈V

(1)

i,j∈E

where x is the observed data, θ is a vector representing the model parameters collectively, and Z (θ)
(1)
is a normalization constant. ψi are unary potentials
(2)
defined for each vertex, and ψij are pairwise potentials defined for each edge. The unary potentials introduce a data-dependent bias towards assigning one
label or the other to each vertex. The pairwise potentials model the compatibility between the parts and
labels of neighboring vertices, and are also data dependent. The dependence of these potentials on x is
through feature vectors, g i and f ij , defined for each
vertex i and edge (i, j) respectively. The potentials
then have the form
(
φ (w+ · g i (x)) if yti = +1
(1)
ψi (Y, x, θ) =
, (2)
φ (w− · g i (x)) if yti = −1
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where φ (·) is a non-linear mapping, and w+ and w−
are vectors of feature weights depending on the label
of the appropriate vertex. In this work, we will always
use an exponential non-linearity, φ : x 7→ exp (x), although in general other functions may be used. The
pairwise potentials are defined by



φ v ss · f ij (x)  if ti = tj , yti = ytj
(2)
ψij (Y, x, θ) = φ v sd · f ij (x) if ti 6= tj , yti = ytj



φ v dd · f ij (x) if ti 6= tj , yti 6= ytj
(3)
where v ss , v sd and v dd are vectors of feature weights to
be used when i and j belong to the same part, different parts with the same label, and different parts with
different labels respectively. The fourth case, corresponding to vertices with different labels in the same
part, does not occur by definition. The parameters
in θ are therefore (w+ , w− , v ss , v sd , v dd ). Note that
there is a redundancy in the weight vectors. In practice, w− and v dd were constrained to be 0.
2.1

TRAINING

The overall goal of the model above is to predict labeled partitions of unseen data. In order to do this, we
must first estimate the model parameters, θ. These
parameters are learned from example data. Given a
labeled training examples, (x, Y), the posterior probability of the parameters is given using Bayes’ rule,
P (θ | x, Y) ∝ P (Y | x, θ) · P (θ) ,

(4)

where P (θ) is a prior distribution over the weights.
The model is trained by finding the maximum a posteriori weights using a quasi-Newton gradient ascent
algorithm (specifically, the BFGS method). A significant advantage is that the model is convex in the parameters, meaning that we are guaranteed to find the
global maximum using gradient ascent. The gradient
of the log posterior, LP, with respect to a parameter
θk is given by
X
∂
LP =
∂θk
i∈V



∂
(1)
log ψi −
∂θk



+

∂
(1)
log ψi
∂θk



∂
log (P (θ))
∂θk

(5)

if θk is a parameter of the unary potentials. The gradients with respect to parameters of the pairwise potentials have a similar form. It is straigtforward to generalize this expression to handle multiple training examples. The brackets, h· · · i, in the second terms represent expectations with respect to the distribution over
Y given by the current parameter values. This requires
the computation of marginal probability distributions
for individual vertices and pairs of vertices connected

by an edge. Furthermore, the optimization algorithm
needs to evaluate (1) explicitly, which in turn requires
evaluation of the partition function,
X Y (1)
Y (2)
Z (θ) =
ψi (Y, x; θ)
ψij (Y, x; θ) . (6)
Y i∈V

i,j∈E

Both of these tasks involve summations over subsets
of possible labeled partitions. This summation can be
performed efficiently by message passing using a modified version of the sum-product algorithm. The details
of this algorithm will be given in Section 3 below.
2.2

INFERENCE

In general, we are interested in using the trained model
to group and label unseen data. This is achieved by
finding the most probable configuration,
Y (1)
Y (2)
Y MAX = arg max
ψi (Y, x; θ)
ψij (Y, x; θ) .
Y

i∈V

i,j∈E

(7)
As with the partition function, this maximization can
be performed efficiently using a version of the maxproduct algorithm.

3

OPERATIONS OVER LABELED
PARTITIONS

In Section 2, it was shown that an important part of
both the training and inference processes is the enumeration of all possible labeled partitions, in order to
either sum or maximize over them. As in the more
usual case of labeling vertices, explicit enumeration
of all possible values is prohibitively expensive. However, as we show below, we are able to exploit the
structure of the graph to significantly reduce the computational cost, rendering exact inference tractable in
many cases. The derivation below follows the conditions for the possibility of local computation provided
by Shenoy and Shafer [5]. An alternative derivation
however is possible following Lauritzen [3].
If G is a subset of V, we use YG ∈ YG to denote a labeled partition of the corresponding induced subgraph.
We define consistency as follows:
Definition 2. Labeled partitions YG and YH , of subgraphs G and H respectively, are consistent, denoted
YH v YG , if and only if:
1. All vertices appearing in G ∩ H, are assigned the
same label by YG and YH , and
2. All pairs of vertices appearing in G ∩ H are in
the same part in YG if and only if they are in the
same part in YH .
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The notation ŶG (YG∪H ) is used to denote the unique
labeled partition of G which is consistent with YG∪H .
The maximal cliques of G are defined in the usual
way, and are denoted C1 , . . . , CN . If b and t are two
cliques, and b contains all vertices from t which appear
in cliques other than t, then b is said to be a branch
and t is the corresponding twig.
Following the framework of Shenoy and Shafer, we introduce the notion of a valuation ψ on a subset of V.
In the case of standard belief propagation, valuations
are functions assigning a real, non-negative value to
possible configurations of subsets of the variables. In
this work, a valuation on a subset G will be defined as
a function mapping YG to the non-negative real numbers. VG is the set of all valuations on G. In the case
where the valuation is over the whole of G, the range of
the valuation will be interpreted as being proportional
the probability of the corresponding labeled partition.
In the case of valuations defined over subsets of V the
valuations are referred to as potentials of which those
defined in (1) are an example. We define two operations on valuations:
1. Combination: Suppose G and H are subsets of
V and ψG and ψH are valuations on those subsets.
The operation of combination defines a mapping
⊗ : VG × VH 7→ VG∪H , such that
ψG ⊗ ψH (YG∪H ) ,




ψG ŶG (YG∪H ) · ψH ŶH (YG∪H ) . (8)
2. Marginalization: Suppose G and H are subsets
of V such that G ⊆ H, and ψG and ψH are valuations as before. Marginalization is a mapping
↓: VH 7→ VG such that
↓G
ψH
(YG ) ,

X

ψH (YH ) .

(9)

YH vYG

A valuation over the whole graph is said to factor if
it can be written as the combination of valuations on
the cliques,
N
O
ψ (Y) =
ψi (Yi ) ,
(10)
i=1

where i runs over the cliques in G. As combination
allows products of valuations over subsets of a clique
to be written in terms of a single valuation over the
whole clique, the model given in (1), excluding the
partition function, is in this form. Before demonstrating the possibility of efficient local computation, we
first demonstrate that three axioms due to Shenoy and
Shafer are satisfied:

Axiom 1. Commutativity and associativity of
combination. If G, H and K are subsets of V, for
any valuations ψG , ψH and ψK , we have ψG ⊗ ψH =
ψH ⊗ ψG and ψG ⊗ (ψH ⊗ ψK ) = (ψG ⊗ ψH ) ⊗ ψK .
Proof. Follows directly from the definition of combination.
Axiom 2. Consonance of marginalization, If G,
H and K are subsets of V such that K ⊆ G ⊆ H, for
any valuations ψG , ψH and ψK ,

↓K
↓G
↓K
ψH
= ψH
.
(11)
Proof. Writing the marginalization explicitly,

↓K
X
X
↓G
ψH
ψH (YH )
=
↓K
ψH (YH ) = ψH
,

X

YvY1

where P ∗ is a (possibly unnormalized) probability
distribution1 over labeled partitions of G. Let the
cliques be numbered C1 , . . . , CN , such that C1 is the
clique containing the vertices onto which we wish to
marginalize and such that for all k, Ck is a twig in the
graph C1 ∪ C2 ∪ . . . ∪ Ck . Such an ordering is always
possible if G is triangulated. According to Axiom 2,
this can be expressed as

↓C1
↓V\CN
fs (Y1 ) = (P ∗ (Y))

YG vYK YH vYG

=

a different domain we will need to modify the messages passed and the ranges of summation. Later, in
Section 3.3, we will also adapt the max-product algorithm for labeled partitions. Consider a sum of form:
X
↓C
fs (Y1 ) =
P ∗ (Y) = (P ∗ (Y)) 1 ,
(14)

(12)

=

YH vYK

N
 O

ψi (Yi )

↓V\CN ↓C1

(15)

i=1

where the second line follows as for any YH v YK there
is a unique YG such that YG v YK and YH v YG , and
for any YH 6v YK , no such YG exists.
Axiom 3. Distributivity of marginalization over
combination, If G and H are subsets of V, for any
↓G
↓G∩H
valuations ψG and ψH , (ψG ⊗ ψH ) = ψG ⊗(ψH
).
Proof. Performing an explicit expansion gives


X
↓G
(ψG ⊗ ψH ) =
ψG ŶG (YG∪H ) ·

=

In the last step, Axiom 3 has been used. CN is a twig
by construction. Let CB be a corresponding branch,
then CN ∩ V = CN ∩ CB , hence
fs (Y1 ) =


ψi (Yi ) ⊗ ψB (YB ) ⊗



ψH ŶH (YG∪H )


X
ψH ŶH (YG∪H )
YG∪H vYG

X

ψH (YH ) ,

YH vŶG∩H (YG )

(13)

↓G∩H
which is equal to ψG ⊗ (ψH
) by definition.

3.1

−1
 N
O
i=1
i6=B



= ψG (YG ) ·

 
↓C1
↓C ∩V
.
ψi (Yi ) ⊗ ψN (YN ) N

i=1

YG∪H vYG

= ψG (YG ) ·

−1
 N
O

THE SUM-PRODUCT ALGORITHM

In the next two sections we develop an extension of
the sum-product algorithm suitable for probability distributions over partitions. As with the more usual
form of this algorithm, our method exploits the known
structure of G by passing messages containing the results of local computations. Our goal is to compute
sums over a subset of all possible partitions, such as
those needed for the partition function, as given in
(6). This task should be contrasted with that of the
usual sum-product algorithm [3], which sums over assignments of labels to the vertices. Since we sum over
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↓CN ∩CB

ψN (YN )

↓C1

. (16)

In other words, the problem can be converted to an
equivalent marginalization over a graph with one less
clique in which the potential for CB has been replaced
according to:


↓CN ∩CB
ψB ← ψB ⊗ ψ N
.
(17)
By repeatedly eliminating cliques in this way we can
systematically remove cliques until there is only one
remaining, C1 . Any further summation which is required (either to give marginals over a smaller subset
of vertices, or to calculate the partition function) can
be performed explicitly.
3.2

MESSAGE PASSING

The result of the elimination illustrated in (17) can
be interpreted in terms of a message passed from CN
1

While our method is applicable to any summation of
this form, we will focus on the application to probability
distributions in this paper.

to the rest of the graph. Messages are passed between
cliques along edges in a junction tree [3]. Let µi→j (Yj )
be the message passed from Ci to Cj . The form of the
message is a list of labeled partitions of the intersection
Ci ∩ Cj , each of which has an associated scalar value.
The messages are updated iteratively according to the
rule:
Y
X
µk→i (Yi ) ,
(18)
ψi (Yi )
µi→j (Yj ) ←
Yi vYj

THE MAX-PRODUCT ALGORITHM

Just as is the case for the usual form of the sumproduct algorithm, it is possible to replace the summation in (14) with a maximization to obtain the maxproduct algorithm. This is equivalent to a redefinition
of marginalization to represent the maximum valuation consistent with the sub-partition rather than the
sum over all valuations. This algorithm is used to compute maximizations, for example the configuration of
C1 in the most probable labeled partition,
Y1 YvY1

Value


tj , yi = yj 
tj , yi = yj 
tj , yi 6= yj

0.6
0.4
0.2

(b)

2,3,4

Partition

Label

Value

(123)
(123)
(12)(3)
(12)(3)
.
.
.
(1)(2)(3)

+
+, +
+, .
.
.
-,-,-

0.216
0.216
0.096
0.024
.
.
.
0.064

1,2,3

(c)

Having defined the algorithm formally, it is useful to
also give an intuitive interpretation. The message
passed from Ci to Cj can be interpreted as a statement summarizing the values of the ‘upstream’ potentials for labeled partitions which are consistent with
each labeled partition of the separator between Ci and
Cj . See Figure 2 for an example of the message passing process. As is the case with the usual form of the
sum-product algorithm, the same messages are used
in computing different marginals. Marginal distributions for all cliques can be found simultaneously with
a single bidirectional pass of the message update rule.

Y1MAX = arg max max P ∗ (Y) .

4,5

(a)

k∈N (1)

(20)

In the context of probabilistic inference, this is necessary when searching for the most probable configuration. Message passing is done in the same way as
described above, with a modified message update rule.
Y
µk→i (Yi ) .
(21)
µi→j (Yj ) ← max ψi (Yi )
Yi vYj

3,4,6

k∈N (i)
k6=j

with the outgoing messages from a clique being updated once all incoming messages from the other neighboring cliques N (·) have been received. As the junction tree has no cycles, this process will terminate after
a finite number of iterations. Having updated all of the
messages, it is then possible to find fs using
Y
fs (Y1 ) = ψ1 (Y1 )
µk→1 (Y1 ) .
(19)

3.3

Potential
ψij ti =
ψij ti =
6
ψij ti 6=

k∈N (i)
k6=j
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Partition

Label

Value

(23)
(23)
.
.
.
(2)(3)

+
.
.
.
-,-

0.336
0.336
.
.
.
0.272

(d)

Figure 2: An example of message passing. (a) The
junction tree corresponding to G. (b) The potentials,
in this case uniform and independent of data for clarity. (c) The clique potential for the clique consisting
of vertices 1, 2 and 3. (d) The message passed from
(123) to (234), concerning labeled partitions of vertices
2 and 3.
Having updated all of the messages, Y1MAX can be
found using
Y
µk→1 (Y1 ) .
(22)
Y1MAX = arg max ψ1 (Y1 )
Y1

k∈N (1)

To find the global maximum configuration, we repeat
the above for all possible roots, and reconstruct the
global partition as the union of the local configurations
(which will be consistent with one another).
Again, it is instructive to consider the intuitive meaning of the messages. In this case they can be interpreted as statements about the maximum value that
can be achieved ‘upstream’ as a function of the clique
separator configuration. When the next cluster computes its maximum configuration, the contribution of
downstream potentials can therefore be incorporated
from the messages rather than having to be recomputed from scratch each time.
3.4

EDGE-DUAL REPRESENTATION

Let us consider two alternative representations which
cast the inference task so that it can be solved using the standard forms of the sum-product and maxproduct algorithms. In the first of these techniques,
rather than working with partitions, a ‘part ID’ is assigned to each vertex. The corresponding partition is
therefore defined so that contiguous regions with the
same part ID are assigned to the same part. To allow

for labeled partitions, a separate set of part IDs must
be reserved for each label.
This approach has several problems. Firstly, we must
ensure that enough part IDs are available to realize
all possible partitions. Depending on the structure of
G, a lower bound on the minimum number required
is the size of the largest clique. In practice the required number will be greater than this. In general,
this means that inference will be significantly slower
than the equivalent binary labeling problem.
A more serious drawback of this approach is that it introduces bias into the results; finding the most probable assignment of part IDs is not equivalent to finding
the most probable partition; the latter marginalizes
over the multiple assignments of IDs which correspond
to the same partition.

are not, or their labels disagree. It is possible to establish the validity of a configuration using only calculations local to cliques on Ǧ.
Suppose P ∗ (x̌ (Y)) is a probability distribution over
labeled partitions of G as represented by the edgedual variables. We are generally interested in operations such as the summation of P ∗ over all partitions.
Rather than expressing the summation in terms of partitions, we can work directly with x̌, provided that the
summation is limited to those configurations which are
valid. This can be achieved by introducing an indicator function, I (x̌), which takes the value 1 if x̌ is valid
and 0 otherwise,
X

P ∗ (x̌ (Y)) =

Y

X

I (x̌) · P ∗ (x̌) .

(23)

x̌

An alternative representation which avoids these problems is to use indicator variables, x̌ (Y), for each edge
in G. For binary labels, these variables are over a set
of six values: two states corresponding to segments
belonging to the same part with each label, and four
corresponding to different parts with all four combinations of labels. To construct a graphical model for
these variables, we define the edge-dual graph:

There is a one-to-one correspondence between cliques
in G and Ǧ, so functions which factor according to G
also factor according to Ǧ. If P ∗ factors, we can write

Definition 3. For
any graph G, the edge-dual

graph, Ǧ = V̌, Ě contains one vertex for each edge in
G. Vertices in Ǧ are connected by an edge if and only
if all vertices connected to their corresponding edges in
G belong to the same clique.

where i ranges over the cliques of Ǧ. In (24), the local nature of I has been used to factor it as well as
P ∗ . The result is a sum over a function which factors
according to Ǧ, so it can be found using the standard
sum-product algorithm.

An example of an edge-dual graph is shown in Figure 3.
Every labeled partition of G corresponds to a unique
configuration of the edge-dual vertices, but there are
configurations of the edge-dual vertices which do not
correspond to labeled partitions. Hence,

As there is a one-to-one correspondence between valid
edge-dual configurations, and labeled partitions of G,
this algorithm is in many respects equivalent to that
presented in Section 3.1. However, in two important
respects it is less efficient. Firstly, as the sum includes
edge-dual configurations which are invalid, the number of terms in the sum is significantly greater. Secondly, it is necessary to determine the validity of the
current configuration for each term, which introduces
additional overhead. The algorithm presented in Section 3.1 may be regarded as an efficient implementation of this algorithm, where the validity of configurations is precomputed, and only those which are valid
are included in the sum.

Definition 4. A configuration of the edge-dual vertices is valid if and only if it corresponds to a labeled
partition of G.
Invalid configurations arise when pairwise constraints
yield contradictory information; following one path between two vertices on G indicates that they are in the
same part, whereas another path indicates that they

X
Y

3.5

Figure 3: An example of an undirected graph (circular
vertices and light lines) and the corresponding edgedual graph (square vertices and heavy lines).
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∗

P (x̌ (Y)) =

XY
x̌


Ii (x̌i ) · ψ̌i (x̌i ) ,

(24)

i

COMPLEXITY

The dominant factor in the complexity of the message passing algorithm is the time taken to process all
possible partitions of the largest clique. Table 1 lists
the number of possible configurations for the various
cases. It can be seen from the table that the method
described in Section 3 offers a considerable improvement in the complexity of the calculations.

Table 1: Sizes of the message tables for each of the
methods. (a) Unlabeled Partitions (these are the Bell
numbers). (b) Binary labeled partitions (c) Binary
labeled edge-dual representation. (d) Binary labeled
part IDs (lower bound).
(a)
(b)
(c)
(d)

2
2
6
6
16

3
5
22
216
216

4
15
94
46656
4096

Clique Size
5
6
52
203
454
2430
6.0 × 107
4.7 × 1011
5
1.0 × 10
3.0 × 106

n
Bell no. Bn
A001861 [6]
6n(n−1)/2
(2n)n

Figure 4: An example of an undirected graph constructed from the input data in which each vertex represents an ink fragment.

4

APPLICATION TO INK DATA

In this section we apply the algorithm developed in
Section 3 to the task of parsing hand-drawn ink diagrams, focusing on the particular problem of grouping
electronic ink strokes into perceptually salient objects
and labeling the resulting groups. We demonstrate our
approach on organization charts such as that shown in
Figure 5, where objects are labeled as either containers or connectors. However, the method is general and
may be applied to a wide variety of related problems.
4.1

PRE-PROCCESSING

Table 2: Labeling errors for the three models. Results
are the mean of three cross-validation splits. Relative
differences are shown between models L and LI, and
between LI and PLI. The mean relative differences are
aggregations of the differences for each split, rather
than the differences between the means for individual
models. This is to reduce the effect of systematic variation between splits.

Having fragmented the strokes, we build an undirected
graph, G, containing one vertex for each ink fragment
(See Figure 4). This is the graph which will be partitioned to obtain the grouping of ink fragments. In our
algorithm, G is constructed by first building a candidate graph (which is not necessarily triangulated) by
connecting all pairs of fragments satisfying an appropriate distance constraint. Additional edges are added
to create a triangulated graph, and pairwise feature
vectors are generated for all edges on the new graph,
including those which were added during triangula-
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8.5%
4.5%
−48.9% ± 24.9%

PLI
% ∆ PLI/LI

2.6%
−42% ± 8%

Figure 5: Example labelings and groupings: the
most probable partition and labeling using model PLI.
Heavy lines indicate fragments which have been classified as containers and lighter lines indicate connectors.
Groups of fragments which belong to the same part
are outlined using a dashed box. (Image rotated from
original.)
tion. This approach gave a mean tree-width of 4.0
when applied to our training database. By modifying the algorithm to constrain the tree-width, an adjustable compromise between speed and accuracy can
be obtained.
4.2

The input data is a set of ink strokes, which may span
multiple objects. The first stage is to split the strokes
into fragments, which are assumed to belong to a single
object, by dividing each stroke into sections which are
straight to within a given tolerance.

L
LI
% ∆ LI/L

FEATURES AND PRIORS

We chose features to reflect the spatial and temporal
distribution of ink strokes, for example lengths and angles of fragments, whether two fragments were drawn
with a single stroke, and the temporal ordering of
strokes. We also used a number of ‘template’ features
which were designed to capture important higher level
aspects of the ink, such as the presence of T-junctions.
We use Gaussian priors, with correlations specified between the priors for weights corresponding to related
features. In total 61 unary features and 37 pairwise
features were used.
4.3

RESULTS

To test the performance of the method, we used a
database of 40 example diagrams, consisting of a total

of 2157 ink fragments. Three random splits were generated, each consisting of 20 examples used for training
and 20 used for evaluation. Training was performed by
finding the MAP weights as described in Section 2.1.
The models were tested by finding the most probable
partition and labeling as described in Section 2.2, and
counting errors made against ground-truth data.
For comparison, we also consider two related models
which model labeling only, without considering partitioning. The first of these models has a similar form
to that described in Section 2, but uses pairwise potentials given by
(

φ v s · f ij (x)
if yi = yj
(2)

ψij (y, x, θ) =
, (25)
φ v d · f ij (x) if yi 6= yj
where v s and v d are weights corresponding to vertices
i and j having the same and different labels respectively. The second related model does not use pairwise
potentials at all — ink fragments are labeled independently of the other labelings. In the following, we refer
to the full model performing labeling and partitioning as model PLI. LI is the model performing labeling
only with pairwise potentials, and L is the model with
unary potentials only.
Labeling error rates are shown in Table 2. Figure 5
shows the output of the algorithm on an example diagram. Further examples are available online at http:
//research.microsoft.com/∼szummer/aistats05/.

5

DISCUSSION

The results given in Section 4.3 show that our approach is capable of providing high-quality labeled partitions. The data also illustrate an important point;
simultaneous labeling and partitioning produces a significant improvement in labeling performance. This
is easily understandable — the constraint that vertices within the same part must be labeled identically
provides strong evidence for the labeling part of the
algorithm, and the boundaries between regions of different labels are strong candidates for part boundaries.
Hence the two aspects of the algorithm reinforce each
other.
There are a number of extensions to the model which
have not been discussed in this paper. The most
straightforward is the incorporation of other local constraints, such as known labels of particular vertices, or
information concerning the relationship of two vertices
in the partition. These can easily be included through
additional potentials which assign zero probability to
configurations violating the constraints, and in the
context of the ink parsing provide a valuable method
for incorporating user feedback. It seems that more

80

complex information, such as priors over the number
of parts, can be incorporated by increasing the amount
of information passed in the messages.
In some applications the maximum clique size may be
too large for exact inference to be feasible, motivating
approximate methods. Monte Carlo techniques have
already been applied to problems of this sort [1], but it
is desirable to apply alternative approximations such
as loopy belief propagation, variational inference or
expectation propagation.

6

CONCLUSION

We have presented a probabilistic model over labeled
partitions of an undirected graph, and have shown
that the structure of the graph may be used to efficiently perform exact inference with message passing
algorithms. We have demonstrated the application of
the model to the task of parsing hand-drawn diagrams.
Our experiments illustrate that it is possible to obtain
high-quality results using this technique. The results
obtained prove that in our applications, labeling accuracy is improved by performing partitioning at the
same time.
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Abstract

There has been much success on the topic of causal
discovery in the past decade in Artificial Intelligence
[Spirtes et al., 2000; Verma and Pearl, 1991; Heckerman et al., 1999; Tian and Pearl, 2001], building on
structural-equation modelling techniques originating
in early econometrics [cf., Simon, 1953; Wold, 1954].

In this paper I consider general obstacles to
the recovery of a causal system from its probability distribution. I argue that most of the
well-known problems with this task belong
in the class of what I call degenerate causal
systems. I then consider the task of discovering causality of dynamic systems that
have passed through one or more equilibrium
points, and show that these systems present
a challenge to causal discovery that is fundamentally different from degeneracy. To
make this comparison, I consider two operators that are used to transform causal models. The first is the well-known Do operator
for modeling manipulation, and the second
is the Equilibration operator for modeling a
dynamic system that has achieved equilibrium. I consider a set of questions regarding the commutability of these operators i.e.,
whether or not an equilibrated-manipulated
model is necessarily equal to the corresponding manipulated-equilibrated model, and I
explore the implications of that commutability on the practice of causal discovery. I
provide empirical results showing that (a)
these two operators sometimes, but not always, commute, and (b) the manipulatedequilibrated model is the correct one under
a common interpretation of manipulation on
dynamic systems. I argue that these results
have strong implications for causal discovery
from equilibrium data.

1

There are, as one might expect, many difficulties with
inferring reliable causal relationships from data. Latent common causes confounding relations between the
observed variables, nonlinearity, acyclicity, and violations of faithfulness due to the cancelling of multiple
causal paths are just a few. Identifying prospective
pitfalls such as these is the critical first step to developing techniques to handle them in a principled way.
This paper exposes another obstacle to causal discovery that is likely prevalent and important, but is not
currently being addressed by causal discovery research.
I describe this event as a violation of equilibrationmanipulation commutability (or EMC violation, for
short), for reasons that I hope to make clear shortly.
I show that EMC violation occurs in static systems,
but when those systems have an underlying dynamics
which have passed through some equilibrium points.
I illustrate the existence of EMC violation by example. Then as further validation, I provide empirical
results showing that EMC violation occurs in practice, and its occurrence depends on the time-scale at
which the data is being collected relative to the important time-scales of the underlying dynamic systems. I
argue that, since many real-world static systems are
essentially equilibrium points of underlying dynamic
systems, EMC violation is likely to be a common occurrence. I also argue that one can reduce the chance
of an EMC violation when building causal models by
taking care when choosing the set of variables to include in one’s model.

Introduction

Causal Discovery refers to a special class of statistical analysis that seeks to infer, from a set of data,
information about causal relations between variables.
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In Section 2, I define some background concepts and
explore known obstacles to causal discovery; in Section 3, I show a motivating example of a dynamic
causal system going through equilibrium, I define the

EMC property and show why it is important; in Section 4 I show empirically how an EMC violating system
can impact causal discovery in practice; in Section 5
I sketch two theorems that show sufficient conditions
for systems to violate and obey EMC, and finally I
conclude in Section 6.

2

Background Concepts

In this section I define a causal system, I explore known
obstacles to causal discovery, I introduce the EMC
questions and I demonstrate why these questions are
important.
2.1

Causal Discovery

I define a causal system [c.f., Pearl, 2000] in terms of
a set of structural equations:
Definition 1 (causal system) A causal system
over a set of variables V is a 4-tuple hU, V, E, φi,
where U is a set of random variables that are determined outside the system (“exogenous variables”),
V = {V1 , V2 , . . . Vn } is a set of n variables determined
by the system (“endogenous variables”), E is a set
of n equations, and φ : V → E is an onto mapping
such that for every Vi ∈ V, φ(Vi ) can be written as
Vi = fi (Pai , U0 ), where Pai ⊆ V \ {Vi }, U0 ⊆ U, and
fi is a function.
A causal system defines a directed graph over variables
in V as follows: For each Vi , let φ(Vi ) be written as
Vi = fi (Pai , U0 ), and draw an arc from all variables
Pij ∈ Pai ∪ U0 to Vi . A graph constructed in this way
is called a causal graph, and if Pij is a parent of Vi
in this graph then Pij is a cause of Vi , and Vi is an
effect of Pij . All Bayesian networks can be mapped
onto a causal system [Druzdzel and Simon, 1993], but
the converse is not true, e.g., causal systems can define
cyclic graphs.
All randomness in a causal system is induced by the exogenous variables, which are assumed to be controlled
by external forces and therefore are treated as random
variables. To say that an equation φ(Vi ) is deterministic means that U0 = ∅, in which case, Vi is a deterministic function of Pai . Because the variables in U are
random variables, and because in general the variables
in V depend on U, the causal system S = hU, V, E, φi
will define a probability distribution P over the set V.
A common assumption is to assume that each endogenous variable Vi in a causal system S depends on a
single exogenous variable Ui and for all i, j, Ui is independent of Uj .
Causal systems such that all fi functions are linear
and all Ui ∈ U are normally distributed are called lin-
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ear structural equation models, and for decades these
have been widely used in econometrics and the social
sciences to model causality [c.f., Simon, 1953; Wold,
1954].
Causal discovery or causal inference is the task of analyzing a probability distribution P , and possibly other
background information I, to reconstruct the causal
system S that generated P . In practice, however, even
if P is known exactly, causal inference can do no better than identifying the set of causal models that define
distributions identical to P that are consistent with I.
Probability distributions which do not uniquely define
a causal system are the most commonly observed obstacles to causal discovery. I call a causal system for
which that is the case degenerate. Specific instances
of features of causal systems that lead to degenerate
probability distributions have been identified and are
discussed in the next section.
2.2

Degenerate Causal Systems

Examining the conditional independence relations
present in the probability distribution is a key method
for causal discovery. Obviously, it is the presence of
these relations that increases the specificity of the distribution and makes identification of causal relations
possible. One of the most general problems one encounters when trying to perform causal inference from
independence relations is a lack of faithfulness:
Definition 2 (faithfulness) A probability distribution P (V) over a set of variables V is faithful to a
directed graph G over V if, for every conditional independence relation (V1 ⊥ V2 | V0 ) in P , there exists
a d-separation condition (V1 ⊥d V2 | V0 ) in G and
vice-versa1 , for V1 , V2 ∈ V and V0 ⊂ V.
If P is faithful to G then G is called a perfect map or pmap of P . P is called causally faithful to G when P is
faithful to G, and G is a causal graph. Specific cases in
which unfaithful distributions can be generated from
real causal systems have been identified in Spirtes et
al. [2000]. Two in particular are:
• Determinism: when a variable in a causal system depends deterministically on other variables.
For example, in the causal graph with three variables {A, B, C} such that: A → B → C and
A → C, if C is a deterministic function of A, then
C is independent of B given A although that dseparation condition does not exist in the causal
graph.
1
Some definitions of faithfulness do not require the converse.

• Cancelling causal paths: when two or more
causal paths exactly cancel out. This event can
make two or more variables non-correlated although they are causally connected. Although
this is possible in principle, Spirtes et al. [2000]
argue that its occurrence has Lebesque measure
zero.

system where the change, ∆X, in some variable X, is
determined by a linear balance of factors:
X0
F1t
F2t
∆X t
X t+1

Other reasons for causal degeneracy are:
• Statistical Indistinguishability: when there
exist other causal structures that have the same
set of adjacencies and v-structures.
• Lack of causal sufficiency. A common cause
C ← A → B will cause a dependence between C
and B in the probability distribution over these
variables. If A has been marginalized out of
the distribution P , it becomes difficult to decide
whether there is a direct causal arc between C
and B given only P .
• cyclic causality: when a directed cycle exists
in the causal graph. Although the physical relevance of these systems can be argued, they are
not forbidden by definition, and the implications
of their existence on independence relations is not
fully explored.
One mitigating fact for all of these obstacles is
that their occurrences are all detectable post-causaldiscovery, at least sometimes: Determinism and cancelling causal paths will be detectable in the parameters of the model; statistical indistinguishability will
be identifiable from the structure of the model; hidden common causes and cyclic causality can sometimes
be detected: for example, when their presence causes
many v-structures, the PC algorithm for causal discovery [Spirtes et al., 2000] can produce bi-directed arcs
or cycles, respectively.
Degenerate causal systems are on one hand problematic, but on the other hand are easy to understand.
In the next section I introduce a qualitatively different
type of obstacle to causal discovery which, in the author’s opinion, is much less transparent and therefore
more interesting than causal degeneracy. I call it “violation of Equilibration-Manipulation Commutability.”

3

The EMC Property

When a causal system is based on a set of differential (or difference) equations, the probability distribution it specifies will not be static, but instead will be
a function of time. The evolution of the probability
distribution should be predictable. For example, consider the following discrete-time first-order difference
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=
=
=
=
=

x0
α1 U10
α2 X t + U20
α3 F1t + α4 F2t + Ux0
X t + ∆X t ,

(1)
(2)
(3)
(4)
(5)

where all αi are constants. In this system, I have assumed that the exogenous variables {U10 , U20 , Ux0 } are
static throughout time (which is why they have a fixed
t = 0 superscript). The causal graph for this system
unrolled out to three time slices is shown in Figure 1(a). The dotted boxes around F1 , F2 and ∆X are
used to denote the fact that the exogenous variables
are static through time and are thus parents of those
variables in each time slice. For conciseness I will use a
shorthand graph, based on the notation of Iwasaki and
Simon [1994], where arcs that occur through time are
shown with dotted lines, instantaneous arcs are shown
in solid, and static exogenous arcs shown dashed. The
corresponding shorthand graph for our toy example is
shown in Figure 1-(b). It should be emphasized that,
although the shorthand version of this graph contains a
directed cycle, it represents an acyclic dynamic graph.
Sometimes I may also drop the exogenous variables
Ux0

'X0

'X1

'X2

Ux0

'X

U10

F10

F11

F12

U10

F1

U20

F20

F21

F22

U20

F2

X0

X1

X2

(a)

X

(b)

Figure 1: (a) A toy example dynamic causal graph
based on difference equations and with static exogenous variables, and (b) the same graph in “shorthand”
form.
from this graph to emphasize the endogenous causal
relations.
If one considers what the probability distribution over
the endogenous variables of this system at the nth time
slice will look like, one needs only to expand this system out n slices and marginalize out all variables from
previous time-slices to see the causal structure and
to generate the probability distribution of the variables at the nth slice. The problem, however, is, if
one waits long enough, it may very well be that this
system achieves equilibrium, at which time there will

be a qualitative change in the probability distribution.
Specifically, at equilibrium, ∆X t = 0, so the system
of equations reduces to:
F1
F2
X

= α1 U10
= −α3 F1 /α4 − Ux0
= F2 /α2 − U20

(6)
(7)
(8)

In the distribution defined by this system, although
U20 is a parent of F2 in the original causal system, it is
marginally independent of F2 in the equilibrium equation system. This fact is obvious by looking at the
independence graph of this system shown in Figure 2,
and it can also be easily derived from the equation
system assuming independent exogenous variables.
U10

F1

Ux0

F2

U20

X

of the equilibration operator is beyond the scope of this
paper (see Iwasaki and Simon [1994] for more details),
a sketch of the operator is as follows:
Definition 3 (Equilibration (sketch)) Let M =
hU, V, E, φi be a causal model, and let X ∈ V be a
dynamic variable in M . Equil(M, X) is a causal model
M 0 = hU0 , V0 , E0 , φ0 i that is defined by:
1. V0 is equal to V with all of X’s derivatives removed.
2. E0 is equal to E with all integration equations removed, and
3. φ0 : V0 → E0 is an onto mapping.
In general, such an operation may not define a unique
mapping φ0 ; however, in the remainder of the paper
I assume that φ0 is unique and only present examples
for which that is the case.

Figure 2: The independence graph of the equilibrium
distribution defined by our toy causal system. Although U20 is a parent of F2 in the original dynamic
system, it is marginally independent of F2 in the equilibrium distribution.
This example illustrates a novel unanswered question
associated with dynamic causal systems. Namely, if a
causal system is a set of equations with some structure imposed upon it, and if, when a non-structural
equation system goes through equilibrium, the equations go through a qualitative change, how should the
causality of a system passing through an equilibrium
point be modelled? That is, if some equations and
variables are dropping out, how should the remaining
equations be structured? In the above example, Equation 4 was originally used to determine ∆X; however in
equilibrium ∆X has dropped out and Equation 4 has
changed into Equation 7 and now “determines” F2 . In
fact, if one were to learn a causal graph given the equilibrium distribution, obviously one would in general
recover a totally different causal structure than would
be recovered from the non-equilibrium system at some
arbitrary time slice n. I show this fact empirically in
Section 4.
It has been argued by Iwasaki and Simon [1994] that
the causal relations governing a dynamic system can
change as the time-scale of observation of the system
is increased. In particular, they introduce the Equilibration operator that they argue produces the causal
relations of a system in equilibrium given the dynamic
(non-equilibrium) causal system. A detailed treatment
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As we have done with our toy example, the equilibration operator formally makes the assumption of equilibrium which causes a modification to the equations
of the system, then it recovers a structure consistent
with the remaining set of equations. In many cases,
there is a unique (independence) structure remaining
(as in Figure 2). Iwasaki and Simon argue that under
these circumstances that structure must be the causal
structure of the system under equilibrium.
The Do operator, Do(M, U = u), is another operator
of a causal system that transforms a causal model M
to a new causal model M 0 where a subset of variables
U in M 0 are fixed to specific values independent of
the causes of U. On the other hand, the Equilibration operator, Equil(M, X), transforms the model M
with a dynamic (time-varying) variable X to a new
causal model M 0 where X is static. This paper considers the relationship between these two operators. In
particular I am interested in the what I call the Equilibration Manipulation Commutability property, or the
EMC property for short:
Definition 4 (EMC Property) Let M (V) be a
causal model over variables V.
M satisfies
the Equilibration-Manipulation Commutability (EMC)
property iff
Equil(Do(M, U = u), X) = Do(Equil(M, X), U = u),
for all U ⊆ V and all X ∈ V.
In this paper, I consider the following set of questions
(hereafter referred to as the EMC questions):
1. Does the EMC property hold for all dynamic
causal models?

2. Does the EMC property hold for any dynamic
causal models?
3. Under what conditions is the EMC property guaranteed to hold?
4. Under what conditions is the EMC property guaranteed to be violated?
5. In general, is it sensible to reason about causality in a dynamic system that has passed through
some equilibrium points?
These questions are important for at least the following reason: Very often in practice a causal model is
first built from either data or knowledge of equilibrium
relationships, and then causal reasoning is performed
on that model. This common approach takes path A
in Figure 3. When a manipulation is performed on a

studies. I performed numerical simulations of a dynamic system to demonstrate that as the time scale
was increased enough so that an equilibration could
occur, the causal structure that was learned from data
corresponds to the structure obtained by applying the
Equilibration operator to the dynamic model. This
fact is significant because it indicates that whenever a
causal structure that is learned from equilibrium data
is used for causal reasoning, then Path A of Figure 3
is being taken: if the EMC property does not hold for
the model being used then subsequent causal reasoning
will produce incorrect results.
Consider the causal system of five variables {Qin ,
Qout , D, K, P } defined by Equations 9–13 below.

A

S

Ŝ

~
S
Manipulation

Manipulation

B

Equilibration

Equilibration

=
=
=
=

K0
Q0
α2 (α4 D − P )
α3 (α1 KP − Qout )

Ḋ

=

α0 (Qin − Qout )

(9)
(10)
(11)
(12)
(13)

where Q̇out , Ḋ and Ṗ are the first time-derivatives of
Qout , D and P , respectively, and αi : i ∈ {0, 1, . . . , 4}
are constants.

~ ? ~ˆ
Sˆ = S

Figure 3: The EMC Questions consider under what
conditions the Do operator commutes with the Equilibration operator operating on a dynamic causal model
S.
system, however, the state of the system in general becomes “shocked” taking the system out of equilibrium,
a situation which is modelled by path B in Figure 3.
The validity of the common approach of taking path
A thus hinges on the answers to the EMC Questions.
This paper primarily answers EMC Questions 1, 2,
and 5. The toy example I prove by example and by
empirical tests that the answer to Question 1 is “No”
and that of Question 2 is “Yes”. These results in turn
implies that the answer to Question 5 is “Sometimes”.
The answers to Questions 3 and 4 are addressed in
Dash [2003], but I will sketch those results here as
well.

4

K
Qin
Ṗ
Q̇out

Discovery from Data: Empirical
Results

The previous section presented an example which implied that the answer to EMC Question 1 is “no”. This
section addresses the EMC Questions using empirical
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This system was taken from Iwasaki and Simon [1994].
To give some physical intuition, it roughly approximates a filling-bathtub where water is entering the
bathtub from the faucet at a rate Qin liters per second and is exiting the drain at a rate Qout liters per
second. The pressure of the water at the base of the
drain is P , the depth of the water is D, and the diameter of the drain is K. In this system Qin and K are
exogenous and the remaining variables are dynamic.
The causal graph of this system is shown in Figure 4.

K
Qout
Qin

D&

D

P&

Q& out
P

Figure 4: The dynamic causal graph S0 of the bathtub
system.

This system has three dynamic variables, and therefore
three possible equilibrations, corresponding to the occurrence of Ṗ = 0, Q̇out = 0, and Ḋ = 0. When these
conditions occur, Equations 11, 12, and 13 reduce to
the equilibrium relations given by Equations 14–16,

respectively:
P
Qout
Qin

=
=
=

ρgD
α1 KP
Qout

(14)
(15)
(16)

This system has many potential equilibrium causal orderings depending on the relative time scales of the
three variables P , Qout and D, and depending on the
time scale at which the system is observed. If, for
example, P and Qout both reach equilibrium much
sooner than D, and the system is observed before D
has reached equilibrium but after P and Qout , then
Equations 11 and 12 get replaced by Equations 14 and
15, respectively. The causal ordering of this system is
shown in Figure 5.
K
Qout
D&

Qin

D

P

Figure 5: The causal ordering of the bathtub system
when P and Qout have been equilibrated but not D.
Because the system of Figure 4 involves three dynamic
variables, there exist three important time-scales for
this system, controlled by the inverse of the coefficients: τD ∝ 1/α0 , τP ∝ 1/α2 , and τQ ∝ 1/α3 , for
D, P and Qout respectively. If τP ¿ τQ ¿ τD , then
there will exist four possible equilibrium causal structures learned from data depending on the time, τ , at
which the data was observed. These four structures
(over variables V = {Qin , Qout , P , T , K}) are shown
in Figure 6. At τ = 0 each of the five variables in
τ =0

Qin

D

P

Qout

K

:

S1

τ ' τP

Qin

D

P

Qout

K

:

S2

τ ' τQ

Qin

D

P

Qout

K

:

S3

Qin

D

P

Qout

K

:

S4

τ

>
∼

τD

Figure 6: The bathtub system has four correct equilibrium structures depending on the time scale at which
the system is observed.
V are given by their initial conditions and so are exogenous; in this case S1 will be the structure learned
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from data. After enough time has passed for P to equilibrate (τ ' τP ), then Equation 11 reduces to Equation 14, and the structure S2 will result. After τ ' τQ ,
enough time has passed for Qout to equilibrate, and
Equation 12 reduces to Equation 15, resulting in the
structure S3 . Finally, after τ > τD , enough time has
passed for D to equilibrate and Equation 13 reduces
to Equation 16, leading to a drastic restructuring of
equations and resulting in model S4 .
I simulated learning over several time-scales for the
filling-bathtub system. The following values for constants were used: α1 = 1, α0 = 0.005, α2 = 0.05, and
α3 = 0.01. All variables were initialized from the uniform distribution over the interval (0, 1). Independent
Gaussian error terms with mean 0 were added to each
derivative variable. The error terms for Ḋ and Q̇out
had standard deviation equal to 0.01, and Ṗ had standard deviation equal to 0.5. I assumed the bathtub
was infinitely high (no bound on D was enforced), so
given these constants, an equilibrium was guaranteed
to exist.
A database of N = 10000 records was generated for
each of the 29 time-scales given in the set T = {0 − 10,
20, 30, 40, 50, 80, 100, 125, 150, 200, 250, 300, 500,
750, 1000, 1250, 1500, 1750, 2000}, and for each of
these databases the PC algorithm was run to retrieve a
causal graph. A modified version of PC was used which
forbade cycles or bi-directional arrows and randomized the order in which independencies were checked
[Dash and Druzdzel, 1999]. Data for each variable took
on a continuous range of values, and in all cases the
Fisher’s-z statistic was used to test for conditional independence using a significance level of α = 0.05.
I restricted structure learning to the variables {D, P ,
Qout , Qin and K}, namely the variables relevant to
the static analysis of this system. This was performed
50 times for each time scale, and the number of times
the pattern corresponding to the graphs in Figure 6
were exactly recovered was counted.
The normalized results, showing the empirical probability of retrieving the four structures as a function of
the time scale, are shown in Figure 7. For example,
when the system is observed just one time step away
from the initial conditions, Figure 7 shows that structure S2 was learned around 45% of the time, structure
S1 was recovered around 6% of the time, structure
S3 was discovered less than 5% of the time, and some
other structure was learned the remainder (about 44%)
of the time. The time-scales 20 ≤ τ ≤ 750 are excluded
from this figure—they produced empirical probabilities of 0 for all four structures. These results show convincingly that as the time-scale increases, the learned
causal structure changes in the order predicted by the

a variable V ∈ V is equilibrated in M :
Equil(M, V ). I assume that Mṽ is unique.

Change in Structure over Time Scale for Bathtub Model
Probability of Recovering Structure

0.9

S4

0.8

Theorem 1 (EMC violation) If both M and Mṽ
are recursive (have acyclic graphs) and there exists any
F ∈ Fb(V )M such that F ∈ V0 then Do(Mṽ , Y ) 6=
Equil(Do(M, Y ), V ) for any Y ∈ V.
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Figure 7: As the time step is varied, each of the four
equilibrium structures can be recovered in sequence.
equilibration operator.
It is easy to verify that the EMC property holds
when only P or Qout are equilibrated and any of
these five variables are manipulated (by verifying
that manipulating any variable in S1 or S2 results
in the same graph as manipulating them in Figure 4 then equilibrating). On the contrary, it is
easy to verify that when D is equilibrated, the EMC
property is violated:Do(Equil(S0 , D), D) corresponds
to S4 with the arc from P to D removed; whereas
Equil(Do(S0 , D), D) (constructed by applying the Do
operator to S0 and then equilibrating all remaining
dynamic variables) corresponds to S3 .

5

Mṽ =

Theoretical Results: EMC
Questions 3 and 4

The results from Section 4 show that in some cases
the EMC property is preserved, while in others it is
not. While it is beyond the scope of this paper to
address the precise conditions when EMC will or will
not be violated, I will briefly sketch in this section two
results from Dash [2003] with proofs omitted. The first
states conditions for which EMC is guaranteed to be
violated, the second states conditions for which EMC
is guaranteed to be satisfied.
These results involve the concept of a feedback set. A
feedback set of a variable X in a causal model is the set
of variables that are both ancestors and descendants
of X in the shorthand causal graph. For example, in
Figure 4, the feedback variables of D are Ṗ , P , Q̇out ,
Qout and Ḋ. I let Fb(X)M denote the set of feedback
variables of X in model M .
For the following two theorems, we consider a dynamic causal model M = hU, V, E, φi and let Mṽ =
hU0 , V0 , E0 , φ0 i denote the graph that results when
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For example, in Figure 6, the graph that results when
D is equilibrated contains variables that are in the
feedback set of D, so the bathtub system violates EMC
when D is equilibrated.
Theorem 2 (EMC obeyance) Let ∆n V be the
highest derivative (difference) of V in V. If both M
and Mṽ are recursive (have acyclic graphs) and V ∈
Pa(∆n V ), then Do(Mṽ , Y ) = Equil(Do(M, Y ), V ).
For example, in Figure 4, Pa(Ṗ ) = {P } and
Pa(Q̇out ) = {Qout }, so the bathtub system will obey
EMC when either of these variables are equilibrated,
as seen in Figure 6.

6

Conclusions

The results of this paper have important consequences
for causal discovery. In particular, they emphasize the
importance of considering the time-scale of the data
being used for causal discovery. If data is recorded
of a system for which some variables have achieved
equilibrium, then learning a causal graph and using it
to predict the effects of manipulating variables in the
model amounts to taking path A in Figure 3; however,
path B is the correct one to take: if the EMC property
does not hold for that model, then incorrect inferences
could result.
The fact that taking path A in Figure 3 produces predictions that differ from path B requires us, if we intend to perform causal reasoning with our model, to
either ensure that we are taking path B or ensure that
we are dealing with models that obey the EMC property. Currently, most work regarding the discovery or
building of causal models takes path A and pays no
regard to the EMC property. I hope that this work
will bring attention to this fact and help to rectify it.
It is a valid question to ask why the EMC property is
useful at all. That is, why treat an equation system
that has passed through equilibrium as causal? The
answer to that question lies in the extreme difficulty
of knowing what the important time-scale of an unknown causal system might be. On top of that, to
break a system down to its finest time-scale often involves modeling the system in intractable detail. For
example, if it were necessary to model the microstates

of a statistical ensemble of particles rather than using the macroscopic laws directly, then modeling the
causality of any such system would be impossible.

Ninth Annual Conference on Uncertainty in Artificial Intelligence (UAI–93), pages 3–11, San Francisco, CA, 1993. Morgan Kaufmann Publishers.

The problem of identifying the relevant time-scales of a
system is especially acute for the task of causal discovery (as opposed to building causal models from expert
knowledge), because obviously, if one is trying to learn
causal relations from data, it is likely that one is not
privy to the details of the underlying dynamics of the
system. The positive conclusion of this work is that,
for systems that obey EMC, one does not need to consider the system on the shortest possible time scale
for the resulting model to accurately reflect causality.
The negative conclusion, however, is that at least some
knowledge of temporal behavior of the system is likely
necessary to ensure that the EMC condition is satisfied, and what knowledge is necessary and sufficient is
not yet known.

David Heckerman, Christopher Meek, and Gregory F.
Cooper. A bayesian approach to causal discovery.
In Clark Glymour and Gregory F. Cooper, editors,
Computation, Causation, and Discovery, chapter
four, pages 141–165. AAAI Press, Menlo Park, CA,
1999.

Although this work raises important objections to
some uses of causal reasoning with models learned
from data, I believe that the great potential of causal
modeling and causal discovery in artificial intelligence
make it all the more important for these questions
to be explored further and answered as forcefully as
possible. The fact that equilibrium causal models are
problematic for causal inference should not deter us
from developing further the theory that can allow us
to build and use them in practice.

7
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Abstract

classification tasks this amounts to assuming that the
target function is constant within the region of input
space (or “cluster” (Chapelle et al., 2003)) associated
with a particular class. These previous non-parametric
approaches exploit the idea of building and smoothing
a graph in which each example is associated with a
node, and arcs between two nodes are associated with
the value of a similarity function applied on the corresponding two examples.

There has been an increase of interest for
semi-supervised learning recently, because of
the many datasets with large amounts of
unlabeled examples and only a few labeled
ones. This paper follows up on proposed nonparametric algorithms which provide an estimated continuous label for the given unlabeled examples. First, it extends them to
function induction algorithms that minimize
a regularization criterion applied to an outof-sample example, and happen to have the
form of Parzen windows regressors. This allows to predict test labels without solving
again a linear system of dimension n (the
number of unlabeled and labeled training examples), which can cost O(n3 ). Second, this
function induction procedure gives rise to an
efficient approximation of the training process, reducing the linear system to be solved
to m  n unknowns, using only a subset of
m examples. An improvement of O(n2 /m2 )
in time can thus be obtained. Comparative
experiments are presented, showing the good
performance of the induction formula and approximation algorithm.

1

INTRODUCTION

Several non-parametric approaches to semi-supervised
learning (see (Seeger, 2001) for a review of semisupervised learning) have been recently introduced,
e.g. in (Szummer & Jaakkola, 2002; Chapelle et al.,
2003; Belkin & Niyogi, 2003; Zhu et al., 2003a; Zhu
et al., 2003b; Zhou et al., 2004). They rely on weak implicit assumptions on the generating data distribution,
e.g. smoothness of the target function with respect to
a given notion of similarity between examples1 . For
1
See also (Kemp et al., 2004) for a hierarchically structured notion of a priori similarity.
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It is not always clear with these graph-based kernel
methods for semi-supervised learning how to generalize to previously unseen test examples. In general
they have been designed for the transductive setting,
in which the test examples must be provided before
doing the expensive part of training. This typically
requires solving a linear system with n equations and
n parameters, where n is the number of labeled and
unlabeled data. In a truly inductive setting where new
examples are given one after the other and a prediction must be given after each example, it can be very
computationally costly to solve such a system anew
for each of these test examples. In (Zhu et al., 2003b)
it is proposed to assign to the test case the label (or
inferred label) of the nearest neighbor (NN) from the
training set (labeled or unlabeled). In this paper we
derive from the training criterion an inductive formula
that turns out to have the form of a Parzen windows
predictor, for a computational cost that is O(n). Besides being smoother than the NN-algorithm, this induction formula is consistent with the predicted labels
on the unlabeled training data.
In addition to providing a relatively cheap way of doing function induction, the proposed approach opens
the door to efficient approximations even in the transductive setting. Since we know the analytic functional
form of the prediction at a point x in terms of the
predictions at a set of training points, we can use it to
express all the predictions in terms of a small subset of
m  n examples (i.e. a low-rank approximation) and
solve a linear system with m variables and equations.

2

NON-PARAMETRIC
SMOOTHNESS CRITERION

for i ∈ L ∪ U then gives rise to the linear system

In the mathematical formulations, we only consider
here the case of binary classification. Each labeled
example xk (1  k  l) is associated with a label
yk ∈ {−1, 1}, and we turn the classification task into
a regression one by looking for the values of a function f on both labeled and unlabeled examples xi
(1  i  n), such that f (xi ) ∈ [−1, 1]. The predicted class of xi is thus sign(f (xi )). Note however
that all algorithms proposed extend naturally to multiclass problems, using the usual one vs. rest trick.
Among the previously proposed approaches, several
can be cast as the minimization of a criterion (often a
quadratic form) in terms of the function values f (xi )
at the labeled and unlabeled training examples xi :
1 X
W (xi , xj )D(f (xi ), f (xj ))
CW,D,D0 ,λ (f ) =
2
i,j∈U ∪L
X
D0 (f (xi ), yi )
(1)
+ λ
i∈L

where U is the unlabeled set, L the labeled set, xi
the i-th example, yi the target label for i ∈ L, W (·, ·)
is a positive similarity function (e.g. a Gaussian kernel) applied on a pair of inputs, and D(·, ·) and D 0 (·, ·)
are lower-bounded dissimilarity functions applied on a
pair of output values. Three methods using a criterion of this form have already been proposed: (Zhu
et al., 2003a), (Zhou et al., 2004) (where an additional
Pregularization term is added to the cost, equal
to λ i∈U f (xi )2 ), and (Belkin et al., 2004) (where for
the purpose
P of theoretical analysis, they add the constraint i f (xi ) = 0). To obtain a quadratic form in
f (xi ) one typically chooses D and D 0 to be quadratic,
e.g. the Euclidean distance. This criterion can then
be minimized exactly for the n function values f (xi ).
In general this could cost O(n3 ) operations, possibly
less if the input similarity function W (·, ·) is sparse.
A quadratic dissimilarity function makes a lot of sense
in regression problems but has also been used successfully in classification problems, by looking for a continuous labeling function f . The first term of eq. 1
indeed enforces the smoothness of f . The second term
makes f consistent with the given labels. The hyperparameter λ controls the trade-off between those two
costs. It should depend on the amount of noise in the
observed values yi , i.e. on the particular data distribution (although for example (Zhu et al., 2003a) consider
forcing f (xi ) = yi , which corresponds to λ = +∞).
0

In the following we study the case where D and D are
the Euclidean distance. We also assume samples are
sorted so that L = {1, . . . , l} and U = {l + 1, . . . , n}.
The minimization of the criterion w.r.t. all the f (xi )
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with

Af~ = λ~y

(2)

~y = (y1 , . . . , yl , 0, . . . , 0)T

(3)

f~ = (f (x1 ), . . . , f (xn ))T
and, using the matrix notation Wij = W (xi , xj ), the
matrix A written as follows:
A = λ∆L + Diag(W 1n ) − W

(4)

where Diag(v) is the matrix whose diagonal is the vector v, 1n is the vector of n ones, and ∆L (n × n) is
(∆L )ij = δij δi∈L .

(5)

This solution has the disadvantage of providing no obvious prediction for new examples, but the method is
generally used transductively (the test examples are
included in the unlabeled set). To obtain function induction without having to solve the linear system for
each new test point, one alternative would be to parameterize f with a flexible form such as a neural network or a linear combination of non-linear bases (see
also (Belkin & Niyogi, 2003)). Another is the induction formula proposed below.

3

FUNCTION INDUCTION
FORMULA

In order to transform the above transductive algorithms into function induction algorithms we will do
two things: (i) consider the same type of smoothness
criterion as in eq. 1, but including a test example x,
and (ii) as in ordinary function induction (by opposition to transduction), require that the value of f (xi )
on training examples xi remain fixed even after x has
been added2 .
The second point is motivated by the prohibitive cost
of solving again the linear system, and the reasonable
assumption that the value of the function over the unlabeled examples will not change much with the addition of a new point. This is clearly true asymptotically
(when n → ∞). In the non-asymptotic case we should
expect transduction to perform better than induction
(again, assuming test samples are drawn from the same
distribution as the training data), but as shown in our
experiments, the loss is typically very small, and comparable to the variability due to the selection of training examples.
Adding terms for a new unlabeled point x in eq. 1 and
keeping the value of f fixed on the training points xj
2

Here we assume x to be drawn from the same distribution as the training samples: if it is not the case, this
provides another justification for keeping the f (xi ) fixed.

leads to the minimization of the modified criterion
X
∗
W (x, xj )D(f (x), f (xj )). (6)
(f (x)) =
CW,D
j∈U ∪L

∗
is
Taking for D the usual Euclidean distance, CW,D
convex in f (x) and is minimized when
P
j∈U ∪L W (x, xj )f (xj )
P
= f˜(x).
(7)
f (x) =
W
(x,
x
)
j
j∈U ∪L

Interestingly, this is exactly the formula for Parzen
windows or Nadaraya-Watson non-parametric regression (Nadaraya, 1964; Watson, 1964) when W is the
Gaussian kernel and the estimated f (xi ) on the training set are considered as desired values.
One may want to see what happens when we apply f˜
on a point xi of the training set. For i ∈ U , we obtain
that f˜(xi ) = f (xi ). But for i ∈ L,
f˜(xi )

=

λ(f (xi ) − yi )
.
f (xi ) + P
j∈U ∪L W (xi , xj )

Plugging this in eq. 1, we separate the cost in four
terms (CRR , CRS , CSS , CL ):
1 X
2
W (xi , xj ) (f (xi ) − f (xj ))
2
i,j∈R
}
{z
|
CRR

+

Thus the induction formula (eq. 7) gives the same result as the transduction formula (implicitely defined
by eq. 2) over unlabeled points, but on labeled examples it chooses a value that is “smoother” than f (xi )
(not as close to yi ). This may lead to classification
errors on the labeled set, but generalization error may
improve by allowing non-zero training error on labeled
samples. This remark is also valid in the special case
where λ = +∞, where we fix f (xi ) = yi for i ∈ L,
because the value of f˜(xi ) given by eq. 7 may be different from yi (though experiments showed such label
changes were very unlikely in practice).
The proposed algorithm for semi-supervised learning
is summarized in algorithm 1, where we use eq. 2 for
training and eq. 7 for testing.

Algorithm 1 Semi-supervised induction
(1) Training phase
Compute A = λ∆L + Diag(W 1n ) − W (eq. 4)
Solve the linear system Af~ = λ~y (eq. 2) to obtain
f (xi ) = f~i
(2) Testing phase
For a new point x, compute its label f˜(x) by eq. 7

4

Here we will take advantage of the induction formula
(eq. 7) to simplify the linear system to m  n equations and variables, where m is the size of a subset of
examples that will form a basis for expressing all the
other function values. Let S ⊂ L ∪ U with L ⊂ S be
such a subset, with |S| = m. Define R = U \S. The
idea is to force f (xi ) for i ∈ R to be expressed as a
linear combination of the f (xj ) with j ∈ S:
P
j∈S W (xi , xj )f (xj )
P
.
(8)
∀i ∈ R, f (xi ) =
j∈S W (xi , xj )

SPEEDING UP THE TRAINING
PHASE

1 X
2
W (xi , xj ) (f (xi ) − f (xj ))
2×
2
i∈R,j∈S
}
{z
|
CRS

+

1 X
2
W (xi , xj ) (f (xi ) − f (xj ))
2
i,j∈S
}
{z
|
CSS

+

λ

X

(f (xi ) − yi )2

i∈L

|

}

{z

CL

Let f~ denote now the vector with entries f (xi ), only for
i ∈ S (they are the values to identify). To simplify the
notations, decompose W in the following sub-matrices:


0
WSS WRS
W =
.
WRS WRR
with WSS of size (m × m), WRS of size ((n − m) × m)
and WRR of size ((n − m) × (n − m)). Also define W RS
W
the matrix of size ((n−m)×m) with entries P ijW ,
ik

k∈S

for i ∈ R and j ∈ S.

Using these notations, the gradient of the above cost
with respect to f~ can be written as follows:
i
h  T
2 W RS (Diag(WRR 1r ) − WRR ) W RS f~
}
{z
|
∂CRR
~
∂f

+

A simple way to reduce the cubic computational
requirement and quadratic memory requirement for
’training’ the non-parametric semi-supervised algorithms of section 2 is to force the solutions to be expressed in terms of a subset of the examples. This
idea has already been exploited successfully in a different form for other kernel algorithms, e.g. for Gaussian
processes (Williams & Seeger, 2001).
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i
h 
T
2 Diag(WSR 1r ) − W RS WRS f~
}
{z
|
∂CRS
~
∂f

+

[2 (Diag(WSS 1m ) − WSS )] f~ + 2λ∆L (f~ − ~y )
}
{z
} |
{z
|
∂CSS
~
∂f

∂CL
~
∂f

where ∆L is the same as in eq. 5, but is of size (m×m),
and ~y is the vector of targets (eq. 3), of size m. The

linear system Af~ = λ~y of eq. 2 is thus redefined with
the following system matrix:
A=

λ∆L
+

T

W RS (Diag(WRR 1r ) − WRR ) W RS
T

+ Diag(WSR 1r ) − W RS WRS
+ Diag(WSS 1m ) − WSS .

The main computational cost now comes from the
. To avoid it, we simply choose
computation of ∂C∂RR
f~
to ignore CRR in the total cost, so that the matrix A
can be computed in O(m2 (n − m)) time, using only
O(m2 ) memory, instead of respectively O(m(n − m)2 )
time and O(m(n − m)) memory when keeping CRR .
By doing so we lessen the smoothness constraint on
f , since we do not take into account the part of the
cost enforcing smoothness between the examples in R.
However, this may have a beneficial effect. Indeed, the
costs CRS and CRR can be seen as regularizers encouraging the smoothness of f on R. In particular, using
CRR may induce strong constraints on f that could be
inappropriate when the approximation of eq. 8 is inexact (which especially happens when a point in R is far
from all examples in S). This could constrain f too
much, thus penalizing the classification performance.
In this case, discarding CRR , besides yielding a significant speed-up, also gives better results. Algorithm 2
summarizes this algorithm (not using CRR ).

Algorithm 2 Fast semi-supervised induction
Choose a subset S ⊇ L (e.g. with algorithm 3)
R←U \S
(1) Training phase
A←
λ∆L + Diag(WSR 1r )

of f would not be enforced. This suggests to start with
S = ∅ and R = U , then add samples xi iteratively by
choosing the point farthest
P from the current subset, i.e.
the one that minimizes j∈L∪S W (xi , xj ). Note that
adding a sample that is far from all other examples
in the dataset will not help, thus we discard an added
point if this isPthe case (xj being “far” is defined by a
threshold on i∈R\{j} W (xi , xj )). In the worst case,
this could make the algorithm in O(n2 ), but assuming
only few examples are far from all others, it scales as
O(mn). Once this first subset is selected, we refine it
by training the algorithm presented in section 2 on the
subset S, in order to get an approximation of the f (xi )
for i ∈ S, and by using the induction formula of section 3 (eq. 7) to get an approximation of the f˜(xj ) for
j ∈ R. We then discard samples in S for which the confidence in their labels is high3 , and replace them with
samples in R for which the confidence is low (samples near the decision surface). One should be careful when removing samples, though:Pwe make sure we
do not leave “empty” regions (i.e.
i∈L∪S W (xi , xj )
must stay above some threshold for all j ∈ R). Finally,
labeled samples are added to S. Overall, the cost of
this selection phase is on the order of O(mn + m3 ).
Experiments showing its effectiveness are presented in
section 5.3. The subset selection algorithm4 is summarized in algorithm 3.

5

EXPERIMENTS

5.1

T

− W RS WRS + Diag(WSS 1m ) − WSS
Solve the linear system Af~ = λ~y to obtain f (xi ) =
f~i for i ∈ S
Use eq. 8 to obtain f (xi ) for i ∈ R
(2) Testing phase
For a new point x, compute its label f˜(x) by eq. 7

In general, training using only a subset of m  n samples will not perform as well as using the whole dataset.
Thus, it can be important to choose the examples in
the subset carefully to get better results than a random selection. Our criterion to choose those examples
is based on eq. 8, that shows f (xi ) for i ∈
/ S should be
well approximated by the value of f at the neighbors
of xi in S (the notion of neighborhood being defined
by W ). Thus, in particular, xi for i ∈
/ S should not
be too far from the examples in S. This is also important because when discarding the part CRR of the
cost, we must be careful to cover the whole manifold
with S, or we may leave “gaps” where the smoothness
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FUNCTION INDUCTION

Here, we want to validate our induction formula
(eq. 7): the goal is to show that it gives results close
to what would have been obtained if the test points
had been included in the training set (transduction).
Indeed, we expect that the more unlabeled points the
better, but how much better? Experiments have been
performed on the “Letter Image Recognition” dataset
of the UCI Machine Learning repository (UCI MLR).
There are 26 handwritten characters classes, to be discriminated using 16 geometric features. However, to
keep things simple, we reduce to a binary problem by
considering only the class formed by the characters
’I’ and ’O’ and the class formed by ’J’ and ’Q’ (the
choice of these letters makes the problem harder than
a basic two-character classification task). This yields a
dataset of 3038 samples. We use for W (x, y) the Gaus2
sian kernel with bandwidth 1: W (x, y) = e−||x−y|| .
First, we analyze how the labels can vary between in3

In a binary classification task, the confidence is given
by |f (xi )|. In the multi-class case, it is the difference between the weights of the two classes with highest weights.
4
Note that it would be interesting to investigate the use
of such an algorithm in cases where one can obtain labels,
but at a cost, and needs to select which samples to label.

Algorithm 3 Subset selection
δ is a small threshold, e.g. δ = 10−10
(1) Greedy selection
S ← ∅ {The subset we are going to build}
R ← U {The rest of the unlabeled data}
while |S| + |L| < m do
P
Find j ∈ R s.t.
i∈R\{j} W (xi , xj ) ≥ δ and
P
i∈L∪S W (xi , xj ) is minimum
S ← S ∪ {j}
R ← R \ {j}
(2) Improving the decision surface
Compute an approximate of f (xi ), i ∈ S and f˜(xj ),
j ∈ R, by applying algorithm 1 with the labeled set
L and the unlabeled set S and using eq. 7 on R
SH ← the points in S with highest confidence (see
footnote 3)
RL ← the points in R with lowest confidence
for all j ∈ SP
H do
if mini∈R k∈L∪S\{j} W (xi , xk ) ≥ δ then
P
k ∗ ← argmink∈RL i∈L∪S W (xk , xi )
S ← (S \ {j}) ∪ {k ∗ } {Replace j by k ∗ in S}
R ← (R \ {k ∗ }) ∪ {j} {Replace k ∗ by j in R}
S ← S ∪ L {Add the labeled data to the subset}

duction and transduction when the test set is large
(section 5.1.1), then we study how this variation compares to the intrinsic variability due to the choice of
training data (section 5.1.2).
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Induction vs. Transduction

When we add new points to the training set, two questions arise. First, do the f (xi ) change significantly?
Second, how important is the difference between induction and transduction over a large amount of new
points, in terms of classification performance?
The experiments shown in fig. 1 have been made considering three training sets, T 1000, T 2000 and T 3038,
containing respectively 1000, 2000 and 3038 samples
(the results plotted are averaged on 10 runs with randomly selected T 1000 and T 2000). The first two
curves show the percentage of unlabeled data in T 1000
and T 2000 whose label has changed compared to the
labels obtained when training over T 3038 (the whole
dataset). This validates our hypothesis that the f (xi )
do not change much when adding new training points.
The next three curves show the classification error for
the unlabeled data respectively on T 3038 \ T 2000,
T 3038 \ T 1000 and T 3038 \ T 1000, for the algorithm
trained respectively on T 2000, T 1000 and T 3038. This
allows us to see that the induction’s performance is
close to that of transduction (the average relative increase in classification error compared to transduction
is about 20% for T 1000 and 10% for T 2000). In addi-
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Figure 1: Percentage of unlabeled training data whose
label has changed when test points were added to the
training set, and classification error in induction and
transduction. Horizontal axis: number of labeled data.
tion, the difference is very small for large amounts of
labeled data as well as for very small amounts. This
can be explained in the first case by the fact that
enough information is available in the labeled data to
get close to optimal classification, and in the second
case, that there are too few labeled data to ensure an
efficient prediction, either transductive or inductive.
5.1.2

5.1.1

Percentage of label changes T2000 vs T3038
Percentage of label changes T1000 vs T3038
Test error T2000(induction)
Test error T1000(induction)
Test error T3038(transduction)

0.18

Varying The Test Set Size

The previous experiments have shown that when the
test set is large in comparison with the training set,
the induction formula will not be as efficient as transduction. It is thus interesting to see how evolves the
difference between induction and transduction as the
test set size varies in proportion with the training set
size. In particular, for which size of the test set is
that difference comparable to the sensitivity of the algorithm with respect to the choice of training set?
To answer this question, we need a large enough
dataset to be able to choose random training sets. The
whole Letters dataset is thus used here, and the binary
classification problem is to discriminate the letters ’A’
to ’M’ from the letters ’N’ to ’Z’. We take a fixed test
set of size 1000. We repeat 10 times the experiments
that consists in: (i) choosing a random base training
set of 2000 samples (with 10% labeled), and (ii) computing the average error on test points in transduction
by adding a fraction of them to this base training set
and solving the linear system (eq. 2), repeating this so
as to compute the error on all test points.
The results are shown in fig. 2, when we vary the number of test points added to the training set. Adding 0
test points is slightly different, since it corresponds to

0.25

Table 1: Comparative Classification Error of the
Laplacian Algorithm (Belkin & Niyogi, 2003),
W holeSet in Transduction and W holeSet in Induction on the MNIST Database. On the horizontal axis
is the number of labeled examples and we use two different sizes of training sets (1000 and 10000 examples).

Test error
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Figure 2: Horizontal axis: number of test points added
in proportion with the size of the training set. Vertical
axis: test error (in transduction for a proportion > 0,
and in induction for the proportion 0).
the induction setting, that we plot here for comparison
purpose. We see that adding a fraction of test examples corresponding to less than 5% of the training set
does not yield a significant decrease in the test error
compared to induction, given the intrinsic variability
due to the choice of training set. It could be interesting to compare induction with the limit case where we
add only 1 test point at step (ii). We did not do it
because of the computational costs, but one would expect the difference with induction to be smaller than
for the 5% fraction.
5.2

COMPARISON WITH EXISTING
ALGORITHM

We compare our proposed algorithm (alg. 1) to the
semi-supervised Laplacian algorithm from (Belkin &
Niyogi, 2003), for which classification accuracy on the
MNIST database of handwritten digits is available.
Benchmarking our induction algorithm against the
Laplacian algorithm is interesting because the latter
does not fall into the general framework of section 2.
In order to obtain the best performance, a few refinements are necessary. First, it is better to use a sparse
weighting function, which allows to get rid of the noise
introduced by far-away examples, and also makes computations faster. The simplest way to do this is to
combine the original weighting function (the Gaussian
kernel) with k-nearest-neighbors. We define a new
weighting function Wk by Wk (xi , xj ) = W (xi , xj ) if
xi is a k-nearest-neighbor of xj or vice-versa, and 0
otherwise. Second, Wk is normalized as in Spectral
Clustering (Ng et al., 2002), i.e.

W k (xi , xj ) = q P
1
n

Wk (xi , xj )
.
P
r6=i Wk (xi , xr )
r6=j Wk (xr , xk )
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Labeled
Total: 1000
Laplacian
W holeSettrans
W holeSetind
Total: 10000
Laplacian
W holeSettrans
W holeSetind

50

100

500

29.3
25.4
26.3

19.6
17.3
18.8

11.5
9.5
11.3

25.5
25.1
25.1

10.7
11.3
11.3

6.2
5.3
5.7

1000

5000

5.7
5.2
5.1

4.2
3.5
4.2

Finally, the dataset is systematically preprocessed by
a Principal Component Analysis on the training part
(labeled and unlabeled), to further reduce noise in the
data (we keep the first 45 principal components).
Results are presented in table 1. Hyperparameters
(number of nearest neighbors and kernel bandwidth)
were optimized on a validation set of 20000 samples,
while the experiments were done on the rest (40000
samples). The classification error is averaged over 100
runs, where the train (1000 or 10000 samples) and
test sets (5000 samples) are randomly selected among
those 40000 samples. Standard errors (not shown) are
all under 2% of the error. The Laplacian algorithm
was used in a transductive setting, while we separate
the results for our algorithm into W holeSettrans (error
on the training data) and W holeSetind (error on the
test data, obtained thanks to the induction formula)5 .
On average, both W holeSettrans and W holeSetind
slightly outperform the Laplacian algorithm.
5.3

APPROXIMATION ALGORITHMS

The aim of this section is to compare the classification
performance of various algorithms:
 W holeSet, the original algorithm presented in
sections 2 and 3, where we make use of all unlabeled training data (same as W holeSetind in the
previous section),
 RSubsubOnly , the algorithm that consists in
speeding-up training by using only a random subset of the unlabeled training samples (the rest is
completely discarded),
 RSubRR and RSubnoRR , the approximation algorithms described in section 4, when the subset is
selected randomly (the second algorithm discards
the part CRR of the cost for faster training),
5

See section 5.3 for the origin of the name W holeSet.

Table 2: Comparative Computational Requirements
(n = number of training data, m = subset size)

W holeSet
RSubsubOnly
RSubRR
SSubRR
RSubnoRR
SSubnoRR

Time
O(n3 )
O(m3 )

Memory
O(n2 )
O(m2 )

O(m(n − m)2 )

O(m(n − m))

O(m2 (n − m))

O(m2 )

% labeled

 SSubRR and SSubnoRR , which are similar to
those above, except that the subset is now selected
as in algorithm 3.
Table 2 summarizes time and memory requirements
for these algorithms: in particular, the approximation
method described in section 4, when we discard the
part CRR of the cost (RSubnoRR and SSubnoRR ), improves the computation time and memory usage by a
factor approximately (n/m)2 .
The classification performance of these algorithms was
compared on three multi-class problems: LETTERS
is the “Letter Image Recognition” dataset from the
UCI MLR. (26 classes, dimension 16), MNIST contains the first 20000 samples of the MNIST database
of handwritten digits (10 classes, dimension 784), and
COVTYPE contains the first 20000 samples of the
normalized6 “Forest CoverType” dataset from the UCI
MLR. (7 classes, dimension 54).
We repeat 50 times the experiment that consists in
choosing randomly 10000 samples as training data and
the rest as the test set, and computing the test error
(using the induction formula) for the different algorithms. The average classification error on the test
set (with standard error) is presented in table 3 for
W holeSet, RSubsubOnly , RSubnoRR and SSubnoRR .
For each dataset, results for a labeled fraction of 1%,
5% and 10% of the training data are presented. In algorithms using only a subset of the unlabeled data (i.e.
all but W holeSet), the subset contains only 10% of the
unlabeled set. Hyperparameters have been roughly estimated and remain fixed on each dataset. In particular, λ (in eq. 1) is set to 100 for all datasets, and the
bandwidth of the Gaussian kernel used is set to 1 for
LETTERS, 1.4 for MNIST and 1.5 for COVTYPE.
The approximation algorithms using the part CRR of
the cost (RSubRR and SSubRR ) are not shown in the
results, because it turns out that using CRR does not
necessarily improve the classification accuracy, as argued in section 4. Additionally, discarding CRR makes
training significantly faster. Compared to W holeSet,
typical training times with these specific settings show
that RSubsubOnly is about 150 times faster, RSubnoRR
6

Table 3: Comparative Classification Error (Induction)
of W holeSet, RSubsubOnly , RSubnoRR and SSubnoRR ,
for Various Fractions of Labeled Data.

Scaled so that each feature has standard deviation 1.
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1%
W holeSet
RSubsubOnly
RSubnoRR
SSubnoRR
5%
W holeSet
RSubsubOnly
RSubnoRR
SSubnoRR
10%
W holeSet
RSubsubOnly
RSubnoRR
SSubnoRR

LETTERS

MNIST

COVTYPE

56.0  0.4
59.8  0.3
57.4  0.4
55.8  0.3

35.8  1.0
29.6  0.4
27.7  0.6
24.4  0.3

47.3  1.1
44.8  0.4
75.7  2.5
45.0  0.4

27.1  0.4
32.1  0.2
29.1  0.2
28.5  0.2

12.8  0.2
14.9  0.1
12.6  0.1
12.3  0.1

37.1  0.2
35.4  0.2
70.6  3.2
35.8  0.2

18.8  0.3
22.5  0.1
20.3  0.1
19.8  0.1

9.5  0.1
11.4  0.1
9.7  0.1
9.5  0.1

34.7  0.1
32.4  0.1
64.7  3.6
33.4  0.1

about 15 times, and SSubnoRR about 10 times. Note
however that these factors increase very fast with the
size of the dataset (10000 samples is still “small”).
The first observation that can be made from table 3
is that SSubnoRR consistently outperforms (or does
about the same as) RSubnoRR , which validates our
subset selection step (alg. 3). However, rather surprisingly, RSubsubOnly can yield better performance
than W holeSet (on MNIST for 1% of labeled data,
and systematically on COVTYPE): adding more unlabeled data actually harms the classification accuracy.
There may be various reasons to this, the first one being that hyperparameters should be optimized separatly for each algorithm to get their best performance.
In addition, for high-dimensional data without obvious
clusters or low-dimensional representation, it is known
that the inter-points distances tend to be all the same
and meaningless (see e.g. (Beyer et al., 1999)). Thus,
using a Gaussian kernel will force us to consider rather
large neighborhoods, which prevents a sensible propagation of labels through the data during training. Nevertheless, a constatation that arises from those results
is that SSubnoRR never “breaks down”, being always
either the best or close to the best. It is able to take advantage of all the unlabeled data, while focussing the
computations on a well chosen subset. The importance
of the subset selection is made clear with COVTYPE,
where choosing a random subset can be catastrophic:
this is probably because the approximation made in
eq. 8 is very poor for some of the points which are not
in the subset, due to the low structure in the data.
Note that the goal here is not to obtain the best performance, but to compare the effectiveness of those algo-

rithms under the same experimental settings. Indeed,
further refinements of the weighting function (see section 5.2) can greatly improve classification accuracy.
Additional experiments were performed to asses the
superiority of our subset selection algorithm over random selection. In the following, unless specified otherwise, datasets come from the UCI MLR, and were
preprocessed with standard normalization. The kernel bandwidth was approximately chosen to optimize
the performance of RSubnoRR , and λ was arbitrarily set to 100. The experiments consist in taking as
training set 67% of the available data, 10% of which
are labeled, and using the subset approximation methods RSubnoRR and SSubnoRR with a subset of size
10% of the available unlabeled training data. The
classification error is then computed on the rest of
the data (test set), and averaged over 50 runs. On
average, on the 8 datasets tested, SSubnoRR always
gives better performance. The improvement was not
found to be statistically significative for the following datasets: Mushroom (8124 examples × 21 variables), Statlog Landsat Satellite (6435 × 36) and Nursery (12960 × 8). SSubnoRR performs significantly better than RSubnoRR (with a relative decrease in classification error from 4.5 to 12%) on: Image (2310 × 19),
Isolet (7797 × 617), PenDigits (10992 × 16), SpamBase
(4601×57) and the USPS dataset (9298×256, not from
UCI). Overall, our experiments show that random selection can sometimes be efficient enough (especially
with large low-dimensional datasets), but smart subset selection is to be preferred, since it (almost always)
gives better and more stable results.

6
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Abstract
We describe and prove the convergence of
several algorithms for approximate structured variational inference. We discuss the
computation cost of these algorithms and
describe their relationship to the mean-field
and generalized-mean-field variational approaches and other structured variational
methods.

1

Introduction

Graphical models are an important class of probabilistic models. Their graphical structure, whether directed, undirected, or mixed, provides an appealing
description of the qualitative properties of the model.
Furthermore, the modularity of the defined probability
distribution allows one to define general algorithms,
called inference algorithms, for computing marginal
and conditional probabilities and allows one to easily
incorporate prior knowledge. Inference algorithms are
also useful for parameter learning for graphical models with missing data because the E-step of the EM
algorithm can be computed using inference.
Although the inference problem is tractable for graphical models with small treewidth, the general inference
problem is NP-hard (Cooper, 1990; Dagum and Luby,
1993) . In fact, for many graphical models of interest
the treewidth is too large to allow efficient inference
and one must use approximate or heuristic inference
methods. In this paper, we examine the family of approaches that optimize the KL divergence between a
distribution Q and the target distribution P where Q
is constrained to be from some family of distributions
for which inference is tractable.
∗

This work was partially done while the author visited
Microsoft Research.
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One of the nice properties of this family of approaches
is that they provide a bound on marginal probabilities that are useful in model evaluation and learning. In particular, let us assume that we are given
an intractable joint distribution P (X) over a set of
discrete variables X and our goal is to compute the
marginal probability P (Y = y) where Y ⊆ X. We
let H = X \ Y . The quantity of interest is bounded
by log P (Y = y) ≥ −D(Q(H) || P (Y = y, H)) where
D(· || ·) denotes the KL divergence between two probability distributions. The quantity −D(Q || P ) is often
called the free-energy and denoted by F (Q; P ) where Q
and P are possibly un-normalized distributions. The
bound can be shown by the following argument:
−D(Q(H) || P (Y = y, H)) = −
=

X
h

Q(h) log P (y) −

X
h

X

Q(h) log

h

Q(h) log

Q(h)
P (y, h)

Q(h)
P (h|y)

= log P (y) − D(Q(H) || P (H|Y = y)) ≤ log P (y).
The final inequality follows from the fact that
D(Q(H) || P (H|Y = y)) ≥ 0 with equality holding only
if Q(H) = P (H|Y = y). It is important to note
that if Q is tractable then D(Q(H) || P (Y = y, H))
can be effectively computed.
The goal of approaches in this family is to find the Q(H) that minimizes D(Q(H) || P (Y = y, H)) (or maximizes the freeenergy). Approaches in this family include the mean
field, generalized mean field, and structured mean field
approaches to variational inference. These methods
differ with respect to the family of approximating distributions that can be used with the structural mean
field approach subsuming the remaining approaches as
special cases.
In this paper, we develop a set of structural variational methods inspired by the sequence of papers Saul
and Jordan (1996), Ghahramani and Jordan (1997),
Wiegerinck (2000) and Bishop and Winn (2003). We
make several contributions with respect to this earlier

work. We provide a set of alternative structured variational methods and prove convergence of the alternatives with a novel simple proof technique. Our alternative algorithms differ in their computational profile
with successive algorithms providing refined control
over the computational cost of obtaining a variational
approximation. We note that special cases of our final algorithm, called vip] , were used in Jojic et al.
(2004) for applying variational inference techniques to
types of phylogenic models. For N × N grid-like models, algorithm vip] is 4N fold faster than algorithm
vip+ and 12N folder faster than algorithm vip, yielding a potential three orders of magnitude improvement
in applications such as phylogeny and genetic linkage
analyses.

2

Single Potential Update Algorithms

We denote distributions by P (x) and Q(x) and related un-normalized distributions by P̃ (x) ∝ P (X)
and Q̃(x) ∝ Q(x). Let X be a set of variables
and x be an
Q instantiation of these variables. Let
P (x) = Z1P i Ψi (di ) where di is the projection of the
instantiation x to the variables in Di ⊆ X. The constant ZP normalizes the product of potentials and the
subsets {Di }Ii=1 are allowed to be overlapping. Note
that we often suppress the arguments of a potential
and of a distribution, using Φj instead of Φj (cj ) and
P instead of P (X).
Our goal is to find a distribution Q that minimizes the
KL distance between Q and P . We
Q further constrain
Q to be of the form Q(x) = Z1Q j Φj (cj ) where ZQ
is a normalizing constant and where C1 , . . . , CJ are
possibly overlapping subsets of X, which we call clusters. Finding an optimum Q, however, can be difficult.
We set a more modest goal of finding a distribution Q
which is a stationary point for the KL distance between
Q and P , that is, ∇Φ D(Q || P ) = 0 where Φ = {Φj }j .
An algorithm, called vip (for Variational Inference
Procedure), that finds such a distribution Q is given
in Figure 1. The algorithm uses the following indicator functions: gkj = 0 if Ck ∩ Cj = ∅ and 1 otherwise, and fij = 0 if Di ∩ Cj = ∅, and 1 otherwise.
vip relies at each step on an (inference) algorithm to
compute some conditional probabilities from an unnormalized distribution Q̃ represented by a set of potentials Φj (cj ), j = 1, . . . , J. This is accomplished by
using bucket elimination algorithm or the sum-product
algorithm described in (Dechter, 1999; Kschischang et
al., 2001) as follows. To compute Q(a|b) the algorithm
first computes Q̃(a, b) and then Q̃(b). The conditional
distribution of interest is the ratio of these two quantities because the normalizing constant
cancels. It is
Q
important to note that for Q̃(x) = j Φj (cj ) the com-
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putation of these conditionals is not affected by multiplying any Φj by a constant α.
Algorithm vip generalizes the mean field (MF) algorithm and the generalized mean field (GMF) algorithm
(Xing et al. 2003,2004). The mean field algorithm is
the special case of vip in which each Cj contains a
single variable. Similarly, the generalized mean field
algorithm is the special case in which the Cj are disjoint subsets of variables. Note that if Cj are disjoint
clusters, then the formula for γj in vip simplifies to
the GMF equations as follows (first term drops out):
X
X
γj (cj ) ←
Q(di|cj ) log ψi (di). (2)
{i:fij =1} Di \Cj

The term Q(di |cj ) can be made more explicit when Cj
are disjoint clusters. In particular, we partition the set
Di \ Cj into Dik = (Di \ Cj )∩ Ck for k = 1, . . . , J where
k
k 6= j. Note that DQ
i = Di ∩ Ck . Using this notation
we have Q(di |cj ) = k Q(dkj ) where Q(dkj ) = 1 whenever Dik = ∅. This factorization further simplifies the
formula for γj in vip as follows:
X X
X
Q(d1i ) . . .
Q(dJi ) log ψi (di)
γj (cj ) ←
{i:fij =1} Di1

DiJ

(3)
We note that this simplification is achieved automatically by the usage of bucket elimination for computing
γj . The iterated sums in Eq. 3 are in fact the buckets
formed by bucket elimination when Cj are disjoint.
Wiegerinck (2000) presents a less refined version of the
update equation (Equation 1) and proves convergence
to a stationary point of the KL distance between Q
and P among all distributions Q of the given form
using this update equation. We provide an alternative
novel proof of convergence for our refined version of
Wiegerinck’s algorithm in Section 4 as a corollary to
Theorem 1.
Equation 1 of vip requires the computation of the
quantities Q(ck |cj ) and Q(di|cj ), and this is done in
vip using the bucket elimination algorithm. However, because there could be many indices k such that
Ck ∩ Cj is not empty, and many indices i such that
Di ∩Cj is not empty, these function calls are repeatedly
applied independent of each other. However, these
computations share many sub-computations, and it is
therefore reasonable to add a data structure to facilitate a more efficient implementation for these function
calls. In particular, it is possible to save computations
if the sets C1 , . . . , CJ form a junction tree.
A set of clusters C1 , . . . , CJ forms a junction tree iff
there exists a tree JT having one node, called Cj , for
each subset of variables Cj , and for every two nodes Ci
and Cj of JT, which are connected with a path in JT,

Algorithm vip(Q, P )
Input: A set of potentials Ψi (di ) defining a probability distribution P via P (x) =
set of clusters Cj , j = 1, . . . , J, with initial non-negative potentials Φj (cj ).

1
ZP

Q
i

Ψi (di) and a

Output:
A
Q revised set of potentials Φj (cj ) defining a probability distribution Q via
Q(x) = Z1Q j Φj (cj ) where ZQ is a normalizing constant, such that Q is a stationary point of
the KL distance D(Q || P ).
Iterate over all clusters Cj until convergence
For every instantiation cj of cluster Cj do:
X
X
γj (cj ) ← −
Q(ck |cj ) log Q(ck |cj ) +
{k:gkj =1} Ck \Cj

X

X

Q(di |cj ) log Ψi (di)

(1)

{i:fij =1} Di \Cj

Q
using the sum-product algorithm on Q̃(X) = i Φi (Ci)
to compute the quantities Q(ck |cj ) and Q(di |cj ).
Φj (cj ) ← eγj (cj )
Figure 1. The vip algorithm
and for each node Ck on this path, Ci ∩ Cj ⊆ Ck holds.
By a tree we mean an undirected graph, not necessarily
connected, with no cycles. Note that this definition allows a junction tree to be a disconnected graph. When
C1 , . . . , CJ form a junction
tree, Q(x)
Q
Q has the decomposable form Q(x) = j Φj (cj )/ e Φe (se ), where Φj
are marginals on the subsets Cj of X, j = 1, . . . , J,
and where Φe are the marginals on intersections Se =
Ci ∩ Cj , one for each two neighboring clusters in the
junction tree (Jensen 1996).
The revised algorithm, which we call vip+ , maintains a consistent junction tree JT for the
Pdistribution
Q(x). By consistency we mean that
Cj \Ck Φj =
P
Φ
for
every
two
clusters.
In
a consisk
Ck \Cj
tent junction tree, each potential Φj (Cj ) is proportional to Q(Cj ). There are two standard operations for junction trees: DistributeEvidence(Φj ),
Aland CollectEvidence(Φj ) (Jensen 1996).
gorithm vip+ uses the former.
The procedure
DistributeEvidence(Φj ) accepts as input a consistent junction tree and a new cluster marginal Φj
for Cj , and outputs a consistent junction tree, having the same clusters, where Φj is the (possibly unnormalized) marginal probability of Q on Cj , and
where the conditional probability Q(X|Cj ) remains
unchanged. Algorithm vip+ is given in Figure 2. This
algorithm is identical to Wiegerink’s algorithm except
that the normalizing constant is not computed in each
iteration. The fact that algorithm vip+ converges to
a distribution Q which is a stationary point of the KL
distance D(Q || P ) is proved in Section 4 in Theorem 1.
Next we compare the computational benefit of vip+
versus vip. The algorithms differ in two ways. First,
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vip+ makes the junction tree consistent with respect
to the updated cluster. Second, vip+ uses junction
tree inference to compute the quantities Q(ck |cj ) and
Q(di|cj ) whereas vip uses the sum-product algorithm.
Most of the computation in both algorithms is directed
towards computing conditional probabilities Q(ck |cj )
and Q(di|cj ). We distinguish among these conditional
probabilities as follows.
Definition: A conditional probability Q(A|cj ) is subsumed by Q if the set of target variables A is a subset
of some cluster Ck in Q (i.e., A \ Cj ⊆ Ck ).
In the non-subsumed case, the set of target variables
spans multiple clusters (i.e., A \ Cj 6⊆ Ck ). Clearly, all
probabilities of the form Q(Ck |cj ) are subsumed by Q.
The cost of running both the junction tree algorithm
and the sum-product algorithm to compute a subsumed conditional probability Q(A|cj ) is exponential
in the treewidth of the model Q. The cost of the junction tree algorithm is typically twice the cost of the
sum-product algorithm but, as we see below, this extra
factor can be useful in reducing overall costs. For nonsubsumed conditionals, both algorithms can cost upto
a multiplicative factor of the size of the non-subsumed
set. In the case of using junction trees, one can use
the variable propagation algorithm in Jensen (1996)
for each non-subsumed conditional.
The next example highlights the computational difference between vip and vip+ .
Example 1 The target distribution P is a square grid
of pairwise potentials (see Figure 3a) and the approximating family is defined by the set of columns in the

Algorithm vip+ (Q, P )

Q
Input: A set of potentials Ψi (di ) defining a probability distribution P via P (x) = Z1P i Ψi (di) and a
set of clusters Cj , j = 1, . . . , J, with initial potentials Φj (cj ) that form a consistent junction tree JT.
Output:
A
Q
Q revised set of potentials Φj (cj ) defining a probability distribution Q via Q(x) =
Φ
(c
)/
j
j
j
e Φe (se ), such that Q is a stationary point of the KL distance D(Q || P ).
Note: The potentials Φj are consistent un-normalized marginals encoding Q̃ ∝ Q. This fact is an
invariant of the loop due to initialization and Step 2.
Iterate over all clusters Cj until convergence
Step 1.

For every instantiation cj of cluster Cj do:
X
X
Q(ck |cj ) log Q(ck |cj ) +
γj (cj ) ← −
{k:gkj =1} Ck \Cj

X

X

Q(di|cj ) log Ψi (di )

(4)

{i:fij =1} Di \Cj

where the quantities Q(ck |cj ) and Q(di|cj ) are computed via the junction tree
algorithm operating on JT .
Φj (cj ) ← eγj (cj )
Step 2. Make JT consistent with respect to Φj :

DistributeEvidence(Φj )

Figure 2. The vip+ algorithm
grid and denoted by QF (see Figure 3b) in which the
clusters Ci (i = 1, . . . , 30) correspond to edges.

more efficient by simultaneously updating this structure. In particular, one can use structure of the form,

Note that all conditionals required by the algorithms
when optimizing QF are subsumed. In this example,
for each cj not on the boundary, there are six conditional probabilities that need to be computed. By using the junction tree algorithm all of these conditional
probabilities can be computed with one call to DistributeEvidence whereas, when using the sum-product
algorithm, each of these is computed separately. This
yields a 3-fold speed up for vip+ with respect to vip.
For those cj on a boundary, the speedup is a factor
less than 3. As the size of the grid grows, a smaller
fraction of the edges are on the boundary, and, thus,
the speedup approaches a 3-fold speedup. For small
grids, vip+ can be slower than vip.

nj
Y

3

Multiple Potential Update
Algorithm

In this section, we develop an algorithm to update multiple potentials at once to reduce the computational
cost of optimizing the Q distribution. Algorithms vip
and vip+ do not assume any structure for Φj , namely,
these algorithms hold tables Φj with an explicit entry
for every instantiation of Cj . Since the computations
Q(ck |cj ) and Q(di|cj ) grow exponentially in the size
of Di and Ck , these algorithms become infeasible for
large cliques or clusters. However, when structure is
added to Φj , these algorithms can be modified to be
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Φj (cj ) =

Φjl (cjl ),

l=1

where the sets Cjl are possibly overlapping subsets of
Cj , and cjl is the projection of the instantiation cj on
the variables in Cjl . The potentials Φjl are assumed
to be full tables and to form a junction tree JTj .
Central to our development is a compatibility condition which allows us to simultaneously update the potentials.
Definition: A distribution Q with clusters Cj and
subsets Cjl is compatible with a distribution P with
sets Di if for every Di and Cj the set of indices Bij =
{l : Di ∩ Cj ⊆ Cjl } is non-empty.
Our refined algorithm, vip] , given in Figure 4, uses an
indicator function fij (l) which equals 0 when Di ∩Cj =
∅, and when Di ∩ Cj 6= ∅, it equals 1 for a single fixed
index l ∈ Bij and 0 for all other indices in Bij . Our
algorithm is closely related to the algorithm in Bishop
and Winn (2003). As in Bishop and Winn (2003), we
assume that the clusters of the approximating distribution are independent, that is, Q(Ck |cj ) = Q(Ck ). Our
algorithm also generalizes the algorithm employed in
(Jojic et al. 2004), which concentrates on specific models for phylogenetic analysis. We prove convergence of
vip] in Section 4.

Figure 3. (a) Grid-like P distribution (b) factored structured distribution QF (c) connected distribution QC .
Example 2 The target distribution P is a square grid
of pairwise potentials (see Figure 3a) and the approximating family is a defined by the set of columns in
the grid and denoted by QF (see Figure 3b) where Ci
(i = 1, . . . , 6) are columns of the grid.
The approximating family with clusters defined by
columns in this example satisfy the compatibility condition and the independence condition required by our
algorithm.
Example 3 The target distribution P is a square grid
of pairwise potentials (see Figure 3a) and the approximating family is a defined by the set of columns in the
grid and denoted by QC (see Figure 3c) where C1 is
the connected row of the grid and Ci (i = 2, . . . , 7) are
columns of the grid.
The approximating family defined in Example 3 satisfies the compatibility condition but not the independence condition required by our algorithm. Note that,
while the approximating family in Example 3 cannot
be optimized using our refined algorithm below, it can
be optimized using either vip or vip+ in which, for
instance, the Ci each contain a single edge.
We use Examples 1 and 2 to compare the benefits of
vip] as compared to vip+ . To analyze the difference
between vip] and vip+ we need to analyze the number of times that one needs to call DistributeEvidence
while computing conditional and marginal probabilities.
We begin by noting that the update Equation 5 in vip]
takes advantage of the strong independence assumption to factor Q(Di |cj ), yielding a set of marginal probabilities that do not depend on cj . Furthermore, the
assumption of compatibility between P and Q implies
that all the conditionals are subsumed. The factorization and compatibility conditions imply that each of
these marginal probabilities can be obtained by lookup
from the appropriate junction tree without calling DistributeEvidence. Therefore, we need no calls to DistributeEvidence in Step 1 and only one call to an inference algorithm to calibrate the junction tree associated
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with the potential being updated (Step 2).
In vip+ , for each cluster Cj (edge) not in the boundary
of the grid, there are twenty four conditionals that we
need to compute, six for each of the four possible values
for the cluster Cj . Every group of six conditionals can
be updated with a single call to DistributeEvidence
for a given cj which gives four calls to the DistributeEvidence per cluster (edge). Again, as the size of the
N × N grid grows, a smaller fraction of the edges are
on the boundary, and, thus, the speedup approaches
a 4N-fold speedup for vip] as compared to vip+ , and
12N-fold as compared to vip.

4

Proof of Convergence

In order to prove convergence of our algorithms,
namely, that they converge to a stationary point of
the KL distance between Q and P among all distributions Q of the given form, we examine properties of the
KL distance between two distributions Q and P . Our
proof technique is novel in that it uses properties of the
KL distance rather than being based on Lagrangians
(e.g., Wiegerinck 2000). The following lemmas furnish
the needed properties of KL via basic algebra.
Q
Lemma 1 Let P (x) = Z1P i Ψi (ci ) and Q(x) =
Q
1
j Φj (dj ). Then,
ZQ
D(Q || P ) =

X

Q(cj ) log

Cj

Q(cj )
+ log(ZP )
Γj (cj )

(6)

where Γj (cj ) = eγj (cj ) and where
X X
Q(ck |cj ) log Q(ck |cj )
γj (cj ) = −
k Ck \Cj

+

X X
i

Proof: Recall that
X
D(Q || P ) =

Q(x) log

x

Q(di|cj ) log Ψi (di).

Di \Cj

Q(x)
= − [H(Q) + EQ [log P (x)]]
P (x)
(7)

Algorithm vip] (Q,P)
Input: A set of disjoint clusters Cj , j = 1, . . . , J and a nested structure Cjl (l = 1 . . . , nj ) where
Q
Q Q(c) ∝
1
Φ
(c
).
A
set
of
potentials
Ψ
(d
)
defining
a
probability
distribution
P
via
P
(x)
=
jl
jl
i
i
j,l
i Ψi (di )
ZP
such that the potentials are compatible
with
Q.
A
set
of
junction
trees
(JT
)
for
each
cluster
C
j
j and a
Qnj
set of initial potentials Φj (cj ) = l=1
Φjl (cjl ).
Q
Output: A revised set of potentials Φjl (cj ) defining a probability distribution Q via Q(x) = j Qj (cj )
Qnj
Φjl (cjl ) such that Q is a stationary point of D(Q || P ).
where Q(cj ) ∝ l=1
Iterate over all clusters Cj until convergence
Step 1. Compute messages for l = 1, . . . , nj :
For every instantiation cjl of Cjl do:
X X
X
Q(d1i ) . . .
Q(dJi ) log Ψi (di )
γjl (cjl ) ←
{i:fij (l)=l} Di1

(5)

DiJ

where the quantities Q(dki ) can be obtained by lookup in JTk for Φk .
Φjl (cjl ) ← eγjl (cjl )
Note: Φjl (cjl ), l = 1, . . . , nj , implicitly
the potential Φj (cj ), which is not being held explicQnencode
j
itly anymore as in vip, via Φj (cj ) = l=1
Φjl (cjl ). Recall that Dik = Di ∩ Ck .
Step 2. Make JTj consistent with respect to Φj :

DistributeEvidence(Φj )

Figure 4. The vip] algorithm
where H(Q) denotes the entropy of Q(x) and EQ denotes expectation with respect to Q. The entropy term
can be written as
X
H(Q) = −
Q(cj ) log Q(cj )
−

X

Cj

Q(cj )

Cj

X

−

X\Cj

Cj

Q(cj )

X X

Q(ck |cj ) log Q(ck |cj ).

k Ck \Cj

Cj

The second term of Eq. 7 is similarly written as
EQ [log P (x)] =
XX
X
=
Q(cj )
Q(x|cj ) log Ψi (di) − log(ZP )
i

=

X
Cj

Cj

Q(cj )

k Ck \Cj

Cj

Q(x|cj ) log Q(x|cj )

where the first term is the entropy of Q(Cj ) and the
second term is the conditional entropy of Q(X|Cj ).
This well known form of H(Q) is derived by splitting
summation over X into summation
P over Cj and over
X \ Cj , and using the fact that X\Cj Q(x|cj ) = 1.
By splitting the sum over X \ Cj , this entropy term is
further rewritten as
X
H(Q) = −
Q(cj ) log Q(cj )
X

Hence Eq. 7 is rewritten as
P
D(Q || P ) = Cj Q(cj ) log Q(cj )−

X X
X
Q(cj ) −
Q(ck |cj ) log Q(ck |cj )

X\Cj

X X
i

Q(di|cj ) log Ψi (di ) − log(ZP )

Di \Cj

109

+

X X
i



Q(di|cj ) log Ψi (di) + log(ZP )

Di \Cj

Denoting the bracketed term by γj (cj ), and letting
Γj (cj ) = eγj (cj ) , we get
D(Q || P ) =

X
Cj

Q(cj ) log

Q(cj )
+ log(ZP ).
Γj (cj )



Note that Γj (cj ) in Eq. 6 does not depend on Q(cj )
and is a function of Q(x) only through the conditional
distribution of X \ Cj given Cj (via Q(ck |cj )). Eq. 6
states that the KL distance between Q(x) and P (x) is
equal, up to an additive constant, to the KL distance
between Q(cj ) and an un-normalized potential Γj (cj ).
This interesting result generalizes a similar equation
for a special case derived in (Jojic et al, 2004).
The next lemma provides a variant of a well known
property of KL. Recall that for every two probability distributions Q(x) and P (x), the KL distance

D(Q(x) || P (x)) ≥ 0 and equality holds if and only
if Q(x) = P (x) (Cover and Thomas 1991; Theorem
2.6.3). A similar result holds also for un-normalized
probability distributions.
Lemma 2 Let P
Q̃(x) and P̃ (x) be non-negative functions such that x P̃ (x) = ZP > 0, and let
Q̂(x) =

{Q̃|

P min
x

Q̃(x)=ZQ }

D(Q̃(x) || P̃ (x))

where ZQ is a positive constant.
ZQ
ZP P (x).

Then Q̂(x) =

Proof. We observe that
P̃ (x)
D(Q̃(x) || P̃ (x)) = ZQ · D( Q̃(x)
ZQ || ZP ) + log

ZQ
ZP

which implies, using the cited result about normalized distributions, that the minimum is obtained when
Q̃(x)
P̃ (x)
ZQ = ZP , yielding the desired claim. 
Theorem 1 (Convergence of vip+ ) Algorithm
vip+ converges to a stationary point of the KL
distance between Q andQP among all distributions Q
of the form Q(x) = Z1Q j Φj (cj ).
Proof. We need to show that at the start of each
iteration of vip+ the function Q defined by the revised
potentials Φj (cj ) is closer to P in KL distance than
Q at the start of the previous iteration. We rewrite
the KL distance D(Q || P ) using Eq. 6, as justified by
Lemma 1. Using the given form of Q, we have


X
Y
1 
Q(cj ) =
Φk (ck ) Φj (cj ).
(8)
ZQ

α, and the arbitrary constraining constant ZQ is also
multiplied by α, these influences cancel in Eq. 9. For
simplicity, in the algorithm, we use α = 1 and therefore
Φj (cj ) ← eγj (cj ) . Algorithm vip+ computes Φj (cj )
according to this formula and hence decreases the KL
distance in each iteration by improving Φj (cj ) while
holding all other cluster potentials fixed. Since the
KL distance is lower bounded by zero, vip+ converges
to a stationary point.
It remains to show that at the start of each iteration,
the quantities Q(ck |cj ) and Q(di |cj ) can be computed
correctly from the junction tree for the un-normalized
distribution Q̃ of the current normalized distribution
Q. At each iteration, Q is computed up to some implicit normalizing factor, say α, so that Q̃(x) = αQ(x).
The procedure DistributeEvidence(Φj ) is based on
the following update scheme. Starting with Φj , every
neighboring cluster node Ck in the junction tree, representing the cluster potential Φk (ck ), is updated via
Φnew
(ck ) ← Φk (ck )
k

Φnew
(sjk )
k
Φk (sjk )

where sjk is the instantiation for the separator Sjk =
Cj ∩ Ck consistent with the instantiation ck , and then
the cluster neighbors of the neighboring clusters are
updated similarly, until all clusters have been updated
(Jensen, 1996). In each step, any normalizing constant
implicitly appears 4 times in this update equation, and
it cancels out regardless of its value. Hence, the quantities Q(ck |cj ) and Q(di|cj ) are updated correctly from
the un-normalized distribution Q̃. 
Corollary 1 (Convergence of vip) Algorithm vip
converges to a stationary point for the KL distance between Q andQP among all distributions Q of the form
Q(x) = Z1Q j Φj (cj ).

X\Cj k6=j

We denote the bracketed coefficient of Φj (cj ) by B and
note that it is constant in the sense that it does not
depend on the quantity Φj being optimized. We now
use Eq. 8 to rewrite Eq. 6 as


B X
Φj (cj ) 
BZP
D(Q || P ) =
Φj (cj ) log
+ log
.
ZQ
Γj (cj )
ZQ
Cj

(9)
Recall that Γj (cj ) = eγj (cj ) does not depend on Φj (cj )
since it only depends on the conditional probability
Q(X|cj ). Hence, Lemma 2 states that the (global)
minimum wrt Φj is achieved when Φj (cj ) is set to be
proportional to Γj (cj ). It is possible to set Φj (cj ) to
be proportional to Γj (cj ), as done in Step 1 of vip+ ,
because Φj (cj ) is a full potential. The proportionality
constant does not matter because if Φj is multiplied by
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Proof. vip convergence follows from Theorem 1 because the update equations for the two algorithms,
Equations 1 and 4, are identical; the two algorithms
only differ in the method by which conditional probabilities are computed. 
Theorem 2 (Convergence of vip] ) Algorithm
vip] converges to a stationary point of the KL distance between Q and Q
P among all distributions Q of
the form Q(x) = Z1Q jl Φjl (cjl ) where Q and P are
compatible.
Proof: We analyze Equation 4 in light of the assumptions made in vip] . The first term in Equation 4 is
constant with respect to cj and, thus, does not effect the update and can be dropped. Next, the fact
that the clusters Cj of Q are independent means that

Q
Q(Di ) = k Q(Dik ) where Dik =Q
Di ∩ Ck . This factorization implies that Q(Di |cjP
) = k6=j Q(Dik ) which in
turn implies that Fi (c) =
Di \Cj Q(di |cj ) log Ψi (di )
P
P
1
J
Q(d
)
.
.
.
Q(d
equals
1
J
i
i ) log Ψi (di ). By the
Di
Di
assumption of compatibility, each Fi(c) is a function
of cjl (i.e., after summing out all variables in Di \ Cj )
and, thus, can be put into the potential Φjl (cjl ). Every element in the second sum of Equation 4 is put
into someQpotential and Γj (cj ) from Theorem 1 is
equal to l eγjl (cjl ) . Therefore, by updating, for all
l, Φjl (cjl ) ∝ Γjl (cjl ) is equivalent to updating Φj in
Theorem 1 and, thus, the algorithm converges.
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Abstract

supervised perspective; in this paper, we address the
problem of establishing a regression between two or
more data sets by aligning their underlying manifolds.
We show how to align the low-dimensional representations of the data sets given some additional information about the mapping between the data sets. Our algorithm relies upon optimization over a graphical representation of the data, where edges in the graphs are
computed to preserve local structure in the data. This
optimization yields a common low-dimensional embedding which can then be used to map samples between
the disparate data sets.

In this paper, we study a family of semisupervised learning algorithms for “aligning”
different data sets that are characterized by
the same underlying manifold. The optimizations of these algorithms are based on graphs
that provide a discretized approximation to
the manifold. Partial alignments of the data
sets—obtained from prior knowledge of their
manifold structure or from pairwise correspondences of subsets of labeled examples—
are completed by integrating supervised signals with unsupervised frameworks for manifold learning. As an illustration of this
semisupervised setting, we show how to learn
mappings between different data sets of images that are parameterized by the same underlying modes of variability (e.g., pose and
viewing angle). The curse of dimensionality
in these problems is overcome by exploiting
the low dimensional structure of image manifolds.

1

Lawrence K. Saul
Department of Computer and
Information Science,
University of Pennsylvania,
Philadelphia, PA 19104

Two main approaches for alignment of manifolds are
presented. In the first approach, additional knowledge
about the intrinsic embedding coordinates of some of
the samples are used to constrain the alignment. This
information about coordinates may be available given
knowledge about the data generating process, or when
some coordinates are manually assigned to correspond
to certain labeled samples. Our algorithm yields a
graph embedding where these known coordinates are
preserved. Given multiple data sets with such coordinate labels, we show how the underlying data manifolds can be aligned to each other through a common
set of coordinates.

Introduction

Examples of very high-dimensional data such as highresolution pixel images or large vector-space representations of text documents abound in multimodal data
sets. Learning problems involving these data sets are
difficult due to the curse of dimensionality and associated large computational demands. However, in many
cases, the statistical analysis of these data sets may be
tractable due to an underlying low-dimensional manifold structure in the data. Recently, a series of learning algorithms that approximate data manifolds have
been developed, such as Isomap [15], locally linear embedding [13], Laplacian eigenmaps [3], Hessian eigenmaps [7], and charting [5]. While these algorithms approach the problem of learning manifolds from an un-
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In the second approach, we assume that there is no
prior knowledge of explicit coordinates, but that we
know the pairwise correspondences of some of the samples [11, 16]. These correspondences may be apparent
from temporal conjunction, such as simultaneously obtained images and sounds from cameras and microphones. Correspondences may also be obtained from
hand-labeled matches among samples in different data
sets. We demonstrate how these correspondences allow implicit alignment of the different data manifolds.
This is achieved by joining the graph representations
of the different data sets and estimating a common
low-dimensional embedding over the joined graph.
In Section 2 we first review a graph-based framework
for manifold learning algorithms. Section 3 describes

our algorithms for manifold alignment using either
prior coordinate knowledge or paired correspondences.
Section 4 demonstrates the application of our approach
to aligning the pose manifolds of images of different objects. Finally, the utility and future direction of this
approach is discussed in Section 5.

Original data

Embeddings (Gaussian)

2

Unsupervised manifold learning
with graphs

Let X and Y be two data sets in high dimensional
vector spaces
X = {x1 , · · · , xm } ⊂ RDX , Y = {y 1 , · · · , y n } ⊂ RDY ,
with DX , DY  1. When the data lie close to a lowdimensional manifold embedded in a high dimensional
Euclidean space, manifold learning algorithms such as
[3] can successfully learn low-dimensional embeddings
by constructing a weighted graph that captures local
structure in the data. Let G(V, E) be the graph where
the vertices V correspond to samples in the data and
the undirected edges E denote neighborhood relationships between the vertices. These neighborhood relations can be defined in terms of k-nearest neighbors or
an -ball distance criterion in the Euclidean space of
original data. The similarities between points are summarized by a weight matrix W where Wij 6= 0 when
the ith and jth data points are neighbors (i ∼ j), otherwise Wij = 0. The matrix W is typically symmetric,
and has nonnegative weights Wij = Wji ≥ 0. The
generalized graph Laplacian L is then defined as:

if i = j,
 di ,
−Wij , if i ∼ j,
Lij :=

0,
otherwise
P
where di =
j∼i Wij is the degree of the ith vertex. If the graph is connected, L will have a single zero eigenvalue associated with the uniform vector
e = [11 · · · 1]T .
A low-dimensional embedding of the data can be computed from the graph Laplacian in the following manner. A real valued function f : V 7→ R on the vertices
of the graph is associated with the cost:
1X
f Lf =
(fi − fj )2 Wij .
2 i,j
T

(1)

An optimal embedding is given by functions f that
minimize (1), subject to scale and translation constraints f T f = 1 and f T e = 0. These solutions are
then the eigenvectors of L with the smallest non-zero
eigenvalues [8]. These solutions may also be interpreted as the kernel principal components of a Gram
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Embeddings (convex)

Embeddings (affine)

Figure 1: Two-dimensional embeddings of surfaces in
R3 . The embeddings are computed from diagonalizing
the graph Laplacians. Different edge weightings yield
qualitative differences in the embeddings. Only 600
and 800 points were sampled from the two manifolds,
making it difficult for the algorithms to find a faithful
embedding of the data.

matrix given by the pseudoinverse of L [10]. This interpretation defines a metric over the graph which is
related to the commute times of random walks on the
graph [1], and resistance distance in electrical networks
[6].
Choice of weights
Within this graph framework, different algorithms
may employ different choices for the weights W . For
example, W can be defined according to the Gaussian
2
2
process Wij = e−|xi −xj | /2σ , and is related to a diffusion process on the graph [3, 12]. The symmetric, nonnegative assumptions on the weights Wij = Wji ≥ 0
can be relaxed. For a directed graph structure, such as
when the neighborhoods are determined by k-nearest
neighbors, the matrix W is not symmetric. Nonnegativity constraints may also be lifted. Consider the

least-squares approach to optimize weights Wij :
X
Wij = arg min |xi −
Wij xj |2 ,
(2)
W

j∼i

that is, Wij are the coefficients of the neighbors of xi
that best approximates xi , and are in general asymmetric. Locally linear embedding
Pdetermines weights
from minimizing (2) subject to j Wij = 1, yielding
possibly negative coefficients that best approximates
xi from an affine combination of its neighbors [14].
This is in contrast to minimizing (2) over a set of convex coefficients that are nonnegative: Wij ≥ 0. As
noted in [14], a possible disadvantage of convex approximation is that a point on the boundary may not
be reconstructed from the convex hull of its neighbors.
Consequently, the corners of the resultant embedding
with convex weights tend to be rounded.
Graph Laplacians with negative weights have been recently studied [9, 10]. Although it is difficult to properly generalize spectral graph theory, we can define
a new cost function analogous to (1) for graphs with
asymmetric, negative weights as:
X
X
f T LT Lf =
|fi −
Wij fj |2 ,
(3)
i

j∼i

where L = D − W . Since LT L is positive semidefinite
and satisfies LT Le = 0, the eigenvectors of LT L can
be used to construct a low-dimensional embedding of
the graph that minimizes the cost (3).
Figure 1 shows the unsupervised graph embedding of
two artificial data sets using three different weighting
schemes: a symmetric Gaussian, asymmetric convex
reconstruction, and asymmetric affine reconstruction
weights. 600 points were sampled from an S-shaped
two-dimensional manifold, and 800 points were sampled from a wavy two-dimensional manifold. The data
was intentionally undersampled, and the unsupervised
learning algorithms have difficulty in faithfully reconstructing the proper embedding. In the next sections, we will show how semisupervised approaches can
greatly improve on these embeddings with the same
data.

3

index u. We also use the same notation for the sets X
and Y ; for example, Xl and Yl refer to the “labeled”
parts of X and Y .
This additional information about the data samples
may be of two different types. In the first algorithm,
the labels refer to prior information about the intrinsic
real-valued coordinates within the manifold for particular data samples. In the second algorithm, the
labels indicate pairwise correspondences between samples xi ∈ X and y j ∈ Y . These two types of additional
information are quite different, but we show how each
can be used to align the different data manifolds.
3.1

Alignment with given coordinates

In this approach, we are given desired coordinates for
certain labeled samples. Similar to regression models,
we would like to find a map defined on the vertices of
the graph f : V 7→ R that matches known target values
for the labeled vertices. This can be solved by finding
arg minf |fi − si |2 (i ∈ l) where s is the vector of target values. With a small number of labeled examples,
it is crucial to exploit manifold structure in the data
when constructing the class of admissible functions f .
The symmetric graph Laplacian L = LT provides this
information. A regularized regression cost on a graph
is defined as:
X
C(f ) =
µ|fi − si |2 + f T Lf .
(4)
i

The first term in (4) is the fitting error, and the second term P
enforces smoothness along the manifold by
f T Lf ≈ i |∇i f |2 [2, 17]. The relative weighting of
these terms is given by the coefficient µ. The optimum
f is then obtained by the linear solution:

f=

µI + Lll
Lul

Llu
Luu

−1 

µI
0


s,

(5)

where L consists of labeled and unlabeled partitions:


Lll Llu
.
L=
Lul Luu
In the limit µ → ∞, i.e. there is no uncertainty in the
labels s, the solution becomes

Semisupervised alignment of
manifolds

We now consider aligning disparate data manifolds,
given some additional information about the data samples. In the following approaches, we consider this
additional information to be given for only a partial
subset of the data. We denote the samples with this
additional “labeled” information by the ordinal index
l, and the samples without extra information by the
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f u = −(Luu )−1 Lul s = (Luu )−1 Wul s.

(6)

This result is directly related to harmonic functions
[18], which are smooth functions on the graph such
that fi is determined by the average of its neighbors:
P
j Wij fj
fi = P
.
(7)
j Wij

Raw embedding

Aligned embedding

s-curve

Intrinsic
coordinates

wave

Figure 2: Graph embeddings for the s-curve and wave surface are aligned with given coordinates, and compared to
the unaligned embeddings. The lines indicate samples whose known coordinates are used to estimate a common
embedding space.

The solution in (6) is a linear superposition of harmonic functions which directly interpolate the labeled
data.
Given r-dimensional coordinate vectors S = [s1 · · · sr ]
as desired embedding coordinates, solutions f i of (5)
or (6) can be used as estimated coordinates of unlabeled data. This ”stretches” the embedding of the
graph so that the labeled vertices are at the desired coordinates. Figure 3 shows the results of this algorithm
applied to an image manifold with two-dimensional
pose parameters as coordinates. Simultaneous alignment of two different data sets is performed by simply
mapping each of the data sets into a common space
with known coordinates. Given two data sets X and
Y , where subsets Xl and Yl are given coordinates s
and t respectively, we let f and g denote real-valued
functions, and Lx and Ly the graph Laplacians of X
and Y respectively. Since there is no explicit coupling
between X and Y , we use (6) to get the two solutions:
f u = −(Lxuu )−1 Lxul s, and g u = −(Lyuu )−1 Lyul t.
Figure 2 shows the semisupervised algorithm applied
to the synthetic data used in the previous section.
Among the 600 and 800 points, 50 labeled points are
randomly chosen from each, and the two-dimensional
coordinates are provided for s and t. The graph
weights are chosen by the best convex reconstruction
from 6 and 10 neighbors. As can be seen from the figure, the two curves are automatically aligned to each
other by sharing a common embedding space. From
this common embedding, a point on the s-curve can be
mapped to the corresponding point on the wave surface using nearest neighbors, without inferring a direct
transformation between the two data spaces.
In [18, 17] the authors assumed symmetric and nonnegative weights. With an asymmetric L, the quadratic
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term in (4) is no longer valid, and the smoothness term
may be replaced with the squared error cost (3). However, there is a difference in the resulting aligned embeddings using a different choice of edge weights on
the graph. This is illustrated in the right side of Figure 3 where convex and affine weights are used. With
convex weights, the aligned embedding of unlabeled
points lies within the convex hull of labeled points. In
contrast, the affine weights can extrapolate to points
outside the convex hull of the labeled examples. If we
−1
consider the matrix of coefficients
PM = −(Luu ) Lul
in (6), itP
is not difficult
j Mij = 1 for all i
P to see P
because
L
+
L
=
j∈u ij
j∈l ij
j Lij = 0 for all
i. Consequently, each row of M are affine coefficients.
With an additional constraint Wij ≥ 0, the M satisfies
Mij ≥ 0 as well, (refer to [4] for proofs) rendering each
row of M convex coefficients.
3.2

Alignment by pairwise correspondence

Given multiple data sets containing no additional information about intrinsic coordinates, it is still possible to discover common relationships between the data
sets using pairwise correspondences. In particular, two
data sets X and Y may have subsets Xl and Yl which
are in pairwise alignment. For example, given sets of
images of different persons, we may select pairs with
the same pose, facial expression, etc. With this additional information, it is possible to then determine
how to match the unlabeled examples using an aligned
manifold embedding.
The pairwise correspondences are indicated by the indices xi ↔ y i , (i ∈ l), and f and g denote real-valued
functions defined on the respective graphs of X and Y .
f and g represent embedding coordinates that are extracted separately for each data set, but they should

Intrinsic coordinates

equivalent to

1

hT Lz h
, s.t. hT e = 0,
h
hT h
where Lz is defined as

 x
L + Ux
−U xy
≥ 0,
Lz =
−U yx
Ly + U y
min C̃(h) :=

0.5

0
0

0.5

1
Aligned embedding (convex)

Raw embedding (convex)
1

1

0.5

0.5

0

0
0

0.5

1

0

0.5

1

Aligned embedding (affine)
1

Raw embedding (affine)
1

0.5

0

0
0

0.5

1

0

0.5

The r-dimensional embedding is obtained by the rnonzero eigenvectors of Lz . A slightly different embedding results from using the normalized cost function (9):

1

take similar values for corresponding pairs. Generalizing the single graph embedding algorithm, the dual
embedding can be defined by optimizing:
X
C(f , g) = µ
|fi − gi |2 + f T Lx f + g T Ly g, (8)
i∈l
x

where L and Ly are the graph Laplacian matrices.
The first term penalizes discrepancies between f and g
on the corresponding vertices, and the second term imposes smoothness of f and g on the respective graphs.
However, unlike the regression in (4), the optimization in (8) is ill-defined because it is not invariant to
simultaneous scaling of f and g. We instead should
minimize the Rayleigh quotient:
C(f , g)
f f + gT g
T

C(f , g)
,
f T Dx f + g T Dy g

where Dx and Dy are diagonal matrices
correspondP
y
x
ing to the vertex degrees Dii
=
Wijx and Dii
=
j
P
y
W
.
This
optimization
is
solved
by
finding
the
ij
j
generalized eigenvectors of Lz and Dz = diag(Dx , Dy ).

Figure 3: Embedding a data manifold with given coordinates. A set of 698 images of a statue was taken by a
camera with varying tilt and pan angles as pose parameters. These pose parameters are provided as labeled
coordinates for chosen imges (large dots). This information is used to infer the two-dimensional coordinates corresponding to poses of the unlabeled images.
Different conditions for weights in the graph Laplacian
result in quite different embeddings.

C̃(f , g) :=

(11)

and U x ,U y ,U xy , and U yx are matrices having non-zero
elements only on the diagonal

µ, i = j ∈ l
Uij =
0, otherwise

C̃(f , g) :=
0.5

(10)

(9)

This quotient can be written in terms of the augmented vector: h = [f T g T ]T . Minimizing (9) is then
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In (8) the coefficient µ weights the importance of the
correspondence term relative to the smoothness term.
In the limit µ → ∞, the result is equivalent to imposing hard constraints fi = gi for i ∈ l. In this limit, the
optimization is given by the eigenvalue problem:
T z
˜ := h L h , s.t. hT e = 0,
(12)
C(h)
hT h
where h and Lz are defined as

 x


Lll + Lyll Lxlu Lylu
f l = gl
 , Lz = 
0 .
Lxul
Lxuu
fu
h=
y
Lul
0
Lyuu
gu
(13)
This formulation results in a smaller eigenvalue problem than (10), and the parameter µ need not be explictly determined.

The two methods in (11) and (13) of constructing a
new graph Laplacian Lz can be interpreted as joining
two disparate graphs. The former definition of Lz links
two graphs by adding edges between paired vertices
of the graphs with weights µ, whereas the latter Lz
“short-circuits” the paired vertices. In either case, the
embedding of the joint graph automatically aligns the
two constituent graphs.
Figure 4 shows the alignment of the embeddings of scurve and wave surfaces via the hard coupling of the
graphs. Joining the two graphs not only aligns each
other, but also highlights the underlying structure in
common, yielding slightly more uniform embeddings
than the unsupervised ones.

Raw embedding

Aligned embedding

s-curve

wave

Figure 4: The graph embeddings of the s-curve and wave surface are aligned by pairwise correspondence. 100
pairs of points in one-to-one correspondence are indicated by lines (only 50 shown).

4

Applications

The goal of aligning manifolds was to find an bicontinuous map between the manifolds. A common
embedding space is first learned by incorporating additional information about the data samples. We can
use this common low-dimensional embedding space to
address the following matching problems. What is the
most relevant sample y i ∈ Y that corresponds to a
xj ∈ X? or the most relevant sample xi ∈ X that
corresponds to a y j ∈ Y ?
The Euclidean distance of samples in the common
embedding space can provide a relevant measure for
matching. Let F = [f 1 f 2 · · · f r ] and G = [g 1 g 2 · · · g r ]
be the r-dimensional representations of aligned manifolds of X and Y . If the coordinates in F and G are
aligned from known coordinates, the distance between
xi ∈ X and y j ∈ Y is defined by the usual distance:
X
d(xi , y j )2 :=
|Fik − Gjk |2 .

consists of 120 × 100 images obtained by varying the
pose of a person’s head with a fixed camera. Data
set Y are 64 × 64 computer generated images of a 3D model with varying light sources and pan and tilt
angles for the observer. Data set Z are 100 × 100 rendered images of the globe by rotating its azimuthal and
elevation angles. For Y and Z we know the intrinsic
parameters of the variations: Y varies through -75 to
75 degrees of pan and -10 to 10 degrees of tilt, and
-75 to 75 degrees of light source angles. Z contains of
-45 to 45 degrees of azimuth and -45 to 45 degrees for
elevation changes. We use the pan and tilt angles of
Y and Z as the known 2-D coordinates of the embeddings. Affine weights are determined with 12,12, and
6 nearest neighbors to construct the graphs of data X,
Y , and Z.
We describe how both known pose coordinates as well
as pairwise correspondences are used to align the image manifolds from the three different data sets.

k

If F and G are computed from normalized eigenvectors of a graph Laplacian, the coordinates should be
properly scaled. We use the eigenvalues λ1 , λ2 , · · · , to
scale the distance between xi and y i [10]:
X
d(xi , y j )2 :=
|Fik − Gjk |2 /λk .
k

Then the best match y i ∈ Y to x ∈ X is given by
finding arg mini d(x, y i ).
We demonstrate matching image examples with three
sets of high-dimensional images. The three data sets
X, Y , and Z consist of 841 images of a person, 698
images of a statue, and 900 images of the earth,
available at http://www.seas.upenn.edu/∼jhham and
http://isomap.stanford.edu/datasets.html. Data set X
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Matching two sets with correspondence and
known coordinates
The task is to align X and Y using both the correspondences of X ↔ Y , and the known pose coordinates of
Y . First, 25 matching pairs of images in X and Y
are manually chosen. The joint graph of X and Y is
formed by fusing the corresponding vertices as in (13).
Then the joint graph is aligned to the 25 sample coordinates of Y by (6). The best matching images in
X and Y that correspond to various pose parameters
are found by nearest image samples in the embedding
space. Figure 5 shows the result when 16 grid points
in the pose parameter embedding are given and the
best matching images in X and Y are displayed.

Queries (coordinates)

Match 1

Match 2

1
0.8
0.6
0.4
0.2
0
0

0.5

1

Figure 5: Matching two data sets with correspondence and external coordinates. 25 images of a statue are
parameterized by its tilt/pan angles (gray dots on the left). Additionally, 25 corresponding pairs of images of
the statue and person are manually matched. Given 16 queries (dark dots on the left) in the embedding space,
the best matching images of statue (middle) and person (right) are found by aligning the two data sets and pose
parameters simultaneously.

Matching three sets with correspondence

data sets such as video streams and audio signals.

We also demonstrate the simultaneous matching of
three data sets. Among the three data sets, we have
pairwise correspondence between example images in
X ↔ Y and examples images in Y ↔ Z separately.
25 pairs of corresponding images between X and Y
are used, and an additional 25 pairs of images in Y
and Z are chosen manually. The joint graph of X, Y ,
and Z is formed by the straightforward extension of
(12) to handle three sets. A joint graph Laplacian is
formed and the final aligned embeddings of the three
sets are computed by diagonalizing the graph Laplacian. Given unlabeled sample images from Z as input,
the best matching data for Y and X are determined
and shown in Figure 6.

Finally, we would like to acknowledge support from
the U.S. National Science Foundation, Army Reserach Office, and Defense Advanced Research Projects
Agency.

5

Discussion

The main computational cost of the graph algorithm
lies in finding the spectral decomposition of a large matrix. We employ methods for calculating eigenvectors
of large sparse matrices to efficiently speed computation of the embeddings. The graph algorithm is able
to quite robustly align the underlying manifold structure in these data sets. Even with the small number
of training samples provided, the algorithm is able to
estimate a common low-dimensional embedding space
which can be used to map samples from one data set
to another. Even in situations where the unsupervised
manifold learning algorithm suffers from a lack of samples, additional knowledge from the known coordinates
and/or pairwise correspondences can be used to discover a faithful embedding. We are currently working on extending these results on additional real-world
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Abstract

2

Learning Causal Models

One way to make generative models with stochastic
hidden variables is to use a directed acyclic graph as
shown in Figure 1 (a). The difficulty in learning such
“causal” models is that the posterior distribution over
the hidden variables is intractable (except in certain
special cases such as factor analysis, mixture models, square ICA or graphs that are very sparsely connected). Despite the intractability of the posterior,
it is possible to optimize a bound on the log probability of the data by using a simple factorial distribution, Q(h|x), as an approximation to the true posterior, P (h|x) over hidden configurations, h, given a
data-vector, x. If the hidden variables are binary, a
factorial distribution can be represented by assigning
a probability, qj to each hidden variable, j:
Y h
(1)
qj j (1 − qj )1−hj
Q(h|x) =

We describe a learning procedure for a generative model that contains a hidden Markov
Random Field (MRF) which has directed
connections to the observable variables. The
learning procedure uses a variational approximation for the posterior distribution over the
hidden variables. Despite the intractable partition function of the MRF, the weights on
the directed connections and the variational
approximation itself can be learned by maximizing a lower bound on the log probability
of the observed data. The parameters of the
MRF are learned by using the mean field version of contrastive divergence [1]. We show
that this hybrid model simultaneously learns
parts of objects and their inter-relationships
from intensity images. We discuss the extension to multiple MRF’s linked into in a chain
graph by directed connections.

j

where hj is the binary state of hidden unit j in hidden
configuration h. Neal and Hinton [2] show that:
− logP (x) = F(x) − KL(Q(h|x)||P (h|x))

1

(2)

where the F denotes the ‘variational free-energy’ of
the data and is given by
X
X
F(x) =
Q(h|x) log Q(h|x)−
Q(h|x) log P (h, x)

Introduction

h

Generative models are widely used within machine
learning. However, in many applications the graphical models involve exclusively causal, or exclusively
undirected edges. In this paper we consider models
that contain both types of edge, and suggest approximate learning methods for such models. The main
contribution of this paper is the proposal of combining
variational inference with the contrastive divergence
algorithm to facilitate learning in systems involving
causally linked Markov Random Fields (MRF’s). We
support our proposal with examples of learning in several domains.
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h

(3)
where x is a data-vector and P (h, x) is the joint probability of first generating h from the model, and then
generating x from h.
Since the intractable KL divergence term in equation
2 is non-negative, the variational free-energy, F, gives
a tractable upper bound on the negative log probability of the data. Minimizing this bound also has the
useful property that it tends to adjust the parameters
to make the true posterior distribution as factorial as
possible which makes factorial approximate inference
work well in the learned model.

vectors that violate constraints. The probability of a
data-vector is then defined in terms of its energy using
the Boltzmann distribution:

( a)

W jk

j
G

j

k

ij

P (x) =
( b)

e−E(x)
,
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e−E(u)
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l
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where x is a data-vector, E(x) is its energy, and u is
an index over all possible data-vectors.

j
ij

G
i
( c)

ij

i
( d)

Figure 1: (a) A “causal” generative model. (b) A Markov
random field (MRF) with pairwise interactions between the
variables. (c) A hybrid model in which the hidden variables
of a causal generative model form a Markov random field.
(d) A causal hierarchy of MRF’s.
For each data-vector in the training set, a locally optimal factorial approximation to the true posterior can
be found by following the gradient of the bound w.r.t.
Q. Alternatively, the same gradient can be used to
train a feedforward “recognition” network to map each
training case to a good Q. Once it has been learned,
the feedforward network can be viewed as a way of
caching the results of iterative settling whilst also
acting as a regularizer that encourages similar datavectors to use similar Q distributions.

3

Learning Markov Random Fields

Hidden latent causes are a good way to model some
types of correlation, but they are not good at modeling
constraints between variables1 . Consider, for example,
a spherical, zero-mean, 20-dimensional Gaussian that
has been projected onto the plane in which the sum
of the coordinates is 1. To capture this constrained
distribution, factor analysis requires 19 hidden factors
because it must use a very tight noise model on all
20 variables and then use hidden factors to increase
the variance in the 19 allowable directions of variation.
Hidden ancestral variables cannot be used to decrease
variance2 .
A better way to model constraints is to use an “energybased” model that associates high energies with data1

In a directed graph, this requires observed descendants.
Assuming the factor loadings do not use imaginary
components to create negative variance.
2
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The main difficulty in learning energy-based models
comes from the normalizing term, Z, (called the partition function) in Eq 4. This is an intractable sum
or integral over all possible data-vectors. If a Markov
chain is used to sample vectors, u from the distribution
defined by the model, it is possible to get an unbiased
estimate of the gradient of the log probability of the
data:
∂E(u)
∂E(x) X
∂ log P (x)
(5)
P (u)
+
=−
∂θ
∂θ
∂θ
u

However, the estimate of the gradient will be very
noisy and it is typically hard to know how long to
run the Markov chain before it is sampling from the
model’s distribution. In practice, it is common to assume that if the learning works, the Markov chain
must have been close to its equilibrium distribution
— a dubious inference.
In some energy-based models, such as a Boltzmann
machine with interconnected hidden variables, it is
necessary to sum over all possible configurations of the
hidden variables to compute the numerator in Eq 4.
In other energy-based models, such as “fully visible”
Boltzmann machines that just have lateral connections
between the visible units it is easy to compute the energy of a data-vector3 but it is still hard to get the
exact derivatives of the partition function. For models
of this type, Hinton [3] has shown that learning can
still work very well if a Markov chain is started at the
data and then run for just a few steps instead of being
run all the way to equilibrium.
The use of a brief Markov chain can be combined with
the mean field approximation in which the distribution
over binary configurations is represented by a factorial
distribution Q [1]. For fully visible Boltzmann machines, this leads to a learning algorithm in which the
network starts at a data-vector and then updates the
q values of all the units in parallel using the rule:
qjt+1 = λqjt +
3

1−λ
P
1 + exp(−bj − k qkt wjk )

(6)

Other models that fall within this class include “restricted Boltzmann machines” in which there are no interconnections between hidden units and also models in which
the global energy is a function of the activities of multiple
layers of deterministic, non-linear hidden units.

where bj is the bias of unit j, wjk is a symmetric connection between unit j and unit k, and λ is a damping
coefficient between 0 and 1 that is used to prevent oscillations. Using the parallel updates in Eq. 6, the
learning rule in Eq. 5 becomes:
X
∆wjk ∝
(7)
qj+ qk+ − qj− qk−
cases

where the q + values are the the components of a training vector and the q − values are produced by allowing
the mean field net to run for a few iterations of equation 6. The q + values would normally be binary, but
the learning procedure can still be applied if each training case is a factorial distribution over binary vectors.

4

Causally Linked Markov Random
Fields

Both purely causal models and MRF’s are used extensively within machine learning, but there are noticeably fewer models in the literature that employ both
causal and undirected connections 4 . Causal hierarchies of MRF’s (chain-graphs) have some very attractive properties as generative models (see below) but
the problem of learning them efficiently when there is
dense connectivity has not been adequately addressed.
To generate data from such a model[6], we first run the
top-level MRF to equilibrium and pick a configuration
from the distribution defined by its energy function.
This configuration then provides top-down input to
the MRF at the next level down via the causal connections. The top-down input modifies the energy function of the second level MRF by changing the effective
biases of its units5 . We then run the second level MRF
using its modified energy function and pick a configuration from its distribution. This can be repeated for
as many levels as desired, with the bottom level being
the “visible” units which may or may not be connected
together in an MRF.
This generative model has a major advantage over a
purely causal hierarchy: At each level of the hierarchy,
learned constraints can be used to “clean-up” the representations generated from the level above. Consider,
for example, a generative model in which the top level
represents the pose parameters of a face and the next
level down represents the pose parameters of each of
the two eyes. The height of an eye within the face is
somewhat variable, but the two eyes are constrained
to have the same height. This creates a problem for
a purely causal hierarchy in which the poses of the
4

Such models are formally referred to as chain-graphs;
see for example [4, 5].
5
It could also modify pairwise interactions between
units in the lower-level MRF.
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left and right eye are conditionally independent given
the representation at the level above. The height of
both eyes must be chosen at the top level and then
the height of each eye must be communicated very accurately to the level below. But if an MRF can be used
for clean-up at the level below, the height of each eye
can be loosely determined by the top-down input, and
the MRF can then enforce the constraint on the two
heights. So the top-down input to each level can be
used to select between (and distort) highly structured
and finely balanced alternatives rather than having to
specify a pattern in full detail. The causal connections
are adept at suggesting which ‘parts’ to instantiate
and roughly where to put them, whilst the undirected
connections within the MRF are ideal for enforcing
consistency relationships between these parts.
As we shall see, combining multiple MRF’s into causal
hierarchies also has a major advantage over combining
them into one big MRF by using undirected connections: The causal connections between layers act as
insulators that prevent the partition functions of the
individual MRF’s from combining together into one
large partition function.

5

A simple version of the model

We begin by presenting the simplest architecture from
the framework we have just described: a single, hidden MRF layer with causal connections to a layer of
observed variables as illustrated by the network shown
in Figure 1 (c).
For concreteness, we will work with a particular simple
form for the model’s interactions, although more elaborate cases can be treated in essentially the same way.
The hidden MRF layer will consist of a Boltzmann machine which has binary nodes with pairwise interaction
energies of the form E(hi , hj ) = hi hj wij , and single
node energies of the form E(hi ) = bi hi where hk is the
binary state of node k and {wij , bi } are free parameters to be learned. Conditioned upon these hidden
variables, the directed connections in our model specify a Gaussian distribution on the observables with
P (x|h) = N (Gh + m; σI) where σ is a pre-specified
noise variance6 .
We use a single-layer sigmoid recognition network to
specify the q’s of the posterior approximation in equation 1 and the probabilities are given by

−1
P
−
Rij xj +ci
j
qi = 1 + e
(8)
where {Rij , ci } are parameters to be learned 7 .
6
7

We fix σ for simplicity, but it could also be learned.
The derivatives that are used to train this recognition

Our formalism leads to the following expression for the
variational free energy,

1

2

3

4

5

6

7

8

A

F =
FMRF

FMRF + FGauss
(9)
X
=
[qi log qi + (1 − qi ) log(1 − qi )]

B

i

FGauss =

1
− qT Wq − bT q + log Z
2

1
qT GT Gq − 2xT Gq
2
2σ
+qT K(1 − q) + c

C

(10)

(a)

E

(11)

F

where Kij = δij (GT G)ij , and c denotes constants that
do not affect the derivatives of F w.r.t. the parameters. Minimising F is equivalent to maximising a lower
bound on the data log-likelihood.
A crucial property of this model is that the intractable
log Z term only depends on the biases and lateral connections of the hidden units. It does not enter into
the derivatives of either the q + values or the weights
on the causal connections. So the recognition weights
(R, c) that determine the q values, and also the causal
generative parameters (G, m), can be learned by using the exact gradient of the cost function To learn the
hidden biases and the lateral weights (b, W) between
hidden units, we allow the hidden units to run for a
few mean field iterations from their initial q values and
then use the contrastive divergence learning rule [3], as
given in equation 7.

6

A toy example

To illustrate the model we used 50,000 24x24 images of
the digit seven that were generated by small rotations,
translations and scalings of 1000 normalized 16x16 images from the Cedar CD-Rom. The distortions reduced the long-range correlations introduced by the
normalization. We trained a network with 64 fully
inter-connected hidden units for 500 sweeps through
the training set updating the weights after every 250
examples. There was very little change in the weights
after 80 sweeps. We used a momentum of 0.9 with
learning rates of 10−4 for the causal generative connections and visible biases and for the recognition connections and biases, and 10−5 for the lateral connections
and hidden generative biases. We also implemented
L1 weight-decay corresponding to a Laplacian prior on
the lateral connections. This aids interpretability by
making most lateral connections small or zero, whilst
also allowing large values for a few weights.
Figure 2 (a) and (b) show the generative weights of all
64 hidden units, along with examples of lateral internetwork could be used to train a far more powerful recognition network that contained hidden layers.
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Figure 2: (a) The generative weights of all 64 hidden units
in a model of handwritten 7’s. (b) The lateral connection
patterns for units 1A, 1C, 3F and 7H. The X marks the
location of the unit itself. Note the positive interactions
between units with collinear generative fields (e.g. 7H and
2G) and also the sizeable negative weights between mutually exclusive alternatives (e.g. 2A and 4A). Unit 2B appears to be a corner detector, and its interactions with 4A
and 6B match this intuition. (c) Examples of the training
data used. (d) Samples from the distribution learned by
the model (obtained using prolonged Gibbs sampling.) (e)
Samples from a model with the same generative parameters as in (a,d) but with the lateral connections set to zero,
and the biases re-learned to compensate. Notice that there
is much less consistency between the strokes in the samples
generated from the model without lateral connections.
action patterns for 4 representative units. The figure
caption highlights some salient aspects of the learned
lateral connections.

7

Learning to model natural objects
as inter-related parts

It is hard to model real-valued images using binary
hidden units so we use binomial units that are equiv-
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Figure 3: The results of applying the learning algorithm to
images of faces. The generative weights of the hidden units
are shown at the top and the lateral connections of some
of the hidden units are shown beneath. The 8, 400 31x31
training images were created by rotating (±30◦ ), scaling
(1.0 to 1.5), cropping and subsampling the 400 face images
of 40 different people in the Olivetti face dataset. Each
cropped image was then centred (zero pixel mean) and
PCA was used to whiten the data and reduce the dimensionality from 961 to 144 by maintaining the normalised
projections on the leading 144 eigenvectors.

alent to replicating each hidden unit (together with
all its weights) N = 100 times [7]. We also make
an additional modification that is motivated by a desire to produce more neurally plausible representation
schemes. The variance contributed by a binomial pool
of N binary units each of which has a probability of
q of turning on is N q(1 − q). (This appears through
the term qT K(1 − q) in equation 11.) If we omit the
(1 − q) term, binomial units cannot use values of q
near 1 to achieve low variance and so they learn to use
small values of q and behave like Poisson units whose
variance is linear in their “firing rate”.
Figure 3 shows the weights learned by a network with
64 hidden Poisson units when it was trained on images
of faces.
After learning, the hidden activities are sparse with
a small subset of the units having activities significantly above their baseline for each image. The ability
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Figure 4: The generative weights of 256 hidden units
trained on 150, 000 12x12 patches of natural images extracted from Hyvarinen’s natural image data. The images
were whitened and reduced to 100 dimensions using centering and PCA. The lateral interactions were restricted
to a 9x9 neighborhood with wraparound. There are strong
negative interactions between anti-phase pairs {6H, 3G}
& {8E, 6F} and also between highly non-collinear pairs
{6H, 5H}, {6K, 5H}, {6K, 5I}, {6K, 9L}. The interactions between approximately collinear pairs with consistent
phase are usually positive: {6H, 2D}, {6H, 5G}, {6K, 2L}.

to learn parts and their relationships simultaneously
should make it easier to achieve the goal of finding
natural parts of objects in sets of unlabelled images
[8], but we have not yet had time to explore this issue
in detail. Unlike non-negative matrix factorization [9]
our model learns parts without requiring any restrictions on the weights, but it is possible that it would
be even better at extracting parts if we restricted the
weights on the causal connections to be positive.
Clearly, it would be better to perform some extraction of low level features before attempting to extract
inter-related parts of complex objects. Figure 4 shows
the results of applying exactly the same algorithm to
patches of natural images.

8

Learning with multiple hidden
layers

Ideally, a whole hierarchy of features at different levels
should be learned cooperatively in order to encourage
low-level features to be useful for extracting high-level
parts that have consistent inter-relations. Our model
is proposed with multiple hidden layers in mind, however we have only just started to investigate this empirically.
We now present the free energy, F2 , for a model with
two hidden MRF layers, with the ‘top’ layer having a
directed influence on the layer below (as shown in Figure 1 (d)). If we are able to adequately tackle the extra complexity involved in learning such a model then
the generalisation to hierarchies of arbitrary depth involves relatively little extra effort. We will now use
hm and ht to denote the binary states of hidden units
in the middle and top MRF layers respectively. As
before, Q(hm |x) will denote the a factorial approximation to the posterior probabilities for the MRF
units connected to the observables, and we will use
R(ht |x) to denote the factorial approximation for the
MRF units in the top layer.
X
F2 =
R(ht |x) log R(ht |x)
ht

+

X

Q(hm |x) log Q(hm |x)

X

R(ht |x) log P (ht )

ht

−

X

R(ht |x)Q(hm |x) log P (hm |ht )

ht ,hm

−

X

Q(hm |x) log P (x|hm )

j

+

X

[qi log qi + (1 − qi ) log(1 − qi )]

i

1
− rT Hr − cT r + log ZTOP
2
1 T
− q Wq − (b + r)T q
2
+
log ZMID (ht ) ht ∼R(ht |x)

+FGauss

(13)

One strategy is to replace the expectation over partition functions with the partition function evaluated at
the expected value of ht , i.e. at ht = r. This can be
viewed as a first order Taylor series approximation to
log ZMID (ht ) about the mean of R(ht |x) (higher order
expansions might also be feasible, however the terms
are much more complicated.) Such an approximation
means that the free energy is no longer a bound on the
true log likelihood, however we are at present unaware
of any other tractable approximation that would allow
us to maintain such a bound.
In this new approximation we use contrastive divergence both to estimate derivatives of the lateral connections and MRF biases, and also to compute a component of the derivative with respect to the top level
activities, r. (From the point of view of forming derivatives, the top level units simply act as case dependent
biases.)

hm

−

the observables are given by a Gaussian distribution
conditioned on the states of the middle layer units.
The free energy is given by,
X
F2 =
[rj log rj + (1 − rj ) log(1 − rj )]

(12)

hm

The main difference between this free energy and the
one which
we have already dealt with is due to the
P
term ht ,hm R(ht |x)Q(hm |x) log P (hm |ht ). The partition function of the middle layer MRF now depends
on the states in the top layer MRF. Consequently we
are required to deal with an expectation over partition
functions as one of the terms within our free energy.
Again for concreteness we first present the mathematical form of the free energy for a simple case before
discussing an initial approximation for overcoming this
difficulty. Our model now involves two Boltzmann machine layers, as illustrated by Figure 1 (d), and conditioning on the states of the top layer provides an additional bias term to the energy function of the layer
below. The factorial approximation to the posterior
on the middle layer units remains unchanged, and a
similar approximation is used for the top level units,
Q ht
t
specifically R(ht |x) = j rj j (1 − rj )1−hj . As before,
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Preliminary experiments using models with two MRF
layers causally linked into a hierarchy indicate that
this approximation might be adequate for our gradient
based learning. The ‘middle’ MRF layer typically develops features that are qualitatively similar to those in
the single layer case. The ‘top’ level units tend to sensibly co-activate sets of units in the ‘middle’ layer, however it is hard to properly characterise the behaviour
of units deeper within a densely connected network
and their effects are not always apparent simply by
studying the generative weights.
To illustrate the increased representational power
achieved by adding an additional MRF layer, we
present somewhat qualitative results from a simple experiment again using the Cedar digits. Our data consisted of 1100 16 × 16 images of each class type from 0
to 9 (that is 11000 training examples in total). Figure
5 (a) shows an example of the training data. Using this
dataset, we trained two different model architectures:
the first had a single hidden Boltzmann machine layer

consisting of 256 fully interconnected units; the second
had two hidden Boltzmann machine layers, again with
256 fully interconnected units within each layer, and
with directed connections from the top layer providing
additional biases to the middle layer. We trained both
networks until the changes in parameters were very
small (approximately 500 sweeps through the whole
data set). Figures 5 (b) and (c) illustrate generative
samples from models with one and two hidden MRF
layers respectively. From this qualitative comparison
it is immediately apparent that the model with a hierarchy of MRF layers has managed to capture more
of the statistical structure within the dataset. The
generated samples in Figure 5 (b) somewhat resemble
single digits, but they are also rather contaminated by
additional strokes — as if several digits classes were
combined. This contamination is present to a much
smaller degree in Figure 5 (c) in which we can see
clearer examples of single digits being generated. We
speculate that the additional hidden layer is beneficial
by providing top down biases to shift the middle layer
activities in favour of the strokes for particular digit
classes, which might then make the task of ensuring
‘stroke consistency’ easier for the lateral connections
within that layer.

9

(a)

(b)

Improving the accuracy of
approximate inference

There are several reasons why one might wish to use
models containing both directed and undirected connections. As discussed in Section 4 they are elegantly
able to capture some kinds of statistical structure
which would be difficult to capture using connections
of just one type. In particular, hierarchies of MRF’s
have many appealing properties that make them suitable for learning parts-based representations.
Another quite different reason for choosing to combine
elements of both kinds of model is to allow approximate inference techniques to work more effectively, and
this benefit can be seen in the case of even just a single hidden MRF layer. Many approximate inference
techniques assume some simplifying independence relationships, but such relationships generally do not,
and cannot, hold in the true posterior. In particular, if the latent variables are assumed to be independent in the prior, an effect known as ‘explaining-away’
causes those variables to coupled in the posterior [10].
However, somewhat counter-intuitively, it is possible
to reduce or eliminate this posterior dependence by
using a model in which the variables are coupled in
the opposite way in the prior. The required coupling
depends on the parameters, but not on the data.
Our proposed learning method is able to take advan-
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(c)

Figure 5: Illustrative results from learning with multiple hidden layers. (a) Examples of training data, corrupted with the same amount of Gaussian noise as assumed during learning. (b) Random selection of examples generated by Gibbs sampling from a model with a
single hidden layer. (c) Random selection of examples
generated by Gibbs sampling from a model with a hierarchy of two MRF layers. Each MRF layer had 256
fully interconnected hidden units, and there was full
directed connectivity from the top MRF layer to the
middle MRF layer, as well as full directed connectivity
from the middle MRF layer to the observables.

tage of this fact, and to work within a space of models for which factorial inference is more accurate than
it would be able to be if directed connections alone

were used. This point is illustrated rather nicely by
some of the lateral connections in Figure 4. The lateral interactions tend to cancel out the correlations in
the posterior that would be introduced by explainingaway. Consider, for example, two hidden units such
as 6H and 3G in Figure 4 that have highly anticorrelated weights on their causal connections. If both
these units turn on together the image will be unchanged, so explaining-away would make their activities be strongly positively correlated in the posterior.
By learning a strongly negative lateral interaction, the
network manages to make them approximately independent in the posterior thus making the variational
inference work well.
The idea of using a complicated prior distribution in
order to achieve approximate independence in the posterior is a very different approach from Independent
Components Analysis (ICA) [11, 12] which assumes
independence in the prior and therefore gives rise to
awkward posteriors when there are more hidden variables than observables.

10

Summary & Discussion

We have presented a learning procedure for training
models that contain both directed and undirected connections; in particular we have focused on large densely
connected MRF’s that are linked to either observables or other MRF’s via directed (causal) connections.
Learning in such models is generally intractable, and
so the learning task necessitates approximations. Our
proposed method combines variational techniques with
the contrastive divergence algorithm.
Whilst initial results are promising, there is clearly
much more work to be done in developing more sophisticated approximation schemes and in exploring different model architectures for different types of problem.
In addition to the approximation methods we have developed in this paper, there are other schemes that
may be useful and indeed could be combined with our
approach. One could, for instance, consider running
our method until convergence and then using this solution as the starting point for a much slower, but
potentially more accurate approach that uses Monte
Carlo methods. Alternatively, the learned recognition
model parameters could be used to initialise further
learning using a version of the wake-sleep algorithm
[13].
There are many domains in which hybrid models such
as the ones we have presented here might be useful,
and we hope that our suggested approximation techniques open up avenues for exploration.
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Abstract

• Direct application on probability measures e.g.
histogram data of text [8] and colors [1].

We investigate the problem of defining
Hilbertian metrics resp. positive definite kernels on probability measures, continuing the
work in [5]. This type of kernels has shown
very good results in text classification and
has a wide range of possible applications. In
this paper we extend the two-parameter family of Hilbertian metrics of Topsøe such that
it now includes all commonly used Hilbertian
metrics on probability measures. This allows
us to do model selection among these metrics in an elegant and unified way. Second we
investigate further our approach to incorporate similarity information of the probability
space into the kernel. The analysis provides
a better understanding of these kernels and
gives in some cases a more efficient way to
compute them. Finally we compare all proposed kernels in two text and two image classification problems.

• Given a statistical model for the data one can first
fit the model to the data and then use the kernel
to compare two fits, see [8, 7]. Thereby linking
parametric and non-parametric models.
• Given a bounded probability space X one can use
the kernel to compare arbitrary sets in that space,
e.g by putting the uniform measure on each set.

Introduction

Kernel methods have shown in the last years that they
are one of the best and generally applicable tools in
machine learning. Their great advantage is that positive definite (pd) kernels can be defined on every set.
Therefore they can be applied to data of any type.
Nevertheless in order to get good results the kernel
should be adapted as well as possible to the underlying structure of the input space. This has led in the
last years to the definition of kernels on graphs, trees
and manifolds. Kernels on probability measures also
belong to this category but they are already one level
higher since they are not defined on the structures directly but on probability measures on these structures.
In recent time they have become quite popular due to
the following possible applications:
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In this paper we consider Hilbertian metrics and pd
kernels on M1+ (X )1 . In a first section we will summarize the close connection between Hilbertian metrics
and pd kernels so that in general statements for one
category can be easily transferred to the other one.
We will consider two types of kernels on probability
measures. The first one is general covariant. That
means that arbitrary smooth coordinate transformations of the underlying probability space will have no
influence on the kernel. Such kernels can be applied if
only the probability measures themselves are of interest, but not the space they are defined on. We introduce and extend a two parameter family of covariant
pd kernels which encompasses all previously used kernels of this type. Despite the great success of these
general covariant kernels in text and image classification, they have some shortcomings. For example for
some applications we might have a similarity measure
resp. a pd kernel on the probability space which we
would like to use for the kernel on probability measures. In the second part we further investigate types
of kernels on probability measures which incorporate
such a similarity measure, see [5]. This will yield on
the one hand a better understanding of these kernels
and on the other hand gives in some cases an efficient
way of computing these kernels. Finally we apply these
kernels on two text (Reuters and WebKB) and two image classification tasks (Corel14 and USPS).
1
M1+ (X ) denotes the set of positive measures µ on X
with µ(X ) = 1

2

Hilbertian Metrics versus Positive
Definite Kernels

It is a well-known fact that a pd kernel k(x, y) corresponds to an inner product hφx , φy iH in some feature
space H. The class of conditionally positive definite
(cpd) kernels is less well known. Nevertheless this class
is of great interest since Schölkopf showed in [11] that
all translation invariant kernel methods can also use
the bigger class of cpd kernels. Therefore we give a
short summary of this type of kernels and their connection to Hilbertian metrics2 .
Definition 2.1 A real valued function k on X × X
is
Pnpd (resp. cpd) if and only if k is symmetric and
i,j ci cj k(xi , xj ) ≥ 0, for all n ∈ N, xi ∈ X , i =
1, ..., n, and for all ci ∈P
R, i = 1, ..., n, (resp. for all
n
ci ∈ R, i = 1, ..., n, with i ci = 0).
Note that every pd kernel is also cpd. The close connection between the two classes is shown by the following lemma:

3

γ-homogeneous Hilbertian Metrics
and Positive Definite Kernels on R+ 3

The class of Hilbertian metrics on probability measures we consider in this paper are based on a pointwise comparison of the densities p(x) with a Hilbertian
metric on R+ . Therefore Hilbertian metrics on R+ are
the basic ingredient of our approach. In principle we
could use any Hilbertian metric on R+ , but as we will
explain later we require the metric on probability measures to have a certain property. This in turn requires
that the Hilbertian metric on R+ is γ-homogeneous4 .
The class of γ-homogeneous Hilbertian metrics on R+
was recently characterized by Fuglede:
Theorem 3.1 (Fuglede [3]) A symmetric function
d : R+ × R+ → R+ with d(x, y) = 0 ⇐⇒ x = y is
a γ-homogeneous, continuous Hilbertian metric d on
R+ if and only if there exists a (necessarily unique)
non-zero bounded measure ρ ≥ 0 on R+ such that d2
can be written as
Z
2
d2 (x, y) =
x(γ+iλ) − y (γ+iλ) dρ(λ)
(1)
R+

Lemma 2.1 [2] Let k be a kernel defined as k(x, y) =
k̂(x, y) − k̂(x, x0 ) − k̂(x0 , y) + k̂(x0 , x0 ), where x0 ∈ X .
Then k is pd if and only if k̂ is cpd.

Using Lemma 2.1 we define the corresponding class of
pd kernels on R+ by choosing x0 = 0. We will see later
that this corresponds to choosing the zero-measure as
origin of the RKHS.

Similar to pd kernels one can also characterize cpd
kernels. Namely one can write all cpd kernels in the
2
form: k(x, y) = − 12 kφx − φy kH +f (x)+f (y). The cpd
kernels corresponding to Hilbertian (semi)-metrics are
characterized by f (x) = 0 for all x ∈ X , whereas if k is
pd it follows that f (x) = 12 k(x, x) ≥ 0. We refer to [2,
3.2] and [11] for further details. We also would like to
point out that for SVM’s the class of Hilbertian (semi)metrics is in a sense more important than the class of
pd kernels. Namely one can show, see [4], that the
solution and optimization problem of the SVM only
depends on the Hilbertian (semi)-metric, which is implicitly defined by each pd kernel. Moreover a whole
family of pd kernels induces the same semi-metric. In
order to avoid confusion we will in general speak of
Hilbertian metrics since, using Lemma 2.1, one can always define a corresponding pd kernel. Nevertheless
for the convenience of the reader we will often explicitly state the corresponding pd kernels.

Corollary 3.1 A symmetric function k : R+ × R+ →
R+ with k(x, x) = 0 ⇐⇒ x = 0 is a 2γ-homogeneous
continuous pd kernel k on R+ if and only if there exists a (necessarily unique) non-zero bounded symmetric measure κ ≥ 0 on R such that k is given as
Z
k(x, y) =
x(γ+iλ) y (γ−iλ) dκ(λ)
(2)

2
A (semi)-metric d(x, y) (A semi-metric d(x, y) fulfills
the conditions of a metric except that d(x, y) = 0 does
not imply x = y.) is called Hilbertian if one can embed the (semi)-metric space (X , d) isometrically into a
Hilbert space. A (semi)-metric d is Hilbertian if and only
if −d2 (x, y) is cpd. That is a classical result of Schoenberg.
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R

Proof: If k has the form given in (2), then it is obviously 2γ-homogeneous and since k(x, x) = x2γ κ(R)
we have k(x, x) = 0 ⇐⇒ x = 0. The other direction follows by first noting that k(0, 0) = hφ0 , φ0 i =
0 and then by applying theorem 3.1, where κ is
the symmetrized version of ρ around the origin, together with lemma 2.1 and k(x,
 y) = hφx , φy i =
1
2
2
2
−d
(x,
y)
+
d
(x,
0)
+
d
(y,
0)
.

2
At first glance Theorem 3.1, though mathematically
beautiful, seems not to be very helpful from the viewpoint of applications. But as we will show in the section on structural pd kernels on M1+ (X ) this result
allows us to compute this class of kernels very efficiently.
3

R+ is the positive part of the real line with 0 included
A symmetric function k is γ-homogeneous if
k(c x, c y) = cγ k(x, y) for all c ∈ R+
4

Recently Topsøe and Fuglede proposed an interesting two-parameter family of Hilbertian metrics on R+
[13, 3]. We extend now the parameter range of this
family. This allows us in the next section to recover
all previously used Hilbertian metrics on M1+ (X ) from
this family.
Theorem 3.2 The function d : R+ × R+ → R defined
as:
1
1
1
1
2 β (xα + y α ) α − 2 α xβ + y β β
2
dα|β (x, y) =
(3)
1
1
2α − 2β
is a 1/2-homogeneous Hilbertian metric on R+ , if α ∈
[1, ∞], β ∈ [ 21 , α] or β ∈ [−∞, −1]. Moreover the
pointwise limit for α → β is given as:
2

lim dα|β (x, y) =

α→β


1 "
xβ + y β β
log(2)

β 2 21/β ∂
log(2) ∂β

xβ
log
β
x + yβ

xβ + y β
2
2xβ
β
x + yβ

!(1/β)
=

!
+

yβ
log
β
x + yβ

2y β
β
x + yβ

!#

Note that d2α|β = d2β|α . We need the following lemmas
in the proof:
Lemma 3.1 [2, 2.10] If k : X ×X is cpd and k(x, x) ≤
0, ∀x ∈ X then −(−k)γ is also cpd for 0 < γ ≤ 1.
Lemma 3.2 If k : X × X → R is cpd and k(x, y) <
0, ∀ x, y ∈ X , then −1/k is pd.
Proof: It follows from Theorem 2.3 in [2] that if
k : X × X → R− is cpd, then 1/(t − k) is pd for all
t > 0. The pointwise limit of a sequence of cpd resp.
pd kernels is cpd resp. pd if the limit exists, see e.g.
[10]. Therefore limt→0 1/(t − k) = −1/k is positive
definite if k is strictly negative.

We can now prove Theorem 3.2:
Proof: The proof for the symmetry, the limit α → β
and the parameter range 1 ≤ α ≤ ∞, 1/2 ≤ β ≤ α
can be found in [3]. We prove that −d2α|β is cpd for
1 ≤ α ≤ ∞, −∞ ≤ β ≤ −1. First note that k(x, y) =
−(f (x)+f (y)) is cpd on R+ , for any function f : R+ →
R+ and satisfies k(x, y) ≤ 0, ∀ x, y ∈ X . Therefore by
Lemma 3.1, −(xα + y α )1/α is cpd for 1 ≤ α < ∞. The
pointwise limit limα→∞ −(xα + y α )1/α = − max{x, y}
exists, therefore we can include the limit α = ∞. Next
we consider k(x, y) = −(x + y)1/β for 1 ≤ β ≤ ∞
which is cpd as we have shown and strictly negative
if we restrict k to {x ∈ R | x > 0} × {x ∈ R | x > 0}.
Then all conditions for lemma 3.2 are fulfilled, so that
k(x, y) = (x + y)−1/β is pd. But then also k(x, y) =
(x−β +y −β )−1/β is pd. Moreover k can be continuously
extended to 0 by k(x, y) = 0 for x = 0 or y = 0.
Multiplying the first part with (2(1/α−1/β) − 1)−1 and
the second one with (1 − 2(1/β−1/α) )−1 and adding
them gives the result.
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4

Covariant Hilbertian Metrics on
M1+ (X )

In this section we define Hilbertian metrics on M1+ (X )
by comparing the densities pointwise with a Hilbertian
metric on R+ and integrating these distances over X .
Since densities can only be defined with respect to a
dominating measure5 our definition will at first depend on the choice of the dominating measure. This
dependence would restrict the applicability of our approach. For example if we had X = Rn and chose µ
to be the Lebesgue measure, then we could not deal
with Dirac measures δx since they are not dominated
by the Lebesgue measure.
Therefore we construct the Hilbertian metric such that
it is independent of the dominating measure. This justifies the term ’covariant’ since independence from the
dominating measure also yields invariance from arbitrary one-to-one coordinate transformations. In turn
this also implies that all structural properties of the
probability space will be ignored so that the metric on
M1+ (X ) only depends on the probability measures. As
an example take the color histograms of images. Covariance here means that the choice of the underlying
color space say RGB, HSV or CIE Lab does not influence our metric, since these color spaces are all related
by one-to-one transformations. Note however that in
practice the results will usually slightly differ due to
different discretizations of the color space.
In order to simplify the notation we define p(x) to be
the Radon-Nikodym derivative (dP/dµ)(x) 6 of P with
respect to the dominating measure µ.
Proposition 4.1 Let P and Q be two probability measures on X , µ an arbitrary dominating measure7 of P
and Q and dR+ a 1/2-homogeneous Hilbertian metric
on R+ . Then DM1+ (X ) defined as
Z
2
DM1 (X ) (P, Q) :=
(4)
d2R+ (p(x), q(x))dµ(x) ,
+

X

is a Hilbertian metric on M1+ (X ). DM1+ (X ) is independent of the dominating measure µ.
For a proof, see [5]. Note that if we use an arbitrary
metric on R+ in the above proposition, we also get
a Hilbertian metric. But this metric would only be
defined on the set of measures dominated by a certain
measure µ and not on M1+ (X ). Moreover it would also
depend on the choice of the dominating measure µ.
5
A measure µ dominates a measure ν if µ(E) > 0 whenever ν(E) > 0 for all measurable sets E ⊂ X . In Rn the
dominating measure µ is usually the Lebesgue measure.
6
In case of X = Rn and when µ is the Lebesgue measure
we can think of p(x) as the normal density function.
7
Such a dominating measure always exists take e.g.
M = (P + Q)/2

We can now apply this principle of building covariant
Hilbertian metrics on M1+ (X ) and use the family of
1/2-homogeneous Hilbertian metrics d2α|β on R+ from
the previous section. This yields as special cases the
following well-known measures on M1+ (X ).
(p(x) − q(x))2
dµ(x),
p(x) + q(x)
X
Z p
p
D21 |1 (P, Q) = ( p(x) − q(x))2 dµ(x),
2
X


Z
2p(x)
1
2
p(x) log
D1|1
(P, Q) =
log(2) X
p(x) + q(x)


2q(x)
dµ(x),
+ q(x) log
p(x) + q(x)
Z
2
D∞|1
(P, Q) =
|p(x) − q(x)|dµ(x).
(5)

2
D1|−1
(P, Q) =

Z

X

2
D1|−1
is the symmetric χ2 -measure, D 12 |1 the Hellinger
2
distance, D1|1
the Jensen-Shannon divergence and
2
D∞|1 the total variation. The symmetric χ2 -metric
was for some time wrongly assumed to be pd and is
new in this family due to our extension of d2α|β to negative values of β. The Hellinger metric is well known in
the statistics community and was for example used in
[7]. The total variation was implicitly used in SVM’s
through a pd counterpart which we will give below.
Finally the Jensen-Shannon divergence is very interesting since it is a symmetric and smoothed variant of
the Kullback-Leibler divergence. Instead of the work
in [9] where they have a heuristic approach to get from
the Kullback-Leibler divergence to a pd matrix, the
Jensen-Shannon divergence is a theoretically sound alternative. Note that the family d2α|β is designed in such
2
a way that the maximal distance of Dα|β
is 2, ∀ α, β.
For completeness we also give the corresponding pd
kernels on M1+ (X ), where we take in Lemma 2.1 the
zero measure as x0 in M1+ (X ). This choice seems
strange at first since we are dealing with probability
measures. But in fact the whole framework presented
in this paper can easily be extended to all finite, positive measures on X . For this set the zero measure is
a natural choice of the origin.
Z
p(x)q(x)
K1|−1 (P, Q) =
dµ(x),
p(x)
+ q(x)
X
Z p
K 12 |1 (P, Q) =
p(x)q(x)dµ(x),
X


Z
−1
p(x)
K1|1 (P, Q) =
p(x) log
log(2) X
p(x) + q(x)


q(x)
+ q(x) log
dµ(x),
p(x) + q(x)
Z
K∞|1 (P, Q) =
min{p(x), q(x)}dµ(x).
(6)
X
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The astonishing fact is that we find the four (partially)
previously used Hilbertian metrics resp. pd kernels on
M1+ (X ) as special cases of a two-parameter family of
Hilbertian metrics resp. pd kernels on M1+ (X ). Due
to the symmetry of d2α|β (which implies symmetry of
2
Dα|β
) we can even see all of them as special cases of
the family restricted to α = 1. This on the one hand
shows the close relation of these metrics among each
other and on the other hand gives us the opportunity
to do model selection in this one-parameter family of
Hilbertian metrics. Yielding an elegant way to handle
both the known similarity measures and intermediate
ones in the same framework.

5

Structural Positive Definite Kernels

The covariant Hilbertian metrics proposed in the last
section have the advantage that they only compare the
probability measures, thereby ignoring all structural
properties of the probability space. On the other hand
there exist cases where we have a reasonable similarity
measure on the space X , which we would like to be
incorporated into the metric. We will consider in this
section two ways of doing this.
5.1

Structural Kernel I

To incorporate structural information about the probability space X is helpful when we compare probability
measures with disjoint support. For the covariant metrics disjoint measures have always maximal distance,
irrespectively how ”close” or ”far” their support is.
Obviously if our training set consists only of disjoint
measures learning is not possible with covariant metrics. We have proposed in [5] a positive definite kernel
which incorporates a given similarity measure, namely
a pd kernel, on the probability space. The only disadvantage is that this kernel is not invariant with respect
to the dominating measure. That means we can only
define it for the subset M1+ (X , µ) ⊂ M1+ (X ) of measures dominated by µ. On the other hand in some
cases one has anyway a preferred measure like e.g. for
Riemannian manifolds where there exists a natural volume measure. Such a preferred measure is then a natural choice for the dominating measure, so that theoretically it does not seem to be a major restriction. For
our experiments it does not make any difference since
we anyway use only probabilities over finite, discrete
spaces, so that the uniform measure dominates all
other measures and therefore M1+ (X , µ) ≡ M1+ (X ).
Theorem 5.1 (Structural Kernel I) Let k be a
bounded PD kernel on X and k̂ a bounded PD kernel
on R+ . Then
Z Z
KI (P, Q) =
k(x, y) k̂(p(x), q(y)) dµ(x) dµ(y)
X

X

(7)

is a pd kernel on M1+ (X , µ) × M1+ (X , µ).
We refer to [5] for the proof. Note that this kernel can
easily be extended to all bounded, signed measures as
it is in general true for all metrics resp. kernels in
this paper. This structural kernel generalizes previous
work done by Suquet, see [12], where the special case
with k̂(p(x), q(y)) = p(x)q(y) has been considered.
The advantage of this choice for k̂ is that KI (P, Q)
becomes independent of the dominating measure. In
fact it is easy to see that among the family of structural kernels KI (P, Q) of the form (7) this choice of
k̂ yields the only structural kernel K(P, Q) which is
independent of the dominating measure. Indeed for
independence bilinearity of k̂ is required, which yields
k̂(x, y) = xy k̂(1, 1).
The structural kernel has the disadvantage that the
computational cost increases dramatically compared
to the covariant one, since one has to integrate twice
over X . An implementation seems therefore only to be
possible for either very localized probability measures
or a sharply concentrated similarity kernel k̂ e.g. a
compactly supported radial basis function on Rn .
The following equivalent representation of this kernel
will provide a better understanding and at the same
time will show a way to reduce the computational cost
considerably.
Proposition 5.1 The kernel KI (P, Q) can be equivalently written as the inner product in L2 (T × S, ω ⊗ κ):
Z Z
KI (P, Q) =
φP (t, λ)φQ (t, λ) dκ(λ) dω(t)
T

S

for some sets T, S with the feature map:
φ : M1+ (X , µ) → L2 (T × S, ω ⊗ κ),
Z
P → φP (t, λ) =
Γ(x, t)Ψ(p(x), s)dµ(x).
X

where

The definition of the feature map ΦP (t, λ) then follows
easily.

This representation has several advantages. First the
functions Γ(x, t) give us a better idea what properties of the measure P are used in the structural kernel. Second in the case where S × T is of the same
or smaller size than X we can decrease the computation cost, since we now have to do only an integration
over T × S instead of an integration over X × X . Finally this representation is a good starting point if one
wants to approximate the structural kernel. Since any
discretization of T, S, or X or integration over smaller
subsets, will nevertheless give a pd kernel in the end.
We illustrate this result with a simple example. We
take X = Rn and k(x, y) = k(x−y) to be a translation
invariant kernel, furthermore we take k̂(p(x), q(y)) =
p(x)q(y). The characterization of translation invariant
kernels on Rn is a classical result due to Bochner:
Theorem 5.2 A continuous function k(x, y) = k(x −
y)
pd on Rn if and only if
k(x − y) =
R isiht,x−yi
e
dω(t),
where
ω
is
a
finite
non-negative
Rn
measure on Rn .
Obviously we have in this case T = Rn . Then
the above proposition tells us that we are effectively
computing
R the following feature vector for each P ,
φP (t) = Rn eihx,ti p(x)dµ(x) = EP eihx,ti . Finally the
structural kernel canR in this case be equivalently written as KI (P, Q) = Rn EP eihx,ti EQ eihx,ti dω(t). That
means the kernel is in this case nothing else than the
inner product between the characteristic functions of
the measures in L2 (Rn , ω)8 . Moreover the computational cost has decreased dramatically, since we only
have to integrate over T = Rn instead of Rn × Rn .
Therefore in this case the kernel computation has the
same computational complexity as in the case of the
covariant kernels. The calculation of the features, here
the characteristic functions, can be done as a preprocessing step for each measure.

Z
k(x, y) =

Γ(x, t)Γ(y, t)dω(t),
5.2

ZT
k̂(p(x), q(x)) =

Ψ(p(x), s)Ψ(p(y), s)dκ(s).
S

Proof: First note that one can write every pd kernel in the form : k(x, y) = hΓ(x, ·), Γ(y, ·)iL2 (T,ω) =
R
Γ(x, t)Γ(y, t)dω(t), where Γ(x, ·) ∈ L2 (T, µ) for
T
each x ∈ X . In general the space T is very big, since
one can show that such a representation always exists in L2 (RX , µ), see e.g. [6]. For the product of two
positive definite kernels we have such a representation
on the set T × S. Since for any finite measure space
(Y, µ) one has L2 (Y, µ) ⊂ L1 (Y, µ) we can apply Fubini’s theorem and interchange the integration order.
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Structural Kernel II

The second structural kernel we propose has almost
the opposite properties compared to the first one. It is
invariant with respect to the dominating measure and
therefore defined on the set of all probability measures
M1+ (X ). On the other hand it can also incorporate a
similarity function on X , but the distance of disjoint
measures will not correspond to their ’closeness’ in X .
Theorem 5.3 (Structural Kernel II) Let s : X ×
X → R be a non-negative function, k̂ a onehomogeneous pd kernel on R+ and µ a dominating
8

Note that ω is not the Lebesgue measure.

measure of P and Q. Then
Z
KII (P, Q) = s(x, y)k̂(p(x), q(x))k̂(p(y), q(y))dµ(x) dµ(y),
X2

(8)

is a pd kernel on M1+ (X ). KII is independent
of the dominating measure. Moreover KII (P, Q) ≥
0, ∀ P, Q ∈ M1+ (X ) if s(x, y) is a bounded positive
definite kernel.
Proof:
We first prove that KII is positive defiP
nite on M1+ (X ). Note that ni,j=1 ci cj KII (Pi , Pj ) =
R
X2

s(x, y)

n
P

ci cj k̂(pi (x), pj (x))k̂(pi (y), pj (y))dµ(x)dµ(y)

i,j=1

The second term is a non-negative function in x and y,
since k̂ 2 positive definite on (R+ × R+ ) × (R+ × R+ ).
Since s(x, y) is also a non-negative function, the
integration over X × X is positive. The independence
of KII (P, Q) of the dominating measure follows
from the one-homogeneity of k̂(x, y). Define now
f (x) = k̂(p(x), q(x)).
Then f ∈ L1 (X , µ) since
R q
R
|f (x)|dµ(x) ≤ X k̂(p(x), p(x))k̂(q(x), q(x))dµ(x)
X
R p
= κ(R)2 X p(x)q(x)dµ(x) ≤ κ(R)2 , where we
have used the representation of one-homogeneous
kernels. A bounded pd kernel s(x, y) defines a positive
definite integral
R operator I : L1 (X , µ) → L∞ (X , µ),
(Ig)(x) =
s(x, y)g(y)dµ(y).
With the defX
inition of f R(x)R as above, KII is positive since
KII (P, Q) = X X s(x, y)f (x)f (y)dµ(x)µ(y) ≥ 0. 
Even if the kernel looks quite similar to the first one
it cannot be decomposed as the first one, since s(x, y)
need not be a positive definite kernel. We just give the
equivalent representation without proof:
Proposition 5.2 If s(x, y) is a positive definite kernel
on X , then KII (P, Q) can be equivalently written as:
Z

Γ(x, t)k̂(p(x), q(x)dµ(x) dω(t)
X

T

where s(x, y) =

2

Z

KII (P, Q) =
R
T

Γ(x, t)Γ(x, t)dω(t).

We illustrate this representation with a simple example. Let s(x, y) be a translation-invariant kernel on
Rn . Then we can again use Bochner’s theorem for the
representation of s(x, y). The proposition then states
that the kernel KII (P, Q) is nothing else than the integrated power spectrum of the function k̂(p(x), q(x))
with respect to ω.

6

Experiments

We compared the performance of the proposed metrics/kernels in four classification tasks. All used data
sets consist of inherently positive data resp. counts of
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terms, counts of pixels of a given color, intensity at a
given pixel. Also we will never encounter an infinite
number of counts in practice, so that the assumption
that the data consists of bounded, positive measures
seems reasonable. Moreover we normalize always so
that we get probability measures. For text data this is
one of the standard representations, also for the Corel
data this is quite natural, since all images have the
same size and therefore the same number of pixels.
This in turn implies that all images have the same
mass in color space. For the USPS dataset it might
seem at first a little bit odd to see digits as probability measures. Still the results we get are comparable
to that of standard kernels without normalization, see
[10]. Nevertheless we don’t get state-of-the-art results
for USPS since we don’t implement invariance of the
digits with respect to translations and small rotations.
Details of the datasets and used similarity measures:
• Reuters text data set. The documents are represented as term histograms. Following [8] we
used the five most frequent classes earn, acq, moneyFx, grain and crude. Documents which belong
to more than one of theses classes are excluded.
This results in a data set with 8085 examples of
dimension 18635.
• WebKB web pages data set. The documents are
also represented as term histograms. The four
most frequent classes student, faculty, course and
project are used. 4198 documents remain each of
dimension 24212, see [8]. For both structural kernels we took for both text data sets the correlation
matrix in the bag of documents representation as
a pd kernel on the space of terms.
• Corel image data base. We chose the categories
Corel14 from the Corel image database as in [1].
The Corel14 has 14 classes each with 100 examples. As reported in [1] the classes are very
noisy, especially the bear and polar bear classes.
We performed a uniform quantization of each image in the RGB color space, using 16 bins per
color, yielding 4096 dimensional histograms. For
both structural kernels we used as a similarity
measure on the RGB color space, the compactly
supported positive definite RBF kernel k(x, y) =
(1 − kx − yk /dmax )2+ , with dmax = 0.15, see [14].
• USPS data set. 7291 training and 2007 test
samples. For the first structural kernel we used
again the compactly supported RBF kernel with
dmax = 2.2, where we take the euclidean distance
on the pixel space such that the smallest distance
between two pixels is 1. For the second structural kernel we used as the similarity function
s(x, y) = 1kx−yk≤2.2 .

All data sets were split into a training (80%) and a
test (20%) set. The multi-class problem was solved by
one-vs-all with SVM’s. For all experiments we used
the one-parameter family d2α|1 of Hilbertian metrics
resp. their positive definite kernel counterparts kα|1
as basic metrics resp. kernels on R+ , in order to build
the covariant Hilbertian metrics and both structural
kernels. In the table they are denoted as dir. Then a
second run was done by plugging the metric Dα|1 (P, Q)
on M1+ (X ) induced by the covariant resp. structural
kernels into a Gaussian9 :
2

Kα|1,λ (P, Q) = e−Dα,1 (P,Q)/λ

(9)

They are denoted in the table as exp. As a comparison we show the results if one takes the linear
kernel on R+ , k(x, y) = xy as a basis kernel. Note
that this kernel is 2-homogeneous compared to the 1homogeneous kernels kα|1 . Therefore the linear kernel
will not yield a covariant kernel. As mentioned earlier the first structural kernel becomes independent of
the dominating measure with this choice of k̂. Also in
this case we plugged the resulting metric on M1+ (X )
into a Gaussian for a second series of experiments.
In the simplest case this gives the Gaussian kernel
2
k(x, y) = exp(− kx − yk /λ).
For the penalty constant we chose from C =
{10k , k = −1, 0, 1, 2, 3, 4} and for α from α =
{1/2, ±1, ±2, ±4, ±16, ∞} (α = −∞ coincides with
α = ∞). For the Gaussian (9) we chose additionally
from λP
= 0.2∗σ ∗{3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13}, where
n
σ = n1 m=1 K(Pm , Pm ). In order to find the best parameters for C, α resp. C, α, λ we performed 10-folds
cross validation. For the best parameters among α, C
resp. α, C, λ we evaluated the test error. Since the
Hilbertian metrics of (5) were not yet compared or
even used in kernel methods we also give the test errors for the kernels corresponding to α = −1, 1/2, 1, ∞.
The results are shown in table 1.
6.1

Interpretation

• The test error for the best α among the family
kα|1 selected by cross-validation gives for all three
types of kernels and their Gaussian transform always optimal or close to optimal results.
• For the text classification the covariant kernels
were always better than the structured ones. We
think that by using a better similarity measure on
terms the structural kernels should improve. For
the two image classification tasks the test errors
of the best structural kernel is roughly 10% better
than the best covariant one.
9

It is well-known that this transform yields a positive
definite kernel iff D is a Hilbertian metric, see e.g. [2].
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• The linear resp. Gaussian kernel were for the first
three data-sets always worse than the corresponding covariant ones. This remains valid even if one
only compares the direct covariant ones with the
Gaussian kernel (so that one has in both cases
only a one-parameter family of kernels). For the
USPS dataset the results are comparable. Future
experiments have to show whether this remains
true if one considers unnormalized data.

7

Conclusion

We went on with the work started in [5] on Hilbertian
metrics resp. pd kernels on M1+ (X ). We extended
a family of Hilbertian metrics proposed by Topsøe,
so that now all previously used measures on probabilities are now included in this family. Moreover we
studied further structural kernels on probability measures. We gave an equivalent representation for our
first structural kernel on M1+ (X ), which on the one
hand provides a better understanding how it captures
structure of the probability measures and on the other
hand gives in some cases a more efficient way to compute it. Further we proposed a second structural kernel which is independent of the dominating measure,
therefore yielding a structural kernel on all probability
measures. Finally we could show that doing model selection in d2α|1 resp. kα|1 gives almost optimal results
for covariant and structural kernels. Also the covariant
kernels and their Gaussian transform are almost always superior to the linear resp. the Gaussian kernel,
which suggests that the considered family of kernels
is a serious alternative whenever one has data which
is generically positive. It remains an open problem if
one can improve the structural kernels for text classification by using a better similarity function/kernel.
Acknowledgements
We would like to thank Guy Lebanon for kindly providing us with the WebKB and Reuters data set in
preprocessed from. Furthermore we are thankful to
Flemming Topsøe and Bent Fuglede for providing us
with preprints of their papers [13, 3].

References
[1] O. Chapelle, P. Haffner, and V. Vapnik. SVMs
for histogram-based image classification. IEEE
Trans. on Neural Networks, 10:1055–1064, 1999.
[2] J. P. R. Christensen C. Berg and P. Ressel. Harmonic Analysis on Semigroups. Springer, New
York, 1984.
[3] B. Fuglede. Spirals in Hilbert space. With an application in information theory. To appear in Expositiones Mathematicae, 2004.

Table 1: The table shows the test errors for the covariant and the two structural kernels resp. of their Gaussian
transform for each data set. The first column shows the test error and the α-value of the kernel with the best
2
cross-validation error over the family Dα|1
denoted as dir resp. of the Gaussian transform denoted as exp. The
2
next four columns provide the results for the special cases α = −1, 1/2, 1, ∞ in Dα|1
resp. Kα|1,λ . The last
column h·, ·i gives the test error if one takes the linear kernel as basis kernel resp. of the Gaussian transform.
Best α

Reuters

WebKB

Corel14

USPS

cov
cov
str
str
str2
str2
cov
cov
str
str
str2
str2
cov
cov
str
str
str2
str2
cov
cov
str
str
str2
str2

dir
exp
dir
exp
dir
exp
dir
exp
dir
exp
dir
exp
dir
exp
dir
exp
dir
exp
dir
exp
dir
exp
dir
exp

1.36
1.54
1.85
1.54
1.54
1.67
4.88
4.76
4.88
5.11
4.88
5.59
12.86
12.50
15.71
10.36
20.00
17.14
7.82
4.53
7.52
4.04
5.48
4.29

α = −1

-1
1/2
1
1
1
1/2
16
1
∞
∞
1/2
1/2
-1
1
-1
1
16
1/2
-2
-16
-1
1/2
2
1/2

1.36
1.73
1.60
1.60
1.85
2.04
4.76
4.76
5.47
5.35
5.59
6.18
12.86
11.43
15.71
10.71
18.57
18.57
8.07
4.58
7.52
3.99
5.18
4.09

[4] M. Hein, O. Bousquet, and B. Schölkopf. Maximal
margin classification for metric spaces. Journal of
Computer and System Sciences, to appear.
[5] M. Hein, T. N. Lal, and O. Bousquet. Hilbertian
metrics on probability measures and their application in SVM’s. In 26th Pattern Recognition Symposium (DAGM). Springer, 2004.
[6] S. Janson. Gaussian Hilbert Spaces. Cambridge
University Press, Cambridge, 1997.
[7] T. Jebara and R. Kondor. Bhattacharyya and
expected likelihood kernels. In 16th Annual Conference on Learning Theory (COLT), 2003.
[8] J. Lafferty and G. Lebanon. Diffusion kernels
on statistical manifolds. Technical Report CMUCS-04-101, School of Computer Science, Carnegie
Mellon University, Pittsburgh, 2004.
[9] P. J. Moreno, P. P. Hu, and N. Vasconcelos. A
Kullback-Leibler divergence based kernel for SVM

143

1
2

α=1

α=∞

h·, ·i

1.42
1.54
1.91
1.54
1.67
1.67
4.88
4.40
5.95
5.23
4.88
5.59
20.71
14.29
23.21
12.50
21.43
17.14
7.92
4.58
8.87
4.04
5.28
4.29

1.36
1.79
1.85
1.54
1.54
1.91
4.52
4.76
5.23
5.11
5.59
5.95
15.71
12.50
16.43
10.36
19.29
19.29
8.17
4.53
7.77
3.94
5.33
4.24

1.79
1.91
1.67
1.60
2.35
2.53
4.64
4.99
4.88
5.11
6.30
7.13
12.50
11.79
12.14
11.07
20.00
18.93
7.87
5.28
7.87
4.78
6.03
5.03

1.98
1.73
2.16
2.10
2.41
2.65
7.49
7.25
6.30
6.42
9.39
9.04
30.00
34.64
29.64
20.36
36.79
35.71
9.02
4.53
9.07
4.09
5.03
4.88

α=

classification in multimedia applications. NIPS,
16, 2003.
[10] B. Schölkopf and A. Smola. Learning with Kernels. MIT Press, Cambridge, MA, 2002.
[11] B. Schölkopf. The kernel trick for distances.
NIPS, 13, 2000.
[12] C. Suquet. Distances euclidiennes sur les mesures
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Abstract
Given i.i.d. data from an unknown distribution, we consider the problem of predicting
future items. An adaptive way to estimate
the probability density is to recursively subdivide the domain to an appropriate datadependent granularity. A Bayesian would assign a data-independent prior probability to
“subdivide”, which leads to a prior over infinite(ly many) trees. We derive an exact,
fast, and simple inference algorithm for such
a prior, for the data evidence, the predictive
distribution, the effective model dimension,
and other quantities.

1

INTRODUCTION

Inference. We consider the problem of inference from
i.i.d. data D, in particular of the unknown distribution
q the data is sampled from. In case of a continuous
domain this means inferring a probability density from
data. Without structural assumption on q, this is hard
to impossible, since a finite amount of data is never
sufficient to uniquely select a density (model) from an
infinite-dimensional space of densities (model class).
Methods. In parametric estimation one assumes
that q belongs to a finite-dimensional family. The
two-dimensional family of Gaussians characterized by
mean and variance is prototypical. The maximum
likelihood (ML) estimate of q is the distribution that
maximizes the data likelihood. Maximum likelihood
overfits if the family is too large and especially if it is
infinite-dimensional. A remedy is to penalize complex
distributions by assigning a prior (2nd order) probability to the densities q. Maximizing the model posterior
(MAP), which is proportional to likelihood times the
prior, prevents overfitting. Bayesians keep the complete posterior for inference. Typically, summaries like
the mean and variance of the posterior are reported.
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How to choose the prior? In finite or small
compact low-dimensional spaces a uniform prior often works (MAP reduces to ML). In the nonparametric case one typically devises a hierarchy of
finite-dimensional model classes of increasing dimension. Selecting the dimension with maximal posterior
often works well due to the Bayes factor phenomenon
[Goo83, Jay03, Mac03]: In case the true model is
low-dimensional, higher-dimensional (complex) model
classes are automatically penalized, since they contain
fewer “good” models. Full Bayesians would assign a
prior probability (e.g. d12 ) to dimension d and mix over
dimension.
Interval Bins. The probably simplest and oldest
model for an interval domain is to divide the interval
(uniformly) into bins, assume a constant distribution
within each bin, and take a frequency estimate for the
probability in each bin, or a Dirichlet posterior if you
are a Bayesian. There are heuristics for choosing the
number of bins as a function of the data size. The
simplicity and easy computability of the bin model is
very appealing to practitioners. Drawbacks are that
distributions are discontinuous, its restriction to one
dimension (or at most low dimension: curse of dimensionality), the uniform (or more generally fixed) discretization, and the heuristic choice of the number of
bins. We present a full Bayesian solution to these problems, except for the non-continuity problem. Polya
trees [Lav94] inspired our model.
More advanced model classes. There are plenty
of alternative Bayesian models that overcome some
or all of the limitations. Examples are continuous
Dirichlet process (mixtures) [Fer73], Bernstein polynomials [PW02], Bayesian field theory [Lem03], Bayesian
kernel density estimation or other mixture models
[EW95], or universal priors [Hut04b], but analytical solutions are infeasible. Markov Chain Monte
Carlo sampling or Expectation Maximization algorithms [DLR77] or variational methods can often be
used to obtain approximate numerical solutions, but
computation time and global convergence remain crit-

ical issues. Practitioners usually use (with success)
efficient MAP or M(D)L or heuristic methods, e.g. kernel density estimation [GM03], but note that MAP or
MDL can fail, while Bayes works [PH04].
Our tree mixture model. The idea of the model
class discussed in this paper is very simple: With
equal probability, we chose q either uniform or split
the domain in two parts (of equal volume), and assign a prior to each part, recursively, i.e. in each part
again either uniform or split. For finitely many splits,
q is a piecewise constant function, for infinitely many
splits it is virtually any distribution. While the prior
over q is neutral about uniform versus split, we will
see that the posterior favors a split if and only if the
data clearly indicates non-uniformity. The method is a
full Bayesian non-heuristic tree approach to adaptive
binning for which we present a very simple and fast
algorithm for computing all(?) quantities of interest.
Contents. In Section 2 we introduce our model and
compare it to Polya trees. We also discuss some example domains, like intervals, strings, volumes, and
classification tasks. In Section 3 we present recursions
for various quantities of interest, including the data evidence, the predictive distribution, the effective model
dimension, the tree size and height, and cell volume.
We discuss the qualitative behavior and state convergence of the posterior for finite trees. The proper case
of infinite trees is discussed in Section 4, where we analytically solve the infinite recursion at the data separation level. Section 5 collects everything together and
presents the algorithm. We also numerically illustrate
the behavior of our model on one example distribution. Section 6 contains a brief summary, conclusions,
and outlook, including natural generalizations of our
model. See [Hut04a] for derivations, proofs, program
code, extensions, and more details.

2

THE TREE MIXTURE MODEL

Setup and basic quantities of interest. We are
given i.i.d. data D = (x1 ,...,xn ) ∈ Γn of size n from
domain Γ, e.g. Γ ⊆ IRd sampled from some unknown
probability density q : Γ → IR. Standard inference
problems are to estimate q from D or to predict the
next data item xn+1 ∈ Γ. By definition, the (objective or aleatoric) data likelihood density under model
q is p(D|q) ≡ q(x1 )·...·q(xn ). Note that we consider
sorted data, which avoids annoying multinomial coefficients. Otherwise this has no consequences. Results are independent of the order and depend on the
counts only, as they should. A Bayesian assumes a
(belief or 2nd -order or epistemic or subjective) prior
p(q) over models q in
R some model class Q. The data
evidence is p(D) = Q p(D|q)p(q)dq. Having the evidence, Bayes’ famous rule allows to compute the (be-
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lief or 2nd -order or epistemic or subjective) posterior
p(q|D) = p(D|q)p(q)/p(D) of q. The predictive or posterior distribution of x is p(x|D) = p(D,x)/p(D), i.e.
the conditional probability that the next data item is
x=xn+1 , given D, follows from the evidences of D and
(D,x). Since the posterior of q is a complex object,
we need summaries like the expected q-probability of
x and (co)variances. Fortunately they can also be
Rreduced to computation of evidences: E[q(x)|D] :=
q(x)p(q|D)dq = p(x|D). In the last equality we used
the formulas for the posterior, the likelihood, the evidence, and the predictive distribution, in this order.
Similarly for the covariance. We derive and discuss
further summaries of q for our particular tree model,
like the model complexity or effective dimension, and
the tree height or cell size, later.
Hierarchical tree partitioning. Up to now everything has been fairly general. We now introduce the
tree representation of domain Γ. We partition Γ into
Γ0 and Γ1 , i.e. Γ=Γ0 ∪Γ1 and Γ0 ∩Γ1 = φ. Recursively
˙ z1 for z ∈ IB0m , where
we (sub)partition
Γz = Γz0 ∪Γ
Sm
IBkm = i=k {0,1}i is the set of all binary strings of
length between k and m, and Γ² = Γ, where ² = {0,1}0
is the empty string. We are interested in an infinite
recursion, but for convenience we assume a finite tree
height m < ∞ and consider m → ∞ later. Also let
l := `(z) be the length of string z = z1 ...zl =: z1:l , and
|Γz | the volume or length or cardinality of Γz .
Example spaces. Intervals: Assume Γ = [0,1) is the
unit interval, recursively bisected into intervals Γz =
[0.z,0.z+2−l ) of length |Γz |=2−l , where 0.z is the real
number in [0,1) with binary expansion z1 ...zl .
Strings: Assume Γz = {zy : y ∈ {0,1}m−l } is the set of
strings of length m starting with z. Then Γ = {0,1}m
and |Γz | = 2m−l . For m = ∞ this set is continuous, for
m < ∞ finite.
Trees: Let Γ be a complete binary tree of height m
and Γz0 (Γz1 ) be the left (right) subtree of Γz . If |Γz |
is defined as one more than the number of nodes in Γz ,
then |Γz | = 2m+1−l .
Volumes: Consider Γ ⊂ IRd , e.g. the hypercube Γ =
[0,1)d . We recursively halve Γz with a hyperplane
orthogonal to dimension (l mod d)+1, i.e. we sweep
through all orthogonal directions. |Γz | = 2−l |Γ|.
Compactification: We can compactify Γ ⊆ (1,∞] (this
includes Γ = IN \{1}) to the unit interval Γ0 := { x1 : x ∈
Γ} ⊆ [0,1), and similarly Γ ⊆ IR (this includes Γ = ZZ)
2x−1
∈ Γ}. All reasonable spaces
to Γ0 := {x ∈ [0,1) : x(1−x)
can be reduced to one of the spaces described above.
Classification: Consider an observation o ∈ Γ0 (e.g.
email) that is classified as c ∈ {0,1} (e.g. good versus
spam), where Γ0 could be one of the spaces above (e.g.
o is a sequence of binary features in decreasing order

of importance). Then x := (o,c) ∈ Γ := Γ0 ×{0,1} and
Γ0z = Γ0z ×{0} and Γ1z = Γ0z ×{1}. Given D (e.g. preclassified emails), a new observation o is classified as
c with probability p(c|D,o) ∝ p(D,x). Similar for more
than two classes.
In all these examples (we have chosen) |Γz0 | = |Γz1 | =
m−1
1
, and this is the only property we need
2 |Γz | ∀z ∈IB0
and henceforth assume. W.l.g. we assume/define/
rescale |Γ|=1. Generalizations to non-binary and nonsymmetric partitions are straightforward and briefly
discussed at the end.
Identification. We assume that {Γz : z ∈ IB0m } are
(basis) events that generate our σ-algebra. For every x ∈ Γ let x0 be the string of length `(x0 ) = m such
that x ∈ Γx0 . We assume that distributions q are σmeasurable, i.e. to be constant on Γx0 ∀x0 ∈ IB m . For
m = ∞ this assumption is vacuous; we get all Borel
measures. Hence, we can identify the continuous sample space Γ with the (for m<∞ discrete) space IB m of
binary sequences of length m, i.e. in a sense all example spaces are isomorphic. While we have the volume
model in mind for real-world applications, the string
model will be convenient for mathematical notation,
the tree metaphor will be convenient in discussion, and
the interval model will be easiest to implement and to
present graphically.
Notation. As described above, Γ may also be a tree.
This interpretation suggests the following scheme for
defining the probability of q on the leaves x0 . The
probability of the left child node z0, given we are in
the parent node z, is P [Γz0 |Γz ,q], so we have
p(x|Γz , q) = p(x|Γz0 , q)·P [Γz0 |Γz , q] if

x ∈ Γz0

and similarly for the right child. In the following we
often have to consider distributions conditioned to and
in the subtree Γz , so the following notation will turn
out convenient
qz0 := P [Γz0 |Γz , q],

pz (x|...) := 2−l p(x|Γz ...)

⇒ pz (x|q) = 2qzxl+1 pzxl+1 (x|q) = ... =

m
Y

(1)

2qx1:i if x ∈ Γz

i=l+1

where we have used that p(x|Γx0 ,q) = |Γx0 |−1 = 2m is
uniform. Note that qz0 +qz1 = 1. Finally, let ~qz∗ :=
(qzy :y ∈IB1m−l ) be the (2m−l+1 −2)-dimensional vector
or ordered set or tree of all reals qzy ∈ [0,1] in subtree
Γz . Note that qz 6∈ ~qz∗ . The (non)density qz (x) :=
pz (x|q) depends on all and only these qzy . For z 6= ²,
qz () and pz () are only proportional to a density due
to the factor 2−l , which has been introduced to make
px0 (x|...) ≡ 1. (They are densities w.r.t. 2l λ|Γz , where
λ is the Lebesgue measure.) We have to keep this in
mind in our derivations, but can ignore this widely in
our discussion.
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Polya trees. In the Polya tree model one assumes
that the qz0 ≡1−qz1 are independent and Beta(·,·) distributed, which defines the prior over q. Polya trees
form a conjugate prior class, since the posterior is also
a Polya tree, with empirical counts added to the Beta
parameters. If the same Beta is chosen in each node,
the posterior of x is pathological for m → ∞: The distribution is everywhere discontinuous with probability
1. A cure is to increase the Beta parameters with l,
e.g. quadratically, but this results in “underfitting” for
large sample sizes, since Beta(large,large) is too informative and strongly favors qz0 near 12 . It also violates
scale invariance, which should hold in the absence of
prior knowledge. That is, the p(oste)rior in Γ0 = [0, 12 )
should be the same as for Γ = [0,1) (after rescaling all
x ; x/2 in D).
The new tree mixture model. The prior P [q]
follows from specifying a prior over ~q∗ , since q(x) ∝
qx1 ·...·qx1:m by (1). The distribution in each subset
Γz ⊆ Γ shall be either uniform or non-uniform. A necessary (but not sufficient) condition for uniformity is
qz0 = qz1 = 12 .
pu (qz0 , qz1 ) := δ(qz0 − 12 )δ(qz1 − 12 ),

(2)

where δ() is the Dirac delta. To get uniformity on Γz
we have to recurse the tree down in this way.
pu (~qz∗ ) := pu (qz0 , qz1 )pu (~qz0∗ )pu (~qz1∗ )

(3)

u

with the natural recursion termination p (~qz∗ ) = 1
when `(z) = m, since then ~qz∗ = φ. For a non-uniform
distribution on Γz we allow any probability split
q(Γz ) = q(Γz0 )+q(Γz0 ), or equivalently 1 = qz0 +qz1 .
We assume a uniform prior on the split, i.e.
ps (qz0 , qz1 ) := δ(qz0 + qz1 − 1)

(4)

We now recurse down the tree
ps (~qz∗ ) := ps (qz0 , qz1 )p(~qz0∗ )p(~qz1∗ )

(5)

again with the natural recursion termination p(~qz∗ ) =
p(φ) = 1 when `(z) = m. Finally we have to mix the
uniform with the non-uniform case.
p(~qz∗ ) := p(u)pu (~qz∗ ) + p(s)ps (~qz∗ )

(6)

We choose a 50/50 mixture p(u)= p(s) = 12 . This completes the specification of the prior P [q] = p(~q∗ ).
For example, if the first bit in x is a class label and
the remaining are binary features in decreasing order
of importance, then given class and features z = x1:l ,
further features xl+1:m could be relevant for classification (qz (x) is non-uniform) or irrelevant (qz (x) is
uniform).
Comparison to the Polya tree. Note the important
difference in the recursions (3) and (5). Once we decided on a uniform distribution (2) we have to equally

split probabilities down the recursion to the end, i.e.
we recurse in (3) with pu , rather than the mixture p
(this actually allows to solve the recursion). On the
other hand if we decided on a non-uniform split (4),
the left and right partition each itself may be uniform
or not, i.e. we recurse in (5) with the mixture p, rather
than ps . Inserting (4) in (5) in (6) and recursively (2)
in (3) in (6) we get
Y
p(~qz∗ ) = 12 δ(qzy − 12 ) + 12 δ(qz0 +qz1 −1)p(~qz0∗ )p(~qz1∗ )
(7)
y∈IB1m−l
Choosing p(u) = 0 would lead to the Polya tree model
(and its problems) with qz0 ∼ Beta(1,1). For our choice
(p(u)= 12 ), but with p instead of pu on the r.h.s. of (3)
we would get a quasi-Polya model (same problems)
with qz0 ∼ 12 [Beta(∞,∞)+Beta(1,1)].
For m → ∞, our model is scale invariant and leads to
continuous distributions for n → ∞, unlike the Polya
tree model. We also don’t have to tune Beta parameters; the model tunes itself by suitably assigning high/low posterior probability to subdividing cells.
While Polya trees form a natural conjugate prior class,
our prior does not directly, but can be generalized to
do so [Hut04a]. The computational complexity for
the quantities of interest will be the same (essentially
O(n)), i.e. as good as it could be.
Formal and effective dimension. Formally our
model is 2·(2m −1)-dimensional, but the effective dimension can by much smaller, since ~q∗ is forced with
a non-zero probability to a much smaller polytope, for
instance with probability 12 to the zero-dimensional
globally uniform distribution. We will compute the
effective p(oste)rior dimension.

3

QUANTITIES OF INTEREST

The evidence recursion. At the end of Section 2 we
defined our tree mixture model. The next step is to
compute the standard quantities of interest defined at
the beginning of Section 2. The evidence p(D) is key,
the other quantities (posterior, predictive distribution,
expected q(x) and its variance) follow then immediately. Let Dz := {x ∈ D : x ∈ Γz } be the nz := |Dz | data
points that lie in subtree Γz . We compute pz (Dz ) recursively for all z ∈ IB0m−1 , which gives p(D) = p² (D² ).
Inserting (1) and (7) into
Z
pz (Dz ) = pz (Dz |~qz∗ )p(~qz∗ )d~qz∗
(8)
one can derive the following recursion [Hut04a]:
£
pz0 (Dz0 )pz1 (Dz1 ) ¤
pz (Dz ) = 12 1 +
w(nz0 , nz1 )
(n
+1)!
z
=: wnz (∆z )
w(nz0 , nz1 ) := 2−nz
nz0 !nz1 !
nz0
− 12
nz = nz0 + nz1 , ∆z :=
nz

(9)

The recursion terminates with pz (Dz ) =1 when `(z) =
m. Recall (1) if you insist on a formal proof: For
`(z) = m and x ∈ Γz we have Γx0 = Γz ⇒ pz (x|q) = 1 ⇒
pz (Dz |q) = 1 ⇒ pz (Dz ) = 1.
Interpretation of (9): With probability 12 , the evidence
is uniform in Γz . Otherwise data Dz is split into two
partitions of size nz0 and nz1 = nz −nz0 . First, choose
nz0 uniformly in {0,...,nz }. Second, given nz , choose
z
uniformly among the ( nnz0
) possibilities of selecting
nz0 out of nz data points for Γz0 (the remaining nz1
are then in Γz1 ). Third, distribute Dz0 according to
pz0 (Dz0 ) and Dz1 according to pz1 (Dz1 ). Then, the
evidence in case of a split is the second term in (9).
The factor 2nz is due to our normalization convention
(1). This also verifies that the r.h.s. yields the l.h.s. if
integrated over all Dz , as it should be.
Discussing the weight. The relative probability of
splitting (second term on r.h.s. of (9)) to the uniform
case (first term in r.h.s. of (9)) is controlled by the
weight w. Large (small) weight indicates a (non) uniform distribution, provided pz0 and pz1 are O(1). Balance ∆z ≈ 0 (6≈ 0) indicates a (non) symmetric partitioning of the data among the left and right branch
of Γz . Asymptotically for large nz (keeping ∆z fixed),
we have
q
2
wnz (∆z ) ∼ 2nπz e−2nz ∆z
Assume that data D is sampled from the true distribution q̇. The probability of the left branch Γz0 of Γz
is q̇z0 ≡ P [Γz0 |Γz ,q̇] = 2l q̇z (Γz0 ). The relative frequenasymptotically converge to q̇z0 . More precisely
cies nnz0
z
nz0
) with probability 1 (w.p.1). Sim=
q̇
±O(n−1/2
z0
z
nz
ilarly for the right branch. Assume the probabilities
are equal (q̇z0 = q̇z1 = 12 ), possibly but not necessarily
due to a uniform q̇z () on Γz . Then ∆z = O(n−1/2
),
z
which implies
√
nz →∞
∞ if q̇z0 = q̇z1 = 12 ,
wnz (∆z ) ∼ Θ( nz ) −→
w.p.1

consistent with our anticipation. Conversely, for q̇z0 6=
q̇z1 (which implies non-uniformity of q̇z ()) we have
∆z → c := q̇z0 − 12 6= 0, which implies
q
2 nz →∞
0 if q̇z0 6= q̇z1 ,
wnz (∆z ) ∼ 2nπz e−2nz c −→
w.p.1

again, consistent with our anticipation.
Asymptotic convergence/consistency (n → ∞).
For fixed m < ∞, one can show that almost surely the
posterior pz (~qz∗ |D) concentrates around the true distribution ~q˙z∗ for n → ∞. This implies that the posterior pz (x|Dz )→ q̇z (x) for all x∈Γz . One can also show
that the evidence pz (Dz ) → 12 or 1 for uniform q̇z (),
and increases exponentially with nz for non-uniform
q̇z () (see [Hut04a] for proofs).
Model dimension and cell number. As discussed
in Section 2, the effective dimension of ~q∗ is the number
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of components that are not forced to 12 by (2). Note
that a component may be “accidentally” 12 in (4), but
since this is an event of probability 0, we don’t have
to care about this subtlety. So the effective dimension
Nq~z∗ =#{q ∈~qz∗ :q 6= 12 } of ~qz∗ can be given recursively
as
½
0
if `(z) = m or qz0 = 12
(10)
Nq~z∗ =
1 + Nq~z0∗ + Nq~z1∗
else
The effective dimension is zero if qz = 12 , since this implies that the whole tree Γz has qzy = 12 due to (7). If
qz 6= 12 , we add the effective dimensions of subtrees Γz0
and Γz1 to the root degree of freedom qz0 = qz −qz1 .
Bayes’ rule allows to represent the posterior probability that Nq~z∗ = k as
Z
Pz [Nq~z∗ = k|Dz ]·pz (Dz ) = δNq~z∗ k pz (Dz |~qz∗ )p(~qz∗ )d~qz∗
where Pz [...|...]:=P [...|Γz ...], and δab =1 for a=b and 0
else. The r.h.s. coincides with (8) except for the extra
factor δNq~z∗ k . Analogous to the evidence (8), using
(10) we can prove the following recursion:
Pz [Nq~z∗ = 0|Dz ] = 1 − gz (Dz ),

for

l < m,

Pz [Nq~z∗ = k + 1|Dz ] =
(11)
k
X
gz (Dz )· Pz0 [Nq~z0∗ = i|Dz0 ] · Pz1 [Nq~z1∗ = k−i|Dz1 ],

R
where Ez [fq~z∗ |...] = Pz [fq~z∗ |...]p(~qz∗ )d~qz∗ . We may
also want to compute the tree height averaged over
all x ∈ Γz . For `(z) < m and qz0 6= 12 we get
Z
h̄q~z∗ := hq~z∗ (x)q(x|Γz )dx = 1 + qz0·h̄q~z0∗ + qz1·h̄q~z1∗
h
nz0 + 1
Ez0 [h̄q~z0∗ |Dz0 ]
Ez [h̄q~z∗ |Dz ] = gz (Dz ) 1 +
nz + 2
i
nz1 + 1
Ez1 [h̄q~z1∗ |Dz1 ]
+
nz + 2
with obvious interpretation: The expected height of a
subtree is weighted by its relative importance, that is
(an estimate of) its probability. The recursion terminates with Ez [hq~z∗ |Dz ]=0 when `(z)=m. We can also
compute intra and inter tree height variances.
Finally consider the average cell size or volume v.
Maybe more useful is to consider the logarithm
−log2 |Γz | = `(z), since otherwise small volumes can
get swamped in the expectation by a single large one.
Log-volume vq~z∗ =`(z) if `(z)=m or qz = 12 , and else recursively vq~z∗ = qz0 vq~z0∗ +qz1 vq~z1∗ . We can reduce this
to the tree height, since vq~z∗ = h̄q~z∗ +`(z), in particular
vq~∗ = h̄q~∗

4

INFINITE TREES (m → ∞)

i=0

©
ª
k=0
Pz [Nq~z∗ = k|Dz ] = δk0 := 01 ifif k>0
for l = m.
1
p
(D
)p
(D
)
z0
z0 z1
z1 (9)
(12)
= 1−
gz (Dz ) := 12
2pz (Dz )
pz (Dz )w(nz0 , nz1 )
Read: The probability that tree Γz has dimension k+1
equals the posterior probability gz (Dz ) of splitting Γz ,
times the probability that left subtree has dimension i,
times the probability that right subtree has dimension
k−i, summed over all possible i.
Let us define a cell or bin as a maximal volume on
which q() is constant. Then the model dimension is 1
less than the number of bins (due to the probability
constraint). Hence we also have a recursion for the
distribution of the number of cells.
Tree height and cell size. The effective height of
tree ~qz∗ at x ∈ Γz is also an interesting property. If
qz0 = 12 or `(z) = m, then the height hq~z∗ (x) of tree ~qz∗
at x is obviously zero. If qz0 6= 12 , we take the height of
the subtree ~qzxl+1 ∗ that contains x and add 1:
(
0
if `(z) = m or qz0 = 12
hq~z∗ (x) =
else
1 + hq~zxl+1 ∗ (x)
One can show that the tree height at x averaged over
all trees ~qz∗ is
h
i
Ez[hq~z∗(x)|Dz ] = gz (Dz ) 1 + Ezxl+1[hq~zxl+1∗(x)|Dzxl+1 ]
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Motivation. We have chosen an (arbitrary) finite tree
height m in our setup, needed to have a well-defined
recursion start at the leaves of the trees. What we are
really interested in are infinite trees (m=∞). Why not
feel lucky with finite m? First, for continuous domain
Γ (e.g. interval [0,1)), our tree model contains only
piecewise constant models. The true distribution q̇() is
typically non-constant and continuous (Beta, normal,
...). Such distributions are outside a finite tree model
class (but inside the infinite model), and the posterior
p(x|D) cannot converge to the true distribution, since
it is also piecewise constant. Hence all other estimators
based on the posterior are also not consistent. Second,
a finite m violates scale invariance (a non-informative
prior on Γz should be the same for all z, apart from
scaling). Finally, having to choose the “right” m may
be worrisome.
For increasing m, the cells Γx become smaller and will
(normally) eventually contain either only a single data
item, or be empty. It should not matter whether we
further subdivide empty or singleton cells. So we expect inferences to be independent of m for sufficiently
large m, or at least the limit m → ∞ to exist. In this
section we show that this is essentially true.
Prior inferences (D = φ). We first consider the
prior (zero data) case D = φ. Recall that z ∈ IB0m is
some node and x ∈ IB m a leaf node. Normalization

implies pz (φ) = 1 for all z, which is independent of m,
hence the prior evidence exists for m → ∞. This is
nice, but hardly surprising.
The prior effective model dimension Nq~∗ is more interesting. D = φ implies Dz = φ implies nz = 0 implies
w(nz0 ,nz1 ) = 1 implies a 50/50 prior chance gz (φ) = 12
for a split (see (12)). Recursion (11) reads
Pz [Nq~z∗ = k + 1] =

1
2

k
X

Pz0 [Nq~z0∗ =i] · Pz1 [Nq~z1∗ =k−i]

i=0

with Pz [Nq~z∗ = k] = δk0 for l = m and Pz [Nq~z∗ = 0] = 12
for l < m. So the recursion terminates in recursion
depth min{k +1,m−l}. Hence Pz [Nq~z∗ = k +1] is the
same for all m > l + k, which implies that the limit
m→∞ exists. Furthermore, recursion and termination
are independent of z, hence also ak := Pz [Nq~z∗ = k]. So
we have to solve the recursion
ak+1 =

1
2

k
X

ai ·ak−i

with a0 =

1
2

(13)

i=0

The first few coefficients can be bootstrapped by hand:
33
21
7
5
1
,...). A closed form
, 2048
, 1024
, 256
, 128
( 12 , 18 , 16
P∞ can also
be obtained: Inserting (13) into f (x) := k=0 ak xk+1
1
2
we
√ get f (x) = 2 [x + f (x)] with solution f (x) = 1 −
1−x, which has Taylor expansion coefficients
µ ¶
µ
¶
2k
1
1/2
1
k
∼ √ k −3/2
ak = (−)
=
k
2(k+1)4
k
k+1
2 π
(ak )k∈IN0 is a well-behaved distribution.
P It decreases
fast enough to be a proper measure ( k ak = f (1) =
1P< ∞), but too slow for the expectation E[Nq~∗ ] =
k k·ak =∞ to exist. This is exactly how a proper noninformative prior on IN should look like: as uniform
as possible,
i.e. slowly decreasing. Further, P [Nq~∗ <
P
∞]= k ak =1 implies P [Nq~∗ <∞|D]=1, which shows
that the effective dimension is almost surely finite, i.e.
infinite (Polya) trees have probability zero.
For the tree height we have Ez [hq~z∗ (x)]=0 if l =m and
otherwise
Ez [hq~z∗ (x)] =

1
2 [1

+ Ezxl+1 [hq~zxl+1 ∗ (x)]]

= ... = 1 − ( 12 )m−l → 1 for

m→∞

This also implies that the expected average height
Ez [h̄q~z∗ ] = 1−( 12 )m−l → 1. This is the first case where
the result is not independent of m for large finite m,
but it converges for m → ∞, what is enough for our
purpose.
Single data item D = (x). Since p(x) ≡ 1 (by symmetry and normalization) and w1 = 1 are the same as
for the n = 0 case, all prior n = 0, m → ∞ results remain valid for n = 1: g(x) = 12 , P [Nq~∗ = k|x] = ak , and
E[hq~∗ (x)|x] → 1.
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General D. We now consider general D. For continuous spaces Γ and non-singular distribution q̇, the
probability of observing the same point more than once
(multi-points) is zero and hence can, to a certain extend, be ignored. See [Hut04a] for a thorough workout
of this case. In order to compute p(D) and other quantities, we recurse (9) down the tree until Dz is either
empty or a singleton Dz = (x) ∈ Γz . We call the depth
mx :=`(z) at which this happens, the separation level.
In this way, the recursion always terminates. For instance, for Γ = [0,1), if ε := min{|xi −xj | : xi 6= xj with
xi ,xj ∈ D} is the shortest distance, then mx < log2 2ε =:
m0 < ∞, since ε > 0. At the separation level we can
insert the derived formulas for evidence, posterior, dimension, and height. Note, there is no approximation
here. The procedure is exact, since we analytically
computed the infinite recursion for empty and singleton D.
So we have devised a finite procedure, linear in the
data size n, for exactly computing all quantities of interest in the infinite Bayes tree. In the worst case,
we have to recurse down to level m0 for each data
point, hence our procedure has computational complexity O(n·m0 ). For non-singular prior, the time is
actually O(n) with probability 1. So, inference in our
mixture tree model is very fast. Posterior (weak) convergence/consistency for m=∞ can be shown similarly
to the m < ∞ case [Hut04a].

5

THE ALGORITHM

What it computes. In the last two sections we
derived all necessary formulas for making inferences
with our tree model. Collecting pieces together we
get the exact algorithm for infinite tree mixtures below. It computes the evidence p(D), the expected tree
height E[hq~∗ (x)|D] at x, the average expected tree
height E[h̄q~∗ |D], and the model dimension distribution P [Nq~∗ |D]. It also returns the number of recursive
function calls, i.e. the size of the explicitly generated
tree. The size is proportional to n for regular distributions q̇.
The BayesTree algorithm (in pseudo C code)
takes arguments (D[],n,x,N ); data array D[0..n−1] ∈
[0,1)n , a point x ∈ IR, and an integer N . It returns
(p,h,h̄,p̃[],r); the logarithmic data evidence p=lnp(D),
b
the expected tree height h=E[h
b
(x)|D]
at
x,
the avq
~∗
erage expected tree height h̄=E[
b h̄q~∗ |D], the model dimension distribution p̃[0..N − 1]=P
b [Nq~∗ = ..|D], and
the number of recursive function calls r i.e. the size
of the generated tree. Computation time is about
N 2 nlogn nano-seconds on a 1GHz P4 laptop.

BayesTree(D[],n,x,N )
d if (n ≤ 1 and (n == 0 or D[0] == x or x 6∈ [0,1)))
d if (x ∈ [0,1)) then h = 1; else h = 0;
h̄ = 1; p = ln(1); r = 1;
b for(k = 0,..,N −1) p̃[k] = ak ;
/* see (13) */
else
d n0 = n1 = 0;
for(i = 0,..,n−1)
d if (D[i] < 12 ) then[ D0 [n0 ] = 2D[i]; n0 = n0 +1;]
b
else [D1 [n1 ] = 2D[i]−1; n1 = n1 +1;]
(p0 ,h0 ,h̄0 ,p̃0 [],r0 )=BayesTree(D0 [],n0 ,2x,N −1);
(p1 ,h1 ,h̄1 ,p̃1 [],r1 )=BayesTree(D1 [],n1 ,2x−1,N−1);
t = p0 +p1 −lnw(n0 ,n1 );
if (t < 100) then p = ln( 12 (1+exp(t));
else p = t−ln(2);
g = 1− 12 exp(−p);
if (x ∈ [0,1)) then h = g·(1+h0 +h1 ); else h = 0;
1 +1
0 +1
h̄1 );
h̄0 + nn+2
h̄ = g·(1+ nn+2
p̃[0] = 1−g;
Pk
for(k = 0,..,N −1) p̃[k+1] = g· i=0 p̃0 [i]· p̃1 [k−i];
b r = 1+r0 +r1 ;
b return (p,h,h̄,p̃[],r);
How algorithm BayesTree() works. Since evidence p(D) and weight 1/wn can grow exponentially
with n, we have to store and use their logarithms.
So the algorithm returns p=lnp(D).
b
In the n ≤ 1
branch, the closed form solutions p=lnp(φ)
b
= ln(1),
h=E[h
b
(x)|φ
or
x]
=
1,
h̄
=E[
b
h̄
|D]
=
1,
and
p̃[k]
= ak
q
~∗
q
~∗
have been used to truncate the recursion. If D =(x1 )6=
x, we have to recurse further until x falls in an empty
interval. In this case or if n > 1 we partition D into
points left and right of 12 . Then we rescale the points
to [0,1) and store them in D0 and D1 , respectively.
Array D could have been reused (like in quick sort)
without allocating two new arrays. Then, algorithm
BayesTree() is recursively called for each partition.
The results are combined according to the recursions
derivedPin Section 2. lnw can be computed from (9) via
n
lnn! = k=1 lnk. (Practically, pre-tabulating ak or n!
does not improve overall performance). For comput˙
to machine
ing p we need to use ln( 12 (1+et ))=t−ln2
precision for large t in order to avoid numerical overflow.
Remarks. Strictly speaking, the algorithm has runtime O(nlogn), since the sorting effectively runs once
through all data at each level. If we assume that the
data are presorted or the counts nz are given, then
the algorithm is O(n) [Hut04a]. The complete C code,
available from [Hut04a], also handles multi-points.
Note that x passed to BayesTree() is not and cannot
be used to compute p(x|D). For this, one has to call
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BayesTree() twice, with D and (D,x), respectively.
The quadratic order in N is due to the convolution,
which could be reduced to O(N logN ) by transforming
it to a scalar product in Fourier space with FFT.
Multiply calling BayesTree(), e.g. for computing the
predictive density function p(x|D) on a fine x-grid,
is inefficient. But it is easy to see that if we once
pre-compute the evidence pz (Dz ) for all z up to the
separation level in time O(n), we can compute “local” quantities like p(x|D) at x in time O(logn). This
is because only the branch containing x needs to be
recursed, the other branch is immediately available,
since it involves the already pre-computed evidence
only. The predictive density p(x|D) = E[q(x)|D] and
higher moments, the distribution function P [x ≤ a|D],
updating D by adding or removing one data item, and
most other local quantities can be computed in time
O(logn) by such a linear recursion.
A good way of checking correctness of the implementation and of the derived formulas, is to force some
minimal recursion depth m0 . The results must be independent of m0 , since the closed-form speedups are
exact and applicable anywhere beyond the separation
level.
Numerical example. To get further insight into the
behavior of our model, we numerically investigated
some example distributions q̇(). We have chosen elementary functions, which can be regarded as prototypes for more realistic functions. They include the
Beta, linear, a singular, piecewise constant distributions with finite and infinite Bayes trees, and others. These examples on [0,1) also shed light on the
other spaces discussed in Section 2, since they are isomorphic. The posteriors, model dimensions, and
√ tree
heights, of the singular distribution q̇(x) = 2/ 1−x
are plotted in Figure 1 for random samples D of sizes
n = 100 ,...,105 . The posterior p(x|D) clearly converges
for n → ∞ to the true distribution q̇(), accompanied
by a (necessary) moderate growth of the effective dimension. For n = 10 we show the data points. It is
visible how each data point pulls the posterior up, as
it should be (“one sample seldom comes alone”). The
expected tree height E[h(x)|D] correctly reflects the
local needs for (non)splits, i.e. is larger near the singularity at x = 1. The other examples display a similar
behavior (see [Hut04a]).

6

DISCUSSION

We presented a Bayesian model on infinite trees, where
we split a node into two subtrees with prior probability 12 , and uniform choice of the probability assigned
to each subtree. We devised closed form expressions
for various inferential quantities of interest at the data
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Figure 1: BayesTree() results for a prototypical proper singular distribution q̇(x) = 2/ 1−x.
separation level, which led to an exact algorithm with
runtime essentially linear in the data size. The theoretical and numerical model behavior was very reasonable, e.g. consistency (no underfitting) and low finite
effective dimension (no overfitting).
There are various natural generalizations of our model.
The splitting probability p(s) could be chosen different from 12 , k-ary trees could be allowed, and the
uniform prior over subtrees could be generalized to
Beta/Dirichlet distributions. We were primarily interested in the case of zero prior knowledge, hence
zero model (hyper)parameters, but the generalizations
above make the model flexible enough, in case prior
knowledge needs to be incorporated. The dependency
on p(s) is particularly interesting [Hut04a]. The expected entropy can also be computed by allowing fracd α
x |α=1
tional counts nz and noting that xlnx = dx
[Hut02]. A sort of maximum a posteriori (MAP) tree
skeleton can also easily be read off from (9). A node
z0 )pz1 (Dz1 )
<1.
Γz in the MAP-like tree is a leaf iff pz0 (D
w(nz0 ,nz1 )
A challenge is to generalize the model from piecewise
constant to piecewise linear continuous functions, at
least for Γ = [0,1). Independence of subtrees no longer
holds, which was key in our analysis.
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Abstract

therefore be models with equal conditional correlations
and no other restraints.

In this paper we introduce restricted concentration models (RCMs) as a class of graphical
models for the multivariate Gaussian distribution in which some elements of the concentration matrix are restricted to being identical is introduced. An estimation algorithm
for RCMs, which is guaranteed to converge
to the maximum likelihood estimate, is presented. Model selection is briefly discussed
and a practical example is given.

Finally we mention that the restrictions in RCMs can
lead to some regression functions being constrained to
equality as illustrated in Section 3.

Introduction

This paper introduces a class of graphical Gaussian models, Lauritzen (1996), (hereafter abbreviated
GGMs) also known as covariance selection models,
Dempster (1972), in which elements of the concentration matrix are restricted to being identical. Such
models are denoted restricted concentration models
and abbreviated RCMs. These models are linear in
the inverse covariance matrix and can therefore be seen
as instances of models discussed by Anderson (1970).
Besag (1974) also studies instances of such models.
RCMs can be of relevance in a variety of different problems. An example could be gene expression data where
the expression of many genes are measured. From a
biological point of view it may be of interest to embody
in the model that the conditional covariance between
genes i and j should be the same as the conditional
covariance between genes k and l. It may also be of
interest (and in some cases a necessity) to impose such
restrictions simply in order to reduce the dimensionality of the problem.
Models with equal conditional correlations can be constructed within RCMs but this requires restrictions on
both the conditional covariances and the conditional
variances. An interesting extension of RCMs would
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2

Background and notation

The setting in GGMs is i.i.d. samples of a random vector y = (y1 , . . . , yd )⊤ following a Nd (µ, Σ) distribution.
Let K = Σ−1 denote the inverse covariance matrix,
also known as the concentration matrix with elements
(k αβ ). It is then well known, Lauritzen (1996), p. 130,
that the partial correlation between y1 and y2 given
all other variables is
√
(1)
ρ12|3...d = −k 12 / k 11 k 22
Thus k12 = 0 if and only if y1 and y2 are independent
given all other variables, and this is the traditional
focus of graphical Gaussian modeling.
A GGM is often represented by an undirected graph
G = (Γ, E) where Γ is the set of nodes representing the
d variables and E is the set of undirected edges representing the concentration parameters k αβ which are
not restricted to being zero. For additional properties
of GGMs we refer to Lauritzen (1996), Chapter 5. In
the following we use Greek letters to refer to variables
and Latin letters to refer to sets of variables.

3

The problem to be solved

The issue addressed in this paper is to estimate K
when some entries k αβ are restricted to being equal.
Such restrictions can be imposed both on the diagonal
and the off–diagonal elements of K.
Example To illustrate possible implications of such
restrictions, consider the model in Figure 1. The asterisks indicate the restrictions that k 13 = k 14 = c1 ,

k 23 = k 24 = c2 and k 33 = k 44 = c3 , i.e.
k 11
 k 12
K=
 c1
c1

k 12
k 22
c2
c2



c1
c2
c3
0

5


c1
c2 

0 
c3

The algorithm is a combination of the classical IPS
algorithm for graphical Gaussian models, Lauritzen
(1996), p. 134 and the modified Newton procedure
of Jensen, Johansen and Lauritzen (1991) (hereafter
JJL91), see also Lauritzen (1996), p. 269.

If we let a = {1, 2} and b = {3, 4}, then the regression parameters when regressing b on a are given as
−(K bb )−1 K ba . Thus the slope parameters for y3 and
y4 become identical,
E(yi |y1 , y2 ) = ai + (c1 /c3 )y1 + (c2 /c3 )y2 for i = 3, 4,
meaning that the regression lines are parallel.
Another property of this model is that some partial
correlations are restricted to being equal. For example
it follows directly from (1) that
p
k 11 c1 and
p
= −c3 / k 11 c2 .

ρ31|24

=

ρ41|23 = −c3 /

ρ32|14

=

ρ42|13

*

1

3 ***

*
**
2

**

Let Σ̂ = K̂ −1 denote the current estimate of Σ at any
time during the iteration, and let f =
Pnn − 1 where n is
the number of observations, SSD = s=1 (ys − ȳ)(ys −
ȳ)⊤ and S = SSD/f .
5.1

Newton algorithm

The simplest version of the algorithm (which is just a
specific version of the modified Newton algorithm of
JJL91) is as follows:
Repeatedly loop through R until convergence doing
the following: For each s ∈ R define the d × d matrix
K s as follows: 1) If s is an edge set, then K s has entries
s
= 1 if {α, β} ∈ s and 0 otherwise. Thus K s is the
Kαβ
incidence matrix for the graph (Γ, s). 2) If s is a vertex
s
set then K s is a diagonal matrix with entries Kαα
=1
if α ∈ s and 0 otherwise. For convenience we shall
identify a vertex α with a set {α, α} such that vertex
sets and edge sets can be treated simultaneously in the
following.
Define the discrepancy ∆ = tr(K s Σ̂) − tr(K s S). For
each element s do a sequence of Newton steps

4 ***

Figure 1: Graphical Gaussian model with the additional restrictions that (*) k 13 = k 14 = c1 , (**)
k 23 = k 24 = c2 and (***) k 33 = k 44 = c3 .

4

The NIPS (Newton+IPS) algorithm

Restricted concentration models

To formalize the restrictions on the elements of K, let
the edge set E be partitioned into non–empty disjoint
subsets E1 , . . . , ES each containing one or more edges.
Let E1 , . . . , Es denote those subsets containing more
than one edge (those edges are said to be marked), and
Es+1 , . . . , ES be those containing only one edge (those
edges are unmarked). Let Γ1 , . . . , ΓT be a similar partitioning of Γ into sets of nodes, some of which are
marked and some unmarked. A natural way to represent this situation graphically is to colour the edges
(vertices) in the graph such that all edges (vertices) in
the same edge (vertex) set have the same colour.
Let R = {E1 , . . . ES , Γ1 , . . . , ΓT } be the collection
of such restrictions on K. The elements of R are
in 1–1 correspondence with the parameters θ =
(θ1 , . . . , θS+T ) in K = K(θ). The edge sets E1 , . . . ES
and vertex sets Γ1 , . . . , ΓT define a RCM.
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θsn+1
k αβ

← θsn +

∆
tr(K s Σ̂K s Σ̂)

+ f ∆2 /2

← θsn+1 for all {α, β} ∈ s.

,
(2)

The substitution (2) is repeated until convergence for
the set s before moving on to the next set in R. Thus
the algorithm consists of two nested loops: 1) An outer
loop running over the elements of R and 2) an inner
loop maximizing L with respect to θs while keeping
all other parameters fixed. Below it is shown that this
algorithm in some cases can be speeded up by replacing
the inner loop by a direct line search.
The likelihood equations are obtained as follows: With
the definition of the matrices K s for all s ∈ R given
above, the concentration matrix can be written K =
P
s
mas θs K . Let SS denote
Pthe sums–of–squares
s
s
θ
tr(K
SS).
Let
t
=
trix.
Then
tr(KSS)
=
s
s
P
s
1
S+T
/2, ȳ) is a set
s tr(K SS). Hence (−t /2, . . . , −t
of canonical statistics, and these are to be equated with
their expectation.
To do so, we exploit the following: The multivariate
normal distribution is a regular k–dimensional exponential family. Therefore the maximum likelihood estimate (MLE) exists and is unique, provided that the

sufficient statistic is contained in its convex support.
By Theorem 2 in Jensen et al. (1991), the MLE can
be found by iteratively maximizing over each canonical
parameter, keeping the others fixed. Note that when
keeping all parameters but one at fixed values we get a
regular one–dimensional exponential family. By Theorem 1 in JJL91, their modified Newton algorithm applied to a one–dimensional regular exponential family
converges to the MLE for any starting value.
Following Lauritzen (1996), p. 133, µ̂ = ȳ so what
remains is to maximize L(θ, µ̂) over Θ which is an S+T
dimensional space restricted only by the requirement
that K(θ) must be positive definite for all θ ∈ Θ. For
any θ∗ ∈ Θ and any s ∈ R, define
Θs (θ∗ ) = {θ ∈ Θ|θr = θr∗ for r 6= s}.
Then L is maximized by cyclically maximizing L over
Θs (θ∗ ), Lauritzen (1996), p. 270. For practical reasons
we have chosen to fit the model on S rather than on
SS. Following Lauritzen (1996) p. 259, τ s = E(ts ) =
− 21 tr(K s Σ) and v s = V ar(ts ) = 12 tr(K s ΣK s Σ). The
modified Newton algorithm of JJL91 consists in updating θ as
θn+1 = θn +

vs

ts − τ s
+ (ts − τ s )2

which specializes to (2) in this context.
Convergence The parameter space Θ is restricted
by K(θ) having to be positive definite. We have not
shown that the Newton steps are guaranteed to keep
K positive definite and this should therefore strictly
speaking be checked at each Newton step, decreasing
the step length appropriately if the condition is no
longer satisfied, see JJL91. Empirical evidence suggests however, that K indeed remains positive definite.
5.2

IPS algorithm

For a GGM (without restrictions of the kind discussed
in this paper) let a = {α, β} be an edge in the graph
and let b denote the complement to a. Then in the
IPS algorithm, see e.g. Lauritzen (1996) p. 134 ff, can
be used for updating the parameters k αα , k ββ and k αβ
by updating the 2 × 2 submatrix K aa of K as
K aa ← (S aa )−1 + K ab (K bb )−1 K ba .

(3)

Note that in this step both the conditional variances
and conditional covariances are updated. This IPS
step maximizes the likelihood over the particular section of the parameter space given by k αα , k ββ and k αβ
and thus no iteration is needed. This operation can
also be performed on a single vertex α, which gives an
update of the 1 × 1 submatrix K αα .
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5.3

NIPS algorithm

Considerable computational savings can be achieved
by combining the Newton sequence (2) with the
IPS step (3) and this combination constitutes the
NIPS (=Newton+IPS) algorithm.
The combination is straight forward and most easily explained
by an example: The graph in Figure 2 has cliques
[12][23][34][45]. The asterisks indicate that the edges
[12] and [23] and the vertices 2 and 3 are marked, i.e.
the restrictions k 12 = k 23 and k 22 = k 33 .
1

*

2
**

*

3
**

4

5

Figure 2: RCM with the additional restrictions that
(*) k 12 = k 23 and (**) k 22 = k 33 .
The marked entries can be updated using the Newton
sequence while k 11 is unrestricted and can be updated
using an IPS step on a 1 × 1 matrix. The edge [45]
(comprising the parameters k 44 , k 45 and k 55 can also
be updated in a single IPS step on a 2 × 2 matrix.
Left to consider is therefore only k 34 . Even though no
restriction is put onto this parameter it can not immediately be updated using an IPS step (3) because
that would also update k 33 (and k 44 ) which is constrained. Therefore this parameter is updated using
a Newton sequence. This constitutes one full cycle of
the inner loop of the NIPS algorithm. Note that it is
easy to keep track of such restrictions: Whenever an
edge {α, β} contains a marked vertex, the edge must
itself be marked.
Computational Savings The following considerations can lead to substantial computational savings:
1. Computational savings can be achieved when calculating ∆ = tr(K s Σ̂) − tr(K s S). The incidence
matrix K s serves to pick out (and sum the correct
way) the relevant entries of S and Σ̂. For a fixed
edge set s ∈ R, let a denote the set of vertices
in s and let b be the complement of a. Let Ãs
be the incidence matrix for the graph (a, s) and
let finally Σ̂aa and S aa denote the corresponding
submatrices of Σ̂ and S. It it then straight forward to see that tr(K s S) = tr(Ãs S aa ) and hence
∆ = tr(Ãs Σ̂aa ) − tr(Ãs S aa ). The modification
when s is a vertex set is straight forward.
2. After updating entries of K in a NR step, one need
not find Σ = K −1 . The relevant part Σaa can be
found as (K aa −K ab (K bb )−1 K ba )−1 , and here it is
noted that 1) K ab (K bb )−1 K ba is fixed throughout
the whole Newton sequence and 2) the dimension
of Σaa is often much smaller than the dimension

of Σ. A similar construct can be used when calculating the value of the likelihood function.
3. Convergence is sometimes speeded up when replacing the Newton steps in (2) by an alternative
line search algorithm of the form
θsn+1
k αβ

← θsn + α · p,

← θsn+1 for all {α, β} ∈ s

(4)

where p = tr(As Σ̂As∆Σ̂)+f ∆2 /2 and α is chosen to
maximize L in the direction defined by θsn + tp.
4. If a clique consists exclusively of unmarked
edges/vertices, then it is more computationally
efficient to update the entire clique using IPS at
one time rather than working the way through the
edges one at the time.

6

Implementation

The algorithm has been implemented in the general statistical package R, R Development Core Team
(2004).

7

Model selection issues

The number of different models which can be formed
by colouring edges/vertices in a given graph is enormous. To illustrate the complexity, consider graphs
with vertices, 1,2 and 3 (for which there are 8 different graphs). There are 5 possible vertex sets:
{123}, {12, 3}, {1, 23}, {13, 2} and {1, 2, 3}. A tedious
calculation shows that there are in total (over all 8
graphs) 15 possible vertex sets giving 5 × 15 = 75 different models! Therefore, good model selection strategies become important. Here we shall just outline some
ideas:
Often in model selection in graphical models one consider the operations dropEdge and addEdge. For
RCMs there are four additional operations which are
natural to consider: joinEdgeSet and splitEdgeSet
(and similarly for vertices). In connection with a backward model search where edges are successively deleted
it is tempting to supplement with the possibility of
joining two edge sets. If there are p edge sets then
there are p(p − 1)/2 pairwise comparisons of the corresponding parameters and this can be done by e.g.
calculating Wald statistics (which requires V ar(θ̂) to
be computed).
A more brute force approach is to search for a graphical model and then apply a clustering algorithm to
the diagonal of K and to the non–zero off–diagonal
elements of K.
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One motivation for considering RCMs is applications
where data is sparse, i.e. where n < d. In this case S
is singular and hence K = S −1 does not exist. One
option in this case is to start from the independence
model and do a forward selection possibly supplied
with joining operations as discussed above.

8

Example: measurements on pig
carcasses

To illustrate the developments in this paper we consider a prediction problem: In slaughter pig production, prediction of the lean meat content is important
1) to ensure fair payment to the producers and 2) to ensure an appropriate processing of the meat afterwards.
The task is to predict the lean meat percentage y on
the basis of a set of predictor variables denoted by x.
In modern carcass grading, the predictor variables are
often obtained e.g. by ultra sound measurements on
the carcass and hence the number of predictor variables can be very large – and much larger than the
sample size.
For simplicity, we here consider the carcass data set
contained in the mimR package in R, see Højsgaard
(2004). This data set contains measurements of the
thickness of the meat and fat layer at three locations on
the back of 340 carcasses. The data also contains the
lean meat percentage determined by dissection. The
response variable is the meat percentage, y = M P
while x denotes the measurements of thickness of meat
and fat layers. The regression coefficients for the pre−1
diction are Σyx Σxx
= −(K yy )−1 K yx . The problem in
such prediction problems is that either Σxx is singular or it is very ill–conditioned because the predictor
variables often are very correlated.
To accommodate for this, one often make a principal
component regression or a partial least squares regression to obtain the regression coefficients. Other alternatives are ridge regression and the lasso, see e.g.
Hastie, Tibshirani and Friedman (2001), pp. 59 for a
description of these methods.
8.1

Selection of different models

The saturated model (which has Table 1 as concentration matrix) is in the following denoted M1. Table 1 shows that the fat–concentration parameters all
tend to be of the same size (conditional variances as
well as covariances) and so do the meat concentration
parameters. Similarly, the concentration parameters
between the fat measurements and the lean meat percentage appear identical and so do (to a lesser extent)
the concentration parameters between the meat measurements and the lean meat percentage. The model

with these constraints is denoted M1r and the estimated concentration matrix is shown in Table 2.
Table 1: Empirical concentration matrix for the carcass data (multiplied by 10).
F1
F2
F3
M1
M2
M3
MP

F1
4.36
-1.99
-1.58
0.28
-0.73
0.41
0.99

F2
-1.99
5.35
-2.09
-0.26
0.64
-0.53
0.88

F3
-1.58
-2.09
5.57
-0.56
-0.06
0.26
0.71

M1
0.28
-0.26
-0.56
1.58
-0.60
-0.56
-0.33

M2
-0.73
0.64
-0.06
-0.60
1.35
-0.88
-0.04

M3
0.41
-0.53
0.26
-0.56
-0.88
1.57
-0.14

MP
0.99
0.88
0.71
-0.33
-0.04
-0.14
2.63

Table 2: Estimated concentration matrix for the carcass data (multiplied by 10) under the model M1r
with parameters restricted to being equal.
F1
F2
F3
M1
M2
M3
MP

F1
4.83
-1.77
-1.77
0.30
-0.86
0.42
0.88

F2
-1.77
4.83
-1.77
-0.27
0.58
-0.37
0.88

F3
-1.77
-1.77
4.83
-0.30
-0.04
0.04
0.88

M1
0.30
-0.27
-0.30
1.40
-0.64
-0.64
-0.16

M2
-0.86
0.58
-0.04
-0.64
1.40
-0.64
-0.16

M3
0.42
-0.37
0.04
-0.64
-0.64
1.40
-0.16

MP
0.88
0.88
0.88
-0.16
-0.16
-0.16
2.64

Starting with the independence model and doing a forward selection we get the model M2 with concentration matrix in Table 3. Then we applied a clustering
algorithm to the diagonal and to the off–diagonals to
identify possible edge sets and vertex sets. Inspired by
Table 1, we asked for 3 clusters on the diagonal and
5 clusters on the off–diagonal. The model with these
restrictions is M2r and the estimated concentrations
are presented in Table 4.
This scheme was repeated with a backward selection starting from the saturated model giving model
M3. Clustering the entries as described above gave
M3r. (The estimated concentration matrices have
been omitted).
Table 3: Estimated concentration matrix for the carcass data (multiplied by 10) for M2.
F1
F2
F3
M1
M2
M3
MP

F1
4.06
-1.68
-1.53
0.00
-0.18
0.00
1.08

F2
-1.68
5.04
-2.12
0.00
0.00
0.00
0.78

F3
-1.53
-2.12
5.54
-0.39
0.00
0.00
0.75

M1
0.00
0.00
-0.39
1.52
-0.56
-0.56
-0.27

M2
-0.18
0.00
0.00
-0.56
1.22
-0.79
0.00

M3
0.00
0.00
0.00
-0.56
-0.79
1.51
-0.26

MP
1.08
0.78
0.75
-0.27
0.00
-0.26
2.68

Table 4: Estimated concentration matrix for the carcass data (multiplied by 10) for M2r.
F1
F2
F3
M1
M2
M3
MP

Model comparisons – predictive
performance

To evaluate the feasibility of the various models, we
took a cross validation approach as follows: Out of
the 340 carcasses we took a random sample of size
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F2
-2.00
4.60
-1.11
0.00
0.00
0.00
0.77

F3
-2.00
-1.11
4.60
-0.20
0.00
0.00
0.77

M1
0.00
0.00
-0.20
1.06
-0.47
-0.47
-0.20

M2
-0.20
0.00
0.00
-0.47
1.06
-0.47
0.00

M3
0.00
0.00
0.00
-0.47
-0.47
1.06
-0.20

MP
0.77
0.77
0.77
-0.20
0.00
-0.20
2.39

N = 8, 10, 15, 20, 30 and fitted the models to these
training data. Then we predicted M P for the validation data consisting of 340–N carcasses and calculated
the mean
P squared2prediction error (MSPE) defined as
1
i (yi − ŷi ) . This scheme was repeated M = 5
340−N
times and at the end average MSPE was calculated. To
provide a benchmark for comparison we also made a
principal component regression (PCR) and a partial
least squares regression (PLS). Højsgaard, Jørgensen,
Olsen and Busk (2004) have found that 3 components
were optimal in PLS and PCR for predictions of these
data, and therefore 3 components have been used here.
To ease the comparison the MSPEs were all calculated
relative to the MSPE for the PCR model.

8.3

Results

The relative MSPEs are presented in Table 5. Within
each sample size, we find the following: It is always
beneficial to reduce the saturated model M1 to the
restricted model M1r, and for small samples (N =
8, 10) the improvement is quite dramatic. (Note that
when N = 8 the saturated model is just identifiable as
there are 7 variables in the model).
A comparison of models Mi and Mir for i = 2, 3
yields no clear picture, but it suggests that there is a
place for refinement of the brute force clustering approach used in getting from Mi and Mir. For each
sample size, one of the RCMs always performs at least
as well or better than the traditional regression methods PLS and PCR. Finally it is noted that when sample size increases the models perform more and more
similarly, which was to be expected.

8.4
8.2

F1
4.60
-2.00
-2.00
0.00
-0.20
0.00
0.77

Computing time

Compared with the IPS algorithm used for GGMs
the NIPS algorithm presented here is somewhat more
time consuming. For example, fitting M3 (which is a
GGM) took 1.27 seconds while fitting the RCM M3r
took 4.87 seconds.

Table 5: Relative mean squared prediction error
(MSPE) (calculated relative to MSPE for principal
component regression) for different models and different sizes of the training data sets.
M1
M1r
M2
M2r
M3
M3r
PLS
PCR

9

8
4.53
0.99
1.11
1.18
1.20
1.20
1.16
1.00

Sample size
10
15
20
1.08
1.10
1.06
0.92
0.99
0.99
1.03
1.04
1.03
0.99
1.03
0.99
1.04
1.04
1.07
0.95
1.01
1.00
1.01
1.03
1.04
1.00
1.00
1.00

Hastie, T., Tibshirani, R. and Friedman, J. (2001).
The Elements of Statistical Learning. Springer.
Højsgaard, S. (2004). The mimR package for graphical
modelling in R. Journal of Statistical Software .
Højsgaard, S., Jørgensen, E., Olsen, E. V. and Busk,
H. (2004). A comparison of latent variable models
and partial least squares regression – with an application to pig carcass grading. Livestock Production
Science Manuscript submitted.

30
1.01
0.99
1.01
1.00
1.00
1.01
1.01
1.00

Jensen, S. T., Johansen, S. and Lauritzen, S. L. (1991).
Globally convergent algorithm for maximizing likelihood function. Biometrika 78, 867–877.

Discussion and directions for future
work

This paper has presented an estimation algorithm for
restricted concentration models (RCMs), and it has
been proven empirically that important gains in terms
of prediction precisions can be achieved from such
models.
It is emphasized, that to use the result in JJL91 we
should strictly speaking check that the concentration
matrix stays positive definite in each step (2) and, if
not, only move half of the distance to the associated
boundary point of the parameter space. We have not
seen an example where the positive definiteness has
been violated, but we have not been able to prove
theoretically that this cannot happen. For practical
purposes we therefore suggest that this check is only
performed occasionally.
To make RCMs of practical importance, it is important
to investigate possible model selection strategies for
RCMs, and this is a subject of future work. In this
connection it will become important to make a fast
implementation of the NIPS algorithm.
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Abstract

• It is only applicable to state spaces embedded in
a regular grid of parameters.

Many important algorithms for statistical inference can be expressed as a weighted maxkernel search problem. This is the case
with the Viterbi algorithm for HMMs, message construction in maximum a posteriori
BP (max-BP), as well as certain particlesmoothing algorithms. Previous work has
focused on reducing the cost of this procedure in discrete regular grids [4]. MonteCarlo state spaces, which are vital for highdimensional inference, cannot be handled by
these techniques. We present a novel dualtree based algorithm that is appliable to a
wide range of kernels and shows substantial
performance gains over naı̈ve computation.

Monte Carlo methods, such as MCMC and particle
filters, have been shown to effectively adapt to examine interesting regions of the state space, and can
achieve better results than regular discretizations using fewer support points [1, 13]. Problems requiring high-dimensional inference are ubiquitous in machine learning, and are best attacked with Monte Carlo
techniques as regular discretizations grow exponentially and quickly become intractable. In this paper, we address the need of fast algorithms for computing weighted max-kernel on Monte Carlo grids by
demonstrating how the quadratic cost can be reduced
to N log N by adopting and extending powerful algorithms proposed for N -body simulation [7, 8].1

Introduction
Max-kernel problems arise at the heart of many powerful and widely-used statistical inference algorithms.
Examples include the message computation in max
belief propagation, sequence recursion in the Viterbi
algorithm, and classes of maximum a posteriori sequence estimation algorithms based on particle methods. This operation is expensive—requiring O(N 2 ) operations, where N is the size of the state space of a random variable. As a result, applications with large state
spaces either must artificially coarsen the state space
or simply choose to use less powerful inference techniques. Recent work by Felzenszwalb et al. addresses
the computational burden when the state space can be
embedded in a regular discrete grid [4, 5]. This technique, based on the distance transform, is extremely
powerful in its domain, but has two major limitations:
• It is limited to kernels of the form K(x, y) =
exp σ12 kx − yk or exp σ12 kx − yk2

158

In particular, we develop a new efficient dual-tree recursion to exactly solve the max-kernel problem. We
derive the method in the context of kernels parameterized by a distance function,2 which represent a broad
class of frequently used kernel functions, including
Gaussians, Epanechnikov, spherical, and linear kernels, as well as thresholded versions of the same. Our
method can also be used to accelerate other spatialbased kernels (such as K(x, y) = x · y), and problems
that have multiple kernels over different regions of the
state space, but we restrict our attention to the simpler
and more common case in this paper.
Our empirical results show that our algorithm provides
a speedup of several orders of magnitude over the naı̈ve
method, becoming more efficient after as little as 10ms
of compute time. The dual-tree algorithm still compares favorably to naı̈ve computation on discrete grids
where the distance transform can be applied, but we
1
We note that there are techniques for dealing with
KDE on Monte Carlo grids (fast Gauss Transform), but
these are inapplicable in the max-kernel setting.
2
By distance functions we mean functions that are similar to a metric but need not obey the triangle inequality.

find that the latter algorithm is superior in this case.
The performance of algorithms based on dual-tree recursion as N grows is relatively well-understood; see
Gray and Moore [8] and Ihler [9]. However, we have
found that the performance of this family of techniques
also depends heavily on other variables, such as the
data distribution, the dimensionality of the problem,
and the choice of spatial index and kernel. We present
several experiments to investigate these effects, and
we believe that the conclusions can be generalized to
other pruning-based dual-tree algorithms.

1

computation [12]. The message from node l to node k
is given by:
|ul |

j=1

N

j=1

{xj } = {ulj },
{yi } = {uki },

In the following section, we detail how the max-kernel
algorithm arises in common inference methods.
Maximum a posteriori belief propagation

Given a graphical model with latent variables u1:n 4 ,
observations z1:n , and potentials ψkl , φk , a joint probability distribution is admitted:
p(u1:n , z1:n ) =

Y
1 Y
ψkl (uk , ul )
φk (uk , zk )
Z
k,l

Y

k

We are interested in computing the maximum a posteAP
= arg maxu1:n p(u1:n |z1:n ). We
riori estimate, uM
1:n
can use the standard max-product belief propagation
equations for message passing and marginal (belief)

K(yi , xj ) = ψ(uki , ulj )
1.2

MAP sequence estimation using particle
methods

Consider the Markovian time-series model with latent
state ut and observations zt given by
ut ∼ p(ut |ut−1 )
zt ∼ p(zt |ut )
In standard particle filtering [3], we draw a
n
oN
(i)
set of samples u1:n
using sequential impori=1
tance sampling in order to approximate the filtering distribution
PN with a Monte Carlo estimator
pb(un |z1:n ) = N1 i=1 δu(i) (dun ), where δu(i) (dun ) den
n
notes the delta Dirac function. This is typically done
in a chain (or tree) with n nodes, at a cost of O(nN ).
However, our goal is to obtain an estimate of the maximum a posteriori sequence
AP
uM
1:n (n) , arg max p(u1:n |z1:n ).
u1:n

We will subsequently refer to this procedure as
weighted maximum-kernel, or simply max-kernel.
4
In describing these algorithms, we use u and z rather
than the traditional x and y to highlight the distinction
between the variables in the inference algorithms and the
variables in the max-kernel computation.

159

(3)

As introduced by Godsill et al. in [6], equation (3) can
be estimated by performing a Viterbi-like algorithm
on the Monte Carlo state space induced by the filtered
particles at time t. At the heart of this algorithm lies
the following recursion:


(j)
δk (j) = log p zk |uk
i
h

(j) (i)
+ max δk−1 (i) + log p uk |uk
i

3

mrl (ulj ),

r∈N (l)−k

(1)

This procedure’s O(M N ) cost dominates the runtime
of many important algorithms such as max-BP and
MAP sequence estimation, which limits their use to
settings of small order (correponding to a coarse discretization of a continuous state space or choosing a
small number of particles).

1.1

r∈N (l)−k

wj = φ(ulj , zl )

fi = max wj K(yi , xj ) i = 1, 2, . . . , M

mrl (ulj )

(2)
where N (l)−k denotes the neighbours of node l excluding k. We can re-write equation (2) as a max-kernel
problem by setting

Problem setting

The algorithms we discuss in this paper are designed
to solve the following problem: We are given points
(which we will call particles) X , {xj } and Y , {yi },
and weights {wj } corresponding to the X particles.
The source (X) particles exert an influence on the target (Y ) particles given by infl(xj , yi ) = wj K(xj , yi ),
where K(·) is an affinity kernel. We wish to compute,
for each y, the maximum influence attained and the x
particle corresponding to it,3 ie.

Y

mlk (uki ) = max φ(ulj , zl )ψ(uki , ulj )

(4)

This must be computed for each particle, thus incurring a O(N 2 ) cost. It is straightforward to show that
the maximization in (4) is equivalent to the max-kernel
problem in equation (1) transformed to log space.
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Figure 1: Example of pruning the max-kernel algo−2
rithm (for a single y particle). The candidate (dark) −50
and non-candidate (light) nodes are shown. In the −100
bottom-right plot, a close-up of the six final candidate
−3
nodes is shown (dashed). The single boxCandidate
whose par-Boxes
Examined Boxes
ticles are examined is shown in black. The subset of
Examined Particles
the particles that are examined individually is shown
Skipped Particles
−4
Skipped Boxes
in black. There were 2000 particles in X, of which six
nodes (containing 94 particles total) were candidate
Objects
leaf nodes. Of these, only six particles from the first
Figure 2: Dual-tree max-kernel example. Top: the innode were examined individually.
fluence bounds for the nodes shown in figure 1. The
pruning threshold at each level is shown (dashed line),
along with the bounds for each candidate node. Bot2 Fast methods for computing
tom: pruning at the leaf level: in the example, six
max-kernel
leaf nodes are candidates. We begin examining particles in the first box. As it happens, the first particle
2.1 The distance transform
we examine is the best particle (the correct answer).
Pruning by particle weight (the upper marker) allows
In [4], Felzenszwalb and Huttenlocher derive a fast
us to ignore all but the first six particles. The pruning
algorithm for a class of max-kernel problems by obthreshold is then sufficiently high that we can prune
serving that the maximization in equation (1) is solvthe remaining candidate nodes without having to exable by applying the distance transform. This achieves
amine any of their particles.
O(N ) cost and is very efficient in practice. Additionally, the problem is separable in dimensionality, so a
d-dimensional transform of N d points costs O(dN d ).
2.1.1

Extension to Monte Carlo grids in 1-D

While the distance transform was designed to work exclusively on regular grids, it is easily extended to irregular grids in the one-dimensional case, for a small increase in cost. This observation is novel, to our knowledge, although it represents a rather direct extension
to the original algorithm.
Assume we are given source particles {x1 , . . . , xN } and
target particles {y1 , . . . , yM }. The first step of the
algorithm is to compute the lower envelope of the
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parabolas anchored at {xi }. This step is unchanged,
save that the x particles need to be pre-sorted at a cost
of O(N log N ). The second step is to calculate the
value of the lower envelope at each y particle. This
can be done by either pre-sorting the y particles, or
employing binary search on the lower-envelope, which
costs O(M log M ) or O(M log N ) respectively.
Unfortunately, this extension only applies to the onedimensional case. Other means must be used to
compute higher-dimensional max-kernel problems on
Monte Carlo grids.

inputs: root nodes of X and Y trees: Xr , Yr .
algorithm:
leaves = {}, candidates = {Xr }
max recursive(Yr , leaves, candidates, −∞)
function max recursive(Y, leaves, candidates, τ )
if (leaf (Y ) and candidates = {})
// Base Case: reached leaves (see figure 4).
max base case(Y, leaves)
else // Recursive case: recurse on each Y child.
foreach y ∈ children∗ (Y )
τy = τ, valid = {}
foreach p ∈ candidates
//`Check if`we can ´prune ´parent node p.
if w (p) K dl (p, y) < τy
continue
foreach x ∈ children (p)
// Compute child bounds.
“
”
f {u,l} (x) = w (x) K d{l,u} (x, y)
// Set pruning
threshold.
“
“
””
τy = max τy , max f l (x)
x
valid = valid ∪ {x ∈ children (p) : f u (x) ≥ τy }
valid = {x ∈ valid : f u (x) ≥ τy }
leavesy = {x ∈ valid : leaf (x)}
candidatesy = {x ∈ valid : not (leaf (x))}
sort(leavesy by f l )
max recursive (y, leavesy , candidatesy , τy )

function max base case(Y, leaves)
foreach x ∈ leaves
“
”
f {u,l} (x) = w (x) K d{l,u} (x, Y )
“
”
τ = max f l (x)
x
u
leaves
´ : f (x) ≥ τ }
` = {x ∈ leaves
l
sort leaves by f
// Examine individual y points.
foreach y ∈ Y
τy = τ
foreach x ∈ leaves
//`Prune nodes by Y (cached),
then
`
´ by y.´
if f u (x) < τy or w (x) K dl (x, y) < τy
continue
// Examine individual x particles.
foreach i ∈ x
//„Prune by weight. «
w (i)
< τy
if f u (x)
w (x)
break
f (i) = w (i) K (d (i, y))
if (f (i) > τy )
// i is the new best particle.
τy = f (i) , x∗ (y) = i

Figure 4: Dual-tree max-kernel algorithm, part 2.

Figure 3: Dual-tree max-kernel algorithm, part 1.
cle, and hence need not be considered. See Figures 1
and 2 for an example.
2.2

Dual-tree max-kernel

In this section we present a novel dual-tree algorithm
for solving the weighted max-kernel problem. Our algorithm is based on bounding the distance and weight,
hence the influence, of subtrees of X particles upon
subtrees of Y particles. We begin by constructing
space-partitioning trees for the X particles and Y
points (see Section 2.3). The leaf nodes of these trees
can contain multiple points. We also cache at each
node in the X tree the maximum particle weight in
the node (w(X)). At leaf nodes, we sort the particles
in order of decreasing weight.
The algorithm proceeds by doing a depth-first recursion down the Y tree. For each node, we maintain
a list of X nodes that could contain the best particle (candidates). We know the particle of maximum
weight in a given node X. Thus, we can bound the
influence of X by considering the cases when that particle is as close (or far) from Y as possible.
For each X node we compute the lower and upper
bounds of the influence of the maximum particle in
the node on all points in the Y node (f {l,u} ) by evaluating the kernel at the upper and lower bound on the
distances to particles in the node (d{ i, l}). The largest
lower bound on influence is the pruning threshold (τ ):
any candidate node whose upper bound is less than
this threshold cannot possibly contain the best parti-
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In each recursive step, we choose one Y child on which
to recurse. Initially, the set of X candidates is the set
of candidates of the parent. We sort the candidates
by lower bound, which allows us to explore the most
promising nodes first. For each of the candidates’ children, we compute the lower bound on distance and
hence the upper bound on influence. Any candidates
that have upper bound less than the pruning threshold
are pruned. For those that are kept, the lower influence
bound is computed; these nodes have the potential to
become the new best candidate.
The influence bounds tighten as we descend the tree,
allowing an increasingly number of nodes to be pruned.
Once we reach the leaf nodes, we begin looking at individual particles. The candidate nodes are sorted by
lower influence bound, and the particles are sorted by
weight, so we examine the most promising particles
first and minimize the number of individual particles
examined. In many cases, we only have to examine
the first few particles in the first node, since the pruning threshold often increases sufficiently to prune the
remaining candidate nodes. Figures 3 and 4 contain
pseudo-code for the algorithm.
For a given node in the Y tree, the list of candidate
nodes in the X tree is valid for all the points within
the Y node, which is the secret behind the efficiency
of dual-tree recursion. In this way, pruning decisions
are shared among Y points when possible.

2.3

Spatial indices

Spatial indices (sometimes called spatial access methods) intelligently subdivide a set into regions of high
locality given some concept of distance. We briefly
review two commonly-used spatial indices.

important as in some applications the kernel evaluation is extremely expensive and thus dominates the
runtime of the algorithm.
3.1

Multi-modal non-linear time series

Consider the following standard reference model [3, 6]:
2.3.1

Kd-trees

A kd-tree operates on a vector field, and recursively
chooses a dimension and split point to localize particles The dimension of largest spread is typically chosen
as splitting dimension. Kd-trees are effective in low dimensional settings; a 2-D example is given in figure 1
(not all levels are shown).
2.3.2

Anchors hierarchy and metric trees

Metric trees are more relaxed in their requirements
than kd-trees; they need only a defined distance metric. Nodes in a metric tree consist of a pivot (a point
lying at the centre of the node), and radius. All points
belonging to the node must have a distance to the
pivot smaller than the radius of the node.5 The Anchors hierarchy was introduced by Moore in [11] and is
an efficient means of constructing a metric tree. Unlike
kd-trees, metric tree construction and access costs do
not have factors that explicitly depend on dimension.

1
ut
+ 8 cos 1.2t + vt+1
ut + 25
2
1 + u2t
u2
= t+1 + wt+1
20

ut+1 =
zt+1

where vt ∼ N (0, σv ) and wt ∼ N (0, σw ). The filtered distribution is bimodal and highly non-linear
(figure 5), meaning the standard particle filter produces significant error even with a high particle count.
After running a standard SIR particle filter, we im25
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Figure 6: Particle filter and MAP estimates of the
latent state in the 1-D time series experiment. Mean
error for the particle filter was 4.05, while the MAP
solution achieved a mean error of 1.74.
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Performance in N

We turn to empirical evaluation of the dual-tree algorithm. In this section, we focus on performance in synthetic and real-world settings as N grows; comparisons
are made both in settings where the distance transform
is applicable and where it is not. We present results
in terms of both CPU time and number of distance
computations (kernel evaluations) performed. This is
5
Note: it is not the case that all points within the radius
of the pivot belong to the node.
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plemented the MAP sequence estimation described
in Section 1.2. Figure 6 demonstrates the accuracy
gained by calculating the MAP solution. We chose
a one-dimensional setting so that the dual-tree algorithm could be directly compared against the distance transform (using the modified algorithm from
Section 2.1.1). Figures 7 and 8 summarize the results.
It is clear that the distance transform is superior in
this setting, although the dual-tree algorithm is still
quite usable, being several orders of magnitude faster
than the naı̈ve method.
3.2

Beat-tracking

Beat-tracking is the process of determining the time
slices in a raw song file that correspond to musical
beats. This is a challenging problem: both the tempo
and phase of the beats must be estimated throughout

2
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Figure 7: 1-D time series results. The dual-tree algorithm became more efficient than naı̈ve computation after approximately 70ms of compute time. Both
dual-tree and distance transform methods show similar
asymptotic growth, although the constants in the distance transform are approximately three times smaller.
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Figure 8: 1-D time series results: distance computations v. particle count.

4
4.1

the song. MAP sequence estimation after particle filtering has achieved impressive results in the literature.
We omit the details of the probability model for the
sake of brevity, but a full explanation is found in [10].
The algorithm used was the forward pass particle filter, backward pass Viterbi algorithm described in Section 1.2. Since the state space of this model is a threedimensional Monte Carlo grid, the distance transform
cannot be used. Figures 9 and 10 summarize the results: songs can be processed in seconds rather than
hours with this method. Using the fast method also
enables more particles to be used, which results in a
better solution: the probability of the MAP sequence
with 50000 particles was p = 0.87, while using 1000
particles resulted in a MAP sequence of probability
p = 0.53.
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The effect of other parameters
Distribution and dimensionality

To examine the effects of other parameters on the
behaviour of the dual-tree algorithm, we ran several
experiments varying dimensionality, distribution, and
spatial index while keeping N constant. We used two
spatial indices: kd-trees and metric trees (built using the Anchors hierarchy) as described in Section 2.3.
We generated synthetic data by drawing points from a
mixture of Gaussians distributed evenly in the space.
Figure 11 shows a typical clustered data distribution.
In all runs the number of particles was held constant
at N = 20, 000, and the dimension was varied to a
maximum of d = 40. Figures 12 and 13 show the
results for CPU time and distance computations, respectively. In these figures, the solid line represents a
uniform distribution of particles, the dashed line represents a 4-cluster distribution, the dash-dot line has

20 clusters, and the dotted line has 100.

We ex-

pect methods based on spatial indexing to fare poorly
given uniform data since the average distance between
points quickly becomes a very peaked distribution in
high dimension, reducing the value of distance as a
measure of contrast. The results are consistent with
this expectation: for uniform data, both the kd-tree
and anchors methods exceeded O(N 2 ) distance computations when d ≥ 12. More surprising is that the
kd-tree method consistently outperformed the anchors
method on uniform data even up to d = 40. The depth
of a balanced binary kd-tree of 20000 particles and leaf
size 25 is ten, so for d > 10 there are many dimensions
that are not split even a single time!
anchors
kd−tree

Figure 11: Synthetic data set with c = 20 clusters.
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Figure 12: Time v. dimensionality. For clarity, only
the uniform distribution and one level of clustered data
are shown. This experiment demonstrates that some
structure is required to accelerate max-kernel in high
dimensions.
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index clusters: the more clustered the data, the smaller
dimensionality required for the anchors method to outperform kd-trees (d = 30 for somewhat-clustered data,
d = 15 for moderately-clustered data, and d = 6 for
significantly-clustered data).
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The level of clustering shown is less than in figure 12.
For kd-trees, clustering hurts performance when d ≤ 8.
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Of more practical interest are the results for clustered
data. It is clear that the distribution vastly affects the
runtime of dual-tree algorithms; at d = 20, performing max-kernel with the anchors method was six times
faster on clustered data compared to uniform. We expect this effect to be even greater on real data sets, as
the clustering should exist on many scales rather than

simply on the top level as is the case with our synthetic
data. It is also interesting to note the different effect
that clustering had on kd-trees compared to metric
trees. For the anchors method, clustering always improved the runtime, albeit by a marginal amount in
low dimensions. For kd-trees, clustering hurt performance in low dimensions, only providing gains after
about d = 8. The difference in the two methods is
shown in figure 14.
4.2

Effect of kernel width

To measure the effect of different kernels, we test both
methods on a 1-D uniform distribution of 200, 000
points, and use a Gaussian kernel with bandwidth (σ)
varying over several orders of magnitude. The number
of distance computations required was reduced by an
order of magnitude over this range (figure 15). Wider
kernels allow the weights to have more contrast, hence
affording more opportunities for pruning.

and dynamic quantization [2] to achieve even faster results, albeit at the expense of the loss of accuracy that
those methods entail. The techniques we present could
also be integrated seamlessly into hierarchical BP [4].
We also look at the other variables that affect the performance of dual-tree recursion, such as dimensionality, data distribution, spatial index, and kernel. These
parameters have dramatic effects on the runtime of
the algorithm, and our results suggest that more exploration is warranted into these effects—behaviour as
N varies is only a small part of the story.
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Abstract

ing object based appearance/shape models and estimate motion reliably. These two interesting problems
of learning object based appearances and estimating
motion are extensively studied separately even though
both appearance and motion provide independent cues
for estimating each other. In this work, we introduce a
probabilistic generative model that unifies appearance
modelling and motion estimation.

We are interested in learning generative models of objects that can be used in wide
range of tasks such as video summarization, image segmentation and frame interpolation.
Learning object-based appearance/shape models and estimating motion
fields (deformation field) are highly interdependent problems. At the extreme, all motions can be represented as an excessively
large set of appearance exemplars. However,
a more efficient representation of a video sequence would save on frame description if it
described the motion from the previous frame
instead. The extreme in this direction is also
problematic as there are usually causes of appearance variability other than motion. The
flexible sprite model (Jojic and Frey 2001)
illustrates the benefits of joint modelling of
motion, shape and appearance using very
simple models. The advantage of such a
model is that each part of the model tries
to capture some of the variability in the data
until all the variability is decomposed and explained through either appearance, shape or
transformation changes. Yet, the set of motions modelled is very limited, and the residual motion is simply captured in the variance
maps of the sprites. In this paper, we develop a better balance between the transformation and appearance model by explicitly
modelling arbitrary large, non-uniform motion.

1

A step in this direction is reported in (Jojic and Frey
2001), as a layered extension of (Frey and Jojic 1999)
for multiple objects. Here, the goal is to learn a
layered density model for image formation. Given
an input video sequence, the approach iteratively updates the appearances and masks of objects associated
with each layer and the estimates of global transformation(motion) of the objects while capturing the residual motion in the variance maps of the sprites. Despite
this appearance flexibility, the model requires an excessive number of appearance classes to capture many
types of nonuniform large motions for which the translational variable is not a sufficient descriptor. We describe a new generative model for layered image formation that simultaneously learns deformation-invariant
appearances and infer complex deformation fields. We
use variational inference and generalized EM for learning and present results on flow computation, image
segmentation and frame interpolation.

2

Introduction

Our objective is to learn generative models of objects
in a visual scene so that scene analysis (such as video
summarization) can be efficiently performed. An important component of scene analysis involves learn-
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Related work

In a scene with multiple objects, approaches to motion estimation that operate on matching patches from
one image to another (Lucas and Kanade 1981) under
perform at the boundary regions due to occlusions and
disocclusions. A good appearance model enables effective handling of boundary regions. On the other hand,
objects can undergo complex deformations, and motion provides useful cues to learn appearances (Black
and Jepson 1996). Thus, the estimation of appearances and motion should be done in tandem. A popular approach to this is to use a layered representation

in which we decompose a 3 dimensional scene into a
set of 2 dimensional layers.
One such layered formalism is based on mixture models (Ayer and Sawhney 1995), (Jepson and Black
1993), (Weiss and Adelson 1996) in which each pixel
is assigned probabilistically to one of several layers.
When multiple objects are moving in a scene, there
is a fair amount of occlusions and disocclusions, and
without proper appearance models for the objects in
the scene, it is extremely difficult to find the boundaries of the object.
In (Black and Fleet 2000), a framework for modelling
motion discontinuities is presented. In this work, the
foreground and background are separated by a straight
edge within a single, fixed window in the image sequences. The image sequence within the window is
modelled by a generative model that predicts the image at time t from the image at time t − 1 using unknown state variables that describe the location of the
edge and the motions of the foreground and background. An algorithm based on particle filtering is
used to infer the location of the edge, motion vectors for the foreground and the background at each
time step. Again, this approach does not have explicit
model for appearances of the objects, but instead relies on straight edge to differentiate foreground and
background pixels within a small window. Moreover,
for complex object shapes, a single edge may not be
sufficient to differentiate the two layers.
In (Jojic and Frey 2001), a generative model framework is used to automatically learn layers of “flexible
sprites”, which are probabilistic 2-dimensional appearance maps and masks of moving, occluding objects.
An important assumption of this model is that pixels
belonging to a sprite move with the same velocity (for
instance, uniform translation). For many interesting
video sequences, this assumption is too rigid.
In (Frey, Jojic and Kannan 2003), we suggest linearizing the transformation manifold locally. This approach
has two drawbacks - it requires an additional global
transformation for finding the position and often a linear manifold is not sufficient to capture large complex
deformation. The use of low-frequency wavelets for
smooth deformation fields (Jojic et al. 2001) suffers
from the same problem.

3

Flexible sprites with deformation
fields

Fig. 1 shows the hierarchical generative model that describes the process involved in two-layer image formation. The statistical generative process is as follows:
For each layer, an appearance and a mask are generated from appropriate prior distributions associated
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with object classes. We sample deformation vectors
for each pixel. The deformation field is then applied
to both the appearance and the mask. The position
variables are randomly selected and the appropriate
latent images shifted in accordance. The final image
is composed from the layers according to the masks,
which can be either continuous or discrete.
At this juncture, we would like to point out that the
deformation field is fully expressive and nonlinear, and
the model without the position variable can still capture well the correct global motion. We have added
the shift variable only to serve the purposes of regularization and speedup of computation. There are too
many relatively good solutions to arbitrary matching
patches in the mean image and the observation. The
existence of the shift variable limits the search space
for the deformation field estimation, and regularizes
the search.
This is also the main difference from our earlier work
(Frey, Jojic and Kannan 2003), where we used a linearizing manifold locally. To make this linearization
work, an added nonlinearity is needed, and for that
purpose, we used discrete shifts.

4

A generative model for occluded
patches in motion

Although the following discussion applies to an arbitrary number of layers, we consider for simplicity a
two-layer model, consisting of a foreground and a background. We treat foreground appearance (denoted by
f ) and background appearance (b) as parameters that
apply to an entire sequence. (In the full model, there
are several layers and several appearance classes that
can occupy them).
We associate with the foreground layer a binary mask
m of the same size as f such that mi =1 indicates that
the corresponding pixel is a foreground pixel. Let the
probability that mi = 1 be αi so that
Y
P (m) =
αimi (1 − αi )(1−mi ) .
i

Although the multiplicative alpha map we used in
some of our previous papers is attractive for modeling mixed pixels, the binary mask tends to allow for a
more robust inference (Frey and Jojic 2004)(Williams
and Titsias 2003).
Each pixel in the latent images undergoes a deformation. In this paper, we use a discrete coordinate system
for clarity, although techniques for sub-pixel inference
and multi-scale search can be used. A priori the foreground and background motion vectors, U and V are
independent and follow uniform distribution denoted
by P (U) and P (V). We can favor smaller motions by
using, for instance, a Gaussian prior on displacement.

Appearance

Mask

Appearance

Mask

Deformation field

Deformation field

Position

Position

Figure 1: Illustration of the generative model using two layers. The images used in this figure are obtained by
learning the model using a video sequence of a person walking towards the camera diagonally. The deformation
model is nonlinear and is fully expressive; the additional level of global transformation provides regularization
and offers significant computational advantage as discussed in sec. 3, but could be instead absorbed into the
deformation field.
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Every M × N observed frame is decomposed into a
(M − K + 1) × (N − K + 1) grid of K × K overlapping
patches in the spirit similar to our epitomic representations (Jojic, Frey and Kannan 2003). We let P(z)
denote the set of coordinates that are in the patch centered at z so that P(z) = {w : |w − z| ≤ K} and the
corresponding pixel intensities to be I(P(z))
For pixel I t (z) in the observed image at time t, the
foreground motion vector is represented by the random
variable Ut (z), and the background motion vector by
the random variable Vt (z).
To generate a pixel I t (z) in the observed image at time
t, a foreground motion vector , Ut (z) = u from P (U)
and a background motion vector Vt (z) = v from P (V)
are drawn. The intensity of the pixel in the patch P(z)
at time t is generated using :
I t (w ∈ P(z)) =
f (w+u)m(w+u) ∗b(w+v)(1−m(w+u)) + noise
Thus, when m(w+u) = 1, foreground pixel intensity
is observed, and when m(w+u) = 0, background pixel
intensity is observed at pixel location w ∈ P(z). We
assume that the (sensor) noise is Gaussian with variance σ 2 so that the observation likelihood of the patch
is a Gaussian given by,
h
P (I t (P(z))|Ut (z) = u, Vt (z) = v) ∝ exp
X (f (w+u)m(w+u)b(w+v)1−m(w+u) −I t (w))2 i
2σ 2

−

w∈P(z)

As in the epitome representation, we assume that the
patch appearances are independent.
Let the motion fields in all nearby frames be U and V
and the observed patches in all nearby frames be I so
that joint distribution is proportional to
P (U, V, I, m) ∝
YY
t

5

t

P (m)P (I (P(z))|Ut (z) = u, Vt (z) = v, m) (1)

z

Inference & Learning

For learning, the natural choice is the Expectation
Maximization algorithm (Dempster, Laird and Rubin
1977) that maximizes the likelihood of observation.
However, as exact inference is intractable, we resort
to variational approximation (Jordan et al. 1999) for
the posterior and use generalized EM (Neal and Hinton 1998) for learning.
For each observed image, we approximate posterior as:
Y
P (U, V, m|I t ) =
q t (U(z), V(z))q t (m)
z
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Letting βit be the probability that mi =1 given the ith
pixel in the tth frame, and βit = 1-βit ,
Y
(1−mi )
(βit )mi βit
q t (m) =
i

Generalized EM maximizes the bound on the (log)
probability of the data:
XXXX
logP (I) ≥
q t (U(z), V(z))q t (m)
t

z

m u,v

P (U (z), V (z), I t (P(z)), m)
log
q t (U(z), V(z))q t (m)

Before, we derive the update equations, we define two
quantities: We allow every patch to shift by at most
D pixels. This reduces the search space and therefore
the computational cost. When there is large motion,
we can further reduce this search space D by incorporating global transformation, as described in sec. 3.
The set of all coordinates in the observed image whose
K × K patches can “reach” coordinate x in f or b
when moved by at most D is R(x) = {z : |x − z| ≤
(K − 1)/2 + D} The set of all motion vectors for the
patch at z in observed image that cause a pixel in the
patch to be mapped to x in f or b is
M(x, z) = {u : |(x − z) − u| ≤ (K − 1)/2; |u| ≤ D}.
The posterior distribution over the motion vectors is
h 1
X
q t (U(z) = u, V(z) = v) = ρ exp − 2
2σ
w∈P(z)
oi
n
t
t (I t (w) − b(w+v))2
βw
(I t (w) − f (w+u))2 + βw

(2)
P P
t
t
where ρ ensures that
u
v P (U (z) = u, V (z) =
t
v|I ) = 1. Due to the use of binary mask, the computation inside the exponential splits into sum of two
distance measures. When the posterior over the mask
is peaked, pixels in the observed patch that are attributed to foreground are compared with patch from
the shifted foreground, and observed pixels that belong to background are matched with the corresponding shifted patch in the background. This distance
computation need not be done on a patch by patch
basis, but instead by observing that each pixel participates in a large number of patches, we can employ
simple trick using cumulative sums and calculate the
distances for all patches in tandem.
The posterior distribution over the mask is
h
‡X
t
q(Ut (z) = u, Vt (z) = v)
= 1/ 1 + exp
βw
u,v

((I (w) − b(w + v)) − (I t (w) − f (w + u))2 )
t

2

·i

(3)

Figure 2: Top row: entire sequence of 6 frames used to train the model. Notice that one person is moving
towards the camera, inducing a zooming in effect, and another person moving in the background. Bottom
row: interpolated frame between adjacent frames in the top row. Interpolation is performed using the learned
parameters and the inferred deformation fields.
P P
P
P
We use < . >=
t
z∈R(y)
u∈M(y,z)
v∈M(y,z)
to represent the sufficient statistic collected from all
pixels, z in all frames, t, that map pixel y and the
motion vectors for z that cause the pixel to be mapped.
The update for background appearance is:
À
¿
t q(Ut (z) = u, Vt (z) = v)I t (y−v)
βy−v
À
¿
(4)
b(y) ˆ
t
t
t
βy−v q(U (z) = u, V (z) = v)

inferring the layered optical flow in images. However,
in the full flexible sprites model, the chosen variational
factorization, when combined with the variational factorization of the shifts in the original flexible sprites
paper leads to efficient inference and learning whose
results are shown in Fig. 1. We omit the mathematical details for brevity.

6
6.1

The above update involves aligning the observed pixel
with respect to the background using the posterior distribution over the motion vectors and then multiplying
this with the posterior probability of the pixel belonging to the background. Since multiple patches from all
the frames contribute to updating the same pixel in the
background, the denominator normalizes for multiple
counts.
The foreground appearance is updated similarly:
À
¿
t
q(Ut (z) = u, Vt (z) = v)I t (y−u)
βy−u
¿
À
(5)
f (y) ˆ
t
t
t
βy−u q(U (z) = u, V (z) = v)

Experimental results
Modelling complex deformation and
appearances in two layers

For this experiment, we used 6 frames of 88 × 133 RGB
sequence shown in fig. 2. The sequence has a person
moving towards the camera in front of a moving background inducing a complex deformation field. There
is also another person walking behind in the opposite
direction. The translational motion of the background
is due to camera shake.

The prior probability of a pixel to be from the foreground is given by:
¿
À
t
βy−u
q(Ut (z) = u, Vt (z) = v)
À
(6)
αy ˆ ¿
t
t
q(U (z) = u, V (z) = v)

We trained our foreground-background model on this
sequence using 5×5 overlapping patches. For computational reasons, we restricted the search space for the
foreground motion to be 4 pixels in both directions
(81 possible directions). The background motion was
restricted to 2 pixels in the horizontal direction. The
state space of the posterior distribution over the motion field has a cardinality of 405 (9 × 9 × 5 × 1). Upon
investigation, we found that the posterior distribution
is peaked at a few values. This fact can be used to
address the storage issue during inference. In fact, in
our experiments we store the distribution of only the
top 20 motion directions.

We initialize the appearance variables to a reference
frame (usually the middle frame in the sequence) and
let the prior distribution over the mask to be uniform.
We iterate between finding the posterior over motion
vectors and the posterior over the mask in the Estep,
and updating the appearances and the prior distribution for the mask in the Mstep. This procedure enables

In Fig. 3b, we show the learned appearances of the
foreground and background, and the probability distribution of the binary mask. It is interesting to notice
that the learned mask distribution has captured the
person walking behind as part of the foreground. Also,
some of the occluded background pixels are filled in. In
fig. 3a, results of learning flexible sprites model without deformation is shown. Since, the flexible sprites
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a)

b)

Figure 3: Top row: Flexible sprites model Background, foreground (masked) and transparency mask learned
using the two layer sprites model on the data in Fig. 2. The complex deformation of the foreground object can’t
be modelled using this model.
Bottom row:Proposed model Learned background, foreground and probability values of binary mask learned. The
foreground appearance is invariant to deformation, and the background has lesser number of occluded pixels,
and the mask captures the person moving away from the camera as part of the foreground.
model assumes that the pixels belonging to a layer
move with the same velocity it can not handle nonuniform motion. In fact, some of the foreground pixels
are misclassified to be background pixels as the corresponding background pixels are always occluded.
Inference in this model also gives us the distribution
over the motion vectors for each pixel and for each
layer. Using this we can compute the expected motion
for each pixel by averaging the foreground and background motion weighted by their posterior probabilities. The middle frame is considered as the reference
frame for which the motion is set to be 0. Fig. 4 shows
the inferred deformation field for each frame with respect to the reference frame. Note, however, that our
motion field is defined with respect to the derived foreground and background appearances in b and f which
have more disoccluded pixels than any frame.
The learned appearances and the inferred flow vectors can be used to perform video interpolation. In
Fig. 2 we present 1 frame interpolation between adjacent frames. See the accompanying website for more
interpolation results.
6.2

Modelling mixtures of complex
deformation and appearances in two
layers

Our model can easily be extended to incorporate multiple layers of moving objects with appearance of each
layer modelled as a mixture model.
In this experiment, we present results for learning a
two layer model where the foreground appearance is
modelled using a Gaussian mixture with 2 classes. We
also allow the latent variables (appearances and probability masks) to be bigger than the observed image
so as to learn a panoramic background.
We learn the model using 10 RGB frames (138 × 148 ×
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3) sampled from a longer video sequence (Fig. 6a).
Each frame consists of one of the two persons (modelled using different classes) moving towards the camera in front of a non-stationary background. Notice
that the images include scale changes in appearance
due to zoom, complex motion of hands and legs, wrinkles in the clothing, and large shifts in the position.
We used larger appearances and masks (138 × 178)
than the observed frames. Referring to our model in
fig. 1, we first train the model without incorporation of
the deformation to obtain the global position variables
in each layer for each frame. Once the global shifts are
inferred, we fix them to learn the deformation field and
the parameters of the model in tandem as outlined in
Sec. 5
In fig. 5, the parameters of the learned model are
shown. Frames corresponding to the first appearance
class have pixels belonging to the background that
are always occluded. However, these pixels are visible in some frames where the other appearance class
is present. By jointly modelling all the frames, we are
able to fill in for almost all the occluded pixels belonging to the background for any given frame. This is
further shown in fig. 5a. If we had chosen to learn two
separate models for the two classes, the background
will not have all its corresponding pixels observed.
For the pixels belonging to the texture less pathway,
the prior probability distribution over the mask is close
to uniform (fig. 5c & e). This suggests that for those
regions that do not have enough textural variations to
group them as belonging to one of the two layers, it is
at best to assign equal probability for either layer to
explain them.
In fig. 6, we present inference results for some representative frames, shown in fig. 6a. Fig. 6b is the corresponding inferred deformation field shifted according
to inferred global transformation. The flow vectors

Figure 4: Inferred deformation field corresponding to the image sequence shown in Fig. 2(the flow field is drawn
with reference to the fourth frame which is not shown here)
a

b

c

d

e

Figure 5: Parameters of two layered two class model learned using 10 frames from a video sequence (representative
frames in fig. 6 a)Learned background is larger than the size of input image b) Appearance of foreground object of
class 1 and c) the corresponding probability distribution of the binary mask (with white referring to probability
of 1 for the pixel belonging to foreground ) d) & e) appearance and probability mask of the second class of
foreground layer.
a

b

c

d

e

f

Figure 6: Illustration of inference for some frames of the sequence explained in sec. 6.2 a) frames from a sequence.
b) Deformation field for the background. c) Deformed, globally transformed background. d) Deformation field
for the foreground (masked). e) Distribution for the mask after global transformation is applied. f) Mask applied
on the frame in a)
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are drawn relative to the learned parameters. Each
vector in this field represents the most probable (that
vector that has the largest posterior probability) deformation vector for that pixel. The inferred deformation
field for the foreground appearance is in fig. 6c. It is
interesting to note that the deformation vectors for
appearance are smoother and more consistent along
the boundaries than on the central regions of the foreground object. As our approach learns a good appearance model, the boundaries of the objects are well
defined but the motion within the object is not very
coherent due to lack of enough texture variation between adjacent patches to reliably favor a particular
motion direction. We contrast this with inferred flow
vectors in the previous experiment (fig. 4) where we
had enough textural variation in the central region of
object of interest that we learned a much smoother
flow field.

7

Conclusions

We have enriched the flexible sprites model with
the deformable motion variables defined on overlapping patches. We assume that in each patch
there exist two motion vectors and that some pixels are following one and others the other motion.
The selection is defined by a patch of binary variables. These patches are also overlapping in the
model of the mask, aligned with one of the layers.
We were able to use this model of motion within
the flexible sprites model and obtain better appearance, mask and motion estimates. See the web page
http://www.psi.utoronto.ca/∼anitha/flex.html for additional results and videos.
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Abstract
For over a century, the study of logic has focused on the algebra of logical statements.
This work, ﬁrst performed by George Boole,
has led to the development of modern computers, and was shown by Richard T. Cox
to be the foundation of Bayesian inference.
Meanwhile the logic of questions has been
much neglected. For our computing machines
to be truly intelligent, they need to be able
to ask relevant questions. In this paper I will
show how the Boolean lattice of logical statements gives rise to the free distributive lattice of questions thus deﬁning their algebra.
Furthermore, there exists a quantity analogous to probability, called relevance, which
quantiﬁes the degree to which one question
answers another. I will show that relevance
is not only a natural generalization of information theory, but also forms its foundation.

1

INTRODUCTION

Intelligent machines need to actively acquire information, and the act of asking questions is central to
this capability. Question-asking comes in many forms
ranging from the simplest where an instrument continuously monitors data from a sensor, to the more
complex where a rover must decide which instrument
to deploy or measurement to take, and even the more
human-like where a robot must verbally request information from an astronaut during in an in-orbit construction task.
Intelligence is not just about providing the correct solution to a problem. When vital information is lacking,
intelligence is required to formulate relevant questions.
For over 150 years mathematicians have studied the
∗
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logic of statements (Boole, 1854); whereas the mathematics of questions has been almost entirely neglected.
In this paper, I will describe my recent work performed
in understanding the algebra of questions, and its associated calculus, the inquiry calculus.
Much of the material presented in this paper relies on
the mathematics of partially-ordered sets and lattices.
For this reason, I have included a short appendix to
which the reader can refer for some of the mathematical background. Section §2 brieﬂy discusses questions
and the motivation for this work. Section §3 introduces
the formal deﬁnition of a question. I develop the lattice
of questions and its associated algebra in Section §4.
I extend the question algebra to the inquiry calculus
in Section §5 by introducing a bi-valuation called relevance, which quantiﬁes the degree to which one question answers another. In section §6, I show that the
inquiry calculus is not only a natural generalization
of information theory, but also forms its foundation.
Section §7 summarizes the results, discusses how information theory has been used for some time to address
question-asking, and describes how this more general
methodology and deeper understanding will facilitate
this process.

2

QUESTIONS

Each and every one of us asks questions, and has
done so since being able to construct simple sentences.
Questions are an essential mechanism by which we obtain information, however as we all know, some questions are better than others. Questions are not always
verbal requests, but are often asked in the form of
physical manipulations or experiments: ‘What happens
when I let go of my cup of milk? ’ or ‘Will my mother
make that face again if I drop it a second time? ’ Questions may also be more fundamental, such as the saccade you make when you detect motion in your peripheral visual ﬁeld. Or perhaps the issue is more effectively resolved by turning your head so as to deploy

both your visual and auditory sensory modalities. Regardless of their form, “questions are requests for information” (Caticha, 2004).
Many questions simply cannot be asked: there may
be no one who will know the answer, no immediate
way to ask it, you may not be allowed for a variety
of reasons, or the question may be too expensive with
respect to some cost criteria. In most situations, these
questions cannot now be asked directly: ‘Is there life
in Europa’s ocean? ’, ‘How fast does the SR71 Blackbird ﬂy? ’, ‘How would radiation exposure on a Mars
mission aﬀect an astronaut’s health? ’, or ‘What is the
neutrino ﬂux emitted from Alpha Centauri? ’ In these
cases, one must resort to asking other questions that
do not directly request the information sought, yet still
have relevance to the unresolved issue. This sets up the
iterative process of inquiry and inference, which is essential to the process of learning—be it active learning
by a machine, learning performed by a child, or the act
of doing science by the scientiﬁc community.
Choosing relevant questions is a diﬃcult task that requires intelligence. Anyone who has tried to perform a
construction task with the assistance of a small child
will appreciate this fact. Constantly being asked ‘Do
you need a hammer? ’ by even the most enthusiastic
helper can be a great annoyance when you are struggling to drill a hole. This is precisely the situation we
will need to avoid when robots are used to assist us in
diﬃcult and dangerous construction tasks. Relevant
questions asked by an intelligent assistant will be invaluable to minimizing risks and maximizing productivity in human-robot interactions. However, despite
being an important activity on which we intelligent
beings constantly rely, the mathematics of quantifying
the relevance of a question to an outstanding issue has
been surprisingly neglected.

3

DEFINING QUESTIONS

One of the most interesting facts about questions is
that even though we don’t know the answer, the question is essentially useless if we have absolutely no idea
of what the answer could be. That is, when questions
are asked intelligently, we already have a notion of the
set of possible answers that the resolution may take.
Richard T. Cox in his last paper captured this idea
when he deﬁned a question as the set of all logical
statements that answer it (Cox, 1979).
The utility of such a deﬁnition becomes apparent when
one considers the set of all possible answers to be a
hypothesis space. The act of answering a question
is equivalent to retrieving information, which will be
used to further reﬁne the probability density function over the hypothesis space, thereby reducing un-
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certainty. This can be formalized to a greater degree, and to our advantage, by realizing that a set
of logical statements can be partially-ordered by the
binary ordering relation ‘implies’. This set of logical
statements along with its binary ordering relation →,
generically written in order-theoretic notation as ≤,
forms a partially-ordered set, which can be shown to
be a Boolean lattice (Birkhoﬀ, 1967; Davey & Priestley, 2002). As a concrete example, consider a humanrobotic cooperative construction task involving a robot
named Bender and a human named Fry.1 Bender has
become aware that Fry will be in need of a tool, but
must decide which tool Fry will prefer:
d = ‘Fry needs a drill!’
w = ‘Fry needs a wrench!’
h = ‘Fry needs a hammer!’
These three atomic statements comprise the three mutually exclusive possibilities in Bender’s hypothesis
space. The Boolean lattice A (Figure 1), which I will
interchangeably call the statement lattice or the assertion lattice, is the powerset of these three statements,
formed by considering all possible logical disjunctions,
ordered by the binary ordering relation ‘implies’, →.
In an ideal situation, Bender’s situational awareness
would provide suﬃcient information to allow him to
infer the tool Fry most probably needs. However, in reality, this will not always be the case, and Bender may
need more information to adequately resolve the inference. The human way to accomplish this is to simply
ask Fry for more information. Clearly, the most relevant question Bender can ask will depend both on the
probabilities of the various hypotheses in this space,
and on the speciﬁc issue Bender desires to resolve.
I now introduce a more formal deﬁnition of a question,
which will allow us to generate a lattice of questions
from a lattice of logical statements representing the
hypothesis space. I ﬁrst deﬁne a down-set (Davey &
Priestley, 2002).
Deﬁnition 1 (Down-set) A down-set is a subset J
of an ordered set L where if a ∈ J, x ∈ L, x ≤ a then
x ∈ J. Given an arbitrary subset K of L, we write the
down-set formed from K as J = ↓K = {y ∈ L|∃x ∈
K where y ≤ x}.
Keep in mind that ≤ represents the ordering relation
for the ordered set—in this case ≤ is equivalent to
→ for the lattice A. A formalized version of Cox’s
deﬁnition of a question follows (Knuth, 2003a, 2004b,
2005).
1
Bender and Fry are characters on the animated television series Futurama created by Matt Groening.

Figure 1: A3 is the Boolean lattice formed from three
mutually exclusive assertions ordered by the relation
‘implies’. The bottom element ⊥ is the absurdity,
which is always false, and the top element  is the
truism, which is always true.
Deﬁnition 2 (Question) A question Q is deﬁned as
a down-set of logical statements Q = ↓{a1 , a2 , . . . , an }.
The question lattice Q is the set of down-sets of the
assertion lattice A ordered by the usual set-inclusion
⊆, so that Q = O(A).
This deﬁnes a question in terms of the set of statements
that answer it, which includes all the statements that
imply those statements. Note that I am using lowercase letters for assertions (logical statements), uppercase letters for questions (or sets), and script letters
for ordered sets (lattices). The question lattice Q generated from the Bender’s Boolean assertion lattice A
is shown in Figure 2 with the following notation:
H = ↓h = {h, ⊥}
W H = ↓w ∨ h = {w ∨ h, w, h, ⊥}
DW H = ↓d ∨ w ∨ h = {d ∨ w ∨ h, . . .}
This lattice shows all the possible questions that one
can ask concerning the hypothesis space A. For example, the question H ∪ DW is the set union of the
questions H and DW . H∪DW represents the question
‘Do or do you not need a hammer? ’, since this question
can be answered by the statements {d ∨ w, d, w, h, ⊥},
where d ∨ w is equivalent to ‘Fry does not need a hammer! ’, since ∼ h = d ∨ w. 2 Note that not all of the
questions in Q have English language equivalents.

4

THE QUESTION ALGEBRA

The ordered set Q is comprised of sets ordered by the
usual set inclusion ⊆. This ordering relation naturally
implements the notion of answering. If a question A
2
Note also that ⊥ is the absurd answer, which answers
all questions since it implies everything (see Figure 1).
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Figure 2: Q3 is the free distributive lattice formed from
the assertion lattice A3 . Questions are ordered by setinclusion which implements the relation ‘answers’.

is deﬁned by a set that is a subset of the answers to
a second question B, so that A ⊆ B, then answering
the question A will also answer the question B. Thus
question A answers question B if and only if A ⊆ B.
This allows us to read A ⊆ B as ‘A answers B’, and
recognize that questions lower in the lattice (Figure 2)
answer questions higher in the lattice.
The fact that the ordered set Q is comprised of sets
ordered by ⊆ and closed under set union ∪ and set
intersection ∩ implies that it is a distributive lattice
(Knuth, 2003a,b, 2004a,b, 2005). This means that Q
possesses two binary algebraic operations, the join ∨
and meet ∧, which are identiﬁed with ∪ and ∩, respectively (Knuth, 2003a). Just as the join and meet on
the assertion lattice A can be identiﬁed with the logical disjunction ∨ (OR) and the logical conjunction ∧
(AND), the join and meet on the question lattice can
also be viewed as a disjunction and a conjunction of
questions, respectively. The question formed from the
meet of two questions asks what the two questions ask
jointly and is called the joint question; whereas the
question formed from the join of two questions asks
what the two questions ask in common and is called
the common question (Cox, 1979). These operations

Table 1: The Question Algebra

Answers
Reﬂexivity
Antisymmetry
Transitivity

ORDERING
≤ ≡ ⊆
For all A, A ≤ A
If A ≤ B and B ≤ A then A = B
If A ≤ B and B ≤ C then A ≤ C

OPERATIONS
∨ ≡ ∪
∧ ≡ ∩
A∨A=A
A∧A=A
Commutativity A ∨ B = B ∨ A
A∧B =B∧A
Associativity
A ∨ (B ∨ C) = (A ∨ B) ∨ C
A ∧ (B ∧ C) = (A ∧ B) ∧ C
Absorption
A ∨ (A ∧ B) = A ∧ (A ∨ B) = A
Distributivity
A ∧ (B ∨ C) = (A ∧ B) ∨ (A ∧ C)
A ∨ (B ∧ C) = (A ∨ B) ∧ (A ∨ C)
Disjunction
Conjunction
Idempotency

A≤B

⇔

CONSISTENCY
A∧B =A ⇔ A∨B =B

Deﬁnition 3 (Real Question) A real question is a
question Q ∈ Q, which can always be answered by a
true statement. The real sublattice is denoted by R.
It is straightforward to show that a real question entertains each of the mutually exclusive atomic statements
of A as acceptable answers (Knuth 2003a). This leads
to the following proposition, which I will leave for the
reader to prove.
Proposition 1 (The LeastReal Question) For
all Q∈ Q, Q ∈ R iﬀ Q ≥
↓ J(A). The question
C = ↓J(A) = min R is the least real question.
Thus the least element in the real sublattice R is the
question formed from the join of the downsets of the
mutually exclusive atomic statements of A. In our
example, this is D ∪ W ∪ H. This question is unique
in that it answers all real questions in Q.
Deﬁnition 4 (Central Issue) The central issue is
the least element in the real sublattice R of the question lattice Q, denoted min R. Answering the central
issue resolves all the real questions in the lattice.
Last, a partition question is a real question that neatly
partitions its set of answers. Speciﬁcally,

allow us to algebraically manipulate questions as easily
as we currently manipulate logical statements.
However, the similarities to the more speciﬁc Boolean
algebra end there. Distributive algebras, in general, do
not possess the Boolean operation of negation. Thus,
in general, questions do not possess complements.
The join-irreducible elements of the question lattice
J(Q) are the questions that cannot be written as
the join (set union) of two other questions. I call
these questions ideal questions (Knuth 2003a), denoted I = J(Q), reﬂecting the fact that they are the
ideals (Birkhoﬀ, 1967; Davey & Priestley, 2002) of the
lattice Q. While ideal questions neither have a verbal analogue nor are interesting to ask, they are useful mathematical constructs. Ideal questions form a
lattice isomorphic to the original assertion lattice A.
Thus we have the correspondence where Q = O(A)
and A ∼ J(Q). The lattices A and Q are said to be
dual in the sense of Birkhoﬀ’s Representation Theorem (Knuth 2005). Furthermore, O takes lattice sums
to lattice products; whereas J takes lattice products
to lattice sums. These maps are the order-theoretic
analogues of the exponential and the logarithm. This
will have important consequences when we generalize
the question algebra to the inquiry calculus.
There are other important types of questions. The
ﬁrst deﬁnition originated with Cox (1979).
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Deﬁnition 5 (Partition Question) A
partition
question is a real question P ∈ R formed
from
the
n
join of a set of ideal questions P = i=1 Xi where
∀ Xj , Xk ∈ J(Q), Xj ∧ Xk = ⊥ when j = k.
There are ﬁve partition questions in our example:
DW H, H ∪ DW , W ∪ DH, D ∪ W H, and D ∪ W ∪ H.
Together these questions form a lattice P isomorphic
to the partition lattice Π3 . Note that the central issue
is the partition question with the maximal number of
partitions. For this reason, it is the least ambiguous
question.
The question lattice Q generated from the Boolean lattice A is known as the free distributive lattice (Knuth,
2003a). As such, it is isomorphic to the lattice of simplicial complexes in geometry (Klain & Rota, 1997), as
well as the lattice of hypergraphs (Knuth, 2005). Thus

Figure 3: The hypergraph associated with the question
H ∪ DW = ‘Do you or do you not need a hammer? ’

hypergraphs are a convenient graphical means of diagramming questions. Figure 3 shows the hypergraph
associated with the partition question H ∪ DW = ‘Do
you or do you not need a hammer? ’ Such hypergraphs
may play a more signiﬁcant role when inquiry is united
with inference in the form of Bayes Nets.

5

and its multi-question generalization
d(X1 ∨ X2 ∨ · · · ∨ Xn |Q) =


d(Xi |Q) −
d(Xi ∧ Xj |Q)+
i



i<j

d(Xi ∧ Xj ∧ Xk |Q) − · · · ,

(2)

i<j<k

THE INQUIRY CALCULUS

With the question algebra well-deﬁned, I now extend
the ordering relation to a quantity that describes the
degree to which one question answers another. This
is done by deﬁning a bi-valuation on the lattice that
takes two questions and returns a real number d ∈
[0, c], where c is the maximal relevance.3 I call this
bi-valuation the relevance (Knuth, 2005)
Deﬁnition 6 (Relevance) The degree to which a
question Q resolves an outstanding issue I, for all
Q, I ∈ Q, is called the relevance, and is written d(I|Q)
where

(Q answers I)
 c if Q ≤ I
0 if Q ∧ I = ⊥ (Q and I are exclusive)
d(I|Q) =

d otherwise, where 0 < d < c.

which, due to the Möbius function of the distributive
lattice, displays the familiar sum and diﬀerence pattern known as the inclusion-exclusion principle (Klain
& Rota, 1997; Knuth 2004a, 2005).
Consistency with distributivity of ∧ over ∨ results
in the Product Rule (Caticha, 1998; Knuth 2004a,
2005):
d(X ∧ Y |Q) = c d(X|Q)d(Y |X ∧ Q),

(3)

where the real number c is again the maximal relevance. Note that the calculus cannot simultaneously
support distributivity of ∧ over ∨ and distributivity
of ∨ over ∧, which are both allowed in a distributive
lattice (Knuth 2004a, 2005). It may surprise some to
learn that is also the case in probability theory.
Last, consistency with commutativity of ∧ results in a
Bayes’ Theorem Analogue (Knuth 2004a, 2005):

with c being the maximal relevance.
This bi-valuation is deﬁned so as to extend the dual
of the zeta function for the lattice, which acts to
quantify order-theoretic inclusion, which in this case,
indicates whether the question Q answers the question I (Knuth, 2004a,b, 2005). The utility of this
bi-valuation becomes apparent when one considers
I = min R to be the central issue, and Q ∈ R to be an
arbitrary real question. The bi-valuation d(I|Q) quantiﬁes the degree to which Q resolves the central issue I
by taking a value d where 0 < d < c. This is analogous
to the notation in probability theory where p(x|y) describes the degree to which the statement y implies the
statement x (Cox, 1946, 1961; Jaynes, 2003).
Since the arguments of the relevance function can be
expressed as algebraic combinations of questions, we
must require that the values returned by the function are consistent with the algebraic properties of the
lattice. This consistency requirement results in three
rules, which describe how relevances relate to one another (Knuth 2004a, 2005). Consistency with associativity gives rise to the Sum Rule (Caticha, 1998;
Knuth 2004a, 2005):
d(X ∨ Y |Q) = d(X|Q) + d(Y |Q) − d(X ∧ Y |Q), (1)
3

Real numbers preserve transitivity, which is a useful
property in this context. Are real numbers always appropriate in such generalizations? The answer is ‘no’ and
quantum mechanics is an excellent example (Caticha, 1998;
Knuth, 2004a).
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d(Y |X ∧ Q) =

d(Y |Q)d(X|Y ∧ Q)
.
d(X|Q)

(4)

The fact that these three rules are shared between the
inquiry calculus and probability theory is a result of
the fact that both the assertion lattice A and the question lattice Q are distributive lattices, with a Boolean
lattice being a special case of a distributive lattice.
Since the assertion lattice A and the question lattice Q
are dual to one another in the sense of Birkhoﬀ’s Representation Theorem, it is not unreasonable to expect
that the values of the relevances of questions must be
consistent with the probabilities of their possible answers. Given an ideal question X = ↓x we require
d(X|) = H(p(x|)),

(5)

where d(X|) is the degree to which the question that
asks everything  answers X, p(x|) is the degree to
which the truism (the top element of A) implies the
statement x, and H is a function to be determined.
The result, which I discuss in detail elsewhere (Knuth,
2005), is based on four constraints imposed by the lattice structure additivity, subadditivity, symmetry, and
expansibility. Additivity and subadditivity are a result of the sum rule for questions (2). The constraint
of symmetry reﬂects the commutativity of the join;
whereas the constraint of expansibility reﬂects the fact

that adding a statement that is known to be false to
the underlying assertion lattice A does not aﬀect the
results. An important result from Janos Aczél and colleagues (Aczél, Forte & Ng, 1974) enables one to show
that given these properties, there is a unique form of
the relevance d(P |) in terms of probabilities.

If we look at our earlier example, we can compute the
degree to which  answers the question DW ∨ W H.
This is easily done using the sum rule, which gives

Theorem 1 (Relevance) If and only if d(P |) satisﬁes additivity, subadditivity, symmetry and expansibility, then there exist a ≥ 0 and b ≥ 0 such that

Clearly this quantity is related to the mutual information between DW and W H, which when written in
standard notation would look like

d(P |) = a Hm (p1 , p2 , · · · , pn )+
b o Hm (p1 , p2 , · · · , pn ),

(6)

where pi ≡ p(xi |), the Shannon entropy (Shannon &
Weaver, 1949) is deﬁned as
Hm (p1 , p2 , · · · , pn ) = −

n


pi log2 pi ,

(7)

i=1

and the Hartley entropy (Hartley, 1928) is deﬁned as
o Hm (p1 , p2 , · · ·

, pn ) = log2 N (P ),

(8)

where N (P ) is the number of non-zero arguments pi .
This result is important since it rules out the use of
other entropies for the purpose of inference and inquiry. Any other entropy function will lead to an inconsistency between the bi-valuations deﬁned on the
assertion lattice A and the bi-valuations deﬁned on the
question lattice Q.

6

A NATURAL GENERALIZATION
OF INFORMATION THEORY

I will now show that these results not only lead naturally to information theory, but signiﬁcantly generalize
its scope including several generalizations already proposed in the literature. For simplicity, I will assign the
arbitrary constants so that a = 1 and b = 0, and limit
ourselves to the Shannon entropy. The main result
of the previous section is that the degree to which the
top question  answers any partition question P ∈ P is
quantiﬁed by the entropy of its answers. Thus probability quantiﬁes what we know, whereas entropy quantiﬁes what we do not know.
However, more basic quantities also appear, and take
on new fundamental importance. Since partition questions are joins of ideal questions, it is straightforward
to show, using the sum rule, that the degree to which
 answers an ideal question Xi ∈ I is given by the
probability-weighted surprise
d(Xi |) = −pi log2 pi .

(9)
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d(DW ∨ W H|) = d(DW |) + d(W H|)
− d(DW ∧ W H|).

I(DW ; W H) =
H(DW ) + H(W H) − H(DW, W H),

(10)

(11)

where d(DW ∧ W H|) is related to the joint entropy.
Thus mutual information is related to the disjunction
of two issues, whereas the joint entropy is related to the
conjunction of two issues. However, in this illustration
is important to note that (10) is not exactly a mutual
information since neither DW nor W H are partition
questions, however with a larger hypothesis space it is
trivial to construct the mutual information this way.
By considering the disjunction and conjunction of
multiple issues, one can construct relevances that
are higher-order mutual informations and higher-order
joint entropies that exhibit the sum and diﬀerence patterns in the multi-question generalization of the sum
rule. Higher-order generalizations such as these were
independently suggested by several authors (McGill,
1955; Cox, 1961, 1979; Bell, 2003), however here one
can see that they occur naturally as a result of the
inquiry calculus.
To consider the conjunction and disjunction of questions to the right of the solidus, one must use the
sum and product rules in conjunction with the Bayes’
theorem analogue to move questions from one side
of the solidus to the other. The following example demonstrates a typical calculation, which also includes some algebraic manipulation. Consider again
Bender’s central issue T = ‘Which tool do you need? ’.
However, Bender has asked this question 10 times
in the last hour, and Fry is getting quite irritated and will lose his temper if he hears that
question again. To ﬁnd another question, Bender
computes the relevance that the question QH =
‘Do you or do you not need a hammer? ’ has on the issue. This calculation results in
d(T |QH ) = d(T |QH ∧ )
d(QH |)
d(T |)
d(QH |)
= d(QH |T )
d(T |)
d(QH |)
,
=c
d(T |)

= d(QH |T ∧ )

(12)

where the result is simply a ratio of two entropies.
Note that this formalism relies on relevances that are
conditional—like probabilities. This notion is absent
in traditional information theory, and is another way in
which the inquiry calculus is a natural generalization.

7

DISCUSSION

I have demonstrated that the question algebra and
the inquiry calculus follow naturally from a straightforward deﬁnition of a question as the set of statements that answer it. The question algebra enables
one to manipulate questions algebraically as easily as
we currently manipulate logical statements, whereas
the inquiry calculus allows us to quantify the degree
to which one question answers another. This methodology promises to enable us to design machines that
can identify maximally relevant questions in order to
actively obtain information. This work has clear implications for areas of research that rely on questionasking, such as experimental design (Lindley, 1956;
Loredo, 2004), search theory (Pierce, 1979), and active learning (MacKay, 1992), each of which has taken
advantage of information theory during their histories.
In addition, this approach has already shown promise
in several applications by Robert Fry (1995, 2002).
However, the inquiry calculus is more fundamental
than information theory in the sense that it derives
directly from the question algebra. The sole postulate
is that the bi-valuations on the dual lattices are deﬁned consistently. The result is that the Shannon and
Hartley entropies are the only entropies that can be
used for the purposes of inquiry—all other entropies
will lead to inconsistencies. Entropy is related to the
relevances involving the partition questions, mutual information is related to disjunctions of questions, and
joint entropy is related to conjunctions of questions.
Higher-order informations occur naturally when multiple disjunctions and conjunctions are considered. Last,
the calculus allows for, and relies on, conditional quantities not considered in traditional information theory.
The result is an algebra and a calculus that takes the
guesswork out of deﬁning information-theoretic cost
functions in applications involving question-asking.
Our explorations into the realm of questions are only
beginning, and it would be naı̈ve to think that the
work presented here is the entire story. Recently, Ariel
Caticha presented an alternative approach to viewing
a question as a probability distribution, which is in
some ways simultaneously more general yet more restrictive than the approach presented here (Caticha,
2004). The result is a measure of relevance described
by relative entropy. It will be interesting to see where
these new investigations lead.
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APPENDIX: POSETS AND
LATTICES

In this section I introduce some basic concepts of order
theory that are necessary to understand the spaces of
logical statements and questions. Order theory captures the notion of ordering elements of a set. For a
given set, one associates a binary ordering relation to
form what is called a partially-ordered set, or a poset
for short. This ordering relation, generically written
≤, satisﬁes reﬂexivity, antisymmetry, and transitivity.
The ordering a ≤ b is generally read ‘b includes a’.
When a ≤ b and a = b, we write a < b. Furthermore,
if a < b, but there does not exist an element x in the
set such that a < x < b, then we write a ≺ b, read ‘b
covers a’, indicating that b is a direct successor to a in
the hierarchy induced by the ordering relation. This
concept of covering can be used to construct diagrams
of a poset. If an element b includes an element a then
it is drawn higher in the diagram. If b covers a then
they are connected by a line.
A poset P possesses a greatest element if there exists
an element  ∈ P , called the top, where x ≤  for all
x ∈ P . Dually, a poset may possess a least element
⊥ ∈ P , called the bottom. The elements that cover the
bottom are called atoms.
Given two elements x and y, their upper bound is deﬁned as the set of all z ∈ P such that x ≤ z and y ≤ z.
If a unique least upper bound exists, it is called the
join, written x ∨ y. Dually, we can deﬁne the lower
bound and the greatest lower bound, which if it exists,
is called the meet, x∧y. Graphically the join of two elements can be found by following the lines upward until
they ﬁrst converge on a single element. The meet can
be found dually. Elements that cannot be expressed
as a join of two elements belong to a special set of
elements called join-irreducible elements.
The dual of a poset P , written P ∂ can be formed by reversing the ordering relation, which can be visualized
by ﬂipping the poset diagram upside-down. This action exchanges joins and meets and is the reason that
their relations come in pairs (see Table 1).
A lattice L is a poset where the join and meet exist for
every pair of elements. We can view the lattice from
a structural viewpoint as a set of objects arranged by
an ordering relation ≤. However, we can also view the
lattice from an operational viewpoint as an algebra
on the space of elements with the operations ∨ and ∧
along with any other relations induced by the ordering
relation. The join and meet obey idempotency, commutativity, associativity, and the absorption property.
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Abstract

Another implicit advantage of the probabilistic approach
is that it provides well-justified loss functions for learning, e.g. maximum likelihood for generative models, and
max conditional likelihood for discriminative models. Because of the normalization, maximizing the likelihood of
the training samples will automatically decrease the likelihood of other points, thereby driving machine to approach
the desired behavior. The downside is that the negative loglikelihood is the only well-justified loss functions. Yet, approximating a distribution over the entire space by maximizing likelihood may be an overkill when the ultimate
goal is merely to produce the right decision.

Probabilistic graphical models associate a probability to each configuration of the relevant variables. Energy-based models (EBM) associate an
energy to those configurations, eliminating the
need for proper normalization of probability distributions. Making a decision (an inference) with
an EBM consists in comparing the energies associated with various configurations of the variable
to be predicted, and choosing the one with the
smallest energy. Such systems must be trained
discriminatively to associate low energies to the
desired configurations and higher energies to undesired configurations. A wide variety of loss
function can be used for this purpose. We give
sufficient conditions that a loss function should
satisfy so that its minimization will cause the system to approach to desired behavior. We give
many specific examples of suitable loss functions, and show an application to object recognition in images.

We will argue that using proper probabilistic models, because they must be normalized, considerably restricts our
choice of model architecture. Some desirable architectures
may be difficult to normalize (the normalization may involve the computation of intractable partition functions),
or may even be non-normalizable (their partition function
may be an integral that does not converge).

1 Introduction
Graphical Models are overwhelmingly treated as probabilistic generative models in which inference and learning
are viewed as probabilistic estimation problems. One advantage of the probabilistic approach is compositionality:
one can build and train component models separately before assembling them into a complete system. For example,
a Bayesian classifier can be built by assembling separatelytrained generative models for each class. But if a model
is trained discriminatively from end to end to make decisions, mapping raw input to ultimate outputs, there is no
need for compositionality. Some applications require hard
decisions rather than estimates of conditional output distributions. One example is mobile robot navigation: once
trained, the robot must turn left or right when facing an obstacle. Computing a distribution over steering angles would
be of little use in that context. The machine should be
trained from end-to-end to approach the best possible decision in the largest range of situations.
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This paper concerns a more general class of models called
Energy-Based Models (EBM). EBMs associate an (unnormalized) energy to each configuration of the variables
to be modeled. Making an inference with an EBM consists in searching for a configuration of the variables to be
predicted that minimizes the energy, or comparing the energies of a small number of configurations of those variables.
EBMs have considerable advantages over traditional probabilistic models: (1) There is no need to compute partition
functions that may be intractable; (2) because there is no
requirement for normalizability, the repertoire of possible
model architectures that can be used is considerably richer.
Training an EBM consists in finding values of the trainable
parameter that associate low energies to “desired” configurations of variables (e.g. observed on a training set), and
high energies to “undesired” configurations. With properly normalized probabilistic models, increasing the likelihood of a “desired” configuration of variables will automatically decrease the likelihoods of other configurations.
With EBMs, this is not the case: making the energy of desired configurations low may not necessarily make the energies of other configurations high. Therefore, one must
be very careful when designing loss functions for EBMs 1 .
1

it is important to note that the energy is quantity minimized

We must make sure that the loss function we pick will effectively drive our machine to approach the desired behavior. In particular, we must ensure that the loss function has
no trivial solution (e.g. where the best way to minimize
the loss is to make the energy constant for all input/output
pair). A particular manifestation of this is the so-called collapse problem that was pointed out in some early works that
attempted to combined neural nets and HMMs [7, 2, 8].
This energy-based, end-to-end approach to learning has
been applied with great success to sentence-level handwriting recognition in the past [10]. But there has not been
a general characterization of “good” energy functions and
loss functions. The main point of this paper is to give sufficient conditions that a discriminative loss function must
satisfy, so that its minimization will carve out the energy
landscape in input/output space in the right way, and cause
the machine to approach the desired behavior. We then propose a wide family of loss functions that satisfy these conditions, independently of the architecture of the machine
being trained.

2 Energy-Based Models
Let us define our task as one of predicting the best configuration of a set of variables denoted collectively by Y , given
a set of observed (input) variables collectively denoted by
X. Given an observed configuration for X, a probabilistic
model (e.g. a graphical model) will associate a (normalized) probability P (Y |X) to each possible configuration
of Y . When a decision must be made, the configuration of
Y that maximizes P (Y |X) will be picked.
An Energy-Based Model (EBM) associates a scalar energy
E(W, Y, X) to each configuration of X, Y . The family of
possible energy functions is parameterized by a parameter
vector W , which is to be learned. One can view this energy function as a measure of “compatibility” between the
values of Y and X. Note that there is no requirement for
normalization.
The inference process consists in clamping X to the observed configuration (e.g. an input image for image classification), and searching for the configuration of Y in a
set {Y } that minimizes the energy. This optimal configuration is denoted Y̌ : Y̌ = argminY ∈{Y } E(W, Y, X). In
many situations, such as classification, {Y } will be a discrete set, but in other situations {Y } may be a continuous set (e.g. a compact set in a vector space). This paper
will not discuss how to perform this inference efficiently:
the reader may use her favorite and most appropriate optimization method depending upon the form of E(W, Y, X),
including exhaustive search, gradient-based methods, variational methods, (loopy) belief propagation, dynamic programming, etc.
Because of the absence of normalization, EBMs should
only be used for discrimination or decision tasks where
only the relative energies of the various configurations of
during inference, while the loss is the quantity minimized during
learning

207

Figure 1: Two energy surfaces in X, Y space obtained
by training two neural nets to compute the function Y =
X 2 − 1/2. The blue dots represent a subset of the training samples. In the left diagram, the energy is quadratic
in Y , therefore its exponential is integrable over Y . This
model is equivalent to a probabilistic Gaussian model of
P (Y |X). The right diagram uses a non-quadratic saturated
energy whose exponential is not integrable over Y . This
model is not normalizable, and therefore has no probabilistic counterpart.

Y for a given X matter. However, if exp(−E(W, Y, X)) is
integrable over Y , for all X and W , we can turn an EBM
into an equivalent probabilistic model by posing:
P (Y |X, W ) = R

exp(− E(W, Y, X)
y exp(− E(W, y, X))

where is an arbitrary positive constant. The normalizing term (the denominator) is called the partition function.
However, the EBM framework gives us more flexibility because it allows us to use energy functions whose exponential is not integrable over the domain of Y . Those models
have no probabilistic equivalents.
Furthermore, we will see that training EBMs with certain
loss functions circumvents the requirement for evaluating
the partition function and its derivatives, which may be intractable. Solving this problem is a major issue with probabilistic models, if one judges by the considerable amount
of recent publications on the subject.
Probabilistic models are generally trained with the maximum likelihood criterion (or equivalently, the negative loglikelihood loss). This criterion causes the model to approach the conditional density P (Y |X) over the entire domain of Y for each X. With the EBM framework, we allow ourselves to devise loss functions that merely cause
the system to make the best decisions. These loss functions
are designed to place minY ∈{Y } E(W, Y, X) near the desired Y for each X. This is a considerably less complex
and less constrained problem than that of estimating the
“correct” conditional density over Y for each X. To convince ourselves of this, we can note that many different
energy functions may have minima at the same Y for a
given X, but only one of those (or a few) maximizes the
likelihood. For example, figure 1 shows two energy surfaces in X, Y space. They were obtained by training two
neural nets (denoted G(W, X)) to approximate the function Y = X 2 − 1/2. In the left diagram, the energy
E(W, Y, X) = (Y − G(W, X))2 is quadratic in Y , there-

Figure 2: Examples of EBMs. (a) switch-based classifier; (b) a regressor; (c) constraint satisfaction architecture. Multidimensional variables are in red, scalars in green, and discrete variables in green dotted lines.

fore its exponential is integrable over Y . This model is
equivalent to a probabilistic Gaussian model for P (Y |X).
The right diagram uses a non-quadratic saturated energy
E(W, Y, X) = tanh (Y − G(W, X))2 whose exponential is not integrable over Y . This model is not normalizable, and therefore has no probabilistic counterpart, yet it
fulfills our desire to produce the best Y for any given X.

2.1 Previous work
Several authors have previously pointed out the shortcomings of normalized models for discriminative tasks. Bottou [4] first noted that discriminatively trained HMMs are
unduly restricted in their expressive power because of the
normalization requirements, a problem recently named “label bias” in [9]. To alleviate this problem, late normalization schemes for un-normalized discriminative HMMs
were proposed in [6] and [10]. Recent works have revived
the issue in the context of sequence labelling [5, 1, 14].
Some authors have touted the use of various nonprobabilistic loss functions, such as the Perceptron loss or
the maximum margin loss, for training decision-making
systems [7, 10, 5, 1, 14]. However, the loss functions in
these systems are intimately linked to the underlying architecture of the machine being trained. Some loss functions
are incompatible with some architectures and may possess
undesirable minima. The present paper gives conditions
that “well-behaved” loss functions should satisfy.
Teh et al. [15] have introduced the term “Energy-Based
Model” in a context similar to ours, but they only considered the log-likelihood loss function. We use the term EBM
in a slightly more general sense, which include the possibility of using other loss functions. Bengio et al. [3] describe
an energy-based language model, but they do not discuss
the issue of loss functions.
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2.2 Examples of EBMs
EBM for Classification: Traditional multi-class classifiers
can be viewed as particular types of EBMs whose architecture is shown in figure 2(a). A parameterized discriminant function G(W, X) produces an output vector with one
component for each of the k categories (G0 , G1 ..., Gk−1 ).
Component Gi is interpreted as the energy (or “penalty”)
for assigning X to the i-th category. A discrete switch
module selects which of the components is connected to the
output energy. The position of the switch is controlled by
the discrete variable Y , which is interpreted as the category.
Pk−1
The output energy is equal to E(W, Y, X) = i=0
δ(Y −
i)G(W, X)i , where δ(Y − i) is equal to 1 for Y = i and 0
otherwise (Kronecker function), and G(W, X)i is the i-th
component of G(W, X). Running the machine consists in
finding the position of the switch (the value of Y ) that minimizes the energy, i.e. the position of the switch that selects
the smallest component of G(W, X).
EBM for Regression: A regression function G(W, X)
with the squared error loss (e.g. a traditional neural network) is a trivial form of minimum energy machine (see
figure 2(b)). The energy function of this machine is defined as E(W, Y, X) = 12 ||G(W, X) − Y ||2 . The value of
Y that minimizes E is simply equal to G(W, X). Therefore, running such a machine consists simply in computing
G(W, X) and copying the value into Y . The energy is then
zero. This architecture can be used for classification by
simply making {Y } a discrete set (with one element for
each category).
EBM for Constraint Satisfaction: sometimes, the dependency between X and Y cannot be expressed as a function
that maps X’s to Y ’s (consider for example the constraint
X 2 + Y 2 = 1). In this case, one can resort to modeling
“constraints” that X and Y must satisfy. The energy function measures the price for violating the constraints. An
example architecture is shown in figure 2(c). The energy
is E(W, Y, X) = C(Gx (Wx , X), Gy (Wy , Y )), where GX

and Gy are functions to be learned, and C(a, b) is a dissimilarity measure (e.g. a distance).

computed as part of the energy-minimizing inference process. Section 4 reports experimental results obtained with
such a system.

2.3 Deterministic Latent Variables
Many tasks are more conveniently modeled by architectures that use latent variables. Deterministic latent variables are extra variables (denoted by Z) that influence the
energy, and that are not observed. During an inference, the
energy is minimized over Y and Z:
(Y̌ , Ž) = argminY ∈{Y }, Z∈{Z} E(W, Y, Z, X)
By simply redefining our energy function as:
Ě(W, Y, X) = min E(W, Y, Z, X)
Z∈{Z}

We can essentially ignore the issue of latent variables.
Latent variables are very useful in situations where a hidden characteristic of the process being modeled can be inferred from observations, but cannot be predicted directly.
This occurs for example in speech recognition, handwriting recognition, natural language processing, and biological sequence analysis, and other sequence labeling tasks
where a segmentation must be performed simultaneously
with the recognition. Alternative segmentations are often represented as paths in a weighted lattice. Each path
may be associated with a category [10, 5, 1, 14]. The
path being followed in the lattice can be viewed as a discrete latent variable. Searching for the best path using
dynamic programming (Viterbi) or approximate methods
(e.g. beam search) can be seen as a minimization of
the energy function with respect to this discrete variable.
For example, in a speech recognition context, evaluating
minZ∈{Z} E(W, Y i , Z, X i ) is akin to “constrained segmentation”: finding the best path in the lattice that produces
a particular output label Y i .
An EBM framework with which to perform graph manipulations and search, while preserving the ability to compute
partial derivatives for learning is the Graph Transformer
Network model described in [10]. However, that paper
only mentions two loss functions (generalized perceptron
and log-likelihood), without a general discussion of how to
construct appropriate loss functions.
Rather than give a detailed description of latent-variable
EBM for sequence processing, we will describe an application to visual object detection and recognition. The architecture is shown in figure 3. The input image is first turned
into an appropriate representation (e.g. a feature vector)
by a trainable front-end module (e.g. a convolutional network, as in [11]). This representation is then matched to
models of each category. Each model outputs an energy
that measures how well the representation matched the category (a low energy indicates a good match, a high energy
a bad match). The switch selects the best-matching category. The object models take in latent variables that may be
used to represent some instantiation parameters of the objects, such as the pose, illumination, or conformation. The
optimal value of those parameters for a particular input is
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3 Loss Functions for EBM Training.
In supervised learning, the training set S is a set of pairs
S = {(X i , Y i ) , i = 1..P } where X i is an input, and Y i
is a desired output to be predicted. Practically every learning methods can be described as the process of finding the
parameter W ∈ {W } that minimizes a judiciously chosen
loss function L(W, S). The loss function should be a measure of the discrepancy between the machine’s behavior
and the desired behavior on the training set. Well-behaved
loss functions for EBMs should shape the energy landscape
so as to “dig holes” at (X, Y ) locations near training samples, while “building hills” at un-desired locations, particularly the ones that are erroneously picked by the inference
algorithm. For example, a good loss function for the regression problem depicted in figure 1 should dig holes around
the blue dots (which represent a subset of the training set,
while ensuring that the surrounding areas have higher energy.
In the following, we characterize the general form of loss
functions whose minimization will make the machine carve
out the energy landscape in the right way so as to approach
the desired behavior. We define the loss on the full training
set as:
!
P
1 X
i
i
L(W, S) = R
L(W, Y , X )
(1)
P i=1
where L(W, Y i , X i ) is the per-sample loss function for
sample (X i , Y i ), and R is a monotonically increasing
function. Loss functions that combine per-sample losses
through other symmetric n-ary operations than addition
(e.g. multiplication, as in the case of likelihood-like loss
functions) can be trivially obtained from the above through
judicious choices of R and L. With this definition, the loss
is invariant under permutations of the samples, and under
multiple repetitions of the same training set. In the following we will set R to the identity function. We assume that
L(W, Y i , X i ) has a lower bound over W for all Y i , X i .
At this point, we can note that if we minimize any such
loss on a training set over a set of functions with finite VCdimension, appropriate VC-type upper bounds for the expected loss will apply, ensuring the convergence of the empirical loss to the expected loss as the training set size increases. Therefore, we will only discuss the conditions under which a loss function will make the machine approach
the desired behavior on the training set.
Sometimes, the task uniquely defines a “natural” loss function (e.g. the number of mis-classified examples), but more
often than not, minimizing that function is impractical.
Therefore one must resort to surrogate loss functions whose
choice is up to the designer of the system. One crucial, but
often neglected, question must be answered before choosing a loss function: “will minimizing the loss cause the

Figure 3: Example of a switch-based Energy-Based Model architecture for object recognition in images, where the pose of
the object is treated as a latent variable.

learning machine to approach the desired behavior?” We
will give general conditions for that.
The inference process produces the Y that minimizes
Ě(W, Y, X i ). Therefore, a well-designed loss function
must drive the energy of the desired output Ě(W, Y i , X i )
to be lower than the energies of all the other possible outputs. Minimizing the loss function should result in “holes”
at X, Y locations near the training samples, and “hills” at
un-desired locations.
3.1 Conditions on the Energy
The condition for the correct classification of sample X i is:
Condition 1 Ě(W, Y i , X i ) < Ě(W, Y, X i ) ,
{Y }, Y 6= Y i

∀Y ∈

To ensure that the correct answer is robustly stable, we may
choose to impose that the energy of the desired output be
lower than the energies of the undesired outputs by a margin m:
Condition 2 Ě(W, Y i , X i ) < Ě(W, Y, X i ) − m , ∀Y ∈
{Y }, Y 6= Y i
We will now consider the case where Y is a discrete variable. Let us denote by Ȳ the output that produces the smallest energy while being different from the desired output Y i :
Ȳ = argminY ∈{Y },Y 6=Y i Ě(W, Y, X i ). Condition 2 can
be rewritten as:
Condition 3 Ě(W, Y i , X i ) < Ě(W, Ȳ , X i ) − m , Ȳ =
argminY ∈{Y },Y 6=Y i Ě(W, Y, X i )
For the continuous Y case, we can simply define Ȳ as the lowest-energy output outside of a
ball of a given radius around the desired output:
argminY ∈{Y },||Y −Y i ||> Ě(W, Y, X i )
3.2 Sufficient conditions on the loss function
We will now make the key assumption that L depends on X i only indirectly through the set of energies
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{Ě(W, Y, X i ) , Y ∈ {Y }} . For example, if {Y }is the
set of integers between 0 and k − 1, as would be the case
for the switch-based classifier with k categories shown in
figure 2(a), the per-sample loss for sample (X i , Y i ) should
be of the form:
L(W, Y i , X i ) = L(Y i , Ě(W, 0, X i ), . . . , Ě(W, k−1, X i ))
(2)
With this assumption, we separate the choice of the loss
function from the details of the internal structure of the machine, and limit the discussion to how minimizing the loss
function affects the energies.
We must now characterize the form that L can take such
that its minimization will eventually drive the machine to
satisfy condition 3.
We must design L in such a way that minimizing it will decrease the difference Ě(W, Y i , X i )− Ě(W, Ȳ , X i ), whenever Ě(W, Ȳ , X i ) < Ě(W, Y i , X i ) + m. In other words,
whenever the difference between the energy of the incorrect answer with the lowest energy and the energy of the
desired answer is less than the margin, our learning procedure should make that difference larger. We will now propose a set of sufficient conditions on the loss that guarantee
this.
Since we are only concerned with how the loss influences
the relative values of Ě(W, Y i , X i ), and Ě(W, Ȳ , X i ),
we will consider the shape of loss surface in the space of
Ě(W, Y i , X i ) and Ě(W, Ȳ , X i ), and view the other arguments of the loss (the energies for all the other values of Y )
as parameters of that surface:
L(W, Y i , X i ) = Q[Ey ] (Ě(W, Y i , X i ), Ě(W, Ȳ , X i ))
where the parameter [Ey ] contains the vector of energies
for all values of Y except Y i and Ȳ .
We can now state sufficient conditions that guarantee
that minimizing L will eventually satisfy condition 3.
In all the sufficient conditions stated below, we assume
that there exist a W such that condition 3 is satisfied for a single training example (X i , Y i ), and that
Q[Ey ] (Ě(W, Y i , X i ), Ě(W, Ȳ , X i )) is convex (convex in

its 2 arguments, but not necessarily convex in W ). The
conditions must old for all values of [Ey ].
Condition 4 The
minima
of
Q[Ey ] (Ě(W, Y i , X i ), Ě(W, Ȳ , X i )) are in the halfplane Ě(W, Ȳ , X i ) < Ě(W, Y i , X i ) + m.
This condition on the loss function clearly ensures that minimizing it will drive the machine to find a solution that satisfies condition 3, if such a solution exists.
Another sufficient condition can be stated to characterize
loss functions that do not have minima, or whose minimum
is at infinity:
Condition 5 the
gradient
of
Q[Ey ] (Ě(W, Y i , X i ), Ě(W, Ȳ , X i )) on the margin
line Ě(W, Ȳ , X i ) = Ě(W, Y i , X i ) + m, has a positive
dot product with the direction [-1,1].
This condition guarantees that minimizing L will drive the
energies Ě(W, Ȳ , X i ) and Ě(W, Y i , X i ) toward the halfplane Ě(W, Ȳ , X i ) < Ě(W, Y i , X i ) + m.
Yer another sufficient condition can be stated to characterize loss functions whose minima are not in the desired halfplane, but where the possible values of Ě(W, Ȳ , X i ) and
Ě(W, Y i , X i ) are constrained by their dependency on W
in such a way that the minimum of the loss while satisfying
the constraint is in the desired half-plane:
Condition 6 On the margin line Ě(W, Ȳ , X i ) =
Ě(W,
Y i , X i ) + m, thei following must hold:
h
∂ Ě(W,Y i ,X i )
∂W

−

∂ Ě(W,Ȳ ,X i )
∂W

i

,X
. ∂L(W,Y
∂W

i

)

>0

This condition ensures that an update of the parameters W to minimize the loss will drive the energies
Ě(W, Ȳ , X i ) and Ě(W, Y i , X i ) toward the desired halfplane Ě(W, Ȳ , X i ) < Ě(W, Y i , X i ) + m.
We must emphasize that these are only sufficient conditions. There may be legitimate loss functions (e.g. nonconvex functions) that do not satisfy them, yet have the
proper behavior.
3.3 Examples of Loss Functions
We can now give examples of loss functions that satisfy the
above criteria, and examine whether some of the popular
loss functions proposed in the literature satisfy it.
Energy Loss: The simplest and most widely used
loss is the energy loss, which is simply of the form
Lenergy (W, Y i , X i ) = Ě(W, Y i , X i ). This loss does not
satisfy condition 4 or 5 in general, but there are certain forms of Ě(W, Y i , X i ) for which condition 6 is satisfied. For example, let us consider an energy of the form
PK
E(W, Y, X) = k=1 δ(Y − k).||U k − G(W, X)||2 . Function G(W, X) could be a neural net, on top of which are
placed K radial basis functions whose centers are the vectors U k . If the U k are fixed and all different, then the en-
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ergy loss applied to this machine fulfills condition 6. Intuitively, that is because by pulling G(W, X) towards one of
the RBF centers, we push it away from the others. Therefore when the energy of the desired output decreases, the
other ones increase. However, if we allow the RBF centers
to be learned, condition 6 is no longer fulfilled. In that case,
the loss has spurious minima where all the RBF centers are
equal, and the function G(W, X) is constant and equal to
that RBF center. The loss is zero, but the machine does
not produce the desired result. Picking any combination of
loss and energy that satisfy any of the conditions 4, 5, or 6
solves this collapse problem.
Generalized Perceptron Loss: We define the generalized
Perceptron loss for training sample (X i , Y i ) as:
Lptron (W, Y i , X i ) = Ě(W, Y i , X i )− min Ě(W, Y, X i )
Y ∈{Y }

(3)
It is easy to see that with E(W, Y i , X i ) = −Y i .W T X i ,
and {Y } = {−1, 1}, the above loss reduces to the traditional linear Perceptron loss. The generalized perceptron
loss satisfies condition 4 with m = 0. This loss was used
by [10] for training a commercially deployed handwriting
recognizer that combined a heuristic segmenter, a convolutional net, and a language model (where the latent variables
represented paths in an interpretation lattice). A similar
loss was studied by [5] for training a text parser. Because
the margin is zero, this loss may not prevent collapses for
certain architecture.
Generalized Margin Loss: A more robust version of the
Perceptron loss is the Margin Loss, which directly uses the
energy of most offending non-desired output Ȳ in the contrastive term:
Lmargin (W, Y i , X i ) = Qm [Ě(W, Y i , X i )−Ě(W, Ȳ , X i )]
(4)
where Qm (e) is any function that is monotonically increasing for e > −m. The traditional “hinge loss” used with
kernel-based methods, and the loss used by the LVQ2 algorithm are special cases with Qm (e) = e + m for e > −m,
and 0 otherwise. Special forms of that loss were used in [7]
for discriminative speech recognition, and in [1] and [14]
for text labeling. The exponential loss used in AdaBoost is
a special form of equation (4) with Qm (e) = exp(e). A
slightly more general form of the margin loss that satisfies
conditions 4 or 5 is given by:
Lgmargin (W, Y i , X i ) = Qgm [Ě(W, Y i , X i ), Ě(W, Ȳ , X i )]
(5)
∂Qgm (e1,e2)
∂Qgm (e1,e2)
with the condition that
>
when
∂e1
∂e2
e1 + m > e2. An example of such loss is:
L(W, Y i , X i ) = Q+ (Ě(W, Y i , X i ))+Q− (Ě(W, Ȳ , X i ))
(6)
where Q+ (e) is a convex monotonically increasing function, and Q− (e) a convex monotonically decreasing func+
dQ−
tion such that if dQ
de |e1 = 0 and de |e2 = 0 then
e1 + m < e2. When Ě(W, Y i , X i ) is akin to a distance
(bounded below by 0), a judicious choice for Q+ and Q−

is:
L(W, Y i , X i ) = Ě(W, Y i , X i )2 +κ exp(− Ě(W, Ȳ , X i ))
(7)
where κ and are positive constants. A similar loss function was recently used by our group to train a pose-invariant
face detection [12]. This system can simultaneously detect
faces and estimate their pose using latent variables to represent the head pose.
Contrastive Free Energy Loss: While the loss functions
proposed thus far involve only Ě(W, Ȳ , X i ) in their contrastive part, loss functions can be devised to combine all
the energies for all values of Y in their contrastive term:
L(W, Y i , X i ) = Ě(W, Y i , X i )−

Figure 4: Invariant object recognition with NORB dataset.
The left portion shows sample views of the training instances, and the right portion testing instances for the 5
categories.

(8)

F (Ě(W, 0, X i ), . . . , Ě(W, k − 1, X i ))
F can be interpreted as a generalized free energy of the ensemble of systems with energies Ě(W, Y, X i ) ∀Y ∈ {Y }.
It appears difficult to characterize the general form of F
that ensures that L satisfies condition 5. An interesting special case of this loss is the familiar negative log-likelihood
loss:
Lnll (W, Y i , X i ) = Ě(W, Y i , X i ) − Fβ (W, X i )

(9)

with
Fβ (W, X i ) = −

1

log

Z

exp[− Ě(W, Y, X i )]

!

Y ∈{Y }

(10)
where
is a positive constant. The second term can
be interpreted as the Helmholtz free energy (log partition function) of the ensemble of systems with energies
Ě(W, Y, X i ) ∀Y ∈ {Y }. This type of discriminative loss
with = 1 is widely used for discriminative probabilistic models in the speech, handwriting, and NLP communities [10, 2, 8]. This is also the loss function used in the
conditional random field model of Lafferty et al [9].
We can see that loss (9) reduces to the generalized Perceptron loss when → ∞. Computing this loss and its derivative requires computing integrals (or sums) over {Y } that
may be intractable. It also assumes that the exponential of
the energy be integrable over {Y }, which puts restrictions
on the choice of E(W, Y, X) and/or {Y }.

4 Illustrative Experiments
To illustrate the use of contrastive loss functions with nonprobabilistic latent variables, we trained a system to recognize generic objects in images independently of the pose
and the illumination. We used the NORB dataset [11]
which contains 50 different uniform-colored toy objects
under 18 azimuths, 9 elevations, and 6 lighting conditions.
The objects are 10 instance from 5 generic categories: fourlegged animals, human figures, airplanes, trucks, and cars.
Five instances of each category were used for training, and
the other five for testing (see figure 4). A 6-layer convolutional network trained with the mean-square loss achieves
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6.8% test error on this set when fed with binocular 96 × 96pixel gray-scale images [11].
We used an architecture very much like the one in figure 3,
where the feature extraction module is identical to the first
5 layers of the 6-layer convolutional net used in the reference experiment. The object model functions were of the
form: Ei = ||Wi .V − F (Z)||, i = 1..5, where V is the
output of the 5-layer net (100 dimensions), Wi is a 9 × 100
(trainable) weight matrix. The latent variable Z has two
dimensions that are meant to represent the azimuth and elevation of the object viewpoint. The set of possible values
{Z} contained 162 values (azimuths: 0-360 degrees every
20, elevations: 30-70 degrees every 5). The output of F (Z)
is a point on an azimuth/elevation half-sphere (2D surface)
embedded in the 9D hypercube [−1, +1]9 . The minimization of the energy over Z is performed through exhaustive
search (which is relatively cheap).
We used the loss function (7). This loss causes the convolutional net to produce a point as close as possible to
any point on the half-sphere of the desired class, and as far
as possible from the half-sphere of the best-scoring nondesired class. The system is trained “from scratch” including the convolutional net. We obtained 6.3% error on the
test set, which is a moderate, but significant improvement
over the 6.8% of the control experiment.

5 Discussion
Efficient End-to-End Gradient-Based Learning To perform gradient-based training of all the modules in the architecture, we must compute the gradient of the loss with
respect to all the parameters. This is easily achieved with
the module-based generalization of back-propagation described in [10]. A typical learning iteration would involve
the following steps: (1) one forward propagation through
the modules that only depend on X; (2) a run of the energyminimizing inference algorithm on the modules that depend on Z and Y ; (3) as many back-propagations through
the modules that depend on Y as there are energy terms
in the loss function; (4) one back-propagation through the
module that depends only on X; (5) one update of the parameters.

Efficient Inference: Most loss functions described in this
paper involve multiple runs of the machine (in the worst
case, one run for each energy term that enters in the loss).
However, the parts of the machine that solely depend on
X, and not on Y or Z need not be recomputed for each run
(e.g. the feature extractor in figure 3), because X does not
change between runs.
If the energy function can be decomposed
P as a sum of functions (called factors) E(W, Y, X) = j Ej (Wj , Y, Z, X),
each of which takes subsets of the variables in Z and Y as
input, we can use a form of belief propagation algorithm
for factor graphs to compute the lowest energy configuration [13]. These algorithms are exact and tractable if Z
and Y are discrete and the factor graph has no loop. They
reduce to Viterbi-type algorithms when members of {Z}
can be represented by paths in a lattice (as is the case for
sequence segmentation/labeling tasks).
Approximate Inference: We do not really need to assume
that the energy-minimizing inference process always finds
the global minimum of E(W, Y, X i ) with respect to Y .
We merely need to assume that this process finds approximate solutions (e.g. local minima) in a consistent, repeatable manner. Indeed, if there are minima of E(W, Y, X i )
with respect to Y that our minimization/inference algorithm never finds, we do not need to find them and increase
their energy. Their existence is irrelevant to our problem.
However, it is important to note that those unreachable regions of low energy will affect the loss function of probabilistic models as well as that of EBMs if the negative loglikelihood loss is used. This is a distinct advantage of the
un-normalized EBM approach: low-energy areas that are
never reached by the inference algorithm are not a concern.

6 Conclusion and Outlook
Most approaches to discriminative training of graphical
models in the literature use loss functions from a very small
set. We show that energy-based (un-normalized) graphical
models can be trained discriminatively using a very wide
family of loss functions. We give a sufficient condition that
the loss function must satisfy so that its minimization will
make the system approach the desired behavior. We give a
number of loss functions that satisfy this criterion and describe experiments in image recognition that illustrate the
use of such discriminative loss functions in the presence of
non-probabilistic latent variables.
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Abstract
We introduce a general concept of probabilistic interventions in Bayesian networks.
This generalizes deterministic interventions,
which fix nodes to certain states. We propose “pushing” variables in the direction of
target states without fixing them. We formalize this idea in a Bayesian framework based
on Conditional Gaussian networks.

1

Introduction

In modern biology, the key to infering gene function
and regulatory pathways are experiments with interventions into the normal course of action in a cell. A
common technique is to perturb a gene of interest experimentally and to study which other genes’ activity
or phenotypic features are effected. Bayesian networks
present a prominent approach to derive a theoretical
model from these experiments (Pe’er et al., 2001; Yoo
et al., 2002; Friedman, 2004): genes are represented by
vertices of a network and the task is to find a topology, which explains dependencies between the genes.
When learning from observational data only, groups of
Bayesian networks may be statistically indistinguishable (Verma and Pearl, 1990). Information about effects of an intervention helps to resolve such equivalence classes by including causal knowledge into the
model (Tian and Pearl, 2001). The final goal is to
learn a graph structure which not only represents statistical dependencies, but also causal relations between
genes.
Manipulating the expression level of a gene can be
done in a variety of ways (Alberts et al., 2002). A
gene’s expression level can be down-regulated by several techniques including
1. creating animals or cell lines in which the gene is
non-functional. This is called a knockout.
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2. exposing a cell or animal to environmental stress
to inhibit the function of certain genes or proteins.
3. partially destroying the RNA transcribed from the
gene which itself is left intact. This is the recently
introduced method of RNA interference (RNAi).
All three examples have in common that the gene’s
expression level is pushed towards a “no expression”
state. Only in the first example, however, the intervention leads to a completely unfunctional gene. In
RNAi the gene is still active, but silenced. It is less
active than normal due to human intervention. Hence,
we do not fix the state of the gene, but push it towards
lower activities. In addition this pushing is randomized to some extent: the experimentalist knows that
he has silenced the gene, but he can not say exactly
by how much.
It is crucial that models reflect the way data was generated in the perturbation experiments. In Bayesian
structure learning, Tian and Pearl (2001) show that
interventions can be modeled by imposing different parameter priors when the gene is actively perturbed or
passively observed. They only distinguish between two
kinds of interventions: most generally, interventions
that change the local probability distribution of the
node within a given family of distributions, and as a
special case, interventions that fix the state of the variable deterministically. The first is called a mechanism
change; it does not assume any prior information on
how the local probability distribution changes. The
second type of intervention, which fixes the state of
the variable, is called a do-operation and is treated
in detail in (Pearl, 2000; Spirtes et al., 2000). A dooperation is used in almost all applications of interventional learning in Bayesian networks (e.g. Yoo and
Cooper, 2003; Yoo et al., 2002; Steck and Jaakkola,
2002; Tong and Koller, 2001; Pe’er at al., 2001; Murphy, 2001; Cooper, 2000; Cooper and Yoo, 1999).
To model biological experiments as described above
we focus on interventions, which specifically concen-

trate the local distribution at a certain node around
some target state. We will call them pushing interventions, they are examples of mechanism changes with
prior knowledge. The do-operator is a special case of
a pushing intervention, which we call a hard intervention. In this paper, we generalize hard interventions to
soft interventions: The local probability distribution
only centers more around the target value without being fixed. This generalization is necessary to cope with
experiments as in the gene perturbation examples 2
and 3 above. If we treat them as unfocussed mechanism changes we lose valuable information about what
kind of intervention was performed. Thus, we need a
concept of interventions, which is more directed than
general mechanism changes, but still softer than deterministic fixing of variables.
The goal of the paper is to develop a theory for learning
a Bayesian network when data from different (hard or
soft) pushing interventions of the network is available.
We first explain how soft interventions can be modeled
by changing the prior distribution in Section 2. A soft
intervention can be realized by introducing a “pushing parameter”, which captures the pushing strength.
We propose a concrete parametrization of the pushing
parameter in the classical cases of discrete and Gaussian networks. Hard interventions, which have been
formally described by choosing a Dirac prior in (Tian
and Pearl, 2001), can then be interpreted as infinite
pushing.
Section 3 summarizes the results in the general setting
of Conditional Gaussian networks. This extends the
existing theory on learning with hard interventions in
discrete networks to learning with soft interventions in
networks containing discrete and Gaussian variables.
The concluding Section 4 deals with probabilistic soft
interventions: in this set-up the pushing parameter
becomes a random variable and we assign a hyperprior
to it. Hence, we account for the experimentalists lack
of knowledge on the actual strength of intervention by
weighted averaging over all possible values.

2

Pushing interventions in Bayesian
networks

A Bayesian network is a graphical representation of
the dependency structure between the components of a
random vector X. The individual random variables are
associated with the vertices of a directed acyclic graph
(DAG) D, which describes the dependency structure.
Once the states of its parents are given, the probability distribution of a given node is fixed. Thus, the
Bayesian network is completely specified by the DAG
and the local probability distributions (LPDs).
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Although this definition is quite general, there are basically three types of Bayesian networks which are used
in practice: discrete, Gaussian and Conditional Gaussian (CG) networks. CG networks are a combination
of the former two and will be treated in more detail
in Section 3, for the rest of this section we focus on
discrete and Gaussian networks.
In discrete and Gaussian networks, LPDs are taken
from the family of the multinomial and normal distribution, respectively. In the theory of Bayesian structure learning, the parameters of these distributions are
not fixed, but instead a prior distribution is assumed
(Cooper and Herskovits, 1992; Geiger and Heckerman,
1994; Bøttcher, 2004). The priors usually chosen because of conjugacy are the Dirichlet distribution in the
discrete case and the Normal-inverse-χ2 distribution in
the Gaussian case. Averaging the likelihood over these
priors yields the marginal likelihood – the key quantity
in structure learning (see Section 3).
An intervention at a certain node in the network can in
this setting easily be modeled by a change in the LPDs’
prior. When focusing on (soft) pushing interventions,
this change should result in an increased concentration
of the node’s LPD around the target value. We model
this concentration by introducing a pushing parameter w which is meant to measure the strength of the
pushing — a higher value of w results in a stronger concentration of the LPD. We now explain in more detail
how this is done for discrete and Gaussian networks.
Since the joint distribution p(x) in a Bayesian network
factors according to the DAG structure in terms only
involving a single node and its parents, it will suffice
to concentrate on one such family of nodes.
2.1

Pushing by Dirichlet priors

We denote the set of discrete nodes by ∆ and a discrete random variable at node δ ∈ ∆ by Iδ . The set of
possible states of Iδ is Iδ . The parametrization of the
discrete LPD at node δ is called θδ . For every configuration ipa(δ) of parents, θδ contains a vector of probabilities for each state iδ ∈ Iδ . Realizations of discrete
random variables are multinomially distributed with
parameters depending on the state of discrete parents.
The conjugate prior is Dirichlet with parameters also
depending on the state of discrete parents:
Iδ | ipa(δ) , θδ ∼ Multin(1, θδ|ipa(δ) ),
θδ|ipa(δ) ∼ Dirichlet(αδ|ipa(δ) ).

(1)

We assume that the αδ|ipa(δ) are chosen to respect likelihood equivalence as in (Heckerman et al., 1995). Doing a pushing intervention at node δ amounts to changing the prior parameters such that the multinomial
density concentrates at some target value j. We for-

the pushing operator as in the case of discrete nodes;
which one to use will be clear from the context. Again
wγ ∈ [0, ∞] represents intervention strength.

Figure 1: Examples of pushing a discrete variable with
three states. Each triangle represents the sample space
of the three-dimensional Dirichlet distribution (which
is the parameter space of the multinomial likelihood of
the node). The left plot shows a uniform distribution
with Dirichlet parameter α = (1, 1, 1). The other two
plots show effects of pushing with increasing weight:
w = 3 in the middle and w = 10 at the right. In each
plot 1000 points were sampled.

The exponential function maps the real valued w into
the interval [0, 1]. The exponential decay towards 0
ensures that by increasing w interventions quickly gain
in strength. The interventional prior mean m0 is a
convex combination of the original mean m with a
“pushing” represented by k11 . If w = 0 the mean of
the normal prior and the scale of the inverse-χ2 prior
2
remain unchanged. As w → ∞ the scale s0 goes to
2
0, so the prior for σ tightens at 0. At the same time,
the regression coefficients of the parents converge to 0
and β0 goes to value k. All in all, with increasing w
the distribution of Yγ peaks more and more sharply at
Yγ = k.

malize this by introducing a pushing operator P defined by

Note that the discrete pushing parameter wδ and the
Gaussian pushing parameter wγ live on different scales
and will need to be calibrated individually.

P(αδ|ipa(δ) , wδ , j) = αδ|ipa(δ) + wδ · 1j ,

(2)

where 1j is a vector of length |Iδ | with all entries zero
except for a single 1 at state j. The pushing parameter wδ ∈ [0, ∞] determines the strength of intervention
at node δ: if wδ = 0 the prior remains unchanged, if
wδ = ∞ the Dirichlet prior degenerates to a Dirac distribution and fixes the LPD to the target state j. Figure 1 shows a three-dimensional example of increasing
pushing strength wδ .
2.2

Pushing by Normal-inverse-χ2 priors

The set of Gaussian nodes will be called Γ and we denote a Gaussian random variable at node γ ∈ Γ by Yγ .
In the purely Gaussian case it depends on the values
of parents Ypa(γ) via a vector of regression coefficients
(0)
βγ . If we assume that βγ contains a first entry βγ ,
the parent-independent contribution of Yγ , and attach
to Ypa(γ) a leading 1, we can write for Yγ the standard
regression model (Bøttcher, 2004):
>
βγ , σγ2 ),
Yγ | βγ , σγ2 ∼ N(Ypa(γ)

βγ | σγ2 ∼ N(m, σγ2 M−1 ),
σγ2

2

We assume that the prior parameters m, M, ν, s2 are
chosen as in (Bøttcher, 2004). To push Yγ to a value k
2
we exchange m and s2 by (m0 , s0 ) = P((m, s2 ), wγ , k)
defined by
2

Hard pushing means to make sure that a certain node’s
LPD produces almost surely a certain target value. It
has been proposed by Tian and Pearl (2001) to model
this by imposing a Dirac prior on the LPD of the node.
Although the Dirac prior is no direct member of neither the Dirichlet nor the Normal-inverse-χ2 family of
distributions it arises for both of them when taking
the limit w → ∞ for the pushing strength. Tian and
Pearl (2001) give an example for discrete networks,
which can easily be extended to Gaussian networks by
p(βγ , σγ2 | do(Yγ = k)) =
d(βγ(0) − k)

Y

d(βγ(i) ) · d(σγ2 ). (5)

i∈pa(γ)

Here, d(·) is the Dirac function. Averaging over this
prior sets the variance and the regression coefficients
(0)
to zero, while βγ is set to k. Thus, the marginal
distribution of Yγ is fixed to state k with probability
one.
2.4

∼ Inv-χ (ν, s ).

s0 = s2 /(wγ + 1),

Hard pushing

(3)

2

m0 = e−wγ · m + (1 − e−wγ ) · k11 ,

2.3

(4)

where k11 is a vector of length |ipa(γ) | + 1 with all
entries zero except the first, which is k. We use P for
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Modeling interventions by policy
variables

Hard interventions can be modeled by introducing a
policy variable as an additional parent node of the variable at which the intervention is occuring (Pearl, 2000;
Spirtes et al., 2000; Lauritzen, 2000). In the same way
we can use policy variables to incorporate soft interventions. For each node v, we introduce an additional
parent node Fv (“F” for “force”), which is keeping
track of whether an intervention was performed at Xv
or not, and if yes, what the target state was. For a

discrete variable Iδ , the policy variable Fδ has state
space Iδ ∪ ∅ and we can write
p(θδ|ipa(δ) ,fδ ) =
(
Dirichlet(αδ|ipa(δ) ) if Fδ = ∅,
=
0
Dirichlet(αδ|i
) if Fδ = j,
pa(δ)

(6)

0
where αδ|i
= P(αδ|ipa(δ) , wδ , j) is derived from
pa(δ)
αδ|ipa(δ) as defined in Eq. 2. For a continuous variable Yγ , the policy variable Fγ has state space IR ∪ ∅
and we can write
2
p(βγ|fγ , σγ|f
)=
γ
(
N(m, M) · Inv-χ2 (ν, s2 )
if Fγ = ∅,
=
N(m0 , M) · Inv-χ2 (ν, s02 ) if Fγ = k,

(7)

multivariate normal with mean and covariance matrix
depending on the configuration of discrete variables.
Since discrete variables do not depend on continuous
variables, the DAG D contains no edges from nodes in
Γ to nodes in ∆.
For discrete nodes, the situation in CG networks is
exactly the same as in the pure case discussed in Section 2: The distribution of Iδ |ipa(δ) is multinomial and
parametrized by θδ . Compared to the purely Gaussian
case treated in Section 2, we have for Gaussian nodes
in CG networks an additional dependency on discrete
parents. This dependency shows in the regression coefficients and the variance, which now not only depend
on the node, but also on the state of the discrete parents:
>
βipa(γ) , σi2pa(γ) ). (9)
Yγ | βipa(γ) , σi2pa(γ) ∼ N(Ypa(γ)

02

where (m0 , s ) = P((m, s2 ), wγ , k) as defined in Eq. 4.
Equations 6 and 7 will be used in section 3.2 to
compute the marginal likelihood of Conditional Gaussian networks from a mix of interventional and noninterventional data.

3

Pushing in Conditional Gaussian
networks

In this section we summarize the results in the general framework of Conditional Gaussian networks and
compute a scoring metric for learning from soft interventions.
3.1

As a prior distribution we again take the conjugate
normal-inverse-χ2 distribution as in Eq. 3. For further
details on CG networks we refer to (Lauritzen, 1996;
Bøttcher, 2004).
3.2

Assuming an uniform prior over network structures D,
the central quantity to be calculated is the marginal
likelihood p(d|D) (Heckerman et al., 1995). In the case
of only one type of data it can be written as
Z
p(d|D) =
p(d|D, θ)p(θ|D) dθ.
(10)
Θ

Conditional Gaussian networks

Conditional Gaussian (CG) networks are Bayesian networks encoding a joint distribution over discrete and
continuous variables. We consider a random vector X
splitting into two subsets: I containing discrete variables and Y containing continuous ones. The dependencies between individual variables in X can be represented by a directed acyclic graph (DAG) D with node
set V and edge set E. The node set V is partitioned as
V = ∆ ∪ Γ into nodes of discrete (∆) and continuous
(Γ) type. Each discrete variable corresponds to a node
in ∆ and each continuous variable to a node in Γ. The
distribution of a variable Xv at node v only depends
on variables Xpa(v) at parent nodes pa(v). Thus, the
joint density p(x) decomposes as
p(x) = p(i, y) = p(i)p(y|i)
Y
Y
=
p(iδ |ipa(δ) ) ·
p(yγ |ypa(γ) , ipa(γ) ). (8)
δ∈∆

Learning from interventional and
non-interventional data

γ∈Γ

The discrete part, p(i), is given by an unrestricted
discrete distribution. The distribution of continuous
random variables given discrete variables, p(y|i), is
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Here p(θ|D) is the prior on the parameters θ of the
LPDs. If the dataset contains both interventional and
non-interventional cases, the basic idea is to choose parameter priors locally for each node as in Eq. 6 and 7
according to whether a variable was intervened in a
certain case or not. We will see that this strategy effectively leads to a local split of the marginal likelihood
into an interventional and a non-interventional part.
3.2.1

A family-wise view of marginal
likelihood

To compute the marginal likelihood of CG networks on
interventional and non-interventional data, we rewrite
Eq. 10 in terms of single nodes such that the theory
of (soft) pushing from Section 2 can be used. In the
computation we will use the following technical utilities:
1. The dataset d consists of N cases x1 , . . . , xN ,
which are sampled independently. Thus we can
write p(d|D, θ) as a product over all single case
likelihoods p(xc |D, θ), c = 1, . . . , N .

2. The joint density p(x) factors according to the
DAG D as in Eq. 8. Thus for each case xc we can
write p(xc |D, θ) as a product over node contributions p(xcv |xcpa(v) , θv ) for all v ∈ V .
3. We assume parameter independence: the parameters associated with one variable are independent of the parameters associated with other variables, and the parameters are independent for
each configuration of the discrete parents (Heckerman et al., 1995) This allows us to decompose
the prior p(θ|D) in Eq. 10 into node-wise priors p(θv|ipa(v) |D) for a given parent configuration
ipa(v) .
4. All interventions are soft pushing. For a given
node, intervention strength and target state stay
the same in all cases in the data, but of course different nodes may have different pushing strengths
and target values. This constraint just helps us to
keep the following formulas simple and can easily
be dropped.
These four assumptions allow a family-wise view of the
marginal likelihood. Before we present it in a formula,
it will be helpful to introduce a batch notation. In
CG networks, the parameters of the LPD at a certain
node depend only on the configuration of discrete parents. This holds for both discrete and Gaussian nodes.
Thus, when evaluating the likelihood of data at a certain node, it is reasonable to collect all cases in a batch,
which correspond to the same parent configuration:
p(d|D, θ)
Y
YY
=
p(xcv |xcpa(v) , θv )
p(xc |D, θ) =
=

Y Y

(11)

c∈d v∈V

c∈d

Y

p(xcv |icpa(v) , ypa(v) , θv )

v∈V ipa(v) c:icpa(v) =ipa(v)

The last formula is somewhat technical: If the node v
is discrete, then ypa(v) will be empty, and usually not
all parent configuration ipa(v) are found in the data, so
some terms of the product will be missing.
For each node we will denote the cases with the same
joint parent state by Bipa(v) . When learning with interventional data, we have to distinguish further between
observations of a variable which were obtained passively and those that are result of intervention. Thus,
for each node v we split the batch Bipa(v) into one containing all observational cases and one containing the
interventional cases:

If there is more than one type of intervention applied
to node v, the batch containing interventional cases
has to be split accordingly. Using this notation we
can now write down the marginal likelihood for CG
networks in terms of single nodes and parents:
p(d|D) =
Y Y Z Y
v∈V ipa(v) Θ B obs
i

pa(v)

Y Y Z Y
v∈V ipa(v) Θ

and no intervention at v},
= {c ∈ d : icpa(v) = ipa(v)
Biint
pa(v)
and intervention at v}.
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e
, θv )p00 (θv |D, wv ) dθv .
p(xev |ipa(v) , ypa(v)

Biint
pa(v)

(12)
At each node, we use distributions and priors as defined in Eq. 6 for discrete nodes and Eq. 7 for Gaussian
nodes. The non-interventional prior p0 corresponds to
Fv = ∅ and the interventional prior p00 corresponds to
Fv equalling some target value. We denoted the intervention strength explicitly in the formula, since we
will focus on it further when discussing probabilistic
soft interventions in Section 4.
Equation 12 consists of an observational and an interventional part. Both can further be split into a discrete
and a Gaussian part, so we end up with four terms to
consider.
3.2.2

Discrete observational part

To write down the marginal likelihood of discrete observational data, we denote by niδ |ipa(δ) the number of
times we passively observe Iδ = iδ in batch Biobs
, and
pa(δ)
by αiδ |ipa(δ) the corresponding pseudo-counts of the
Dirichlet prior. Summation of αiδ |ipa(δ) and niδ |ipa(δ)
over all iδ ∈ Iδ is abbreviated by αipa(δ) and nipa(δ) ,
respectively. Then, the marginal likelihood of the discrete data d∆ can be written as
p(d∆ | D) =

Γ(αipa(δ) )
×
Γ(αipa(δ) + nipa(δ) )
δ∈∆ ipa(δ)
! (13)
Y Γ(αiδ |ipa(δ) + niδ |ipa(δ) )
,
Γ(αiδ |ipa(δ) )
Y Y

iδ ∈Iδ

This result was first obtained by Cooper and Herskovits (1992) and is further discussed in (Heckerman
et al., 1995).
3.2.3

Biobs
= {c ∈ d : icpa(v) = ipa(v)
pa(v)

o
p(xov |ipa(v) , ypa(v)
, θv )p0 (θv |D) dθv ×

Discrete interventional part

Since interventions are just changes in the prior, the
marginal likelihood of the interventional part of discrete data is of the same form as Eq. 13. The prior
parameters αiδ |ipa(δ) are exchanged by αi0 δ |ipa(δ) =

P(αiδ |ipa(δ) , wδ , j) as given by Eq. 2, and the counts
niδ |ipa(δ) are exchanged by n0iδ |ipa(δ) taken from batch
Biint
.
pa(δ)
In the limit wδ → ∞ this part converges to one and
vanishs from the overall marginal likelihood p(d|D).
This special case was already shown in (Cooper and
Yoo, 1999; Tian and Pearl, 2001).
3.2.4

Gaussian observational part

All cases yγ in batch Biobs
are sampled independently
pa(γ)
from a normal distribution with fixed parameters. If
we gather them in a vector yγ and the corresponding
states of continuous parents as rows in a matrix Pγ ,
we yield the standard regression scenario
yγ ∼ N(Pγ βγ , σγ2 I),

(14)

where I is the identity matrix. As a prior distribution we choose normal-inverse-χ2 as shown in Eq. 3.
Marginalizing with respect to βγ and σγ2 yields a multivariate t-distribution of dimension |Biobs
|, with locapa(γ)
tion vector Pm, scale matrix s(I + PM−1 P> ), and ν
degrees of freedom. The density function can be found
in many textbooks (e.g. Gelman et al., 1996).
When using data from different batches, every parameter above carries an index “ipa(γ) ” indicating that it depends on the state of the discrete parents of the Gaussian node γ. Multiplying t-densities for all nodes and
configurations of discrete parents—the outer doubleproduct in Eq. (12)—yields the marginal likelihood of
the Gaussian part. See Bøttcher (2004) for details.
3.2.5

Gaussian interventional part

Here we consider cases yγ in batch Biint
. We colpa(γ)
lect them in a vector and can again write a regression
model like in Eq. 14. The difference to the observational Gaussian case lies in the prior parameters. They
are now given by Eq. 4. The result of marginalization is again a t-density with parameters as above, just
m, s are exchanged by (m0 , s0 ) = P((m, s), wγ , k). The
Gaussian interventional part is then given by a product of such t-densities over nodes and discrete parent
configurations.

or Gaussian node v. The intervention strength wv is
a parameter, which has to be chosen before network
learning. There are several possibilities, how to do it:
• If there is solid experimental experience on how
powerful interventions are, this can be reflected in
an appropriate choice of wv . An obvious problem
is that wv needs to be determined on a scale that
is compatible with the Bayesian network model.
• If there is prior knowledge on parts of the network
topology, the parameter wv can be tuned until the
result of network learning fits the prior knowledge.
Note again that by the parametrization of pushing
given in Section 2, the pushing strengths for discrete
and Gaussian nodes live on different scales and have
to be calibrated separately.
However, a closer inspection of the biological experiments, which motivated the theory of soft pushing interventions, suggests to treat the intervention strength
wv as a random variable: In gene silencing an inhibiting molecule (a double-stranded RNA in case of RNAi)
is introduced into the cell. This usually works in a
high percentage of affected cells. In the case of success, the inhibitor still has to spread throughout the
cell to silence the target gene. This diffusion process is
stochastic and consequently causes experimental variance in the strength of the silencing effect.
These observations suggest to assign a prior distribution p(wv ) to the intervention strength. That is,
we drop the assumption of having one intervention
strength in all cases, but instead average over possible values of wv . For simplicity we assume there is
only a limited number of possible values of wv , say,
(1)
(k)
wv , . . . , wv , with an arbitrary discrete distribution
assigned to them. Then we can express our inability to control the pushing strength in the experiment
deterministically by using a mixed prior of the form:
p(θv |D) =

k
X

qk p(θv |D, wv(k) ).

(15)

i=1
(k)

If we use the hard intervention prior in Eq. 5 instead,
the Gaussian interventional part integrates to one and
vanishs from the marginal likelihood in Eq. (12). This
is the extension of the results in (Cooper and Yoo,
1999) to Gaussian networks.

4

Probabilistic soft interventions

In Section 2 we introduced the pushing operator
P(·, wv , tv ) to model a soft intervention at a discrete
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Here, the mixture coefficients qk = p(wv ) are the
prior probabilities of each possible pushing strength.
(k)
The terms p(θv |D, wv ) correspond to Dirichlet densities in the discrete case and Normal-inverse-χ2 densities in the Gaussian case. In RNAi experiments,
(1)
(k)
wv , . . . , wv can be estimated from the empirical distribution of measured RNA degradation efficiencies in
repeated assays.
Mixed priors as in Eq. 15 are often used in biological
sequence analysis to express prior knowledge which is

not easily forced into a single distribution. See (Durbin
et al., 1998) for details.
If we substitute the prior p00 (θv |D, wv ) in the interventional part of Eq. 12 with the mixture prior in Eq. 15,
the marginal likelihood of a family of nodes is a mixture of marginal likelihoods corresponding to certain
(k)
values wv weighted by mixture coefficients qk .

5

Conclusion

Our work extends structure learning from interventional data into two directions: from learning discrete
networks to learning mixed networks and from learning
with hard interventions to learning with soft interventions.
Soft interventions are focussed on a specific target
value of the variable of interest and concentrate the
local probability distribution there. We proposed
parametrizations for pushing discrete and continuous
variables using Dirichlet and Normal-inverse-χ2 priors,
respectively.
We computed the marginal likelihood of CG networks
for data containing both observational and (soft) interventional cases. In Bayesian structure learning, the
marginal likelihood is the key quantity to compute
from data. Using it (and possibly a prior over network
structures) as a scoring function, we can start model
search over possible network structures. For networks
with more than 5 nodes, exhaustive search becomes infeasible; often used search heuristics include hill climbing or MCMC methods. For a survey see Heckerman
et al. (1995) and references therein.
Since in biological settings the pushing strength is unknown we proposed using a mixture hyperprior on it,
resulting in a mixture marginal likelihood. This makes
the score for each network more time-consuming to
compute. Searching in the space of DAGs may become infeasible even with quick search heuristics. But
in applications there is often a large amount of biological prior knowledge, which limits the number of pathway candidates from the beginning. When learning
network structure we usually don’t have to optimize
the score over the space of all possible DAGs but are
limited to a few candidate networks, which are to be
compared. This corresponds to a very rigid structure
prior.
Due to measurement error or noise inherent in the observed system it may often happen that a variable,
at which an intervention took place, is observed in a
state different from the target state. In the hard intervention framework, a single observation of this kind
results in a marginal likelihood of zero. Modeling in-
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terventions as soft pushing mends this problem and
makes structure learning more robust against noise.
This is a central benefit of our approach.
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Abstract

ing at random assumption fails to hold. Well studied
examples from statistics include non-response in surveys, panel data studies, and longitudinal studies. In
surveys non-ignorable missing data often results from
asking questions about income where the probability
of non-response has been found to vary according to
the income of the respondent. In such cases computing statistics like average income without taking the
missing data mechanism into account will result in a
biased estimator.

In this paper we explore the topic of unsupervised learning in the presence of nonignorable missing data with an unknown
missing data mechanism. We discuss several classes of missing data mechanisms for
categorical data and develop learning and inference methods for two specific models. We
present empirical results using synthetic data
which show that these algorithms can recover
both the unknown selection model parameters and the underlying data model parameters to a high degree of accuracy. We also
apply the algorithms to real data from the
domain of collaborative filtering, and report
initial results.

1

Introduction

In large, real world data sets (such as those commonly
used for machine learning research), the presence of a
certain amount of missing data is inevitable. Probabilistic methods offer a natural framework for dealing
with missing data, and there is a large body of work
devoted to statistical analysis in this setting.
There are two important classes of missing data: missing data that is ignorable, and missing data that is
non-ignorable. Ignorable missing data includes data
that is missing completely at random (MCAR), and
data that is missing at random (MAR). Intuitively,
missing data is ignorable if the probability of observing a data item is independent of the value of that data
item. Conversely, missing data is non-ignorable if the
probability of observing a data item is dependent on
the value of that data item.
The majority of statistical literature deals with the
case where missing data is missing at random. However, there are several important cases where the miss-
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A much more complex domain where missing data may
be non-ignorable is rating-based collaborative filtering
[5]. The data in this domain often comes from recommender systems where users rate different items and
receive recommendations about new items they might
like. When a user is free to chose which items they
rate, we hypothesize that many users will exhibit a
bias toward rating items they like (and perhaps a few
they strongly dislike). Thus the probability of observing a rating for a given item will depend on the user’s
rating for that item, and the missing ratings will not be
missing at random. The best known methods for predicting user ratings are based on using unsupervised
learning techniques to estimate the parameters of a
probabilistic model over rating profiles. Just as in the
simple mean income estimation problem, the model
parameter estimates will be biased in the presence of
non-ignorable missing data.
In this paper we consider the general problem of learning latent variable models in the presence of nonignorable missing data with an unknown missing data
mechanism. We present learning methods based on the
Expectation Maximization (EM) algorithm for several
different models. We present empirical results on several synthetic data sets showing that the learning procedure recovers the data and selection model parameters to a high degree of accuracy. We also present
interesting results on real data from the collaborative
filtering domain.

L(θ|Y

2

obs

)

=

L(θ, µ|Y obs , R)

=

LMAR (θ, µ|Y obs , R)

=

Z

f (Y obs , Y mis |θ)dY mis
Z
log f (Y obs , R|θ, µ) = log f (R|Y obs , Y mis , µ)f (Y obs , Y mis |θ)dY mis
Z
obs
log f (R|Y , µ) + log f (Y obs , Y mis |θ)dY mis = L(θ|Y obs ) + L(µ|Y obs , R)
log f (Y

obs

|θ) = log

Non-Ignorable Missing Data Theory

In the presence of missing data the correct maximum
likelihood inference procedure is to maximize the full
data likelihood L(θ, µ|Y obs , R) = log f (Y obs , R|θ, µ)
shown in equation 2 as opposed to the observed data
log likelihood shown in equation 1. The only case
where it is acceptable to rely on the observed data
likelihood is when the missing at random (MAR) condition holds. The MAR condition is satisfied when
f (R|Y obs , Y mis , µ) = f (R|Y obs , µ) for all µ, and µ and
θ are distinct parameters. If we suppose that the MAR
condition holds we find that the full data log likelihood
and the observed data log likelihood will give identical
inferences for θ, as shown in equation 3.
When missing data is missing not at random (MNAR)
this convenient result does not hold, and maximum
likelihood estimation of the data model parameters θ
based only on the observed likelihood will be biased.
To obtain correct maximum likelihood estimates of the
data model parameters a selection model is needed
along with the data model [3, p. 218]. In most cases
the parameters of the selection model will also be unknown. Fortunately the parameters of the combined
data and selection model can be estimated simultaneously by maximizing the full data log likelihood using
the standard EM algorithm.

3

Non-Ignorable Missing Data Models

(2)
(3)

θ

We begin with technical definitions of ignorable and
non-ignorable missing data due to Little and Rubin,
and review the theory of maximum likelihood estimation with non-ignorable data.
Let Y denote a complete data set and let Y obs and
Y mis be the observed and missing elements of Y . Let
R be a matrix of response indicators where Rij =
1 if Yij is observed and 0 otherwise. We define
f (Y, R|θ, µ) = f (Y |θ)f (R|Y, µ) to be the joint distribution over the data and response indicators. We refer
to f (Y |θ) as the data model and f (R|Y, µ) as the selection model.

(1)

β

Ζn

µ

Ymn

Rmn
M

N

Figure 1: Combined data and selection model.
ment ymn is categorical, and is drawn from the set of
possible values {1, ..., V }. We will assume that the yn
are independent, that any element ymn may be unobserved, and that the selection process is unknown.
To specify a model for non-ignorable missing data
we must choose a data model and a selection model.
We choose a multinomial mixture model for the data
model. This is a simple model for categorical data that
has proved to be quite robust in the collaborative filtering domain [5]. Several other models for categorical
data could also be used including the aspect model [2]
and the URP model [4].
The more interesting choice is the choice of a selection model. In general, the probability that a particular variable is observed can depend on any other
variable in the data model. Learning such an unstructured model would be intractable, so we must assume
additional independence structure. To begin with, we
assume that the probability of being observed is independent for each component of the data vector; this
is formalized in equation 4. (Analogous simplifying
assumptions have been used previously in similar discrete, non-ignorable contexts [6].)
P (r|y, z) =

M
Y

µym mz (rm ) (1 − µym mz )(1−rm )

(4)

m=1

Suppose we are given a data set containing N data
vectors yn , each of length M . The value of each ele-
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If we represent the Bernoulli observation parameters
P (rm = 1|ym = v, Z = z) = µvmz using conditional

probability tables and combine this selection model
with the multinomial mixture data model, we obtain
a simple, tractable model for non-ignorable missing
data. We call this the CPT-vmz model since the µvmz
probabilities are represented by conditional probability tables (CPTs), and the selection probability depends on the settings of the variables v, m, and z.
This combined data and selection model is depicted
graphically in figure 1.
The variables in the model are the latent variable
Zn , the data variables Ymn , and the corresponding response indicators Rmn . Recall that m indexes dimensions of the data vectors, and n indexes data cases.
We suppress the data case index for simplicity when it
is clear that we are referring to a single, generic data
case. The parameters are the prior mixing proportions
θ, the component distributions , and the selection
model parameters µ. To generate data from the combined multinomial mixture data model and CPT-vmz
selection model we begin by sampling a state z of the
latent variable Z according to P (Z = z|θ) = θz . We
then sample a value v for each element ym according
to P (ym = v|Z = z, ) = vmz . This is simply the
standard generative process for the multinomial mixture model. Next, for each element ym , we sample a
response indicator variable according to the selection
probability P (rm = r|ym = v, M = m, Z = z, µ) =
µvmz . We then discard the values of ym for which
rm = 0.
Depending on the type of selection effect that is
present in the data, it may be desirable to further
constrain the selection model. Imposing independence
and factorization conditions on the Bernoulli probabilities µvmz results in a range of selection models
with different properties. In this paper we concentrate on two models in particular: a model we call
CPT-v that makes the additional independence assumption P (rm |ym , m, z) = P (rm |ym ), and a model
we call LOGIT-v,mz which proposes a functional decomposition of P (rm |ym , m, z) based on the logistic
function.
3.1

The CPT-v Model

While the CPT-vmz model is highly flexible and can
model a range of very different selection effects, this
flexibility may result in over fitting on many data sets.
By contrast the CPT-v model asserts that only the
value of a random variable affects its chance of being
observed or missing. The CPT-v model is highly constrained, but this makes it appealing when we have
limited observations and cannot robustly fit the full
CPT-vmz model. Examples of the type of effects this
model captures are “mostly high values are observed”,
or “only extreme values are observed”. However, it can
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Algorithm 1 Expectation Maximization Algorithm
for the CPT-v model
E-Step:
λvmzn ← (δ(ymn , v)µv vmz )rmn ((1−µv ) vmz )1−rmn
PV
γmzn ← v=1 λvmzn

φzn ←

QM
γ
m=1
QM mzn
z=1 θz 0
m=1 γmzn

θ
PKzn

M-Step:P
N
φ
PK zn
θz ← PN n=1
φ
vmz

µv ←

n=1
PN z=1 zn
φzn λvmzn /γmzn
n=1 P
N
φzn
PN PK n=1 P
φzn M
m=1 rmn λvmzn /γmzn
z=1
n=1
P N PK
P
M
n=1
z=1 φzn
m=1 λvmzn /γmzn

←

not efficiently represent effect of the type “data item
m is observed almost always.” As we will see, the strict
assumptions of the CPT-v model can cause problems
during model fitting if the data contains strong itembased effects.
Equation 5 gives the full data likelihood for the CPTv model. We define the intermediate variables λvmzn
and γmzn in equations 6 and 7.
L(θ, , µ|[y]obs , [r]) =

N
X

log

n=1

K
X
z=1

θz

M
Y

γmzn

λvmzn = (δ(ymn , v)µv )rmn (1 − µv )1−rmn
γmzn =

V
X

λvmzn

(5)

m=1
vmz

(6)
(7)

v=1

The posterior distribution over settings of the latent
variable Z is given in equation 8 using the intermediate
variables. Of course, the intractable, full posterior over
both ynmis , and Zn is never needed during learning.
QM
θz m=1 γmzn
obs
(8)
P (z|yn , rn ) = φzn = PK
QM
z=1 θz 0
m=1 γmzn

Expectation maximization updates can now be found
by maximizing the expected complete log likelihood
with respect to the data model and selection model
parameters. We show the EM algorithm for the CPTv model in algorithm 1.
3.2

The LOGIT-v,mz Model

The CPT-v model makes the very strong assumption
that a single value-based selection effect is responsible
for generating all missing data. We would like to allow
different effects for different data items m, as well as
allowing the setting of the latent variable z to influence the missing data process. As a modeling choice of
intermediate complexity, we propose the LOGIT family of selection models. The main feature of LOGIT

models is the assumption that the selection model parameters µvmz result from the interaction of multiple
lower dimensional factors. In particular, these models allow all of v, m, z to influence the probability of a
data element being missing, but constrain the effects
to a particular functional family.
In the case of LOGIT-v,mz two factors are proposed.
One factor σv models a value-based effect, while the
other factor ωmz models a joint element index/latent
variable effect. This latter effect can include factors
that are item-specific (a given data item m can have its
own probability of being missing), and latent variablespecific (each mixture component z generates its own
pattern of missing data). The values of these factors
can be arbitrary real numbers and they are combined
to obtain the selection probabilities through the logistic function as seen in equation 9. This parameterization was selected because it is more flexible than simple
factorizations, such as a product of Bernoulli probabilities. Suppose a data set contains strong value-based
selection effects for most data items, but the values for
one data items are always observed regardless of their
values. LOGIT-v,mz can account for this by setting
ωmz to a large value. The logistic combination rule
then allows ωmz to override σv and produce a selection
probability of 1 for just this data item. In a product
of distributions decomposition this simply is not possible. As we will later see, this flexibility is needed
for modeling “blockbuster” effects in the collaborative
filtering domain.

Algorithm 2 Expectation Maximization Algorithm
for the LOGIT-v,mz model
E-Step:
1
µvmz ← 1+exp−(σ
v +ωmz )
λvmzn ← (δ(ymn , v)µvmz )rmn (1 − µvmz )1−rmn βvmz
P
γmzn ← Vv=1 λvmzn
QM
γmzn
θz
φzn ← PK n m=1
QM
0
θ
z
z=1
m=1 γmzn

M-Step:P
N
φzn
θz ← PN n=1
PK
φ
n=1
PN z=1 zn
n=1 φzn λvmzn /γmzn
βvmz ←
PN
n=1 φzn
N X
K
M
X
X
σ ← σ − ασ
φzn
δ(ymn , v)(rmn − µvmz )

ω ← ω − αω

µvmz =

1 + exp−(σv +ωmz )

(9)

Given values for the selection model parameters σv
and ωmz , we can compute the complete set of selection
probability parameters µvmz according to equation 9.
If we then redefine the intermediate variable λvmzn
according to equation 10, the full likelihood and the
posterior over the latent variable have exactly the same
form for the LOGIT-v,mz model as they do for the
CPT-v model.
λvmzn = (δ(ymn , v)µvmz )rmn (1 − µvmz )1−rmn

vmz

(10)
Unlike the CPT-v case, closed form selection model
parameter updates cannot be found for LOGIT-v,mz.
Instead, numerical optimization methods must be used
to adapt these parameters. We sketch a suitable EM
algorithm for the LOGIT-v,mz model in algorithm
2. Note that to ensure the full likelihood is nondecreasing, line search must be used to determine acceptable step sizes at each iteration.
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φzn

n=1

4

m=1

V
X

(rmn − µvmz )

v=1

Synthetic Data Experiments

Our first goal is to examine whether, in situations
where the assumptions underlying them are satisfied,
the proposed models are able to recover both the unknown selection mechanism and a correct model of the
data. To this end, we generated synthetic data sets
patterned after real data sets from the collaborative
filtering domain.
4.1

1

n=1 z=1
N
X

Generating Synthetic Data

We generate complete synthetic data sets according to
a hierarchical Bayesian procedure. In particular, we
choose a K = 6 component multinomial mixture data
model with M =100 data variables, and V = 5 values
per variable. The mixture model parameters are sampled from an appropriate length Dirichlet prior (uniform, strength two). We sample n=5000 data cases
from the mixture model to form a single, complete
data set.
To generate data that conforms to the CPT-v selection
model, we created several sets of selection parameters
and used these to sample the complete data. For the
purpose of these experiments we use a CPT-v selection
model with a special functional form that allows the
strength of the missing data effect to be easily quantified. In particular we let µv (s) = s(v − 3) + 0.5, where
s is the parameter that controls the strength of the
effect. Note that since the underlying data distribution is uniform across values, any choice of s in the
range 0 < s < 0.25 yields an overall observation rate
of 0.5. We create ten sets of observation probabilities
by evenly varying the parameter s from 0 to 0.225.

s=0.000

s=0.025

s=0.050

s=0.075

s=0.100

s=0.125

s=0.150

s=0.175

s=0.200

s=0.225
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Figure 2: Selection probabilities for the effect µv (s) = s(v − 3) + 0.5. The parameter s controls the strength of
the missing data effect. Here we show µv (s) at ten equally spaced values on the interval 0  s  0.225.
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Figure 3: M AEAll and M AET r versus strength of
the CPT-v missing data effect for the multinomial
mixture, CPT-v, and LOGIT-v,mz models.

Figure 4: M AEAll and M AET r versus strength of
the LOGIT-v,mz missing data effect for the multinomial mixture, and LOGIT-v,mz models.

The resulting parameters are shown in figure 2. These
ten sets of observation parameters were used to sample
ten different training sets from the complete data set.
To generate data that conforms to the LOGIT-v,mz
model we need to define the selection model parameters σv and ωmz . We create 10 different selection
models by setting:
σv (s) = log(µv (s)/(1 − µv (s)))
ωmz = log(mz /(1 − mz ))
The mz values are sampled from a Beta prior. Note
that we have chosen these values so that when the logistic function is applied to σv (s) the result is µv (s),
and when it is applied to ωmz the result is mz . We
compute the corresponding set of selection probabilities µvmz (s) and use these to sample ten different
training sets.
4.2

1.1

Experimental Procedure

The mixture of multinomials model, the CPT-v model,
and the LOGIT-v,mz model were trained until convergence of their respective likelihood functions on all ten
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of the CPT-v training sets, and all ten of the LOGITv,mz training sets. After training, each model was
used to predict the complete data vector ŷn for each
data case n given the training set (observed) values for
that data case. We repeat this training and prediction
process three times with different initializations to account for local minima.
In order to judge the performance of each model under
increasing missing data effect strength, we use the true
and predicted ratings to measure a quantity called the
mean absolute error (MAE), which is commonly used
as an error measure in the collaborative filtering domain. We measure the MAE restricted to the training
data as defined in equation 11, as well as the MAE
computed over the complete data set as seen in equation 12. Note that on a real data set we have no choice
but to compute the MAE restricted to the observed
ratings, which corresponds to equation 11. If a given
model accurately learns both the data model and selection model parameters for each setting of the effect
strength s, the computed M AEAll values should be
approximately constant indicating little degradation
in performance.

M AET r

M AEAll

=

=

M
N
1 X X rmn |ymn − ŷmn |
(11)
PM
N n=1 m=1
m=1 rmn

1
NM

M
N X
X

|ymn − ŷmn |

(12)

n=1 m=1

It is very important to note that under a non-ignorable
selection model, the value of M AET r as defined by
equation 11 is a biased estimate of E[|y − ŷ|], were
we to sample items uniformly at random. Since the
selection model is non-ignorable and also unknown, it
is not possible to introduce a correction factor that
will allow for an unbiased estimate of E[|y − ŷ|] from
the training data alone. On the other hand, the value
of M AEAll as computed by equation 12 is unbiased
because it is computed from the complete set of true
ratings. However, such a complete set of ratings is not
currently available for real data sets.
4.3

Results

In figure 3 we show the results of the synthetic data
experiment with the CPT-v selection model effect. At
s = 0, corresponding to the first histogram in figure 2,
the selection effect is constant across values v and is
thus ignorable. In this case we would expect M AET r
to be approximately equal to M AEAll . In addition
we would expect all three models to achieve approximately the same prediction performance since all three
are based on an underlying multinomial mixture data
model. The experimental results we obtain at s = 0
are exactly in line with the theory.
As we increase s we would expect that the value
of M AEAll would increase for the multinomial mixture model since its parameter estimates are based
only on the observed training data. Both the CPT-v
and LOGIT-v,mz models have the capacity to exactly
model this selection effect. If these models learn accurate data and selection model parameters then the
measured value of M AEAll should be approximately
constant. A further note is that LOGIT-v,mz actually has excess capacity when applied to the CPT-v
selection effect data, so over fitting may be an issue.
As we see in figure 3 the M AEAll curves follow exactly the trends we have predicted for each of the
models. However, the M AET r curves exhibit an interesting downward trend indicating that error on the
training set actually decreases as the missing data effect strength is increased. This is not unexpected in
the mixture of multinomials model since it is able to
concentrate more of its capacity on fewer rating values and thus achieve lower error on the training data.
CPT-v and LOGIT-v,mz exhibit a slight decrease in
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error on the training set as the selection strength is increased, but it is not accompanied by a corresponding
increase on the complete data set.
In figure 4 we show the results of the synthetic data experiment with the LOGIT-v,mz selection effect. The
most notable result of this experiment is the fact that
the learning procedure for the CPT-v model, algorithm 1, converges to a “boundary solution” for the
µv parameters for all values of the effect strength s.
Specifically, at convergence the µ values have the form
µ1 = c, µj  1, where c reflects the global sparsity rate
and 2  j  5. This appears to indicate that the CPTv model lacks the capacity to model the LOGIT-v,mz
missing data effect. This failure of the CPT-v model
may result from the presence of strong item-based effects in the LOGIT-v,mz data. For example, suppose
an item is always observed regardless of its value. The
only way CPT-v can explain this is by increasing the
values of µ. Of course it cannot increase all the values of µ since it must still explain the fraction of data
that is missing. The most likely solution appears to be
exactly the boundary solution explained above. This
problem may also simply be a failure of the maximum
likelihood framework. We plan to explore a Bayesian
approach to prediction to determine if the problem
actually lies with the model, or the estimation and
prediction techniques.
The trends for the mixture of multinomials model are
quite similar to the previous case with similar explanations applying. The trends for the LOGIT-v,mz model
are also similar to the previous case. One slight difference is that the M AEAll curve is more noisy and increases somewhat with s. The most likely explanation
is an insufficient amount of training data to properly
estimate all the ωmz parameters. The previous case is
easier for the LOGIT-v,mz model in this respect since
the CPT-v data contains no item or latent variablebased effects.
Perhaps the most important point illustrated by figures 3 and 4 is that estimating the prediction error on
the observed data only can be an arbitrarily poor estimate of the error on the complete data set in the presence of a non-ignorable missing data effect. In both
graphs we see that the multinomial mixture model attains the lowest error on the observed data, when in
fact its true error rate is the highest among the three
models.

5

Real Data Experiments

Unfortunately, the task of evaluating a method for unsupervised learning in the presence of non-ignorable

an unbiased estimate of the error on the whole data
set.

EachMovie Marginal Selection Probabilities
0.07

Probability of Selection

0.06

0.05

0.04

0.03

0.02

0.01

0

1

2

3

4

5

6

Rating Value

Figure 5: EachMovie marginal selection probabilities
P (r = 1|y = v). Computed under a learned LOGITv,mz model from parameters σ, ω, , θ.
Figure 6: EachMovie Full Data Log Likelihood
Full Data Log Likelihood
−8.750368 × 106
LOGIT-v,mz
−1.164895 × 107
Multinomial Mixture

missing data on real data sets is problematic. Standard evaluation procedures involve measuring prediction error on held out observed data. This hold-out
method entails an inherent bias in our case, as it is
only possible to evaluate predictions for items that are
not missing. That is, unlike the case for synthetic
data, evaluating MAEAll is impossible for real data. A
learning method based on the MAR assumption would
be expected to perform at least as well as one based
on MNAR on such a biased hold-out experiment: a
system can safely ignore any dependence of the item’s
response on missing values if it is never evaluated on
missing items.
We are currently considering a novel interactive data
gathering procedure designed to collect exactly the
type of data needed to validate the proposed models.
The main idea is to conduct an interactive, two stage
survey. In the first stage participants would be free
to select and rate any number of items they wished.
This data would then form the training set, and would
likely contain a strong non-ignorable missing data effect. In the second stage of the survey a different set of
items would be randomly selected for each participant
to rate. Ratings for these randomly sampled items
would then form the test set. While this might be difficult for items like movies, it is quite simple for items
like music where a clip can be played if the participant is not familiar with a particular randomly chosen
item. Since the test data is a randomly chosen set of
items, evaluating prediction error on the test set gives
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It is still interesting to observe what the proposed models learn on currently available real data sets, even if
this results can not be considered conclusive. We note
that not all currently available ratings-based collaborative filtering data can be used with the proposed
models. The key assumption is that users are free
to rate items at will. Any source of data where the
users are constrained to rate a sequence of items determined solely by a recommender system violates this
assumption. In this case the proposed models would
essentially be learning the selection bias caused by the
recommender system attempting to predict items it
thinks the user will like. While this may actually be
an interesting method to test the efficacy of a recommender system, it is not what we intend here.
We chose to apply the CPT-v and LOGIT-v,mz models to a well known collaborative filtering data set:
EachMovie. EachMovie is a collaborative filtering data
set collected from a movie recommender system operated by the Compaq Systems Research Center. It
contains about 1600 movies and 70000 users. EachMovie is well known to contain a “blockbuster” effect where several movies have been rated by almost
all users, while others are rated by just a few users.
EachMovie also contains a fairly strong user-based effect: the number of movies rated per user ranges from
one to several thousand. EachMovie is widely believed
to contain quite a substantial bias toward high rating
values. The underlying recommender system used to
collect the data also allowed for free user interaction,
which satisfies our main requirement.
EachMovie appears too complicated for the CPT-v
model using maximum likelihood learning. As in the
synthetic LOGIT-v,mz experiment, CPT-v converges
to uninformative boundary solutions on EachMovie.
On the other hand, LOGIT-v,mz appears to converge
to parameter estimates that are in very good alignment with the effects that are thought to occur in the
data set.
After convergence, we can examine the learned parameters σ, ω, , θ and use them to compute the marginal
probability P (r = 1|y = v) as a summary of the
learned selection effect (averaged across all items and
settings of the latent variable). We show the computed
marginal selection probabilities for EachMovie in figure 5. This figure exhibits a definite skew toward high
ratings values, although the dip at the highest rating
value is somewhat suspect.
While we cannot compute an unbiased estimator of the
expected mean absolute error for the data set, we can
compute another quantity that will allow us to com-

pare the LOGIT-v,mz model with a MAR multinomial
mixture model: the full data likelihood. The mixture
of multinomials model has no explicit selection model
and optimizes only an observed data likelihood as seen
in equation 1. However, as we see in equation 3 we can
obtain the full data likelihood from the observed data
likelihood by accounting for the likelihood of the response indicators. If we suppose a simple MAR scheme
with a global observability parameter µ, the log likelihood of the
set of responseP
indicators
is given
Pcomplete
P
P
by log(µ) n m rmn + log(1 − µ) n m (1 − rmn ).
In this case the maximum
likelihood estimator for µ is
P P
simply µ = N1M n m rmn .

We show the full data likelihood values for the LOGITv,mz model and the multinomial mixture model computed for the EachMovie data set in figure 6. We see
that LOGIT-v,mz obtains a significantly higher full
data log likelihood value than the simple MAR multinomial mixture model.

6

Extensions and Future Work

In addition to the research directions mentioned in the
previous sections, we are also considering extensions of
the proposed framework that will allow us to model a
wider range of missing data problems. In the original
framework, the binary response value Rm for an item
m is determined by the presence of a rating Ym for that
item. We might also decouple these two variables, and
allow a response to exist for an item (Rm = 1) when
the rating is not known. This situation often arises
in Web-based systems where we may have information
about many items a user has viewed, but a relatively
small number of ratings. Only minor changes are required to reformulate the proposed models to handle
this type of data.

7

Conclusions

In this paper, we have proposed several probabilistic
selection models which treat missing data as a systematic (non-ignorable) rather than random (ignorable)
effect. Coupled with a basic discrete latent variable
model for user-item data, these selection mechanisms
allow us to model data sets in which known (or suspected) response biases exist. We have derived efficient
learning and inference algorithms to jointly estimate
the data and selection model parameters in an unsupervised way, and verified that these algorithms can
recover both the unknown selection model parameters
and the underlying data model parameters to a high
degree of accuracy under a wide variety of conditions.
We have also shown that when an unbiased estimate
of their performance is available, our models do sub-
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stantially better than comparable models which do not
account for the missing data mechanism. Finally, we
have applied these models to a real world collaborative
filtering data set, EachMovie, obtaining initial results
that support several “folk beliefs” about the patterns
of missing data in this data set.
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Abstract
TrueColorn

In many practical problems—from tracking aircraft based on radar data to building a bibliographic database based on citation lists—we
want to reason about an unbounded number of
unseen objects with unknown relations among
them. Bayesian networks, which define a fixed
dependency structure on a finite set of variables,
are not the ideal representation language for this
task. This paper introduces contingent Bayesian
networks (CBNs), which represent uncertainty
about dependencies by labeling each edge with
a condition under which it is active. A CBN
may contain cycles and have infinitely many variables. Nevertheless, we give general conditions
under which such a CBN defines a unique joint
distribution over its variables. We also present a
likelihood weighting algorithm that performs approximate inference in finite time per sampling
step on any CBN that satisfies these conditions.

1

N
∞

BallDrawnk = n

BallDrawnk

ObsColork

K

Figure 1: A graphical model (with plates representing repeated
elements) for the balls-and-urn example. This is a BN if we disregard the labels BallDrawnk = n on the edges TrueColorn →
ObsColork for k ∈ {1, . . . , K}, n ∈ {1, 2, . . .}. With the labels,
it is a CBN.

objects, the resulting model has infinitely many variables.
We have developed a formalism called BLOG (Bayesian
LOGic) in which such infinite models can be defined concisely [7]. However, it is not obvious under what conditions
such models define probability distributions, or how to do
inference on them.

Introduction

One of the central tasks an intelligent agent must perform is
to make inferences about the real-world objects that underlie its observations. This type of reasoning has a wide range
of practical applications, from tracking aircraft based on
radar data to building a bibliographic database based on citation lists. To tackle these problems, it makes sense to use
probabilistic models that represent uncertainty about the
number of underlying objects, the relations among them,
and the mapping from observations to objects.
Over the past decade, a number of probabilistic modeling formalisms have been developed that explicitly represent objects and relations. Most work has focused on scenarios where, for any given query, there is no uncertainty
about the set of relevant objects. In extending this line of
work to unknown sets of objects, we face a difficulty: unless we place an upper bound on the number of underlying
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Bayesian networks (BNs) with infinitely many variables
are actually quite common: for instance, a dynamic BN
with time running infinitely into the future has infinitely
many nodes. These common models have the property that
each node has only finitely many ancestors. So for finite
sets of evidence and query variables, pruning away “barren” nodes [15] yields a finite BN that is sufficient for answering the query. However, generative probability models
with unknown objects often involve infinite ancestor sets,
as illustrated by the following stylized example from [13].
Example 1. Suppose an urn contains some unknown number of balls N , and suppose our prior distribution for N
assigns positive probability to every natural number. Each
ball has a color—say, black or white—chosen independently from a fixed prior. Suppose we repeatedly draw a
ball uniformly at random, observe its color, and return it
to the urn. We cannot distinguish two identically colored
balls from each other. Furthermore, we have some (known)
probability of making a mistake in each color observation.

Given our observations, we might want to predict the total
number of balls in the urn, or solve the identity uncertainty
problem: computing the posterior probability that (for example) we drew the same ball on our first two draws.
Fig. 1 shows a graphical model for this example. There is
an infinite set of variables for the true colors of the balls;
each TrueColorn variable takes the special value null when
N < n. Each BallDrawnk variable takes a value between 1
and N , indicating the ball drawn on draw k. The ObsColork
variable then depends on TrueColor(BallDrawnk ) . In this BN,
all the infinitely many TrueColorn variables are ancestors
of each ObsColork variable. Thus, even if we prune barren
nodes, we cannot obtain a finite BN for computing the posterior over N . The same problem arises in real-world identity uncertainty tasks, such as resolving coreference among
citations that refer to some underlying publications [10].
Bayesian networks also fall short in representing scenarios
where the relations between objects or events—and thus
the dependencies between random variables—are random.
Example 2. Suppose a hurricane is going to strike two
cities, Alphatown and Betaville, but it is not known which
city will be hit first. The amount of damage in each city depends on the level of preparations made in each city. Also,
the level of preparations in the second city depends on the
amount of damage in the first city. Fig. 2 shows a model for
this situation, where the variable F takes on the value A or
B to indicate whether Alphatown or Betaville is hit first.
In this example, suppose that we have a good estimate of
the distribution for preparations in the first city, and of the
conditional probability distribution (CPD) for preparations
in the second city given damage in the first. The obvious
graphical model to draw is the one in Fig. 2, but it has a
figure-eight-shaped cycle. Of course, we can construct a
BN for the intended distribution by choosing an arbitrary
ordering of the variables and including all necessary edges
to each variable from its predecessors. Suppose we use the
ordering F, PA , DA , PB , DB . Then P (PA |F = A) is easy
to write down, but to compute P (PA |F = B) we need to
sum out PB and DB . There is no acyclic BN that reflects
our causal intuitions.
Using a high-level modeling language, one can represent

F
PA

DA

F=B

F=A

PB

DB

Figure 2: A cyclic BN for the hurricane scenario. P stands for
preparations, D for damage, A for Alphatown, B for Betaville,
and F for the city that is hit first.
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scenarios such as those in Figs. 1 and 2 in a compact and
natural way. However, as we have seen, the BNs corresponding to such models may contain cycles or infinite ancestor sets. The assumptions of finiteness and acyclicity are
fundamental not just for BN inference algorithms, but also
for the standard theorem that every BN defines a unique
joint distribution.
Our approach to such models is based on the notion of
context-specific independence (CSI) [1]. In the balls-andurn example, in the context BallDrawnk = n, ObsColork has
only one other ancestor — TrueColorn . Similarly, the BN
in Fig. 2 is acyclic in the context F = A and also in the context F = B. To exploit these CSI properties, we define two
generalizations of BNs that make CSI explicit. The first
is partition-based models (PBMs), where instead of specifying a set of parents for each variable, one specifies an
arbitrary partition of the outcome space that determines the
variable’s CPD. In Sec. 2, we give an abstract criterion that
guarantees that a PBM defines a unique joint distribution.
To prove more concrete results, we focus in Sec. 3 on
the special case of contingent Bayesian networks (CBNs):
possibly infinite BNs where some edges are labeled with
conditions. CBNs combine the use of decision trees for
CPDs [1] with the idea of labeling edges to indicate when
they are active [3]. In Sec. 3, we provide general conditions
under which a contingent BN defines a unique probability
distribution, even in the presence of cycles or infinite ancestor sets. In Sec. 4 we explore the extent to which results
about CBNs carry over to the more general PBMs. Then
in Sec. 5 we present a sampling algorithm for approximate
inference in contingent BNs. The time required to generate
a sample using this algorithm depends only on the size of
the context-specifically relevant network, not the total size
of the CBN (which may be infinite). Experimental results
for this algorithm are given in Sec. 6. We omit proofs for
reasons of space; the proofs can be found in our technical
report [8].

2

Partition-based models

We assume a set V of random variables, which may
be countably infinite. Each variable X has a domain
dom (X); we assume in this paper that each domain is at
most countably infinite. The outcome space over which we
would like to define a probability measure is the product
space Ω , ×(X ∈ V) dom (X). An outcome ω ∈ Ω is an assignment of values to all the variables; we write X(ω) for
the value of X in ω.
An instantiation σ is an assignment of values to a subset
of V. We write vars (σ) for the set of variables to which
σ assigns values, and σX for the value that σ assigns to a
variable X ∈ vars (σ). The empty instantiation is denoted
∅. An instantiation σ is said to be finite if vars (σ) is finite. The completions of σ, denoted comp(σ), are those

U

U=0

V

How can we write a similar product expression that involves only a partial instantiation? We need the notion of a
partial instantiation supporting a variable.
Definition 2. In a PBM Γ, an instantiation σ supports
a variable X if there is some block λ ∈ ΛΓX such that
comp(σ) ⊆ λ. In this case we write λΓX (σ) for the unique
element of ΛΓX that has comp(σ) as a subset.

U=1

X

W

Figure 3: A simple contingent BN.

Intuitively, σ supports X if knowing σ is enough to tell
us which block of ΛΓX we’re in, and thus which CPD to
use for X. In Fig. 3, (U = 0, V = 0) supports X, but
(U = 1, V = 0) does not. In an ordinary BN, any instantiation of the parents of X supports X.

outcomes that agree with σ on vars (σ):
comp(σ) , {ω ∈ Ω : ∀X ∈ vars (σ) , X(ω) = σX }
If σ is a full instantiation — that is, vars (σ) = V — then
comp(σ) consists of just a single outcome.
To motivate our approach to defining a probability measure
on Ω, consider the BN in Fig. 3, ignoring for now the labels on the edges. To completely specify this model, we
would have to provide, in addition to the graph structure,
a conditional probability distribution (CPD) for each variable. For example, assuming the variables are binary, the
CPD for X would be a table with 8 rows, each corresponding to an instantiation of X’s three parents. Another way of
viewing this is that X’s parent set defines a partition of Ω
where each CPT row corresponds to a block (i.e., element)
of the partition. This may seem like a pedantic rephrasing,
but partitions can expose more structure in the CPD. For
example, suppose X depends only on V when U = 0 and
only on W when U = 1. The tabular CPD for X would
still be the same size, but now the partition for X only has
four blocks: comp(U = 0, V = 0), comp(U = 0, V = 1),
comp(U = 1, W = 0), and comp(U = 1, W = 1).
Definition 1. A partition-based model Γ over V consists of
• for each X ∈ V, a partition ΛΓX of Ω where we write
λΓX (ω) to denote the block of the partition that the outcome ω belongs to;
• for each X ∈ V and block λ ∈ ΛΓX , a probability distribution pΓ (X|λ) over dom (X).
A PBM defines a probability distribution over Ω. If V is
finite, this distribution can be specified as a product expression, just as for an ordinary BN:
P (ω) ,

Y

pΓ (X(ω)|λΓX (ω))

(1)

X ∈V

Unfortunately, this equation becomes meaningless when
V is infinite, because the probability of each outcome ω
will typically be zero. A natural solution is to define the
probabilities of finite instantiations, and then rely on Kolmogorov’s extension theorem (see, e.g., [2]) to ensure that
we have defined a unique distribution over outcomes. But
Eq. 1 relies on having a full outcome ω to determine which
CPD to use for each variable X.
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An instantiation σ is self-supporting if every X ∈ vars (σ)
is supported by σ. In a BN, if U is an ancestral set (a set
of variables that includes all the ancestors of its elements),
then every instantiation of U is self-supporting.
Definition 3. A probability measure P over V satisfies a
PBM Γ if for every finite, self-supporting instantiation σ:
Y
P (comp(σ)) =
(2)
pΓ (σX |λΓX (σ))
X ∈ vars(¾)

A PBM is well-defined if there is a unique probability measure that satisfies it. One way a PBM can fail to be welldefined is if the constraints specified by Eq. 2 are inconsistent: for instance, if they require that the instantiations
(X = 1, Y = 1) and (X = 0, Y = 0) both have probability
0.9. Conversely, a PBM can be satisfied by many distributions if, for example, the only self-supporting instantiations
are infinite ones — then Def. 3 imposes no constraints.
When can we be sure that a PBM is well-defined? First,
recall that a BN is well-defined if it is acyclic, or equivalently, if its nodes have a topological ordering. Thus, it
seems reasonable to think about numbering the variables in
a PBM. A numbering of V is a bijection π from V to some
prefix of N (this will be a proper prefix if V is finite, and
the whole set N if V is countably infinite). We define the
predecessors of a variable X under π as:
Predπ [X] , {U ∈ V : π(U ) < π(X)}
Note that since each variable X is assigned a finite number
π(X), the predecessor set Predπ [X] is always finite.
One of the purposes of PBMs is to handle cyclic scenarios
such as Example 2. Thus, rather than speaking of a single
topological numbering for a model, we speak of a supportive numbering for each outcome.
Definition 4. A numbering π is a supportive numbering
for an outcome ω if for each X ∈ V, the instantiation
Predπ [X](ω) supports X.
Theorem 1. A PBM Γ is well-defined if, for every outcome
ω ∈ Ω, there exists a supportive numbering πω .

The converse of this theorem is not true: a PBM may happen to be well-defined even if some outcomes do not have
supportive numberings. But more importantly, the requirement that each outcome have a supportive numbering is
very abstract. How could we determine whether it holds
for a given PBM? To answer this question, we now turn to
a more concrete type of model.

3

Contingent Bayesian networks

Contingent Bayesian networks (CBNs) are a special case
of PBMs for which we can define more concrete welldefinedness criteria, as well as an inference algorithm. In
Fig. 3 the partition was represented not as a list of blocks,
but implicitly by labeling each edge with an event. The
meaning of an edge from W to X labeled with an event E,
which we denote by (W → X | E), is that the value of W
may be relevant to the CPD for X only when E occurs. In
Fig. 3, W is relevant to X only when U = 1.
Using the definitions of V and Ω from the previous section,
we can define a CBN structure as follows:
Definition 5. A CBN structure G is a directed graph where
the nodes are elements of V and each edge is labeled with
a subset of Ω.
In our diagrams, we leave an edge blank when it is labeled
with the uninformative event Ω. An edge (W → X | E) is
said to be active given an outcome ω if ω ∈ E, and active
given a partial instantiation σ if comp(σ) ⊆ E. A variable
W is an active parent of X given σ if an edge from W to
X is active given σ.
Just as a BN is parameterized by specifying CPTs, a CBN is
parameterized by specifying a decision tree for each node.
Definition 6. A decision tree T is a directed tree where
each node is an instantiation σ, such that:
• the root node is ∅;
• each non-leaf node σ splits on a variable X¾T such
that ¡the children
of σ are {(σ; X¾T = x) : x ∈
¢
T
dom X¾ }.

W=0

V=1

V=1

V=0

U=0

So for each variable X, we specify a decision tree TX , thus
defining a partition ΛX , Λ(TX ) . To complete the parameterization, we also specify a function pB (X = x|λ) that
maps each λ ∈ ΛX to a distribution over dom (X). However, the decision tree for X must respect the CBN structure
in the following sense.
Definition 8. A decision tree T respects the CBN structure
G at X if for every node σ ∈ T that splits on a variable W ,
there is an edge (W → X | E) in G that is active given σ.
For example, tree (a) in Fig. 4 respects the CBN structure
of Fig. 3 at X. However, tree (b) does not: the root instantiation ∅ does not activate the edge (V → X | U = 0), so
it should not split on V .
Definition 9. A contingent Bayesian network (CBN) B
over V consists of a CBN structure G B , and for each variable X ∈ V:
• a decision tree TXB that respects G B at X, defining a
B);
partition ΛB
X , Λ(TX
• for each block λ ∈ ΛB
X , a probability distribution
pB (X|λ) over dom (X).
It is clear that a CBN is a kind of PBM, since it defines a
partition and a conditional probability distribution for each
variable. Thus, we can carry over the definitions from the
previous section of what it means for a distribution to satisfy a CBN, and for a CBN to be well-defined.

Theorem 2. Suppose a CBN B satisfies the following:

V=0

(a)

Definition 7. The partition ΛT defined by a decision tree
T consists of a block of the form {ω ∈ Ω : ω matches µ}
for each non-truncated path µ starting at the root of T .

We will now give a set of structural conditions that ensure
that a CBN is well-defined. We call a set of edges in G
consistent if the events on the edges have a non-empty intersection: that is, if there is some outcome that makes all
the edges active.

W=1
U=1

infinitely many children. This definition also allows a decision tree to contain infinite paths. However, each node
in the tree is a finite instantiation, since it is connected to
the root by a finite path. We will call a path truncated if
it ends with a non-leaf node. Thus, a non-truncated path
either continues infinitely or ends at a leaf. An outcome ω
matches a path µ if ω is a completion of every node (instantiation) in the path. The non-truncated paths starting
from the root are mutually exclusive and exhaustive, so a
decision tree defines a partition of Ω.

(b)

Figure 4: Two decision trees for X in Fig. 3. Tree (a) respects
the CBN structure, while tree (b) does not.

Two decision trees are shown in Fig. 4. If a node splits on
a variable that has infinitely many values, then it will have
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(A1) No consistent path in G B forms a cycle.
(A2) No consistent path in G B forms an infinite receding chain X1 ˆ X2 ˆ X3 ˆ · · · .
(A3) No variable X ∈ V has an infinite, consistent set
of incoming edges in G B .
Then B is well-defined.

H

H

A CBN that satisfies the conditions of Thm. 2 is said to be
structurally well-defined. If a CBN has a finite set of variables, we can check the conditions directly. For instance,
the CBN in Fig. 2 is structurally well-defined: although it
contains a cycle, the cycle is not consistent.

GB=0

GA=0

H=1

GA

GB

GA

GB

H=0

The balls-and-urn example (Fig. 1) has infinitely many
nodes, so we cannot write out the CBN explicitly. However, it is clear from the plates representation that this
CBN is structurally well-defined as well: there are no
cycles or infinite receding chains, and although each
ObsColork node has infinitely many incoming edges, the
labels BallDrawnk = n ensure that exactly one of these
edges is active in each outcome. In [8], we discuss the
general problem of determining whether the infinite CBN
defined by a high-level model is structurally well-defined.

4

GB=1

GA:

H=1

0.9
H=1

0.9

GA:

H=0

GB:

GB=1

0.9

GB=0

0.1

GA=1

0.9

GA=0

0.1

H=0

GB=0

GA=1

0.9

0.1

0.9
H=1

H=1
0.1

GA=0

GB:
H=0

H=0

0.9

0.9

Figure 5: Two CBNs for Ex. 3, with decision trees and probabil-

CBNs as implementations of PBMs

ities for GA and GB .

In a PBM, we specify an arbitrary partition for each variable; in CBNs, we restrict ourselves to partitions generated
by decision trees. But given any partition Λ, we can construct a decision tree T that yields a partition at least as
fine as Λ—that is, such that each block λ ∈ ΛT is a subset
of some λ0 ∈ Λ. In the worst case, every path starting at the
root in T will need to split on every variable. Thus, every
PBM is implemented by some CBN, in the following sense:
Definition 10. A CBN B implements a PBM Γ over the
same set of variables V if, for each variable X ∈ V, each
0
Γ
block λ ∈ ΛB
X is a subset of some block λ ∈ ΛX , and
0
pB (X|λ) = pΓ (X|λ ).
Theorem 3. If a CBN B implements a PBM Γ and B is
structurally well-defined, then Γ is also well-defined, and
B and Γ are satisfied by the same unique distribution.
Thm. 3 gives us a way to show that a PBM Γ is welldefined: construct a CBN B that implements Γ, and then
use Thm. 2 to show that B is structurally well-defined.
However, the following example illustrates a complication:
Example 3. Consider predicting who will go to a weekly
book group meeting. Suppose it is usually Bob’s responsibility to prepare questions for discussion, but if a historical
fiction book is being discussed, then Alice prepares questions. In general, Alice and Bob each go to the meeting
with probability 0.9. However, if the book is historical fiction and Alice isn’t going, then the group will have no discussion questions, so the probability that Bob bothers to go
is only 0.1. Similary, if the book is not historical fiction and
Bob isn’t going, then Alice’s probability of going is 0.1. We
will use H, GA and GB to represent the binary variables
“historical fiction”, “Alice goes”, and “Bob goes”.
This scenario is most naturally represented by a PBM. The
probability that Bob goes is 0.1 given ((H = 1)∧(GA = 0))
and 0.9 otherwise, so the partition for GB has two blocks.
The partition for GA has two blocks as well.
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The CBNs in Fig. 5 both implement this PBM. There are
no decision trees that yield exactly the desired partitions for
GA and GB : the trees in Fig. 5 yield three blocks instead
of two. Because the trees on the two sides of the figure
split on the variables in different orders, they respect CBN
structures with different labels on the edges. The CBN on
the left has a consistent cycle, while the CBN on the right
is structurally well-defined.
Thus, there may be multiple CBNs that implement a given
PBM, and it may be that some of these CBNs are structurally well-defined while others are not. Even if we are
given a well-defined PBM, it may be non-trivial to find a
structurally well-defined CBN that implements it. Thus,
algorithms that apply to structurally well-defined CBNs —
such as the one we define in the next section — cannot be
extended easily to general PBMs.

5

Inference

In this section we discuss an approximate inference algorithm for CBNs. To get information about a given
CBN B, our algorithm will use a few “black box” oracle functions. The function G ET-ACTIVE -PARENT(X, σ)
returns a variable that is an active parent of X given
σ but is not already included in vars (σ). It does this
by traversing the decision tree TXB , taking the branch
associated with σU when the tree splits on a variable
U ∈ vars (σ), until it reaches a split on a variable not included in vars (σ). If there is no such variable — which
means that σ supports X — then it returns null. We
also need the function C OND -P ROB(X, x, σ), which returns pB (X = x|σ) whenever σ supports X, and the function S AMPLE -VALUE(X, σ), which randomly samples a
value according to pB (X|σ).
Our inference algorithm is a form of likelihood weight-

the algorithm begins by pushing N onto the stack. Since
N (which has no parents) is supported by ∅, it is immediately removed from the stack and sampled. Next,
the first evidence variable ObsColor1 is pushed onto the
stack. The active edge into ObsColor1 from BallDrawn1
is traversed, and BallDrawn1 is sampled immediately because it is supported by σ (which now includes N ). The
edge from TrueColorn (for n equal to the sampled value of
BallDrawn1 ) to ObsColor1 is now active, and so TrueColorn
is sampled as well. Now ObsColor1 is finally supported by
σ, so it is removed from the stack and instantiated to its
observed value. This process is repeated for all the observations. The resulting sample will get a high weight if the
sampled true colors for the balls match the observed colors.

function CBN-L IKELIHOOD -W EIGHTING(Q, e, B, N )
returns an estimate of P (Q|e)
inputs: Q, the set of query variables
e, evidence specified as an instantiation
B, a contingent Bayesian network
N , the number of samples to be generated
W ← a map from dom (Q) to real numbers, with values
lazily initialized to zero when accessed
for j = 1 to N do
, w ← CBN-W EIGHTED -S AMPLE(Q, e, B)
W[q] ← W[q] + w where q = Q
return N ORMALIZE(W[Q])

function CBN-W EIGHTED -S AMPLE(Q, e, B)
returns an instantiation and a weight
← ∅; stack ← an empty stack; w ← 1
loop
if stack is empty
if some X in (Q ∪ vars (e)) is not in vars ( )
P USH(X , stack )
else
return , w

Intuitively, this algorithm is the same as likelihood weighting, in that we sample the variables in some topological order. The difference is that we sample only those variables
that are needed to support the query and evidence variables,
and we do not bother sampling any of the other variables
in the CBN. Since the weight for a sample only depends
on the conditional probabilities of the evidence variables,
sampling additional variables would have no effect.

while X on top of stack is not supported by
V ← G ET-ACTIVE -PARENT(X , )
push V on stack

Theorem 4. Given a structurally well-defined CBN B,
a finite evidence instantiation e, a finite set Q of query
variables, and a number of samples N , the algorithm
CBN-L IKELIHOOD -W EIGHTING in Fig. 6 returns an estimate of the posterior distribution P (Q|e) that converges
with probability 1 to the correct posterior as N → ∞. Furthermore, each sampling step takes a finite amount of time.

X ← P OP(stack )
if X in vars (e)
x ← eX
w ← w × C OND -P ROB(X , x , )
else
x ← S AMPLE -VALUE(X , )
← ( , X = x)

Figure 6: Likelihood weighting algorithm for CBNs.

6
ing. Recall that the likelihood weighting algorithm for
BNs samples all non-evidence variables in topological order, then weights each sample by the conditional probability of the observed evidence [14]. Of course, we cannot
sample all the variables in an infinite CBN. But even in a
BN, it is not necessary to sample all the variables: the relevant variables can be found by following edges backwards
from the query and evidence variables. We extend this notion to CBNs by only following edges that are active given
the instantiation sampled so far. At each point in the algorithm (Fig. 6), we maintain an instantiation σ and a stack
of variables that need to be sampled. If the variable X on
the top of the stack is supported by σ, we pop X off the
stack and sample it. Otherwise, we find a variable V that is
an active parent of X given σ, and push V onto the stack.
If the CBN is structurally admissible, this process terminates in finite time: condition (A1) ensures that we never
push the same variable onto the stack twice, and conditions
(A2) and (A3) ensure that the number of distinct variables
pushed onto the stack is finite.
As an example, consider the balls-and-urn CBN (Fig. 1).
If we want to query N given some color observations,
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Experiments

We ran two sets of experiments using the likelihood weighting algorithm of Fig. 6. Both use the balls and urn setup
from Ex. 1. The first experiment estimates the number of
balls in the urn given the colors observed on 10 draws; the
second experiment is an identity uncertainty problem. In
both cases, we run experiments with both a noiseless sensor model, where the observed colors of balls always match
their true colors, and a noisy sensor model, where with
probability 0.2 the wrong color is reported.
The purpose of these experiments is to show that inference
over an infinite number of variables can be done using a
general algorithm in finite time. We show convergence of
our results to the correct values, which were computed by
enumerating equivalence classes of outcomes with up to
100 balls (see [8] for details). More efficient sampling algorithms for these problems have been designed by hand
[9]; however, our algorithm is general-purpose, so it needs
no modification to be applied to a different domain.
Number of balls: In the first experiment, we are predicting the total number of balls in the urn. The prior over the
number of balls is a Poisson distribution with mean 6; each
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Figure 7: Posterior distributions for the total number of balls
given 10 observations in the noise-free case (top) and noisy case
(bottom). Exact probabilities are denoted by ’×’s and connected
with a line; estimates from 5 sampling runs are marked with ’+’s.
ball is black with probability 0.5. The evidence consists
of color observations for 10 draws from the urn: five are
black and five are white. For each observation model, five
independent trials were run, each of 5 million samples.1
Fig. 7 shows the posterior probabilities for total numbers of
balls from 1 to 15 computed in each of the five trials, along
with the exact probabilities. The results are all quite close
to the true probability, especially in the noisy-observation
case. The variance is higher for the noise-free model because the sampled true colors for the balls are often inconsistent with the observed colors, so many samples have zero
weights.
Fig. 8 shows how quickly our algorithm converges to the
correct value for a particular probability, P (N = 2|obs).
The run with deterministic observations stays within 0.01
of the true probability after 2 million samples. The noisyobservation run converges faster, in just 100,000 samples.
Identity uncertainty: In the second experiment, three
balls are drawn from the urn: a black one and then two
white ones. We wish to find the probability that the second
and third draws produced the same ball. The prior distribu1
Our Java implementation averages about 1700 samples/sec. for the exact observation case and 1100 samples/sec. for
the noisy observation model on a 3.2 GHz Intel Pentium 4.
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Figure 8: Probability that N = 2 given 10 observations (5 black,
5 white) in the noise-free case (top) and noisy case (bottom).
Solid line indicates exact value; ’+’s are values computed by 5
sampling runs at intervals of 100,000 samples.

tion over the number of balls is Poisson(6). Unlike the previous experiment, each ball is black with probability 0.3.
We ran five independent trials of 100,000 samples on the
deterministic and noisy observation models. Fig. 9 shows
the estimates from all five trials approaching the true probability as the number of samples increases. Note that again,
the approximations for the noisy observation model converge more quickly. The noise-free case stays within 0.01
of the true probability after 70,000 samples, while the noisy
case converges within 10,000 samples. Thus, we perform
inference over a model with an unbounded number of objects and get reasonable approximations in finite time.

7

Related work

There are a number of formalisms for representing contextspecific independence (CSI) in BNs. Boutilier et al. [1]
use decision trees, just as we do in CBNs. Poole and
Zhang [12] use a set of parent contexts (partial instantiations of the parents) for each node; such models can be
represented as PBMs, although not necessarily as CBNs.
Neither paper discusses infinite or cyclic models. The idea
of labeling edges with the conditions under which they are
active may have originated in [3] (a working paper that is
no longer available); it was recently revived in [5].

8

0.4

We have presented contingent Bayesian networks, a formalism for defining probability distributions over possibly infinite sets of random variables in a way that makes
context-specific independence explicit. We gave structural
conditions under which a CBN is guaranteed to define a
unique distribution—even if it contains cycles, or if some
variables have infinite ancestor sets. We presented a sampling algorithm that is guaranteed to complete each sampling step in finite time and converge to the correct posterior distribution. We have also discussed how CBNs fit into
the more general framework of partition-based models.
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Our likelihood weighting algorithm, while completely general, is not efficient enough for most real-world problems. Our future work includes developing an efficient
Metropolis-Hastings sampler that allows for user-specified
proposal distributions; the results of [10] suggest that such
a system can handle large inference problems satisfactorily.
Further work at the theoretical level includes handling continuous variables, and deriving more complete conditions
under which CBNs are guaranteed to be well-defined.
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Figure 9: Probability that draws two and three produced the same
ball for noise-free observations (top) and noisy observations (bottom). Solid line indicates exact value; ’+’s are values computed
by 5 sampling runs.

Bayesian multinets [4] can represent models that would
be cyclic if they were drawn as ordinary BNs. A multinet is a mixture of BNs: to sample an outcome from a
multinet, one first samples a value for the hypothesis variable H, and then samples the remaining variables using
a hypothesis-specific BN. We could extend this approach
to CBNs, representing a structurally well-defined CBN as
a (possibly infinite) mixture of acyclic, finite-ancestor-set
BNs. However, the number of hypothesis-specific BNs required would often be exponential in the number of variables that govern the dependency structure. On the other
hand, to represent a given multinet as a CBN, we simply
include an edge V → X with the label H = h whenever
that edge is present in the hypothesis-specific BN for h.
There has also been some work on handling infinite ancestor sets in BNs without representing CSI. Jaeger [6] states
that an infinite BN defines a unique distribution if there is
a well-founded topological ordering on its variables; that
condition is more complete than ours in that it allows a
node to have infinitely many active parents, but less complete in that it requires a single ordering for all contexts.
Pfeffer and Koller [11] point out that a network containing
an infinite receding path X1 ˆ X2 ˆ X3 ˆ · · · may
still define a unique distribution if the CPDs along the path
form a Markov chain with a unique stationary distribution.
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Abstract

high-dimensional spaces such as sequences of words. In
the case of statistical language models, the most successful generalization principle (and corresponding notion of
similarity) is also a very simple one, and it is used in interpolated and back-off n-gram models (Jelinek and Mercer, 1980; Katz, 1987): sequences that share shorter subsequences are similar and should share probability mass.

In recent years, variants of a neural network architecture for statistical language modeling have
been proposed and successfully applied, e.g. in
the language modeling component of speech recognizers. The main advantage of these architectures is that they learn an embedding for words
(or other symbols) in a continuous space that
helps to smooth the language model and provide good generalization even when the number of training examples is insufficient. However, these models are extremely slow in comparison to the more commonly used n-gram models, both for training and recognition. As an alternative to an importance sampling method proposed to speed-up training, we introduce a hierarchical decomposition of the conditional probabilities that yields a speed-up of about 200 both
during training and recognition. The hierarchical
decomposition is a binary hierarchical clustering constrained by the prior knowledge extracted
from the WordNet semantic hierarchy.

1

INTRODUCTION

The curse of dimensionality hits hard statistical language
models because the number of possible combinations of n
words from a dictionnary (e.g. of 50,000 words) is immensely larger than all the text potentially available, at least
for n > 2. The problem comes down to transfering probability mass from the tiny fraction of observed cases to all
the other combinations. From the point of view of machine
learning, it is interesting to consider the different principles
at work in obtaining such generalization. The most fundamental principle, used explicitly in non-parametric models, is that of similarity: if two objects are similar they
should have a similar probability. Unfortunately, using a
knowledge-free notion of similarity does not work well in
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However, these methods are based on exact matching
of subsequences, whereas it is obvious that two word sequences may not match and yet be very close to each other
semantically. Taking this into account, another principle
that has been shown to be very successful (in combination with the first one) is based on a notion of similarity
between individual words: two word sequences are said
to be “similar” if their corresponding words are “similar”.
Similarity between words is usually defined using word
classes (Brown et al., 1992; Goodman, 2001b). These
word classes correspond to a partition of the set of words
in such a way that words in the same class share statistical properties in the context of their use, and this partition
can be obtained with various clustering algorithms. This is
a discrete all-or-nothing notion of similarity. Another way
to define similarity between words is based on assigning
each word to a continuous-valued set of features, and comparing words based on this feature vector. This idea has
already been exploited in information retrieval (Schutze,
1993; Deerwester et al., 1990) using a singular value decomposition of a matrix of occurrences, indexed by words
in one dimension and by documents in the other.
This idea has also been exploited in (Bengio, Ducharme
and Vincent, 2001; Bengio et al., 2003): a neural network
architecture is defined in which the first layer maps word
symbols to their continuous representation as feature vectors, and the rest of the neural network is conventional and
used to construct conditional probabilities of the next word
given the previous ones. This model is described in detail in Section 2. The idea is to exploit the smoothness of
the neural network to make sure that sequences of words
that are similar according to this learned metric will be assigned a similar probability. Note that both the feature vec-

tors and the part of the model that computes probabilities
from them are estimated jointly, by regularized maximum
likelihood. This type of model is also related to the popular
maximum entropy models (Berger, Della Pietra and Della
Pietra, 1996) since the latter correspond to a neural network
with no hidden units (the unnormalized log-probabilities
are linear functions of the input indicators of presence of
words).
This neural network approach has been shown to generalize well in comparison to interpolated n-gram models and
class-based n-grams (Brown et al., 1992; Pereira, Tishby
and Lee, 1993; Ney and Kneser, 1993; Niesler, Whittaker
and Woodland, 1998; Baker and McCallum, 1998), both
in terms of perplexity and in terms of classification error
when used in a speech recognition system (Schwenk and
Gauvain, 2002; Schwenk, 2004; Xu, Emami and Jelinek,
2003). In (Schwenk and Gauvain, 2002; Schwenk, 2004),
it is shown how the model can be used to directly improve
speech recognition performance. In (Xu, Emami and Jelinek, 2003), the approach is generalized to form the various conditional probability functions required in a stochastic parsing model called the Structured Language Model,
and experiments also show that speech recognition performance can be improved over state-of-the-art alternatives.
However, a major weakness of this approach is the very
long training time as well as the large amount of computations required to compute probabilities, e.g. at the time
of doing speech recognition (or any other application of
the model). Note that such models could be used in other
applications of statistical language modeling, such as automatic translation and information retrieval, but improving
speed is important to make such applications possible.
The objective of this paper is thus to propose a
much faster variant of the neural probabilistic language
model. It is based on an idea that could in principle
deliver close to exponential speed-up with respect to the
number of words in the vocabulary. Indeed the computations required during training and during probability prediction are a small constant plus a factor linearly proportional to the number of words |V | in the vocabulary V .
The approach proposed here can yield a speed-up of order
O( log|V|V| | ) for the second term. It follows up on a proposal
made in (Goodman, 2001b) to rewrite a probability function based on a partition of the set of words. The basic
idea is to form a hierarchical description of a word as a sequence of O(log |V |) decisions, and to learn to take these
probabilistic decisions instead of directly predicting each
word’s probability. Another important idea of this paper
is to reuse the same model (i.e. the same parameters) for
all those decisions (otherwise a very large number of models would be required and the whole model would not fit
in computer memory), using a special symbolic input that
characterizes the nodes in the tree of the hierarchical decomposition. Finally, we use prior knowledge in the Word-
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Net lexical reference system to help define the hierarchy of
word classes.

2 PROBABILISTIC NEURAL
LANGUAGE MODEL
The objective is to estimate the joint probability of sequences of words and we do it through the estimation of the
conditional probability of the next word (the target word)
given a few previous words (the context):
Y
P (wt |wt−1 , . . . , wt−n+1 ),
P (w1 , . . . , wl ) =
t

where wt is the word at position t in a text and wt ∈ V ,
the vocabulary. The conditional probability is estimated
by
P a normalized function f (wt , wt−1 , . . . , wt−n+1 ), with
v f (v, wt−1 , . . . , wt−n+1 ) = 1.
In (Bengio, Ducharme and Vincent, 2001; Bengio et al.,
2003) this conditional probability function is represented
by a neural network with a particular structure. Its most
important characteristic is that each input of this function
(a word symbol) is first embedded into a Euclidean space
(by learning to associate a real-valued “feature vector” to
each word). The set of feature vectors for all the words
in V is part of the set of parameters of the model, estimated by maximizing the empirical log-likelihood (minus
weight decay regularization). The idea of associating each
symbol with a distributed continuous representation is not
new and was advocated since the early days of neural networks (Hinton, 1986; Elman, 1990). The idea of using neural networks for language modeling is not new either (Miikkulainen and Dyer, 1991; Xu and Rudnicky, 2000), and
is similar to proposals of character-based text compression
using neural networks to predict the probability of the next
character (Schmidhuber, 1996).
There are two variants of the model in (Bengio,
Ducharme and Vincent, 2001; Bengio et al., 2003): one
with |V | outputs with softmax normalization (and the target
word wt is not mapped to a feature vector, only the context
words), and one with a single output which represents the
unnormalized probability for wt given the context words.
Both variants gave similar performance in the experiments
reported in (Bengio, Ducharme and Vincent, 2001; Bengio
et al., 2003). We will start from the second variant here,
which can be formalized as follows, using the Boltzmann
distribution form, following (Hinton, 2000):
e−g(wt ,wt−1 ,...,wt−n+1 )
f (wt , wt−1 , . . . , wt−n+1 ) = P −g(v,w ,...,w
t−1
t−n+1 )
ve

where g(v, wt−1 , . . . , wt−n+1 ) is a learned function that
can be interpreted as an energy, which is low when the tuple
(v, wt−1 , . . . , wt−n+1 ) is “plausible”.

Let F be an embedding matrix (a parameter) with row
Fi the embedding (feature vector) for word i. The above
energy function is represented by a first transformation of
the input label through the feature vectors Fi , followed by
an ordinary feedforward neural network (with a single output and a bias dependent on v):

g(v, wt−1 , . . . , wt−n+1 ) = a0 . tanh(c + W x + U Fv0 ) + bv
(1)
where x0 denotes the transpose of x, tanh is applied element by element, a, c and b are parameters vectors, W and
U are weight matrices (also parameters), and x denotes the
concatenation of input feature vectors for context words:
x = (Fwt−1 , . . . , Fwt−n+1 )0 .

(2)

Let h be the number of hidden units (the number of rows
of W ) and d the dimension of the embedding (number
of columns of F ). Computing f (wt , wt−1 , . . . , wt−n+1 )
can be done in two steps: first compute c + W x (requires
hd(n − 1) multiply-add operations), and second, for each
v ∈ V , compute U Fv0 (hd multiply-add operations) and
the value of g(v, ...) (h multiply-add operations). Hence
total computation time for computing f is on the order of
(n − 1)hd + |V |h(d + 1). In the experiments reported
in (Bengio et al., 2003), n is around 5, |V | is around 20000,
h is around 100, and d is around 30. This gives around
12000 operations for the first part (independent of |V |) and
around 60 million operations for the second part (that is
linear in |V |).
Our goal in this paper is to drastically reduce the second part, ideally by replacing the O(|V |) computations by
O(log |V |) computations.

3

HIERARCHICAL DECOMPOSITION
CAN PROVIDE EXPONENTIAL
SPEED-UP

In (Goodman, 2001b) it is shown how to speed-up a maximum entropy class-based statistical language model by
using the following idea. Instead of computing directly
P (Y |X) (which involves normalization across all the values that Y can take), one defines a clustering partition for
the Y (into the word classes C, such that there is a deterministic function c(.) mapping Y to C), so as to write
P (Y = y|X = x) =
P (Y = y|C = c(y), X)P (C = c(y)|X = x).
This is always
P true for any functionPc(.) because
P (Y |X) =
i P (Y |C =
i P (Y, C = i|X) =
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i, X)P (C = i|X) = P (Y |C = c(Y ), X)P (C =
c(Y )|X) because only one value of C is compatible with
the value of Y , the value C = c(Y ).
Although any c(.) would yield correct probabilities, generalization could be better for choices of word classes that
“make sense”, i.e. those for which it easier to learn the
P (C = c(y)|X = x).
If Y can take 10000 values and we have 100 classes with
100 words y in each class, then instead of doing normalization over 10000 choices we only need to do two normalizations, each over 100 choices. If computation of conditional probabilities is proportional to the number of choices
then the above would reduce computation by a factor 50.
This is approximately what is gained according to the measurements reported in (Goodman, 2001b). The same paper suggests that one could introduce more levels to the
decomposition and here we push this idea to the limit. Indeed, whereas a one-level decomposition
should provide a
p
speed-up on the order of √|V | = |V |, a hierarchical de|V |

composition represented by a balanced binary tree should
|
provide an exponential speed-up, on the order of log|V |V
|
2
(at least for the part of the computation that is linear in the
number of choices).

Each word v must be represented by a bit vector
(b1 (v), . . . bm (v)) (where m depends on v). This can be
achieved by building a binary hierarchical clustering of
words, and a method for doing so is presented in the next
section. For example, b1 (v) = 1 indicates that v belongs
to the top-level group 1 and b2 (v) = 0 indicates that it belongs to the sub-group 0 of that top-level group.
The next-word conditional probability can thus be represented and computed as follows:
P (v|wt−1 , . . . , wt−n+1 ) =
m
Y
P (bj (v)|b1 (v), . . . , bj−1 (v), wt−1 , . . . , wt−n+1 )
j=1

This can be interpreted as a series of binary stochastic
decisions associated with nodes of a binary tree. Each node
is indexed by a bit vector corresponding to the path from
the root to the node (append 1 or 0 according to whether the
left or right branch of a decision node is followed). Each
leaf corresponds to a word. If the tree is balanced then the
maximum length of the bit vector is dlog2 |V |e. Note that
we could further reduce computation by looking for an encoding that takes the frequency of words into account, to
reduce the average bit length to the unconditional entropy
of words. For example with the corpus used in our experiments, |V | = 10000 so log2 |V | ≈ 13.3 while the unigram
entropy is about 9.16, i.e. a possible additional speed-up
of 31% when taking word frequencies into account to better balance the binary tree. The gain would be greater for

larger vocabularies, but not a very significant improvement
over the major one obtained by using a simple balanced
hierarchy.

sense to force the word embedding to be shared across all
nodes. This is important also because the matrix of word
features F is the largest component of the parameter set.

The “target class” (0 or 1) for each node is obtained directly from the target word in each context, using the bit
encoding of that word. Note also that there will be a target
(and gradient propagation) only for the nodes on the path
from the root to the leaf associated with the target word.
This is the major source of savings during training.

Since each node in the hierarchy presumably has a semantic meaning (being associated with a group of hopefully similar-meaning words) it makes sense to also associate each node with a feature vector. Without loss
of generality, we can consider the model to predict
P (b|node, wt−1 , . . . , wt−n+1 ) where node corresponds to
a sequence of bits specifying a node in the hierarchy and b
is the next bit (0 or 1), corresponding to one of the two children of node. This can be represented by a model similar to
the one described in Section 2 and (Bengio, Ducharme and
Vincent, 2001; Bengio et al., 2003) but with two kinds of
symbols in input: the context words and the current node.
We allow the embedding parameters for word cluster nodes
to be different from those for words. Otherwise the architecture is the same, with the difference that there are only
two choices to predict, instead of |V | choices.

During recognition and testing, there are two main cases
to consider: one needs the probability of only one word,
e.g. the observed word, (or very few) , or one needs the
probabilities of all the words. In the first case (which occurs during testing on a corpus) we still obtain the exponential speed-up. In the second case, we are back to O(|V |)
computations (with a constant factor overhead). For the
purpose of estimating generalization performance (out-ofsample log-likelihood) only the probability of the observed
next word is needed. And in practical applications such as
speech recognition, we are only interested in discriminating between a few alternatives, e.g. those that are consistent
with the acoustics, and represented in a treillis of possible
word sequences.
This speed-up should be contrasted with the one
provided by the importance sampling method proposed
in (Bengio and Senécal, 2003). The latter method is based
on the observation that the log-likelihood gradient is the
average over the model’s distribution for P (v|context) of
the energy gradient associated with all the possible nextwords v. The idea is to approximate this average by a
biased (but asymptotically unbiased) importance sampling
scheme. This approach can lead to significant speed-up
during training, but because the architecture is unchanged,
probability computation during recognition and test still requires O(|V |) computations for each prediction. Instead,
the architecture proposed here gives significant speed-up
both during training and test / recognition.

4

SHARING PARAMETERS ACROSS
THE HIERARCHY

If a separate predictor is used for each of the nodes in the
hierarchy, about 2|V | predictors will be needed. This represents a huge capacity since each predictor maps from the
context words to a single probability. This might create
problems in terms of computer memory (not all the models
would fit at the same time in memory) as well as overfitting.
Therefore we have chosen to build a model in which parameters are shared across the hierarchy. There are clearly
many ways to achieve such sharing, and alternatives to the
architecture presented here should motivate further study.
Based on our discussion in the introduction, it makes
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More precisely, the specific predictor used in our experiments is the following:

P (b = 1|node, wt−1 , . . . , wt−n+1 ) =
sigmoid(αnode + β 0 . tanh(c + W x + U Nnode ))
where x is the concatenation of context word features
as in eq. 2, sigmoid(y) = 1/(1 + exp(−y)), αi is a bias
parameter playing the same role as bv in eq. 1, β is a weight
vector playing the same role as a in eq. 1, c, W , U and F
play the same role as in eq. 1, and N gives feature vector
embeddings for nodes in a way similar that F gave feature
vector embeddings for next-words in eq. 1.

5

USING WORDNET TO BUILD THE
HIERARCHICAL DECOMPOSITION

A very important component of the whole model is the
choice of the words binary encoding, i.e. of the hierarchical word clustering. In this paper we combine empirical statistics with prior knowledge from the WordNet resource (Fellbaum, 1998). Another option would have been
to use a purely data-driven hierarchical clustering of words,
and there are many other ways in which the WordNet resource could have been used to influence the resulting clustering.
The IS-A taxonomy in WordNet organizes semantic
concepts associated with senses in a graph that is almost a
tree. For our purposes we need a tree, so we have manually
selected a parent for each of the few nodes that have more
than one parent. The leaves of the WordNet taxonomy are
senses and each word can be associated with more than one

sense. Words sharing the same sense are considered to be
synonymous (at least in one of their uses). For our purpose we have to choose one of the senses for each word
(to make the whole hierarchy one over words) and we selected the most frequent sense. A straightforward extension
of the proposed model would keep the semantic ambiguity
of each word: each word would be associated with several leaves (senses) of the WordNet hierarchy. This would
require summing over all those leaves (and corresponding
paths to the root) when computing next-word probabilities.
Note that the WordNet tree is not binary: each node
may have many more than two children (this is particularly a problem for verbs and adjectives, for which WordNet is shallow and incomplete). To transform this hierarchy into a binary tree we perform a data-driven binary hierarchical clustering of the children associated with each
node, as illustrated in Figure 1. The K-means algorithm is
used at each step to split each cluster. To compare nodes,
we associate each node with the subset of words that it
covers. Each word is associated with a TF/IDF (Salton
and Buckley, 1988) vector of document/word occurrence
counts, where each “document” is a paragraph in the training corpus. Each node is associated with the dimensionwise median of the TF/IDF scores. Each TF/IDF score
is the occurrence frequency of the word in the document
times the logarithm of the ratio of the total number of documents by the number of documents containing the word.
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COMPARATIVE RESULTS

Experiments were performed to evaluate the speed-up and
any change in generalization error. The experiments also
compared an alternative speed-up technique (Bengio and
Senécal, 2003) that is based on importance sampling (but
only provides a speed-up during training). The experiments
were performed on the Brown corpus, with a reduced vocabulary size of 10,000 words (the most frequent ones).
The corpus has 1,105,515 occurrences of words, split into
3 sets: 900,000 for training, 100,000 for validation (model
selection), and 105,515 for testing. The validation set was
used to select among a small number of choices for the size
of the embeddings and the number of hidden units.
The results in terms of raw computations (time to process one example), either during training or during test
are shown respectively in Tables 1 and 2. The computations were performed on Athlon processors with a 1.2 GHz
clock. The speed-up during training is by a factor greater
than 250 and during test by a factor close to 200. These are
impressive but less than the |V |/ log2 |V | ≈ 750 that could
be expected if there was no overhead and no constant term
in the computational cost.
It is also important to verify that learning still works
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Figure 1: WordNet’s IS-A hierarchy is not a binary tree:
most nodes have many children. Binary hierarchical clustering of these children is performed.

and that the model generalizes well. As usual in statistical language modeling this is measured by the model’s
perplexity on the test data, which is the exponential of
the average negative log-likehood on that data set. Training is performed over about 20 to 30 epochs according to
validation set perplexity (early stopping). Table 3 shows
the comparative generalization performance of the different architectures, along with that of an interpolated trigram
and a class-based n-gram (same procedures as in (Bengio
et al., 2003), which follow respectively (Jelinek and Mercer, 1980) and (Brown et al., 1992; Ney and Kneser, 1993;
Niesler, Whittaker and Woodland, 1998)). The validation
set was used to choose the order of the n-gram and the
number of word classes for the class-based models. We
used the implementation of these algorithms in the SRI
Language Modeling toolkit, described by (Stolcke, 2002)
and in www.speech.sri.com/projects/srilm/.
Note that better performance should be obtainable with
some of the tricks in (Goodman, 2001a). Combining the
neural network with a trigram should also decrease its per-

architecture
original neural net
importance sampling
hierarchical model

Time per
epoch (s)
416 300
6 062
1 609

Time per
ex. (ms)
462.6
6.73
1.79

speed-up

1
68.7
258

Table 1: Training time per epoch (going once through all
the training examples) and per example. The original neural net is as described in sec. 2. The importance sampling algorithm (Bengio and Senécal, 2003) trains the same
model faster. The hierarchical model is the one proposed
here, and it yields a speed-up not only during training but
for probability predictions as well (see the next table).

architecture
original neural net
importance sampling
hierarchical model

Time per
example (ms)
270.7
221.3
1.4

speed-up

1
1.22
193

Table 2: Test time per example for the different algorithms.
See Table 1’s caption. It is at test time that the hierarchical
model’s advantage becomes clear in comparison to the importance sampling technique, since the latter only brings a
speed-up during training.

plexity, as already shown in (Bengio et al., 2003).
As shown in Table 3, the hierarchical model does not
generalize as well as the original neural network, but the
difference is not very large and still represents an improvement over the benchmark n-gram models. Given the very
large speed-up, it is certainly worth investigating variations
of the hierarchical model proposed here (in particular how
to define the hierarchy) for which generalization could be
better. Note also that the speed-up would be greater for
larger vocabularies (e.g. 50,000 is not uncommon in speech
recognition systems).

trigram
class-based
original neural net
importance sampling
hierarchical model

Validation
perplexity
299.4
276.4
213.2
209.4
241.6

Test
perplexity
268.7
249.1
195.3
192.6
220.7

Table 3: Test perplexity for the different architectures and
for an interpolated trigram. The hierarchical model performed a bit worse than the original neural network, but
is still better than the baseline interpolated trigram and the
class-based model.

From a linguistic point of view, one of the weaknesses
of the above model is that it considers word clusters as deterministic functions of the word, but uses the nodes in
WordNet’s taxonomy to help define those clusters. However, WordNet provides word sense ambiguity information
which could be used for linguistically more accurate modeling. The hierarchy would be a sense hierarchy instead of
a word hiearchy, and each word would be associated with
a number of senses (those allowed for that word in WordNet). In computing probabilities, this would involve summing over several paths from the root, corresponding to the
different possible senses of the word. As a side effect, this
could provide a word sense disambiguation model, and it
could be trained both on sense-tagged supervised data and
on unlabeled ordinary text. Since the average number of
senses per word is small (less than a handful), the loss in
speed would correspondingly be small.
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Abstract
Spectral dimensionality reduction methods and
spectral clustering methods require computation
of the principal eigenvectors of an n × n matrix where n is the number of examples. Following up on previously proposed techniques to
speed-up kernel methods by focusing on a subset of m examples, we study a greedy selection
procedure for this subset, based on the featurespace distance between a candidate example and
the span of the previously chosen ones. In the
case of kernel PCA or spectral clustering this
reduces computation to O(m2 n). For the same
computational complexity, we can also compute
the feature space projection of the non-selected
examples on the subspace spanned by the selected examples, to estimate the embedding function based on all the data, which yields considerably better estimation of the embedding function. This algorithm can be formulated in an online setting and we can bound the error on the
approximation of the Gram matrix.

1

Introduction

Many interesting algorithms have been proposed in recent years to perform non-parametric unsupervised learning, either for clustering (spectral clustering) or for manifold learning. Many of these methods can be seen as kernel methods with an adaptive, data-dependent kernel (Bengio et al., 2004). Like other kernel methods, methods such
as LLE (Roweis and Saul, 2000), Isomap (Tenenbaum, de
Silva and Langford, 2000), kernel Principal Components
Analysis (PCA) (Schölkopf, Smola and Müller, 1998),
Laplacian Eigenmaps (Belkin and Niyogi, 2003) and spectral clustering (Weiss, 1999; Ng, Jordan and Weiss, 2002),
typically require computation of the principal eigenvectors
of an n × n matrix, where n is the number of examples.
In this paper we follow-up on previous work to speed-
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up kernel methods, such as (Smola and Schölkopf, 2000;
Smola and Bartlett, 2001; Williams and Seeger, 2001;
Harmeling et al., 2002; Lawrence, Seeger and Herbrich,
2003; Engel, Mannor and Meir, 2003) but focus on spectral methods for unsupervised learning. Like in these
methods, the main speed-up is obtained by focusing on a
subset of the examples, chosen using a greedy selection
algorithm. We call the set of selected examples the dictionary. Assuming that the kernel is positive semi-definite
(which is not always exactly true, but is a good approximation), the above methods are equivalent to a special form
of kernel PCA. The criterion used for greedy selection is
the distance in feature space between a candidate example and its projection on the subspace spanned by the selected examples. This is a reasonable criterion because the
embedding of a new x will be expressed as a linear combination of the KD (x, xi ), with xi a dictionary example and
KD the data-dependent kernel associated with the particular
method. However, if only the selected examples are used
to derive the embedding (i.e. the principal eigenvectors of
the feature space covariance matrix), then the resulting embedding will be biased, since the dictionary examples will
tend to be distributed more uniformly than the original data
(to better cover more directions in feature space). In addition, this projection of the non-dictionary examples can be
used to enrich the estimation of the feature space covariance matrix. The resulting algorithm is O(m2 n), where m is
the dictionary size, and requires O(m2 ) memory. We show
how using a generalized eigen-decomposition algorithm it
is possible to take advantage of the sparseness of the kernel.
Finally, we also show an efficient way to obtain the kernel
normalization required in kernel PCA (additive normalization) and in spectral clustering (divisive normalization).
In section 3 we give more justification as well as the details
of this algorithm. We put it in perspective of previously
proposed methods in section 4. In section 5 we show with
several experiments that the greedy approximation works
well and works better than (a) the same algorithm with a
randomly selected dictionary (but all the data to estimate
the eigenvectors), and (b) using only m random points to
estimate the eigenvectors.

2

Spectral Embedding Algorithms and
Motivation

or metric MDS) and one with divisive normalization (corresponding to spectral clustering or to Laplacian Eigenmaps
with Gaussian kernel).

Let D = {x1 , . . . , xn } represent a training set, with xi a training example. Spectral embedding algorithms (Schölkopf,
Smola and Müller, 1998; Weiss, 1999; Roweis and Saul,
2000; Tenenbaum, de Silva and Langford, 2000; Ng, Jordan and Weiss, 2002; Belkin and Niyogi, 2003) provide a
vector-valued coordinate for each training example, which
would ideally correspond to its coordinate on a manifold near which the data lie. As discussed in (Bengio
et al., 2004), spectral embedding methods can generalize
the training set embedding to a new example x through the
Nyström formula
√ X
n
n
vik KD (x, xi )
(1)
fk (x) =
λk i=1

for the k-th embedding coordinate, where K D is a kernel
that is defined using D (hence called data-dependent), and
(vk , λk ) is the k-th (eigenvector,eigenvalue) pair of the matrix M with entries Mi j =√ KD (xi , x j ). Note that this formula reduces to fk (xi ) = nvik for training examples. Depending on the choice of algorithm, the embedding can be
further
√ scaled separately in each dimension (e.g. by a factor λk for kernel PCA, metric multidimensional scaling
√
(MDS), Isomap, and spectral clustering, and by a factor n
for LLE). Note that KD is guaranteed to be positive semidefinite for some of these methods (e.g. LLE, kernel PCA,
spectral clustering, Laplacian Eigenmaps) but not for others (e.g. Isomap, MDS) but it is usually close to positive
semi-definite (e.g. for Isomap the kernel converges to a
positive semi-definite one as n → ∞).

Assuming KD positive semi-definite, there exists a “feature space” φ(x) in which KD is a dot product KD (x, y) =
φ(x).φ(y). Eq. 1 therefore shows that the function of interest (the embedding of x) can be written as a dot product
between φ(x) and a vector which is a linear combination of
the feature space vectors φ(xi ) associated with the training
examples:
√ X
n
n
vik φ(xi )).
(2)
fk (x) = φ(x).(
λk i=1

If we are going to work with a subset of the examples
(the dictionary) to define the embedding, we can reduce
the above linear combination to one over dictionary examples. There is a simple way to use a dictionary to reduce
computation. We first compute the Gram matrix of the dictionary examples and its principal eigenvectors. Then we
use the Nyström formula as above to predict the embedding of the other examples. This is essentially the basis
for the “Landmark Isomap” algorithm (de Silva and Tenenbaum, 2003), as shown in (Bengio et al., 2004). This is one
of the methods that we will evaluate experimentally, and
compare to the proposed algorithm, on a Gaussian kernel
with additive normalization (corresponding to kernel PCA
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In the two cases that we study here, the data-dependence of
the kernel is due to this normalization. The data-dependent
kernel KD is obtained from a data-independent kernel K̃ as
follows. For additive normalization (kernel PCA, metric
MDS) we have
KD (x, y) =K̃(x, y) − Ev [K̃(v, y)]

− Ew [K̃(x, w)] + E v,w [K̃(v, w)]

(3)

and for divisive normalization (for a positive kernel) we
have
K̃(x, y)
.
(4)
KD (x, y) = p
Ev [K̃(v, y)]Ew [K̃(x, w)]
In both cases this normalization requires estimation of
E x [K̃(x, y)] which is normally done with the training
set average of the kernel over one of its arguments:
P
E x [K̃(xi , x)] = 1n nj=1 K̃(xi , x j ). We discuss below how to
avoid this computation which would make the whole algorithm running time O(n2 ).

3

Proposed Algorithm

Let C denote the covariance matrix of the examples in feature space. One interpretation of the eigenvectors of the
Gram matrix is that they correspond to the eigenvectors of
P
C, which can be written as √1λ ni=1 vik φ(xi ). Again, this
k
interpretation is only valid for positive semi-definite kernels, or when working in the subspace associated with nonnegative eigenvalues (i.e. with the projection of the φ(x) on
that subspace).

Let P be the subspace spanned by the dictionary examples
in feature space (or the restriction to non-negative eigenvalues). If φ(xt ) is not far from its projection on P, i.e. it is
well approximated by a linear combination of the examples
spanning P, than we can replace it by this projection without making a big error. Proposition 1 below formalizes this
idea, and Figure 1 shows a geometric interpretation of the
projection of φ(xt ) on the span of the dictionary examples in
feature space. Therefore, instead of using a random subset
of examples for the dictionary and only using the dictionary to estimate the eigenvectors of C, we propose (1) to
select the dictionary examples according to their distance
to P, and (2) to use the dictionary examples as well as the
projection of the out-of-dictionary examples to estimate the
principal eigenvectors of C, thus giving rise to a more precise estimate, almost as good as using the whole data set,
according to our experiments. It turns out that (2) comes
for free (i.e. for the same cost) once we have accepted to
do the computations for (1). Another important consideration is that the selected examples may have statistics that
are different from the original examples. For example, if
they are chosen as a good “cover” of the training examples,
the relative density of dictionary examples will be smaller

d (1
))

φ( x
t)

δt

φ( x

√

)

2)

at1

φ( x

d (1
))

d(
φ( x

φ( x

))

d(2

a t2

Figure 1: Out-of-dictionary example φ(xt ) is approximated in feature space by a linear combination of the dictionary
examples φ(xd(i) ), i = 1 . . . m.

Algorithm 1 Greedy Spectral Embedding Algorithm.
Arguments: randomly ordered data set D, tolerance , embedding dimension p.
1: n = |D|,
 initialize D = {x1 }, M1 = (KD (x1 , x1 )),
M1−1 = KD (x1 , x1 )−1 .
2: for t = 2 to n do
3:
for i = 1 to mt−1 do
4:
compute (kt (xt ))i = KD (xt , xd(i) )
5:
end for
−1
kt (xt )
6:
compute matrix-vector product ât = Mt−1
P
P
−1
7:
compute α = 1 − i âti and β = i, j (Mt−1
)i j .
8:
compute projection weights
−1
[1, . . . , 1]0
at = ât + αβ Mt−1
9:
compute projection error
2
δt = KD (xt , xt ) − kt−1 (xt )0 ât + αβ .
10:
if δt >  then
11:
mt = mt−1 + 1, D ← D ∪ {xt }
12:
Mt−1 is set according to eq. 9.
13:
else
−1
14:
mt = mt−1 , Mt−1 = Mt−1
15:
end if
16: end for
17: for i = 1 to mn do
18:
for j = 1 to mn do
19:
Bi j = Ait A jt where Ait recovered from cache or
computed with eq. 10.
20:
end for
21: end for
22: Find the p principal eigenvectors uk and eigenvalues
λk of the generalized eigen-problem with left matrix
B = A0 A and right matrix Mn−1 .
23: Embeddings of all examples are given by vk = Auk for
k-th coordinate.
f (x)
24: The embedding of a test example x is given by k√n ,
with fk (x) as in eq. 1.

than the true data density in areas of high density of the
original examples. You can observe that phenomenon in
the center image of figure 2: the region corresponding to
digit 1 is much more dense and contains only 4 dictionary
points. Since the directions with high variance are different for the dictionary points, using only this selected subset
to form a Gram matrix without projecting the other points
would give a completely different embedding.
Computing the distance between φ(xt ) and the span of the
dictionary examples in feature space can be reduced to
computations with the kernel, thanks to the kernel trick:
δt  min ||φ(xt ) −
at

mt
X

(5)

i=1

where d(i) is the index of the i-th dictionary example, and
mt is the size of the dictionary after seeing t examples. We
P
found better results with the constraint i ait = 1. This
constraint has the effect of making the solution independent to translations in feature space, since (φ(xt ) − b) −
P mt
P mt
i=1 ait (φ(xd(i) ) − b) = φ(xt ) − i=1 ait φ(xd(i) ). In this paper
we consider an application of these ideas to an online setting (or to reduce memory requirements, at most 2 passes
through the data). Let at = (a1t , . . . , amt t ), let Mt−1 be the
Gram matrix of the dictionary examples after seeing t − 1
examples, and let kt−1 (x) be the vector with mt elements
KD (x, xd(i) ). The solution for at without constraint is
−1
ât  Mt−1
kt−1 (xt ).

(6)

The solution with constraint can then be obtained as follows:
α −1
[1, . . . , 1]0
(7)
at = ât + Mt−1
β
P
where 0 denotes transposition, α = 1 − i âti and β =
P
−1
i, j (Mt−1 )i j . The corresponding value of the projection distance is then obtained as follows:

δt = δ̂t +

255

ait φ(xd(i) )||2

α2
,
β

(8)

where δ̂t = KD (xt , xt )−kt−1 (xt )0 ât . We introduce the parameter  that controls the accuracy of the approximation. xt is
added to the dictionary if δt > , which means that xt is
far from its projection on P in feature space. When a point
is added to the dictionary, Mt−1 needs to be computed. To
do so efficiently (in O(m2t ) computations), we can take ad−1
vantage of our knowledge of Mt−1
and the matrix inversion
lemma:
!
−1
1 δ̂t Mt−1
+ ât â0t
−ât
−1
(9)
Mt =
0
1
δ̂t −ât
following the recursive update approach in (Engel, Mannor
and Meir, 2003) for kernel regression.

After we have selected the dictionary, we want to compute
the projection of all the examples on its span. This will
be different from the projection computed online in eq. 7
because it will use the final dictionary and Mn−1 instead of
−1
Mt−1
:
Ât



At



Mn−1 kn (xt )
P
1 − i Âti −1
Mn [1, . . . , 1]0 .
Ât + P
−1
i, j (Mn )i j

(10)

Let A denote the matrix with rows At . It can be shown that
the complete Gram matrix is approximated by AMn A0 . We
can bound the error on each entry of the Gram matrix by
the same parameter we used to select dictionary examples:
Proposition 1
For all xt , xu ∈ D, |KD (xt , xu ) − (AMn A0 )tu | ≤ .
P n
Proof: Let rt = φ(xt )− m
i=1 ait φ(xd(i)√). Notice that if xt ∈ D,
then krt k = 0, otherwise, krt k = δt and rt is orthogonal
to the span of φ(xd(i) ), i = 1, ..., mn . Then we have

KD (xt , xu ) = φ(xt ).φ(xu )
P n
P mn
= (rt + m
i=1 ait φ(xd(i) )).(ru + i=1 aiu φ(xd(i) ))
P n
P mn
= rt .ru + rt . m
i=1 aiu φ(xd(i) ) + ru . i=1 ait φ(xd(i) )
P n
Pmn
+( m
i=1 ait φ(xd(i) )).( i=1 aiu φ(xd(i) ))
Pmn
P n
= rt .ru + ( m
i=1 ait φ(xd(i) )).( i=1 aiu φ(xd(i) ))
= rt .ru + (AMn A0 )tu .
So we have
|KD (xt , xu ) − (AMn A0 )tu |
p p
= |rt .ru | ≤ δt δu ≤ .

The eigenvectors of AMn A0 would give us the embedding
of all the training examples, but this is an n × n matrix. We
want to take advantage of its factorization. Note that if uk is
an eigenvector of Mn A0 A then vk = Auk is an eigenvector of
AMn A0 with the same eigen values. Unfortunately, Mn A0 A
is not symmetric, But we can still compute the eigenvectors
efficiently in time O(m3 ), by solving the m × m generalized
eigen-system Lu = λRu with left matrix L = A0 A and right
matrix R = Mn−1 (which we already have from our recursive
updates). Finally this gives rise to algorithm 1.
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3.1

Computational Cost and Memory Usage

The expensive steps of the algorithm 1 are step 6 (O(m2t−1 )
per step, O(nm2 ) overall), step 12 (O(m2t−1 ) per step, O(nm2 )
overall), step 19 (O(nm2 )), step 22 (O(m3 )), and step 23
(O(pnm)). The memory usage is O(m2 ) to store Mt (which
becomes Mn at the end), if the ait are recomputed in step
23, or O(nm) to store A if they are not recomputed (depending on how large n is and how much memory is available). Hence time is O(nm2 ) and memory either O(m2 ) or
O(nm) (time-memory trade-off only in the constant factor
for time).

Algorithm 2 Constructs a dictionary of specified size mn
with an almost minimal level of error.
Arguments: randomly ordered data set D, wanted subset
size mn .
(KD (x1 , x1 )),
1: Initialize
=  {x1 }, Mt
=
 D
Mt−1 = KD (x1 , x1 )−1 .
2: Set  + = 0 or something for m+n > mn
3: Set  − = 1 or something for m−n < mn
4: Check that m−n < mn by running steps 2 to 16 of algo. 1
using  − , D, Mt , Mt−1 and data set D − D, stopping if
m−t > mn . Store the obtained dictionary and corresponding matrices in D− , Mt− , Mt− −1 .
5: if m−t = mn then
6:
return D− , Mt− , Mt− −1
7: else if m−t > mn then
8:
+ = −
9:
 − = 10 −
10:
goto step 4
11: else
12:
Set D = D− , Mt = Mt− , Mt−1 = Mt− −1
13: end if
14: for i = 1 to 40 do
15:
Set  0 =  + + ( − −  + )/2
16:
Run steps 2 to 16 of algo. 1 using  0 , D, Mt , Mt−1
and data set D − D, stopping if m0t > mn . Store the
obtained dictionary and corresponding matrices in
D0 , Mt0 , Mt0 −1 .
17:
if m0t = mn then
18:
return D0 , Mt0 , Mt0 −1
19:
else if m0t > mn then
20:
Set  + =  0
21:
else
22:
Set  − =  0 , D = D0 , Mt = Mt0 , Mt−1 = Mt0 −1
23:
end if
24: end for
25: Run steps 2 to 16 of algo. 1 using  + , D, Mt , Mt−1
and data set D − D, stopping when m+t = mn . Store
the obtained dictionary and corresponding matrices in
D+ , Mt+ , Mt+ −1 .
−1
26: return D+ , Mt+ , Mt+

Although the goal was to get an online algorithm, it is also
possible to formulate the method in a setting more similar

0
1

0
1

0
1

v2

v2

v2

v1

v1

v1

Figure 2: First two dimensions of the embeddings obtained with kernel PCA on classes 0 (+) and 1 (×) of the MNIST data
set (σ = 31.6, n = 1300). The dictionary points are noted by _. The image on the left is the embedding obtained with the
full Gram matrix. With 34 points in the dictionary, we obtain an almost identical embedding. Even with only 4 points, the
embedding is reasonable and similar.
to previously proposed methods where instead of specifying the accuracy parameter , we specify the subset size
m. To do so, one needs to first search for a good value
of  before applying algorithm 1. This can also be done
in O(nm2 ) operations and O(m2 ) in memory usage. Algorithm 2 constructs a dictionary of the wanted size with an
almost minimal error level. Beginning with an  that gives
a too small dictionary and one giving a too large dictionary,
it does a binary search for the right  while always keeping
small dictionaries and only adding points to it. It first adds
to the dictionary the points that are the farthest from P and
gradually adds points that are closer and closer. This ensures that the error level will be near optimal. One gets the
desired embedding by running steps 17 to 24 of algorithm 1
with the obtained dictionary and corresponding matrices.
3.2

Additive and Divisive Normalizations

We have not discussed how to perform additive or divisive
normalization yet. If we compute the usual complete training set averages to estimate E x [K̃(x, y)], then the whole algorithm becomes O(n2 ) because we have to compute the
values of the data-independent kernel K̃(xi , x j ) for all data
pairs. There are two solutions to this problem, which gave
similar results in our experiments. One is to use a random
subset of the examples (or the dictionary examples) to estimate these averages. If we average over less than m2 examples the overall algorithm would remain O(nm2 ). The other
solution is to compute the exact normalization associated
with the implicit estimated Gram matrix AMn A0 .
Proposition 2
Additive normalization of AMn A0 can be obtained by using
instead of AMn A0 the Gram matrix ÃMn Ã0 with Ã = A − B,
and B the matrix whose rows are all identical and equal to
the average row of A, E t [At ]. Similarly, divisive normalization can be obtained by using the Gram matrix ÃMn Ã0 with
Ãi· = √nA (MAi· E [A ]) .
i·

n

t

t

0

The proof is straightforward comparing Ãi Mn Ã j to
KD (xi , x j ) in eq. 3 and 4. Using this proposition, the al-
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gorithm remains the same except that the matrix A is replaced by Ã in the last steps (22 and 23). Under constraint
P
i ait = 1, additive normalization before or after the computation of A made no empirical difference, since the approximation is invariant to a translation in feature space.
The only difference is the number of points over which the
averages are made. This is not the case for the divisive normalization, where if we want to compute the approximation in the feature space induced by the normalized kernel,
the normalization should be applied before, using a subset of the examples. For this normalization, the constraint
P
i ait = 1 does not help and could be removed, but it did
not make a measurable difference in the experiments.

4

Related work

Other sparse greedy kernel methods in O(m2 n) have been
proposed. (Smola and Bartlett, 2001) and (Lawrence,
Seeger and Herbrich, 2003) present algorithms for greedy
Gaussian processes. The main difference with our method
is that they do m passes on the whole data set (or a random subset of it to reduce computation) and each time
they select the example that improves the most a global
criterion. They also use a recursive update for inverting
matrices. In (Smola and Schölkopf, 2000) the setting is
very general, aiming to approximate a matrix K by K̃, a
lower rank matrix, by minimizing the Frobenius norm of
the residual K − K̃. This is again done with m passes to
select the best basis function among a random subset of all
the n − mt function. Our algorithm is different from these
methods by requiring at most 2 passes on the data set. Instead, the approximation we use is close to the approach
presented in (Engel, Mannor and Meir, 2003) where it was
used in a sequential and supervised setting to perform Kernel RLS. (Williams and Seeger, 2001) suggests to compute the eigen-decomposition on a subset of m examples
and then use the Nyström formula to get an approximation of the eigen-decomposition for the n − m other points.
They argue that their method, although less precise than
(Smola and Schölkopf, 2000), is much faster. In our experiments, we will compare our greedy technique to this
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Figure 3: Even for really small dictionary sizes, the generalization performance is comparable to the one obtained with
the Gram matrix of the whole training set. Curves corresponding to the dictionary methods are indexed with σ, the
standard deviation of the Gaussian kernel, , the accuracy parameter and m, the resulting maximum number of points in
the dictionary (obtained for the maximum n). The curves corresponding to non-dictionary methods are indexed with σ
only. There are 3 principal components for MNIST and 2 for the spiral. The individual experiments associated with the
symbols  and  have the same running time, but the generalization performance is far better for the dictionary method.
We observe the same phenomenon for symbols › and › corresponding to a longer running time. More details on the
relationship between running time and generalization error are given in table 1.
Nyström method showing that for the same computational
time we get better performance. Another related method is
(Harmeling et al., 2002) in which we search for the largest
random subset of examples for which the Gram matrix is
of full rank and project all the examples on this subset.
This technique is more computationally expensive than the
greedy selection since it requires to do several matrix decompositions to compute the rank. We will also see in the
experimental section that random subset selection leads to
larger subsets for the same error level.

5

Experimental Evaluation

The new algorithm was evaluated on two data sets: a 2-D
artificially generated spiral, and images of the digits 0 and
1 from the MNIST data set (scaled down from 28 × 28 to
14 × 14). Two embedding methods were compared and
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evaluated out-of-sample using the Nyström formula: spectral clustering and kernel PCA, both with the Gaussian kernel, with different values of standard deviation (shown in
Figure 3). An example of the embeddings obtained with
the dictionary method on the MNIST data set is given in
figure 2.
The goals of the experiments were (1) to verify that the algorithm worked (in the sense of giving an embedding close
to the one obtained when training with the whole data set)
and (2) to verify that it worked better than (a) the same
algorithm with randomly selected dictionary (Harmeling
et al., 2002) and (b) training on a small subset and generalization with the Nyström formula (Williams and Seeger,
2001; Bengio et al., 2004). To compare the embeddings
given by these different methods, we will need a reference
embedding. We first divide our data set in three parts: D1 ,

Table 1: Comparison between generalization errors for the dictionary and non-dictionary methods at a fixed running time.
The errors and the n corresponds to the ones in Figure 3 for MNIST. Some of these results are plotted in Figure 3 with
square and circle symbols. Similar results are obtained for a fixed memory space.
TIME KPCA (s)

WITHOUT DICTIONARY
MAX. SIZE GEN. ERROR ±95% C.I.

05.71
05.72
06.46
14.02
TIME SC (s)

n = 250
n = 250
n = 550
n = 1300

1.48e−4 ± 8.9e−6
1.48e−4 ± 8.9e−6
8.27e−6 ± 4.0e−7
3.47e−6 ± 1.4e−7

05.80
05.95
07.18
14.06

n = 325
n = 400
n = 700
n = 1300

2.41e−4 ± 1.2e−5
2.37e−4 ± 1.2e−5
1.58e−4 ± 7.3e−6
7.93e−5 ± 3.4e−6

D2 , D3 , where D2 and D3 are large. We compute a reference embedding by applying standard kernel PCA or spectral clustering to D2 ∪ D3 and keeping the part corresponding to D2 . We then train the methods we want to compare
on D1 . Using the obtained eigenvectors, we compute the
out-of-sample embedding for every element of the test set
D2 with the Nyström formula. We will compare this embedding to the reference embedding of D2 by aligning them
with a simple linear regression (that maps each example’s
coordinate in one embedding with the same example’s coordinate in the other embedding). In our experiments, the
reported generalization error is the average squared difference between the corresponding points of these aligned embeddings. We also show the 95% confidence intervals associated to the standard errors of these averages. For the
spiral data, we used sets of sizes |D1 | ≤ 3333, |D2 | = 3330
and |D3 | = 3332. For the MNIST data, |D1 | ≤ 3365,
|D2 | = 3267 and |D3 | = 3332.
In the experiments shown in Figure 3, we verify that the
greedy algorithm works about as well as when we use the
full Gram matrix. On the horizontal axis, we vary the size
of the training set D1 and on the vertical axis, we show
the out-of-sample errors obtained with the Nyström formula. The dictionary method (curves indexed with , m, σ)
is trained with fixed values of , yielding different subset
sizes as the training set grows. The largest subset size obtained is shown as “m ≤ ...”. To compare, we compute the
eigenvectors of the full Gram matrix corresponding to same
training set (ordinary kernel PCA and spectral clustering).
The corresponding generalization errors are reported by the
curves indexed with σ only (full black curves). The main
feature to note is that for a training set of size n, the results with the dictionary of size m  n are very close to the
results using ordinary training with all the examples, i.e.
the greedy algorithm generalizes about as well as full training. The other important conclusion from this figure is that
the dictionary method works much better than the simple
Nyström method with eigenvectors estimated on a random
dictionary (compare for example the error of the full Gram
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WITH DICTIONARY
MAX. SIZE
GEN. ERROR ±95% C.I.

n = 1300, m = 34
n = 1300, m = 55
n = 1300, m = 126

6.64e−6 ± 2.3e−7
6.40e−6 ± 2.1e−7
3.99e−6 ± 1.5e−7

n = 1300, m = 41
n = 1300, m = 65
n = 1300, m = 138

5.16e−5 ± 2.3e−6
5.61e−5 ± 2.5e−6
8.74e−5 ± 3.8e−6

matrix method trained with a dataset of size n = 125 with
the dictionary method for n = 1400 and m = 125 for kernel PCA on MNIST). To be more fair, one can compare the
Nyström method to the dictionary method at equal running
time instead of equal subset size. Table 1 shows that for
the same running time, the dictionary method yields quite
smaller generalization error. In figure 3 and in table 1 you
can notice a slight increase in error as the dictionary grows
for spectral clustering on the MNIST data set, but as expected, the curve for the larger dictionary is closer to the
one for the whole dataset. This increase in error is probably due to overfitting; using a small dictionary is a way to
regularize. Finally, in Figure 4 we compare the proposed
selection algorithm vs a random selection procedure. In
both cases we project the other points on the span of the
subset in feature space. We also show the performance of
the Nyström technique with the eigen-decomposition made
on a random subset of points, ignoring the other points of
the training set. In these experiments we used a training set
of size 3365 and show the test set error for different values
of subset size m. The first thing we notice is that projecting
the other examples makes a huge difference. For this data
set, we need a subset of size about 900 for the Nyström
technique to achieve the performance we get with less than
100 points in the subset if we project the 3265 other points.
Although the greedy selection and the random selection behave the same for subsets of size 65 and more, this is not
the case for smaller sizes. The greedy selection strategy
reduces generalization error significantly, the more so for
smaller dictionaries, as expected. Note that for this problem a greedy dictionary of size 44 gave performances similar to when the complete Gram matrix was used, as shown
in figure 3, but figure 4 suggests that a dictionary of size
about 22 would have been enough. For these dictionary
sizes, the performance of the random dictionary method is
not as good and consequently, an approach like (Harmeling
et al., 2002) will need to pick a subset of size at least 65 to
reach about the same error level.

Kernel PCA on MNIST (classes 0 and 1)

Nyström
95% C.I.
Random
95% C.I.
Greedy
95% C.I.
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0.00035
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Conclusion

Spectral embedding methods are useful for manifold learning (non-linear dimensionality reduction) and clustering
(spectral clustering) but require an expensive O(n3 ) operation with O(n2 ) memory requirement, with n the number
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eigenvectors. We show how to formulate kernel PCA and
spectral clustering within this framework. In theory one
can also write a functional form for other data dependant
kernels like LLE and Isomap kernels, but the update of
the matrix becomes relatively ineffective in these cases and
should be the subject of future research. Experiments show
that for kernel PCA and spectral clustering, the selection
method is significantly better than random selection, and
better than simply using the Nyström method to generalize
(as in Isomap’s landmark variant (de Silva and Tenenbaum,
2003)). In fact it worked almost as well as training with all
the data.
Acknowledgements
The authors would like to thank the following funding organizations for support: NSERC, FQRNT, MITACS, IRIS,

260

Engel, Y., Mannor, S., and Meir, R. (2003). The kernel recursive least squares algorithm. Technical Report submitted to
Trans. Sig. Proc., MIT.
Harmeling, S., Ziehe, A., Kawanabe, M., and Müller, K.-R.
(2002). Kernel feature spaces and nonlinear blind souce
separation. In Dietterich, T. G., Becker, S., and Ghahramani, Z., editors, Advances in Neural Information Processing Systems 14, Cambridge, MA. MIT Press.
Lawrence, N., Seeger, M., and Herbrich, R. (2003). Fast sparse
gaussian process methods: The informative vector machine.
In Becker, S., Thrun, S., and Obermayer, K., editors, Advances in Neural Information Processing Systems 15, pages
609–616. MIT Press.
Ng, A. Y., Jordan, M. I., and Weiss, Y. (2002). On spectral clustering: analysis and an algorithm. In Dietterich, T., Becker,
S., and Ghahramani, Z., editors, Advances in Neural Information Processing Systems 14, Cambridge, MA. MIT Press.
Roweis, S. and Saul, L. (2000). Nonlinear dimensionality reduction by locally linear embedding. Science, 290(5500):2323–
2326.
Schölkopf, B., Smola, A., and Müller, K.-R. (1998). Nonlinear
component analysis as a kernel eigenvalue problem. Neural
Computation, 10:1299–1319.
Smola, A. and Schölkopf, B. (2000). Sparse greedy matrix approximation for machine learning. In Langley, P., editor,
International Conference on Machine Learning, pages 911–
918, San Francisco. Morgan Kaufmann.
Smola, A. J. and Bartlett, P. (2001). Sparse greedy gaussian process regression. In Leen, T., Dietterich, T., and Tresp, V.,
editors, Advances in Neural Information Processing Systems
13.
Tenenbaum, J., de Silva, V., and Langford, J. (2000). A global geometric framework for nonlinear dimensionality reduction.
Science, 290(5500):2319–2323.
Weiss, Y. (1999). Segmentation using eigenvectors: a unifying
view. In Proceedings IEEE International Conference on
Computer Vision, pages 975–982.
Williams, C. K. I. and Seeger, M. (2001). Using the Nyström
method to speed up kernel machines. In Leen, T., Dietterich,
T., and Tresp, V., editors, Advances in Neural Information
Processing Systems 13, pages 682–688, Cambridge, MA.
MIT Press.

FastMap, MetricMap, and Landmark MDS
are all Nyström Algorithms

John C. Platt
Microsoft Research
1 Microsoft Way
jplatt@microsoft.com

Abstract
This paper unifies the mathematical foundation of three multidimensional scaling algorithms: FastMap, MetricMap, and Landmark MDS (LMDS). All three algorithms
are based on the Nyström approximation of
the eigenvectors and eigenvalues of a matrix.
LMDS is applies the basic Nyström approximation, while FastMap and MetricMap use
generalizations of Nyström, including deflation and using more points to establish an
embedding. Empirical experiments on the
Reuters and Corel Image Features data sets
show that the basic Nyström approximation
outperforms these generalizations: LMDS is
more accurate than FastMap and MetricMap
with roughly the same computation and can
become even more accurate if allowed to be
slower.

1

INTRODUCTION

Multidimensional Scaling (MDS) [4] is an important method for visualizing and processing highdimensional or graphical data. MDS takes as input
a distance matrix between items. It produces a coordinate vector for each item in a Euclidean space whose
dimension is user-specifiable. This process is known as
embedding.
MDS is applicable to two different tasks: 1) dimensionality reduction, which measures a set of distances
between items, then applies MDS to the resulting (perhaps sparse) distance matrix; and 2) converting graphs
to vectors, where a data set is expressed as a set of
similarity relationships between items that is then converted into a simple table of vectors.
The original MDS algorithms from the 1960s [4] are
not appropriate for large scale applications because
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they require an entire N × N distance matrix to be
stored in memory and may have O(N 3 ) complexity.
However, in the last 10 years, several scalable MDS
algorithms have been proposed. For example, Falutsos and Lin [7] proposed FastMap, which is an MDS
method that determines one coordinate at a time by
examining a constant number of rows of the distance
matrix. Wang, et. al [12] proposed an improvement on
FastMap, called MetricMap, which attempts to do the
entire projection at once. de Silva and Tennenbaum [5]
proposed Landmark MDS (LMDS) as another attempt
at scalable MDS.
FastMap, MetricMap, and LMDS are all classical
MDS algorithms that start with a distance matrix assumed to have been computed from points in a lowdimensional space. They then (approximately) minimize a quadratic cost function between the resulting
embedding coordinates and the original (hidden) coordinates that created the distance matrix. Another set
of MDS algorithms are based on spring models [3, 14].
These spring models minimize a cost function that is
non-quadratic in the coordinates: the squared difference between embedded and observed distances between items. Recent work has also accelerated these
spring models, but they are prone to local minima [3].
Spring models are not considered in this paper.
The proliferation of MDS algorithms may lead to frustration amongst practitioners because it is unclear how
the algorithms relate to one another or how they compare against each other. This paper attempts to clarify
the situation in two ways. First, this paper shows that
FastMap, MetricMap, and LMDS are all algorithms
based on the Nyström approximation of the eigenvectors of a large matrix [1, 13], based only on a rectangular sub-matrix of the large matrix. LMDS uses the basic Nyström approximation, FastMap uses Nyström to
find one eigenvector at a time, and MetricMap uses an
irregular sub-matrix to find the eigenvectors. The paper presents empirical comparisons between FastMap,
MetricMap, and LMDS, to determine which variation

of Nyström is optimal.

2

MATHEMATICAL
BACKGROUND

This section presents a step-by-step introduction to
Classical MDS and the Nyström eigenvector approximation. The LMDS algorithm is then derived based
on the combination of the two, as first described in [2].
2.1

REVIEW OF CLASSICAL MDS

Classical MDS proceeds in two steps. First, the distance matrix D undergoes “double-centering” to convert it from a distance matrix to a new matrix K:
= −

1
2

2
− ej
Dij

X

THE NYSTRÖM APPROXIMATION

There are numerous ways of performing the decomposition (2). If only the top k eigenvectors are needed,
then orthogonal iteration or Lanczos iteration can be
applied [8].
However, the three MDS algorithms that are the subject of this paper use an approximation method from
physics, called the Nyström approximation [1, 13]. To
use Nyström, first choose m items in the distance and
kernel matrix at random. Without loss of generality,
permute the m items to be the first rows and columns
of these matrices. The K and D can then be partitioned into submatrices:

K=

2
ci Dij

A

B

BT

C

,

D=

E

F

FT

G

,

(4)

i


−ei

where λj is the jth eigenvalue and here the index j
runs only from 1 to k, rather than to N (the size of
K).
2.2

FastMap, MetricMap, and LMDS are all multidimensional scaling (MDS) algorithms [4] that map
a matrix of dissimilarities D between N items to a
k-dimensional coordinate vector for each item (~xi ).
This paper’s derivation for all three of these algorithms
starts with metric MDS, which assumes that the entries in the dissimilarities matrix are Euclidean distances. These three algorithms then utilize classical
MDS, which chooses the k-dimensional coordinates to
minimize the squared difference between the distances
in the embedded and the original spaces.

Kij

embedded and original distances with a fixed number
of dimensions k, the eigenvectors with the top k eigenvalues are retained. Assuming that the eigenvalues are
ordered by decreasing eigenvalue, the jth component
of point i’s coordinate vector is:
p
xij = λj Qij ,
(3)

X
j

2
cj Dij
+

X

2
,
ci cj Dij

(1)

i,j

P
where i ci = 1 and ei is the vector of all ones. If
the original distance matrix D is a Euclidean distance
matrix in d-dimensional space, then K is a matrix of
dot products between coordinate vectors in that same
space [11]. This is also known as a Gram or kernel
matrix. If the original distance matrix is Euclidean,
then K is symmetric and positive semi-definite. The
parameters ci in (1) determine the origin of the coordinate vectors (which is not constrained by the distance
matrix D).
The second step of classical MDS is to extract the
coordinate vectors from the kernel matrix K through
eigenvector decomposition. If the matrix D is symmetric, then K is symmetric and can be decomposed
into
K = QΛQT
(2)
where Q is a matrix whose columns are orthonormal
eigenvectors and Λ is a diagonal matrix of eigenvalues. The k-dimensional coordinate vectors that would
give rise to the kernel matrix K are the scaled rows
of Q. In order to minimize the difference between the
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where A and E have dimension m × m; B and F have
dimension m × (N − m); and C and G have dimension
(N − m) × (N − m).
The Nyström approximation permits the computation
of the coordinates ~xi using only the information in
matrices A and B. Nyström assumes that K is positive semi-definite, and hence a Gram matrix. Thus, K
should be expressible in terms of dot products between
columns of matrices X and Y [1]:

 T
X X XT Y
.
(5)
K=
YT X YT Y
Identifying the submatrices in (5) with those in K in
(4) yields
A
B

= XT X,
= XT Y.

(6)

The first equation in (6) is standard in classical MDS:
the solution for X is to eigendecompose A:
A = UΓUT ,

(7)

and then assign the coordinates
1/2

X = Γ[k] UT[k] ,

(8)

where the subscript [k] indicates the submatrices corresponding to the eigenvectors with the k largest positive eigenvalues. The coordinates corresponding to B
can be derived by solving the linear system:
−1/2

Y = X−T B = Γ[k] UT[k] B.

(9)

Combining equations (8) and (9) together and writing
the coordinate as rows in a matrix results in
 √
if i ≤ m;
Pγj Uij
√
xij =
(10)
γ
otherwise,
B
U
/
j
pi
pj
p
where Uij is the ith component of the jth eigenvector
of A and γj is the jth eigenvalue of A. As in (3)
the j index only runs from 1 to k, in order to make a
k-dimensional embedding.
The Nyström approximation can be understood by
plugging (8) and (9) back into (6). Nyström approximates the full matrix K by

K̃ =

A
BT

B
BT A−1 B


.

(11)

This approximation is exact when K is of rank m or
less. The quality of the approximation is proportional
to ||C − BT A−1 B||.
To turn Nyström into an MDS method, matrices A
and B must be derived only from submatrices E and F
(from D). This can be done by choosing the centering
coefficients in equation (1) to be

ci =

1/m if i ≤ m;
0
otherwise,

(12)

2.3

LMDS

The combination of equations (13) and (14), followed
by (7), then (10) is almost the LMDS algorithm [5].
LMDS is so named because Classical MDS is first applied to a subset of the points (in A), called “landmarks.”
The only difference between the algorithm derived here
and LMDS is the centering formula (14). In [5], the
centering formula
!
1
1 X 2
2
Bij = −
Fij − ei
E
(15)
2
m p ip
is used. This simplification does not affect the results,
because it adds a vector proportional to ei to every
column of B. Equation (9) shows that the columns of
B are only involved in dot products with the eigenvectors of A. It is easy to show that ei is an eigenvector
of A with eigenvalue zero. Therefore, all other eigenvectors must be orthogonal to ei . Therefore, adding a
vector proportional to ei to the columns of B does not
change the embedding results.
The computational complexity of LMDS is O(N mk +
m3 ). For large N , the computation time is dominated
by computing the input distances from raw input data
and projecting the distances in (10).

3 UNIFICATION OF THE THREE
ALGORITHMS
While LMDS, FastMap, and MetricMap were all proposed independently and appear to be distinct algorithms, we will see in the following section that they
are all, in fact, applications of the Nyström approximation.

which yields the centering formulas
3.1
Aij

1
= −
2

1 X 2
2
E
Eij
− ei
m p pj

1 X 2
1 X 2
E
−ej
Eiq + 2
m q
m p,q pq
1
Bij = −
2

Fij2

!

1 X 2
1 X 2
− ei
Fqj − ej
E
m p
m p ip

(13)

!
,

(14)
where the constant centering term in (14) is dropped,
because it introduces an irrelevant shift of origin.
Note that Nyström can also be used to approximately
solve spectral clustering problems [1], by using a normalized graph Laplacian, instead of a centering matrix, to transform a data matrix into a kernel matrix.
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FASTMAP

Consider LMDS for k = 1 and m = 2. In this case, we
are trying to find a one-dimensional embedding using
two landmark points. If the distance between the two
landmarks is d12 and the distance from each landmark
to all other points is d1i or d2i , then LMDS produces:

 2
1
d12 −d212
A=
.
(16)
4 −d212 d212
2
The largest eigenvalue for A is d
√12 /2, and its corresponding eigenvector is [1 − 1]T / 2. After centering,


1 d21i − d212 /2
B=
.
(17)
2 d22i − d212 /2

Using this in equation (10) yields a coordinate

−1
√
d21i − d22i
d2 − d21i
2 2
√
xi =
= 2i
,
2d12
d12 / 2

(18)

which is exactly one iteration of FastMap [7], except
for an unimportant shift in the origin.
The k = 1, m = 2 case assumes that the principal
eigenvector of the data lies on the line connecting
points 1 and 2. This can be a poor estimate of this
eigenvector. So, FastMap proposes a heuristic that
scans a number of rows of the distance matrix D, looking for two points that are far away from one another,
assuming that the principal eigenvector is more likely
to lie along the line connecting two points that are distant. Notice that if FastMap is going to generate m
rows of a distance matrix per iteration, those rows can
easily be added to the Nyström approximation to increase the accuracy of the eigenvalue and eigenvector
estimate, instead of being used in a heuristic.
One iteration of FastMap generates only one embedding dimension at a time. Because FastMap is estimating the leading eigenvectors of a kernel matrix, it
is legitimate to perform deflation. That is, each subsequent call to FastMap operates in a subspace that
is orthogonal to previous dimensions, with previous
eigenvectors projected away. Typically, deflation is
performed by deducting a rank-one matrix from the
kernel matrix. However, we cannot manipulate the
entire kernel matrix. Therefore, FastMap computes
the distances in the deflated space by deducting the
squared distance between embedded coordinates from
the original squared distance:
X
2
2
Dij
= Di,j,original
−
(xin − xjn )2 .
(19)
n

This is legitimate, because the deflated space is orthogonal to any embedded dimensions. Notice that
this deflation can result in negative squared distances
when the original distance matrix is not Euclidean.
LMDS has a similar problem with negative eigenvalues of A. FastMap produced negative distances for the
Corel Features dataset in Section 4, while on the same
data set, LMDS did not produce negative eigenvalues. These negative eigenvalues can be compensated
by adding a small amount to the diagonal of A.
The computational complexity of FastMap is O(N k 2 ),
because the computation is dominated by k deflation
iterations, each operating on N data samples, each of
which takes O(k) operations, due to (19).
3.2

METRICMAP

MetricMap [12] can be understood as a Nyström approximation by revisiting Landmark MDS. In LMDS,
m rows of the distance matrix D are used to compute coordinates for every item. This rectangular slice
is used both to find the coordinates of the landmarks
(the m items corresponding to the m rows) at equation
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(8) and the remainder of the rows (equation (9)).
MetricMap uses a generalization of the Nyström approximation with different sized submatrices A and B
in (8) and (9). MetricMap prescribes that A have dimension 2k × 2k, while B have dimension k × k [12].
Because the dimensions of A and B no longer match,
the solution to the linear system in (9) is no longer
correct. Instead, MetricMap derives embedding coordinates X from the 2k × 2k matrix A, using classical
MDS from the k largest (in absolute value) eigenvalues
of A. Only k landmarks from the 2k embedded points
are used:
1/2
X̂ = Γ[k,k] U[k,k] ,
(20)
where the subscript [k, k] indicates the sub-matrices
indexed by the k largest eigenvalues and the k selected
landmarks.
The k landmark rows of A that are selected by this
procedure are also the rows used to generate B. Thus,
equation (9) becomes
−1/2

Y = X̂−T B = Γ[k,k] U−T
[k,k] B.

(21)

The submatrix U[k,k] must be inverted because it is
no longer an orthogonal matrix. For speed, U[k,k] undergoes LU decomposition, and each column of B is
backsubstituted.
Note also that, as described in [12], MetricMap uses
centering coefficients ci = δi1 (the first is one, the rest
zero). This causes an unimportant shift in the origin
of the coordinate system.
The computational complexity of MetricMap is
O(N k 2 + k 3 ). In Landmark MDS, if m scales as k,
then the computational complexity of MetricMap is
the same as LMDS. LMDS may have an advantage in
only requiring O(k 2 ) work for every point in B, rather
than O(km). However, because MetricMap uses different dimensions for A and B, it is not known when
MetricMap will yield an exact answer.
The unification of LMDS with MetricMap illustrates
that the Nyström approximation can be generalized by
allowing rows(A)≥rows(B). Unlike the basic Nyström
approximation, there are three free parameters: the
final embedding dimension k, the number of rows in
B and the number of rows in A. The only required
relationship between these is that rows(A)≥rows(B)≥
d. Thus, the restriction in [12] of rows(A)= 2 rows(B)
is not required.

4

ACCURACY AND SPEED
COMPARISONS

The main point of Section 3 is that FastMap, MetricMap, and LMDS are all applications of the Nyström

approximation. One important difference is that FastMap performs deflation, while MetricMap and LMDS
require solving an eigensystem. Empirical testing can
determine whether deflation is better than solving an
eigensystem: does the eigensystem cause noticeable
slowing? Does it yield extra accuracy?
Another difference is that MetricMap uses a matrix
A that has more rows than B, unlike FastMap and
LMDS. Does using a larger matrix help the quality of
the embedding?
To answer these questions, FastMap, MetricMap, and
LMDS are compared on two medium-to-large data
sets: the Reuters collection (a UCI KDD dataset [9])
and the Corel Image Features data set (also from UCI
KDD).
4.1

REUTERS

The Reuters data set is a collection of Reuters news
articles, stored in SGML. The algorithms are tested
on the ModApte training set of Reuters, consisting of
9603 labeled documents, categorized with 115 labels,
with multiple labels per document allowed.
The documents are converted into features vectors in a
standard way. If the news article has an identified title
and body, words in those are used. Otherwise, words
in the text of the news article are used. All words
are folded to lower case and then stemmed. Common words are removed from the list, and the remaining unique stemmed words in the corpus became features. The feature dimensionality is 22226, which is
extremely high: larger than the number of examples
in the set.
Each document i is represented by the standard tf-idf
vector representation, denoted by tik , which is normalized to unit length. The distance squared matrix
is then computed via
X
2
Dij
=1−
tik tjk
(22)

m = 600, which measures LMDS in a regime of high
quality. MetricMap is run with rows(A) = 2 rows(B),
as suggested by [12].
4.1.1

Relative Distance Error

The RMS relative distance error is measured by taking
100 documents at random from the set and measuring
the 100 × 100 distance matrix, both in the original
unembedded space, and in the embedded space, while
varying the dimension k of the embedding. The RMS
relative distance error is defined to be
s
1 X
Error =
(sEi /ti − 1)2
(23)
10000 i
where ti is the true (unembedded) distance, Ei is the
estimated distance (in the embedded space), and s is
a scaling factor. The lower this quantity, the better
the embedding.
All three algorithms tend to underestimate the true
distance between objects. However, in most applications, absolute distance is not needed: mean relative
distance between items is the important quantity. A
linear rescaling of the distance is thus harmless. Such
a rescaling is reflected in s, which is the optimal scaling that maps Ei into ti . This scaling is chosen to
minimize the cost function in (23):
P
Ei /ti
s = Pi 2 2.
(24)
E
i i /ti
Number of
Dimensions
5
10
20
50
100
200

LMDS
m = 600
0.659
0.536
0.458
0.386
0.338
0.298

LMDS
m = 3k
0.611
0.577
0.466
0.418
0.339
0.298

FastMap
0.694
0.659
0.564
0.441
0.413
0.348

MetricMap
0.841
0.652
0.863
0.725
0.573
0.587

k

where the ith document is the ith row in tik .
FastMap, LMDS, and MetricMap are applied to the
resulting distance matrix. The quality of the algorithms is measured in three ways: how much RMS relative distance error is introduced by the embedding,
the F1 retrieval quality score of the nearest neighbor
in the embedded space, and CPU time. Two different
settings of m are chosen for the LMDS experiments.
First, m = 3k is run. FastMap uses a heuristic to find
the two farthest points that requires 3k distance rows
to be computed. In order to match the computation
of FastMap, LMDS is run with the same number of
rows. The second experiment uses LMDS run with
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Table 1: RMS relative distance error on Reuters (lower
is better).
The RMS error for Reuters is shown in Table 1. Three
conclusions can be reached from this table.
First, when LMDS is only allowed to access m = 3k
distance rows (the same as FastMap), it still outperforms FastMap and MetricMap. This is because the
heuristic in FastMap does not work well on text feature
vectors: there are many documents that have very little overlap with each other, because their words do not
overlap. The heuristic picks two examples that have
little overlap as pivot points. The FastMap algorithm

then assigns most documents to the center of the coordinate, because most documents have little overlap
with either of the two pivot points. Thus, it requires
roughly twice as many dimensions to reach the same
RMS error.
Second, further accuracy gains for LMDS can usually
be had by increasing m above 3k, although those gains
are slight. These gains are shown in more detail, below.
Third, the extra information in the 2k×2k matrix A in
MetricMap does not help the quality of the embedding:
in fact, it actively harms it.

Number of
Dimensions
5
10
20
50
100
200

F1 Retrieval Metric

Another metric for the algorithms is how the dimensionality reduction affects text retrieval and categorization. This is tested by finding, for each document,
the nearest other document in the mapped space.
Then, for all nearest neighbor pairs and for all labels,
a standard microaveraged F1 retrieval score is computed. Let A = the number of labels that are shared
by any nearest pair. Let B = the number of labels
that appear on one of the pair, but not the other. The
F1 score is then F1 = A/(A + B/2). The higher this
quantity, the better the mapping is for text retrieval.

Number of
Dimensions
5
10
20
50
100
200

LMDS
m = 600
0.520
0.625
0.714
0.754
0.768
0.768

LMDS
m = 3k
0.458
0.581
0.653
0.717
0.757
0.768

FastMap
0.467
0.521
0.629
0.709
0.724
0.753

MetricMap
0.396
0.412
0.489
0.430
0.434
0.346

Table 2: F1 retrieval metric on Reuters (higher is better).

The F1 metric for Reuters is shown in Table 2. There
are several interesting results in this table. First, the
F1 retrieval metric when applied to the original unmapped distances is 0.719. Thus, above 100 dimensions, the F1 score for the mapped distances can be
better than the unmapped. These algorithms are implementing a form of Latent Semantic Analysis [6],
which is known to improve retrieval. Second, the
F1 scores roughly track distance error: LMDS with
m = 600 beats LMDS with m = 3k beats FastMap
beats MetricMap. Finally, for dimensions above 100,
gains in F1 performance start to asymptote.
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LMDS
m = 3k
0.2
0.4
0.8
2.5
8.4
55.7

FastMap
0.2
0.4
0.7
2.3
6.6
20.0

MetricMap
0.1
0.1
0.3
0.9
2.9
14.9

Table 3: CPU time (in seconds) on Reuters (lower is
better).
4.1.3

4.1.2

LMDS
m = 600
51.6
51.7
51.9
52.3
53.0
55.7

CPU Time versus Accuracy

The CPU time for the three algorithms is shown in
Table 3. The experiments are run on an unloaded 2.4
GHz Xeon PC running Windows Server 2003 with 1.5
GB of RAM. The datasets are small enough to fit into
memory. Profiling the code shows that the time is
dominated by the computation of the distance matrix
elements: the eigendecomposition and projection take
very little extra time.
Comparing FastMap and LMDS with m = 3k is illustrative. For dimensions less than 200, the timings are
very comparable. With m = 3k, LMDS does not incur a significant time penalty, but provides increased
performance over FastMap. MetricMap is fastest, but
the poor accuracy results in Table 2 indicate that the
algorithm should be avoided.
Algorithm

m

FastMap
LMDS
LMDS
LMDS
LMDS
LMDS
LMDS

(150)
60
100
150
200
300
600

RMS
dist error
0.441
0.424
0.428
0.417
0.403
0.380
0.386

F1

CPU time

0.709
0.687
0.704
0.717
0.730
0.742
0.753

2.3
0.9
1.5
2.5
4.0
8.1
52.2

Table 4: Comparing performance of LMDS and FastMap on Reuters for different m (k = 50).
To better understand the behavior of LMDS, the tests
are run for a fixed dimensionality k = 50 and for different values of m. The accuracy and CPU results are
shown in Table 4. This table illustrates that LMDS
permits a time/accuracy trade-off by varying m. Increasing m above 3k will increase the accuracy, at the
cost of increased CPU. For this problem, the analysis time is not burdensome, so the increase accuracy
is worthwhile. Eventually, the eigenvectors and eigenvalues of K are accurately estimated, so increasing m
further does not help the accuracy.

4.2

COREL IMAGE FEATURES

The Corel Image Features is a UCI KDD data set consisting of features extracted from 68,040 images. Four
sets of features are extracted: 32 color histograms, 32
color layout histograms, 9 color moments, and 16 texture features. Each of these features is continuous. No
labels are provided in the data set. Images with missing features are ignored, leaving 66,615 images. The
Corel Image Features dataset probes the algorithms in
a different way. The data set size is larger and more
realistic.
We computed an overall distance between two image
feature vectors by first computing the distance between each set of features. For the color histograms
and color layout histograms, we used the chi-squared
distance [10]:
chi
=
Dij

X 2(hin − hjn )2
n

hin + hjn

(25)

where hin is the nth histogram bin for ith image. For
color moments and texture features, we used Euclidean
distance (not squared).
At this point, there are four distances for each pair
of images. These distances are combined into a single distance by a weighted sum, where the weights are
computed so that the average of each of the four distances is unity across the database:
layout
moments
texture
colorHist
Dij
Dij
Dij
Dij
total
+
+
+
.
Dij
=
2.457
2.006
4.295
7.212
(26)
Again, the Corel Features dataset stresses the algorithms more than Reuters: the distance is not a Euclidean distance, but a sum of heterogeneous distances,
which can provoke negative eigenvalues.

4.2.1

Relative Distance Error

Number of
Dimensions
1
2
5
10
20
50

LMDS
m = 150
0.516
0.326
0.142
0.075
0.069
0.108

LMDS
m = 3k
0.529
0.377
0.174
0.086
0.082
0.108

FastMap
0.545
0.384
0.254
0.147
0.124
N/A

MetricMap
0.540
0.482
0.373
0.390
0.546
0.530

Table 5: RMS relative distance error on Corel Image
Features (lower is better).
Because there are no image labels provided, we test
the effectiveness of each algorithm with RMS relative
distance error, as computed in (23). These accuracy
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results are shown in Table 5. There are severable notable features of the data in this table. First, FastMap yielded negative pivot distances for k = 50. That
is, even the two farthest points in the database have
negative squared distance after 50 rounds of deflation:
no result for k = 50 could be produced by FastMap.
Second, LMDS provides a noticeable improvement in
accuracy for k > 1, even when m = 3k. LMDS with
m = 150 is even more accurate. Third, as in Reuters,
MetricMap has far worse accuracy than either of the
other algorithms. Finally, the innate dimensionality of
this data set may be less than 50, because the results
for k = 50 are worse than for k = 20. This can happen,
because the original distance matrix is non-Euclidean.
4.2.2

CPU Time versus Accuracy

Number of
Dimensions
1
2
5
10
20
50

LMDS
m = 150
13.3
13.3
13.4
13.5
13.7
14.4

LMDS
m = 3k
0.2
0.5
1.3
2.6
5.3
14.4

FastMap
0.2
0.5
1.4
2.7
5.6
N/A

MetricMap
0.1
0.2
0.5
0.9
1.9
5.5

Table 6: CPU time (in seconds) on Corel Image Features (lower is better).
CPU times for the algorithms on this dataset are
shown in Table 6. None of the CPU times are onerous.
As in Reuters, LMDS for m = 150 is dominated by
the computation of the distance matrix. However, for
m = 3k, LMDS is competitive with FastMap. MetricMap is substantially faster (because it computes the
fewest distance matrix elements), but its poor accuracy is not worth the increased speed.
Algorithm
FastMap
LMDS
LMDS
LMDS
LMDS
LMDS
LMDS

m
(60)
40
60
100
150
200
300

RMS dist error
0.124
0.125
0.082
0.072
0.069
0.069
0.067

CPU time
5.6
3.6
5.4
9.0
13.7
18.7
30.5

Table 7: Comparing performance of LMDS and FastMap on Corel Image Features for different m (k = 20).
Finally, the performance of LMDS is examined as a
function of m for fixed k = 30 in Table 7. As m increases, LMDS surpasses the performance of FastMap
until m = 100, where the accuracy is reaches a plateau
and further increases in m do not help.

5

CONCLUSIONS

This paper has shown that FastMap, MetricMap, and
Landmark MDS (LMDS) all utilize the Nyström approximation to the eigenvectors of a large matrix. This
unification highlights how the algorithms are related
and can lead to future work.
These algorithms use different variations on the
Nyström approximation.
LMDS uses the basic
Nyström approximation. FastMap uses deflation to
embed items one dimension at a time. MetricMap uses
an expanded matrix to fix the embedding of the landmark points. However, empirical evidence has shown
that the variations of the Nyström algorithm are not
beneficial for MDS.
The deflation in FastMap limits the time/accuracy
tradeoff that is inherent in the basic all-dimensionsat-once Nyström approximation. By increasing m (the
number of rows computed in the original distance matrix), LMDS becomes more accurate, but the computation of the distance matrix elements require more time.
FastMap freezes this tradeoff by choosing a constant
number of rows per dimension. Even with the same
number of rows of the distance matrix, LMDS is more
accurate. Thus, the all-dimensions-at-once LMDS algorithm is preferred.
MetricMap uses a larger matrix than basic Nyström to
compute the embedding coordinates of the landmark
points. Empirically, this causes a substantial decrease
in accuracy. This decrease in accuracy is probably
because increasing the size of the A matrix does not
improve the fitting of the landmark points: the number
of landmark points grows as the dimension of A. Thus,
the extra data in A is not used to eliminate noise in
the position on the landmark points.
In conclusion, the basic Nystrom̈ approximation in
LMDS is faster and more accurate than the Nystrom̈
variations proposed in FastMap and MetricMap. This
superiority may carry over to other data sets and applications other than MDS.
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Abstract

generative models have fundamental limitations. Firstly,
generative models require specification of the data generation process, i.e., how data can be sampled from the model.
In many applications, this process is unknown or impractical to write down, and not of interest for the classification
task. Secondly, generative models typically assume conditional independence of observations given the labels. This
independence assumption limits their modeling power and
restricts what features can be extracted for classifying the
observations. In particular, this assumption rules out features capturing long-range correlations, multiple scales, or
other context.

We propose Bayesian Conditional Random
Fields (BCRFs) for classifying interdependent
and structured data, such as sequences, images
or webs. BCRFs are a Bayesian approach to
training and inference with conditional random
fields, which were previously trained by maximizing likelihood (ML) (Lafferty et al., 2001).
Our framework eliminates the problem of overfitting, and offers the full advantages of a Bayesian
treatment. Unlike the ML approach, we estimate
the posterior distribution of the model parameters
during training, and average over this posterior
during inference. We apply an extension of EP
method, the power EP method, to incorporate the
partition function. For algorithmic stability and
accuracy, we flatten the approximation structures
to avoid two-level approximations. We demonstrate the superior prediction accuracy of BCRFs
over conditional random fields trained with ML
or MAP on synthetic and real datasets.
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Conditional random fields (CRF) are a conditional approach for classifying structured data, proposed by Lafferty
et al. (2001). CRFs model only the label distribution conditioned on the observations. Unlike generative models, they
do not need to explain the observations or features, and
thereby conserve model capacity and reduce effort. This
also allows CRFs to use flexible features such as complex
functions of multiple observations. The modeling power
of CRFs has shown great benefit in several applications,
such as natural language parsing (Sha & Pereira, 2003),
information extraction (McCallum, 2003), and image modeling (Kumar & Hebert, 2004).

Introduction

Traditional classification models assume that data items are
independent. However, real world data is often interdependent and has complex structure. Suppose we want to
classify web pages into different categories, e.g., homepages of students versus faculty. The category of a web
page is often related to the categories of pages linked to
it. Rather than classifying pages independently, we should
model them jointly to incorporate such contextual cues.
Joint modeling of structured data can be performed by generative graphical models, such as Bayesian networks or
Markov random fields. For example, hidden Markov models have been used in natural language applications to assign labels to words in a sequence, where labels depend
both on words and other labels along a chain. However,
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To summarize, CRFs provide a compelling model for structured data. Consequently, there has been an intense search
for effective training and inference algorithms. The first
approaches maximized conditional likelihood (ML), either
by generalized iterative scaling or by quasi-Newton methods (Lafferty et al., 2001; Sha & Pereira, 2003). However,
the ML criterion is prone to overfitting the data, especially
since CRFs are often trained with very large numbers of
correlated features. The maximum a posteriori (MAP) criterion can reduce overfitting, but provides no guidance on
the choice of parameter prior. Furthermore, large margin
criteria have been applied to regularize the model parameters and also to kernelize CRFs (Taskar et al., 2004; Lafferty et al., 2004). Nevertheless, training and inference for
CRFs remains a challenge, and the problems of overfitting,
feature and model selection have largely remained open.

In this paper, we propose Bayesian Conditional Random
Fields (BCRF), a novel Bayesian approach to training and
inference for conditional random fields. Applying the
Bayesian framework brings principled solutions and tools
for addressing overfitting, model selection and many other
aspects of the problem. Unlike ML, MAP, or large-margin
approaches, we train BCRFs by estimating the posterior
distribution of the model parameters. Subsequently, we can
average over the posterior distribution for BCRF inference.
The complexity of the partition function in CRFs (the denominator of the likelihood function) necessitates approximations. Previous deterministic approximations including expectation propagation (EP) (Minka, 2001) or variational methods do not directly apply. In order to incorporate the partition function, we apply an extension of EP, the
power EP method (Minka, 2004). Furthermore, we flatten
the approximation structures for BCRFs to avoid two-level
approximations. This significantly enhances the algorithmic stability and improves the estimation accuracy.
We first formally define CRFs, present the power EP
method, and flatten the approximation structure for training. Then we propose an approximation method for model
averaging, and finally show experimental results.

2

From conditional random fields to BCRFs

A conditional random field (CRF) models label variables
according to an undirected graphical model conditioned on
observed data (Lafferty et al., 2001). Let x be an “input”
vector describing the observed data instance, and t be an
“output” random vector over labels of the data components.
We assume that all labels for the components belong to a
finite label alphabet T = {1, . . . , T }. For example, the input x could be image features based on small patches, and
t be labels denoting ’person, ’car’ or ’other’ patches. Formally, we have the following definition of CRFs (Lafferty
et al., 2001):
Definition 2.1 Let G = (V, E) be a graph such that t is
indexed by the vertices of G. Then (x, t) is a conditional
random field (CRF) if, when conditioned on x, the random
variables ti obey the Markov property with respect to the
graph: p(ti |x, tV−i ) = p(ti |x, tNi ) where V − i is the set
of all nodes in G except the node i, Ni is the set of neighbors of the node i in G, and tΩ represents the random variables of the vertices in the set Ω.
Unlike traditional generative random fields, CRFs only
model the conditional distribution p(t|x) and do not explicitly model the marginal p(x). Note that the labels {ti } are
globally conditioned on the whole observation x in CRFs.
Thus, we do not assume that the observed data x are conditionally independent as in a generative random field.
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BCRFs are a Bayesian approach to training and inference
with conditional random fields. In some sense, BCRFs can
be viewed as an extension of conditional Bayesian linear
classifiers, e.g., Bayes point machines (BPM) (Herbrich
et al., 1999; Minka, 2001), which are used to classify independent data points.
According to the Hammersley-Clifford theorem, a CRF defines the conditional distribution of the labels t given the
observations x to be proportional to a product of potential
functions on cliques of the graph G. For simplicity, we
consider only pairwise clique potentials such that
p(t|x, w) =

1
Z(w)

Y

gi,j (ti , tj , x; w)

(1)

{i,j}∈E

where
Z(w) =

X Y
t

gi,j (ti , tj , x; w)

(2)

{i,j}∈E

is a normalizing factor known as the partition function,
gi,j (ti , tj , x; w) are pairwise potentials, and w are the
model parameters. Note that the partition function is a
complicated function of the model parameter w. This
makes Bayesian training much harder for CRFs than
for Bayesian linear classifiers, since the normalizer of a
Bayesian linear classifier is a constant.
In standard conditional random fields, the pairwise potentials are defined as
gi,j (ti , tj , x; w) = exp(wtTi ,tj φi,j (x, ti , tj ))

(3)

where φi,j (x, ti , tj ) are features extracted for the edge between vertices i and j of the conditional random field, and
wti ,tj are elements corresponding to labels {ti , tj } in w,
T
T
T
]T . There are no restric, . . . , wT,T
, w1,2
where w = [w1,1
tions on the relation between features.
Instead of using an exponential potential function, we prefer to use the probit function Ψ(·) (the cumulative distribution function of a Gaussian with mean 0 and variance
1). This function is bounded, unlike the exponential, and
permits efficient Bayesian training. Furthermore, to incorporate robustness against labeling errors, we allow a small
probability  of a label being incorrect, thus bounding the
potential away from 0. Specifically, our robust potentials
are:
gi,j (ti , tj , x; w) = (1 − )Ψ(wtTi ,tj φi,j (x, ti , tj ))+
(1 − Ψ(wtTi ,tj φi,j (x, ti , tj ))).

(4)

Given the data likelihood and a Gaussian prior p0 (w) ∼
N (w; 0, diag(α)), the posterior of the parameters is
p(w|t, x) ∝

Y
1
p0 (w)
gi,j (ti , tj , x; w)
Z(w)
{i,j}∈E

(5)

Expectation Propagation exploits the fact that the posterior
is a product of simple terms. If we approximate each of
these terms well, we can get a good approximation of the
posterior. Mathematically, EP approximates p(w|t, x) as
Y
1
q(w) = p0 (w)
g̃i,j (w)
(6)
Z̃(w) {i,j}∈E
1
R̃(w)
(7)
=
Z̃(w)
Q
where R̃(w) = p0 (w) {i,j}∈E g̃i,j (w) is the numerator
1
in q(w). The approximation terms g̃i,j (w) and Z̃(w)
have
the form of a Gaussian, so that the approximate posterior
q(w) is a Gaussian, i.e., q(w) ∼ N (mw , Σw ). We can approximate the pairwise potential functions gi,j (ti , tj , x; w)
by g̃i,j (w) in the numerator R̃(w), just as in Bayesian linear classifiers (Minka, 2001). The main difficulty here is
how to approximate the denominator Z(w) by Z̃(w) and
incorporate it into q(w).

3

EP and Power EP

This section reviews EP and presents power EP algorithms
for BCRFs. Power EP is an extension of EP to make the
computations more tractable. It was first used by Minka
and Lafferty (2002), in the case of positive powers. However, power EP also works with negative powers, and this is
one of the key insights that makes BCRF training tractable.
Given a distribution p written as a product of terms, and
an approximating family q as in the previous section, Expectation Propagation tries to make q “close” to p in the
Rsense of the Kullback Leibler divergence KL(p||q) =
p(w) log(p(w)/q(w))dw. This is done by minimizing
the divergence with respect to each term individually, holding the other terms fixed. We repeatedly cycle through all
the terms until a fixed point is reached.
For the gk terms, where k indexes edges, the algorithm first
computes q \k (w), which represents the “rest of the distribution.” Then it minimizes KL-divergence over g̃k , holding q \k fixed. This process can be written succinctly as
follows:
q \k (w) ∝ q(w)/g̃k (w)
new

g̃k (w)

new

q(w)

(8)
\k

new

= q (w)g̃k (w)

Power EP introduces a power nk into EP and modifies the
updates as follows:
q \k (w) ∝ q(w)/g̃k (w)1/nk
(12)

h
i
 nk
new
1/nk \k
\k
g̃k (w) = proj gk (w)
q (w) /q (w) (13)
q(w)new = q(w)

g̃k (w)new
g̃k (w)

(11)

Here proj is a “moment matching” operator: it finds the
Gaussian having the same moments as its argument, thus
minimizing KL. Algorithmically, (8) means “divide the
Gaussians to get a new Gaussian, and call it q \k (w).” Similarly, (9) means “construct a Gaussian whose moments
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(14)

As shown by Minka (2004), this update seeks to minimize a different measure of divergence, the α-divergence,
where α = 2/nk − 1. Note that α can be any real number. By picking the power nk appropriately, the updates
can be greatly simplified. (This result is originally due to
Wiegerinck and Heskes (2002). They discussed an algorithm called “fractional belief propagation” which is a special case of power EP, and all of their results also apply to
power EP.)
We will use this update for the denominator term, so that
gk becomes 1/Z, g̃k becomes 1/Z̃, and pick nk = −1:
q \z (w) ∝ q(w)/Z̃(w) = R̃(w)/Z̃(w)2
h
i
Z̃(w)new = proj Z(w)q \z (w) /q \z (w)
q(w)new = q(w)

Z̃(w)
Z̃(w)new

(15)
(16)
(17)

In this way, we only need the moments of Z(w), not
1/Z(w).

4

Approximating the partition function

In the moment matching step, we need to approximate the
moments of Z(w)q \z (w). Murray and Ghahramani (2004)
have proposed approximate MCMC methods to approximate the partition function of an undirected graph. This
section presents an alternative method.
For clarity, let us rewrite the partition function as follows:
X
Z(w, t)
(18)
Z(w) =
t

\k

= argmin KL(gk (w)q (w) || g̃k (w)q (w))
(9)
h
i
= proj gk (w)q \k (w) /q \k (w)
(10)
\k

match gk (w)q \k (w) and divide it by q \k (w), to get a new
Gaussian which replaces g̃k (w).” This is the basic EP algorithm.

Z(w, t) =

Y

gk (ti , tj , x; w)

(19)

k∈E

where k = {i, j} indexes edges. To compute the moments of w, we can use EP recursively, to approximate
Z(w, t)q \z (w) as a function of w and t. The approximation will have a factorized form:
q(w)q(t) = Z̃(w)Z̃(t)q \z (w)
Y
Z̃(w)Z̃(t) =
f˜k (w)f˜k (ti )f˜k (tj )
k∈E

(20)
(21)

where f˜k (w)f˜k (ti )f˜k (tj ) approximates gk (ti , tj , x; w) in
the denominator. Note that this q(w) is the same as the
overall q(w) at the convergence.
Because the approximation is factorized, the computation
will have the flavor of loopy belief propagation. The initial
f˜k will be 1, making the initial q(w) = q \z (w) and q(t) =
1. The EP update for f˜k is:
q \k (w) ∝ q(w)/f˜k (w)
q \k (ti ) ∝ q(ti )/f˜k (ti )
(similarly for j)
X
fk (w) =
gk (ti , tj , x; w)q \k (ti )q \k (tj )

(22)

\k
\k
\k
Vw = Vw
− Vw
Ak DAT
k Vw

c = (Vy\k )−1 my − m\k
y

D=

f˜k (ti )new

Z=

q(w)new = q \k (w)f˜k (w)new
q(ti )new = q \k (ti )f˜k (ti )new

(27)
(28)

These updates are iterated for all k, until a fixed point is
reached. A straightforward implementation of the above
updates costs O(d3 ) time, where d is the dimension of the
parameter vector w, since they involve inverting the covariance matrix of w. However, as shown in the next section,
it is possible to do them with low-rank matrix updates, in
O(d2 ) time.

5

Efficient low-rank matrix computation for
moments

X

q \k (ti , tj )

=

X

0

...

0

y = AT
kw
X
fk (y) =
Ψ(yti ,tj )q \k (ti )q \k (tj )

φk (T, T, x)

(29)
(30)

where yti ,tj = w φk (ti , tj , x). Clearly, we can rewrite
q(w) as fk (y)q \k (w). Since the dimensionality of y is
usually a lot smaller than that of w, the exact term fk (y)
only constrains the distribution q(w) in a smaller subspace.
Therefore, it is sensible to use low-rank matrix computation
to obtain mw and Vw , the mean and variance of q(w).
The derivation is omitted because of the space limitation.
The details can be found in Qi (2004). Here, we simply
give the updates:
mw =

m\k
w

+

\k
Ak c
Vw

(31)
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(36)

ti ,tj
\k

R

my =
=

\k

fk (y)yN (y|my , Vy )
Z
P
\k
\k
ti ,tj Zti ,tj myti ,tj q (ti )q (tj )

(37)
(38)

Z
\k
\k
fk (y)yyT N (y|my , Vy )
Gy =
Z
P
\k
\k
G
Z
yti ,tj q (ti )q (tj )
t
,t
i
j
ti ,tj
=
Z
R

(39)
(40)

where
\k

ek m y

zti ,tj = q

(41)

\k

ek V y e T
k +1
1

ρti ,tj = q

\k

ek V y e T
k +1

Z
Z
=

myti ,tj

(1 − 2N (zti ,tj |0, 1))
(42)
 + (1 − 2)Ψ(zti ,tj )

\k
Ψ(yi,j )N (y|m\k
y , Vy )dy

(43)

\k
Ψ(ek y)N (y|m\k
y , Vy )dy

(44)

=  + (1 − 2)Ψ(zti ,tj )
R
\k
\k
Ψ(ek y)yN (y|my , Vy )dy
=
Zti ,tj

(45)
(46)

T
\k
= m\k
y + Vy ρti ,tj ek

Gyti ,tj =

(47)

Vy\k −

ti ,tj
T

\k
Ψ(yti ,tj )N (y|m\k
y , Vy )dy

q \k (ti )q \k (tj )Zti ,tj

Zti ,tj =
First, let us define φk (m, n, x) as shorthand of φk (ti =
m, tj = n, x), where φk (ti , tj , x) are feature vectors extracted at edge k = {i, j} with labels ti and tj on nodes i
and j, respectively. Then we have


φk (1, 1, x)
0
...
0
0
φ
(1,
2,
x)
0
.
.
.
Ak =
k

Z

(35)

(24)

(26)

−

ti ,tj

w

tj

(33)
\k −1
m y mT
y )(Vy )

where

ti ,tj

f˜k (w)new

−

(Vy\k )−1 (Gy

(34)

(23)

h
i
= proj q \k (w)fk (w) /q \k (w)
(25)
XZ
gk (ti , tj , x; w)q \k (w)q \k (tj )dw
=

(Vy\k )−1

(32)

Vy\k eT
k

ρti ,tj (ek myti ,tj + ρti ,tj ) 
\k

ek Vy e0k + 1

ek Vy\k

(48)

where ek is a vector with all elements being zeros except
its k th element being one.
We update q(ti ) and q(tj ) as follows:
Zti ,tj q \k (ti )q \k (tj )
Z
X
X
q(ti ) =
q(ti , tj ), q(tj ) =
q(ti , tj )

q(ti , tj ) =

tj

ti

(49)
(50)

6

Flattening the approximation structure

Iterations

In practice, we found that the approximation method, presented in Sections 3 and 4, led to non-positive covariance
matrices in training. In this section, we examine the reason
for this problem and propose a method to fix it.
The approximation method has two levels of approximations, which are visualized at the top of Figure 1. At the
upper level of the top graph, the approximation method iteratively refines the approximate posterior q(w) based on the
term approximation Z̃(w); at the lower level, it iteratively
refines Z̃(w) by smaller approximation terms {f˜k (w)}.
A naive implementation of the two-level approximation
will always initialize the approximation terms {f˜k (w)}
as 1, such that the iterations at the lower level start from
scratch every time. Thus, removing the denominator Z̃(w)
in the upper level amounts to removing all the previous approximation terms {f˜k (w)} in the lower level. The naive
implementation requires the “leave-one-out” approximaq(w)
tion q \z (w) ∝ Z̃(w)
to have a positive definite covariance
matrix. Since this requirement is hard to meet, the training
procedure often skips the whole denominator Z(w) in the
upper level. This skipping would dramatically decrease the
approximation accuracy in practice.
A better idea is to keep the values of the approximation
terms and initialize the approximation terms using the values obtained from the previous iterations. By doing so, we
do not require the covariance of q \z (w) to be positive definite anymore. Instead, we need that of q \k (w) in equation
(22) to be positive definite, which is easier to satisfy. Now,
when the iterations in the lower level start, q \k (w) usually
has a positive definite covariance. However, after a few
iterations, the covariance of q \k (w) often becomes nonpositive definite again. The underlying reason is that the
partition function Z(w) is a complicated function, which
is difficult to be accurately approximated by EP.
To address the problem, we flatten the two-level approximation structure by expanding Z̃(w) in the upper level.
Now we focus on q(w), which is of our interest in training,
without directly approximating the difficult partition function Z(w) in the intermediate step. The flattened structure
is shown at the bottom of the Figure 1. Specifically, the
approximate posterior q(w) has the following form:
Y
1
q(w) ∝ p0 (w)
g̃k (w) Q
(51)
˜
k∈E fk (w)
k∈E
Equation (51) uses the approximation term f˜k (w) for each
edge rather than using Z̃(w). It is also possible to interpret
the flattened structure from the perspective of the two-level
approximation structure. That is, each time we partially
update Z̃(w) based on only one small term approximation
f˜k (w), and then refine q(w) before updating Z̃(w) again
based on another small term approximation.
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Iterations

Remove the intermediate level
Iterations

Figure 1: Flattening the approximation structure. The upper graph shows the two-level approximation structure of
the methods described in the previous sections. The lower
graph shows the flattened single-level approximation structure.
With the flattened structure, the deletion steps for removing
g̃k (w) and f˜k (w) remain the same as before. The moment
matching steps are the same too. We only need to assign
negative power one to the approximation terms in the denominators. Specifically, we have the following updates:
−1
\k
hk = D−1 − AT
(52)
k Vw Ak
µk = c + hk AT
k mw
ξk =
Vw =

(53)

2hold
η k = 2µold
(54)
k − hk
k − µk
−1 T \k
T \k
\k
\k
Ak V w
Ak (ξ −1
− Vw
Vw
k + Ak Vw Ak )
(55)
m\k
w

mw =
−
Vw Ak η k

\k
Vw
Ak (ξ −1
k

+

−1 T \k
\k
Ak mw +
AT
k Vw Ak )

(56)

where c and D are defined in Equations (33) and (34).
Note that the above computation takes O(d2 ) time, while
a simple implementation of the two-level approximation
would take O(d3 ) time due to the inverse of the covariance
matrix of Z̃(w).
As a result of structure flattening, we have the following
advantages over the previous two approaches. First, in our
experiments, training can converge easily. Instead of iteratively approximating Z(w) in the lower level based all the
small terms as before, a partial update based on only one
small term makes training much more stable. Second, we
can obtain a better “leave-one-out” posterior q \k (w), since
we update q(w) more frequently than in the previous two
cases. A more refined q(w) leads to a better q \k (w), which
in turn guides the KL mininmization to find a better new
q(w). Finally, the flattened approximation structure allows
us to process approximation terms in any order. We found
empirically that, compared to using a random order, it is
better to process the denominator term {f˜k (w)} right after
processing the numerator term {g̃k (w)}, which is associ-

ated with the same edge as {f˜k (w)}.
Using the flattened structure and pairing the processing of
the corresponding numerator and denominator terms, we
can train BCRFs robustly. For example, on the tasks of
analyzing synthetic datasets in the experimental section,
training with the two-level structure breaks down by skipping {Z̃(w)} or {f˜k (w)} and fails to converge. In contrast,
training with the flattened structure converges successfully
and leads to a test error around 10%.

7

Inference by approximate model
averaging

q(t?i , t?j ) =
q(t?i ) =

Given a new graph x? , a BCRF trained on (x, t) can approximate the predictive distribution as follows:
Z
p(t? |x? , t, x) = p(t? |x? , w)p(w|t, x)dw
(57)
Z
≈ p(t? |x? , w)q(w)dw
(58)
Z
q(w) Y
=
gi,j (t?i , t?j , x? ; w)dw
Z(w)
{i,j}∈E

where q(w) is the approximation of the true posterior
p(w|t, x). Since the exact integration for model averaging
is intractable, we need to approximate this integral.
We can approximate the predictive posterior term by term
as in EP. But typical EP updates will involve the updates
over both the parameters and the labels. That is much
more expensive than using a point estimate for inference,
which invloves only updates of the labels. To reduce the
computational complexity, we propose the following approach. It is based on the simple fact that without any label, the test data point does not offer information about the
parameters in the conditional model, since we do not couple BCRFs with semi-supervised learning. Since q(w) is
unchanged, we can only update q(t? ) when incorporating
one term gi,j (t?i , t?j , x; w). Specifically, given the posterior q(w) ∼ N (mQw , Vw ), we use the factorized approximation q(t? ) = i q(t?i ) and update q(t?i ) and q(t?j ) as
follows:
\k

φT
k mw
zt?i ,t?j = q
\k
φT
k Vw φk + 1

(59)

Zt?i ,t?j =  + (1 − 2)Ψ(zt?i ,t?j )

(60)
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X

Z
q(t?i , t?j )

(61)
(62)

tj

q(t?j ) =

X

q(t?i , t?j )

(63)

ti

where φk is the feature vector extracted at the k th edge.
Note that the deletion and inclusion steps for q(t? ) are similar to those in BCRF training.

8

Unlike traditional classification problems, where we have a
scalar output for each input, a BCRF jointly labels all the
hidden vertices in an undirected graph. The trained BCRF
infer the lables by model averaging, which makes full use
of the training data by employing not only the estimated
mean of the parameters, but also the estimated uncertainty
(variance).

Zt?i ,t?j q \k (t?i )q \k (t?j )

Experimental results

This section compares BCRFs with CRFs trained by maximum likelihood (ML) and maximum a posteriori (MAP)
methods on several synthetic datasets and a document labeling task, demonstrating BCRFs’ superior test performance. MAP-trained CRFs include CRFs with probit potential functions (4) and CRFs with exponential potential
functions (3). We used probit models as potential functions
by setting  = 0 in equation (4). In BCRF training, we
used a small step size to avoid divergence (see details in
Qi (2004)). For comparsion, the errors were counted on all
vertices in the test graphs.
8.1

Synthetic CRFs classification

All the synthetic datasets were sampled from CRFs with
probit potential functions (4). On these synthetic datasets,
we compared the test performance of BCRFs and MAPtrained probit CRFs for different sizes of training sets and
different graphical structures.
The labels of the vertices in synthetic graphs are all binary.
The parameter vector w has 24 elements. The feature vectors {φi,j } are randomly sampled from one of four Gaussians. We can easily control the discriminability of the data
by changing the variance of the Gaussians. Based on the
model parameter vector and the sampled feature vectors,
we can compute the joint probability of the labels as in
equation (1) and randomly sample the labels. For BCRFs,
we used a step size of 0.8 for training. For MAP-trained
CRFs, we used quasi-Newton methods with the BFGS approximation of Hessians (Sha & Pereira, 2003).
8.1.1

Different training sizes for loopy CRFs

Each graph has 3 vertices in a loop. In each trial, 10 loops
were sampled for training and 1000 loops for testing. The
procedure was repeated for 10 trials. A Gaussian prior with
mean 0 and diagonal variance 5I was used for both BCRF
and MAP CRF training. For ML- and MAP-trained CRFs,
we applied the junction tree algorithm for inference. For
BCRFs, we used approximate model averaging for inference. We repeated the same experiments by increasing the
number of training graphs from 10 to 30 to 100.
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Figure 2: Test error rates for MAP-trained CRFs and
BCRFs on synthetic datasets with different numbers of
training loops. The results are averaged over 10 runs. Each
run has 1000 test loops. Non-overlapping of error bars, the
standard errors scaled by 1.64, indicates 95% significance
of the performance difference.

Figure 3: Test error rates for MAP-trained CRFs and
BCRFs on synthetic datasets with different numbers of
training chains. The results are averaged over 10 runs.
Each run has 1000 test chains. Though the error bars overlap a little bit, BCRFs still outperform ML- and MAPtrained CRFs at 95% significance according to t-tests.

The results are visualized in Figure 2. According to ttests, which have stronger test power than the error bars in
Figure 2, BCRFs outperform ML- and MAP-trained CRFs
in all cases at 98% statistical significance level. When
more training graphs are available, MAP-trained CRFs and
BCRFs perform increasingly similarly, though still statistically differently. The reason is that the posterior is narrower than in the case of fewer training graphs, such that
the posterior mode is closer to the posterior mean.

(T). Since identifying the header and the tail is relatively
easy, we simplify the task to label only the lines that are
questions or answers. To save time, we truncated all the
FAQ files such that no file has more than 500 lines. On average, the truncated files have 479 lines. The dataset was
randomly split 10 times into 19 training and 28 test files.
Each file was modeled by a chain-structured CRF, whose
vertices correspond to lines in the files. The feature vector for each edge of a CRF is simply the concatenation of
feature vectors extracted at the two neighboring vertices.

8.1.2

Different training sizes for chain-structured
CRFs

MAP−Probit−CRF

We then changed the graphs to be chain-structured. Specifically, each graph has 3 vertices in a chain. In each trial,
10 chains were sampled for training and 1000 chains for
testing. The procedure was repeated for 10 trials. A Gaussian prior with mean 0 and diagonal variance 5I was used
for both BCRF and MAP CRF training. Then we repeated
the same experiments by increasing the number of training
graphs from 10 to 30 to 100. The results are visualized
in Figure 3. Again, BCRFs outperform ML- and MAPtrained CRFs with high statistical significance.
8.2

FAQ labeling

We compared BCRFs with MAP-trained probit and exponential CRFs on the frequently asked questions (FAQ)
dataset, introduced by McCallum et al. (2000). The
dataset consists of 47 files, belonging to 7 Usenet newsgroup FAQs. Each files has multiple lines, which can be
the header (H), a question (Q), an answer (A), or the tail
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Figure 4: Test error rates of different algorithms on FAQ
dataset. The results are averaged over 10 random splits.
Non-overlapping of the error bars, the standard errors multiplied by 1.64, indicates that BCRFs outperform MAPtrained CRFs with probit and exponential potentials at 95%
statistical significance level.
The test performance is visualized in Figure 4. According
to t-tests, BCRFs outperform ML- and MAP-trained CRFs
with probit or exponential potentials on the truncated FAQ
dataset at 98% statistical significance level.

8.3

Acknowledgment

Comparing computational complexity

In general, the computational cost of ML and Bayesian
training depends on many factors. On the one hand, for
ML and MAP training, the cost of the BFGS algorithm is
O(d max{d, |E|}) per iteration, where d is the length of w,
and |E| is the total number of edges in training graphs. The
cost of BCRF training is O(|E|d2 ) per iteration. Therefore BCRF training is about as min{d, |E|} times expensive as ML and MAP training per iteration. On the other
hand, BCRF training generally takes much fewer iterations
to converge than BFGS training. Moreover, in BFGS training there is an embedded inference problem to obtain the
needed statistics for optimization. This inference problem
can be relatively expensive and cause a big hidden constant
in O(d max{d, |E|}), the BFGS cost per iteration. On synthetic data where the number of edges is limited, BCRF
training is at least as efficient as BFGS training. For example, given the 10 training sets in Section 8.1.2, each
of which has 30 chain-structured CRFs, BCRF and BFGS
training on a Pentium 4 3.1GHz computer used 8.81 and
21.16 seconds on the average, respectively. On real-world
data, many factors play together to determine the efficiency
of a training method. On a random split of the FAQ dataset
where the total number of edges in graphs is more than
8000, it took about 9 and 2 hours (443 and 130 iterations)
for BFGS to train probit and exponential CRFs, while it
took BCRF training about 6 hours (30 iterations).

9

Conclusions

This paper has presented BCRFs, a new approach to training and inference on conditional random fields. In training, BCRFs approximate the posterior distribution of the
parameters using a variant of the power EP method. Also,
BCRFs flatten approximation structures to increase the algorithmic stability, efficiency, and prediction accuracy. In
testing, BCRFs use approximate model averaging. On synthetic data and FAQ files, we compared BCRFs with MLand MAP-trained CRFs. In almost all the experiments,
BCRFs outperformed ML- and MAP-trained CRFs significantly.
Compared to ML- and MAP-trained CRFs, BCRFs can approximate model averaging over the posterior distribution
of the parameters, instead of using a MAP or ML point estimate of the parameter vector for inference. Furthermore,
BCRF hyperparameters can be optimized in a principled
way, such as by maximizing the evidence, with parameters integrated out. EP returns an estimate of the evidence
as a by-product. Similarly, we can use the method by Qi
et al. (2004) to do feature selection with BCRFs and to obtain sparse kernelized BCRFs. More importantly, the techniques developed for BCRFs have promise for Bayesian
learning in Markov networks.
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access systems.
Consider V time series of events ti . We would like to
find a compact representation of the joint probability
distribution of the V time series. Assuming each time
series is modelled by an inhomogeneous Poisson process, a unique representation is obtained in terms of
V rate functions λi (t) each of which depends on all
events of the V times series up to time t. Clearly, we
need further assumption on the rate functions to infer
the rate functions from a finite amount of data. The
proposed approach makes four crucial assumptions:

Modelling structured multivariate point process data has wide ranging applications like
understanding neural activity, developing
faster file access systems and learning dependencies among servers in large networks. In
this paper, we develop the Poisson network
model for representing multivariate structured Poisson processes. In our model each
node of the network represents a Poisson process. The novelty of our work is that waiting times of a process are modelled by an exponential distribution with a piecewise constant rate function that depends on the event
counts of its parents in the network in a generalised linear way. Our choice of model allows to perform exact sampling from arbitrary structures. We adopt a Bayesian approach for learning the network structure.
Further, we discuss fixed point and sampling
based approximations for performing inference of rate functions in Poisson networks.

1. The rate function of each process depends only on
the history in a short time window into the past.
2. The rate function of each process depends only
on a small number of other processes. Adopting
a directed graph notation, these are also referred
to as parent nodes.
3. The rate function of each process depends only on
the empirical rates of its parents.
4. The rate function of each process is parameterised
by a generalised linear model.

1

Introduction

Structured multivariate point processes appear in
many different settings ranging from multiple spike
train recordings, file access patterns and failure events
in server farms to queuing networks. Inference of the
structure underlying such multivariate point processes
and answering queries based on the learned structure
is an important problem. For example, learning the
structure of cooperative activity between multiple neurons is an important task in identifying patterns of
information transmission and storage in cortical circuits [Brillinger and Villa, 1994, Aertsen et al., 1989,
Oram et al., 1999, Harris et al., 2003, Barbieri et al.,
2001, Brown et al., 2004]. Similarly, learning the access
patterns of files can be exploited for building faster file
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The standard approach adopted in modelling such
time series is by discretising the time axis into intervals of fixed length δ and transforming the time
series into a sequence of counts per interval. The dependency structure between nodes of such a network,
which is also known as a dynamic Bayesian network
(DBN) [Dean and Kanazawa, 1989, Murphy, 2001],
can be modelled using transition probabilities between
states at time t and t + δ given the states of all the
parents of each node at time t. This approach suffers
from the problem that the discretisation is somewhat
arbitrary: A small value of δ will result in a redundant
representation and a huge computational overhead but
a large value of δ may smooth away important details
in the data.

We overcome the issues of discretisation by considering the limit δ → 0 and thus modelling the waiting
time in each time series directly. Nodelman et al.
[2002] and Nodelman et al. [2003] use a similar continuous time approach for modelling homogeneous Markov
processes with a finite number of states. In their
work the rate functions depend on the current state of
the parents only which leads to an efficient and exact
learning algorithm. In our setup, we model the waiting times as an exponential distribution with piecewise
constant rates that depend on the count history of parent nodes.
The paper is structured as follows: In Sec. 2 we introduce our Poisson network model. In Sec. 3 we
describe an efficient technique for performing exact
sampling from a Poisson network. We describe parameter estimation and structure learning using approximate Bayesian inference techniques in Sec. 4. In
Sec. 5 we discuss approximate marginalisation and inference based on sampling and fixed point methods.
Finally, we describe experiments on data generated
by our sampling technique for performing parameter
learning, structure estimation and inference in Sec. 6.

2

A

A t−1

A

t

B

B t−1

B

t

A

t+1

B

t+1

Figure 1: Illustration of a Poisson network with a cycle unwrapped in time. Note that we use dashed lines to
indicate parent relationships in Poisson networks. These
arrows should always be interpreted as pointing forward in
time.

sets Tk of non-overlapping intervals where the average waiting time in each of the intervals T in Tk is
governed by λk . The waiting time of the piecewise exponential distribution has the following density:
p(t|λ, T ) :=

l
Y

λk ak (t,Tk ) exp(−λk bk (t, Tk )),

k=1

ak (t, Tk ) :=

X

It∈[t0 ,t1 ) ,

[t0 ,t1 )∈Tk

The Poisson Network Model

bk (t, Tk ) :=

Consider time series data ti ∈ (R+ )Ni from V point
processes. Each element of ti = [ti,1 , . . . , ti,Ni ] corresponds to series of times ti,j at which a particular event
occurred. We model each time series as an inhomogeneous Poisson process and the modelling problem is to
capture the dependency between different processes,
both qualitatively (structure) and quantitatively (parameters).
A Poisson process is an instance of a counting process
which is characterised by a rate function λ(t). If the
rate function is constant over time, the Poisson process
is called homogeneous, otherwise it is called inhomogeneous [Papoulis, 1991]. A very useful property of a
homogeneous Poisson process is that the waiting time
between two consecutive events is exponentially distributed with rate λ, that is,
∀t ∈ R+ : p(t|λ) := λ exp(−λt) .
Note that the mean of the waiting time distribution is
given by λ−1 .
The waiting time distribution for a non-homogeneous
process is a generalized exponential distribution. In
the special case of a piecewise constant rate function
λ(t), the waiting time has a piecewise exponential distribution.
Proposition 1 (Piecewise Exponential Distribution). Suppose we are given l rates λ ∈ (R+ )l and l
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X

(t1 − t0 )It>t1 + (d − t0 )It∈[t0 ,t1 ) .

[t0 ,t1 )∈Tk

In the Poisson network model we aim at modelling
the independence relations between the V processes.
Similarly to Bayesian networks, the independence relations are implicitly represented by the connectivity
of a directed graph. Hence, the network structure
can be fully represented by all parent relationships,
M := {π(i) ⊆ {1, . . . , V }}. Interestingly, the semantics of a parent relationship is slightly different from
Bayesian networks: Since the rate function of each
node only depends on the past history of its parents,
cycles w.r.t. the parent set M are permissible (see Figure 1).
We model the dependency of a node i on its parents π(i) = {p1 , . . . , pmi } by constraining the rate
function λi (t) to be a function of the event counts
of all parents in time windows of length φ, ni (t) :=
[ni,p1 (t), . . . , ni,pmi (t)] where ni,pj represents the number of events of node pj in the time window [t − φ, t).1
We consider a generalized linear model for the rate
function λ(t) in terms of the counts ni (t). Possible link
functions include the probit or sigmoid function which
exhibit a natural saturation characteristic. However,
in the following we will consider the canonical link
1
Note that we will treat φ as a fixed quantity throughout
the paper.

function for the Poisson model resulting in:


X
λi (t; wi , xi ) = exp wi,0 +
wi,j xi,j (t) ,

A

A

B

B

(b)

(c)

A

(1)

j∈π(i)

where wi,0 represents a bias term and translates into
a multiplicative base rate exp(wi,0 ). We define
xi,j (t) :=
λ̂i,j (t) :=

³
´
ln 1 + λ̂i,j (t) ,

(a)

ni,j (t)
.
φ

Figure 2: Poisson networks for illustrating sampling.

Note that λ̂i,j (t) is the empirical rate of node j w.r.t.
node i. Alternatively, the rate function can be written in a way that is more amenable for inference (see
Sec. 5):
λi (t) = exp(wi,0 )

Y ³

durations τl,j are defined by
τl,1
τl,j

´wi,j
1 + λ̂i,j (t)
.

j∈π(i)

τl,kl +1

A positive value for wi,j indicates an excitatory effect
and a negative value corresponds to an inhibitory effect on the rate. The rate of each node at any given
time instant is a function of the empirical rate of its
parents resulting in an inhomogeneous process. Note
that in practice there are only finitely many different
count vectors due to the finite length time windows.
The piecewise constant characteristic of the rate function and the absence of cycles in the Poisson network
enables us to do exact sampling (see Sec. 3).
Let us derive the probability distribution of the time
series corresponding at given nodes. Consider the
l − 1th and lth events occurring at times tl−1 and tl in a
given node and the instants at which the count vector
changes in this interval be represented as t̆l,1 , . . . , t̆l,kl .2
The probability density of an event at time tl given
the previous event happened at tl−1 is denoted by
p(tl |tl−1 , w, M ). This density is a product of probabilities of non-occurrence of an event in each of the disjoint
subintervals, i.e. (tl−1 , t̆l,1 ], (t̆l,1 , t̆l,2 ], . . . , (t̆l,kl −1 , t̆l,kl ]
and the probability density of occurrence of an event
at tl in the subinterval (t̆l,kl , tl ]:


kY
l +1

p(tl |tl−1 , w, M ) = λl,kl +1 


exp (−λl,j τl,j ) ,

j=1

where λl,j is the rate as in (1) for a node which is
a function of the event counts of its parents in the
jth subinterval corresponding to the lth event and the
2

We drop the node subscript and suppress the dependence on the time series of all parent nodes for better
readability.
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:= t̆l,1 − tl−1 ,
:= t̆l,j − t̆l,j−1 ,
:= tl − t̆l,kl .

j ∈ {2, . . . , kl }

The probability density for the time series t =
[t1 , . . . , tN ] of a given node is obtained as the product
of the probability densities for each of the mutually
exclusive subintervals (t0 , t1 ], . . . , (tN −1 , tN ],
p(t|w, M ) =

N
Y

p(tl |tl−1 , w, M ) ,

(2)

l=1

where the initial time t0 is assumed to be 0.

3

Sampling from a Poisson Network

The piecewise constant behavior of the rate function
λ(t) and the absence of cycles in the network allows
us to perform exact sampling from a Poisson Network.
Let us consider the simple case of sampling from a single node network as shown in Fig. 2 (a). Sampling is
straightforward in this case, because the node represents a homogeneous Poisson process. The standard
way to sample from a homogeneous Poisson process is
to make use of the property that the waiting times between two adjacent events are iid and are distributed
exponentially with rate parameter λ.
Let us consider a two node network shown in Fig. 2
(b). Sampling for node A can be done in a straightforward way as explained above because at any time t,
At is independent of Bt . The rate function for node B
can be calculated using (1) once the whole time series
for node A is known. The rate function for B is piecewise constant because of the finite number of events
for node A in the time window [t − φ, t] for varying
t. Sampling from a waiting time distribution with a

(a)

D

(b)

(c)

(d)

A

B

A

B

A

B

1 A

B 1’

C

E

C

E

C’

E

2 C’

E 3

D

Figure 3: (a) An arbitrary Poisson network. (b) SCC’s indicated by ellipses. (c) Directed acyclic graph C 0 represents
the SCC formed by nodes C and D. (d) Topological ordering where the number (10 and 1 can be sampled independently
of each other in parallel) written adjacent to the node indicates the order.

piecewise constant rate function is done by rejection
sampling. Denote the current value of the rate function by λ(t) and assume the rate remains unchanged
until time t̂. Sample τ from the waiting time distribution with parameter λ(t). Accept τ if t + τ ≤ t̂
and reject τ otherwise. The sampling time is now updated to t̂ or t + τ depending on whether the sample
is rejected or accepted, respectively.
Now, let us consider a two node network as shown in
Fig. 2 (c) where there exists a cyclic relationship between nodes A and B. It is worth mentioning again
that node B depends on the event counts of node A
in the past only and vice versa. Sampling from the
nodes cannot be done in an independent way because
of the cyclic relationship. Let the values λA (t) and
λB (t) of the rate functions for nodes A and B, respectively, be calculated by (1) and assume that the rates
remain constant until t̂A , t̂B (excluding the mutual interaction in the future). Sample waiting times τA and
τB for both nodes using the rates λA (t) and λB (t), respectively. The sample corresponding to max(τA , τB )
is rejected because an earlier event at the other node
might have changed the value of the rate function; the
other sample is accepted if it is within the constant
time interval of the firing rate. The sampling time is
updated to min(t̂A , t̂B ) or t + min(τA , τB ) depending
on whether the other sample was rejected or accepted,
respectively.
This sampling technique can be generalised to an arbitrary number of nodes. We note that the structure
of the network can be made use of in order to perform sampling in a very efficient way. The two key
observations are that,
1. Certain groups of nodes have to sampled from in
a synchronized, dependent way because of mutual
dependence of nodes in the group.
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2. Sampling has to be done in a certain order.
The first observation is illustrated in Fig. 3 (b) and
such groups of nodes are known as strongly connected
components (SCC) in graph theory [Cormen et al.,
2001]. A strongly connected component is a directed
subgraph with the property that for all ordered pairs
of vertices (u, v), there exists a path from u to v. A
variant of depth first search can be used to find all the
SCCs of a graph. A directed acyclic graph graph is
obtained by replacing each SCC by a single node as
shown in Fig. 3 (c). Now we observe that the nodes
of the directed acyclic graph can be sampled from in
such a way that, when sampling a given node, its parents have been sampled before (see Fig. 3 (d)). Topological sorting is a method to compute such an order
efficiently (see Cormen et al. [2001]).

4

Parameter Estimation and
Structure Learning

Given time series data T := [t1 , . . . , tV ] we are interested in finding the most plausible structure M ∗ and
parameter estimates for w in the linear model of the
rate functions (see (1)). We take a Bayesian approach
to the problem of parameter estimation which, at the
same time, provides a score over structure M by the
marginalised likelihood. We choose a Gaussian prior
distribution over the weights
p(W|M ) =

V
Y

N (wi ; 0, σ 2 I) .

i=1

Using Bayes rule, we obtain the posterior
p(W|T, M ) =

p(T|W, M )p(W|M )
.
p(T|M )

4.2

The structure learning problem can be written as,
M∗

:= argmax p(M |T)

The variational approach to solving problem of parameter estimation and structure learning is to introduce
a family of probability distribution qθ (wi ) parameterised over θ which gives rise to a lower bound on
the marginalised likelihood3 :

M

=

argmax p(T|M )p(M )
M

p(T|M )

=

V
Y

p(ti |{tj |j ∈ π(i)})

i=1

p(M ) :=

V
Y

ln (p(T|M )) ≥ LM (θ) ,
¶À
¿ µ
p(wi |M )
+ hln (p(T|wi , M ))iqθ ,
LM (θ) := ln
qθ (wi )
qθ

p(π(i)) ,

i=1

where we make use of a structural prior p(M ) that
factors over the parents of the V nodes. Note that
p(ti |{tj |j ∈ π(i)}) corresponds to (2) marginalised
over w. In contrast to structure learning in Bayesian
networks which requires optimisation over the set of
directed acyclic graphs, no such constraints are imposed in Poisson network or continuous time Bayesian
networks [Nodelman et al., 2003]. Hence, the structure learning problem can be solved by finding the
most likely parents of each node independently. In
theory the exact structure can be learned without regard to the number of parents. However, in practice
the running time of the learning procedure is a function of the number of parents of a node and hence while
learning structures we fix the maximum number of parents. Now we present two approximate Bayesian inference techniques for parameter estimation and structure learning.
4.1

Variational Approach

which follows from an application of Jensen’s inequality to the concave logarithm function [Jordan et al.,
1999]. This lower bound on the log-marginal probability is a function of the parameters θ of the distribution
q. This bound is tight if we choose qθ (wi ) to be the
true posterior p(wi |T, M ). We also observe that the
lower bound is the sum of two terms which correspond
to the negative of the Kullback-Leibler divergence between the prior term and the distribution qθ (wi ) and
the second term is the log-likelihood of the data averaged over qθ (wi ).
The idea of the variational approximation Bayesian
algorithm is to maximize the lower bound LM with
respect to the parameters of the q distribution. The
structure learning problem can be posed as maximization of the lower bound LM (θ) which can be written
as,
·
¸
M ∗ := argmax max LM (θ) .
θ

M

Laplace Approximation

In the Laplace approximation [Kass and Raftery,
1995], the posterior is approximated by a multivariate Gaussian density,
p(wi |T, M ) ≈ N (wi ; wMAP , Σ) ,

Similar to the Laplace approximation, we choose
qθ (wi ) to be a multivariate Gaussian N (wi ; µ, Σ). For
a given network structure M , we can use conjugate
gradients to find the maximum of LM (µ, Σ). Note
that the gradients are given by
∇µ (LM (µ, Σ)) = −µ +

where wMAP is the mode of the posterior,

N
X

xi,ki . . .

i=1

wMAP := argmax p(T, wi |M ) ,
wi

−

and the covariance matrix Σ is given by
¡
¢−1
Σ := −∇∇Twi ln(p(T, wi |M ))|w=wMAP
.

ki
N X
X

Ã

τi,j xi,j exp

i=1 j=1

xTi,j Σxi,j + 2µT xi,j
2

!
,

1
1
I + (Σ)−T . . .
2
2
2σ
!
Ã
ki
N X
X
xTi,j Σxi,j + 2µT xi,j
1
T
.
τi,j xi,j xi,j exp
−
2
2
i=1 j=1

∇Σ (LM (µ, Σ)) = −

The marginalised likelihood can be obtained by,
Z
p(T|M ) =
p(T, wi |M ) dwi
Z p
(2π)mi |Σ|N (wi ; wMAP , Σ) dwi
≈
p
(2π)mi |Σ| .
=
The mode wMAP is found by the conjugate gradients
algorithm using the gradient of ln(p(T, wi |M )) w.r.t.
w (see also (2)).
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5

Inference in a Poisson network

Once the network structure and parameters are
learned, several queries regarding the distribution represented by the network can be answered. A common
3
We use the shorthand notation hf (·)iq to denote an
expectation of f w.r.t. the distribution q.

inference problem that is encountered in a Bayesian
network is one where data is available for some nodes
(denoted by MD ), there are a few query nodes (denoted by MQ ) whose behavior has to be estimated
from the data and the remaining nodes are hidden
nodes (denoted by MH for which no data is available.
We pose an analogous problem for Poisson networks.
The rate of any arbitrary node can be computed if the
time series data for all its parents are known for the period of interest. However, certain configurations of the
problem involving hidden nodes are not easy to solve
because of the problem of entanglement as mentioned
in Nodelman et al. [2002]. The standard procedure
in a Bayesian network is to marginalise over all the
hidden nodes and obtain an estimation for the query
nodes using the data in observed nodes. Marginalising over a hidden node amounts to integrating over
all possible time series for a particular node which,
in general, is impossible. Hence, approximations are
necessary.
5.1

3

2

4

whole time series is observed. Hence, we approximate
the empirical rate by the true rate,
1
ni,j (t)
≈
λ̂i,j (t) =
φ
φ

Estimation of Steady State Rate

An alternative way to solve the inference problem is to
approximate the empirical rate λ̂ with a steady state
rate. According to our model, the rate of a node can
be written as,


V ³
³
´´
X
λi (t) = exp wi,0 +
wi,j ln 1 + λ̂i,j (t)  . (3)
j=1

We notice that this is (1) if we consider wi,j = 0 for
all the pairs of nodes which are not dependent. The
empirical rate λ̂i,j (t) cannot be obtained unless the
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5

Figure 4: The random Poisson network graph that generated the samples in Fig. 5. Red arrow indicates an inhibitory influence and the blue arrow indicates an excitatory influence.

Inference by Sampling

A straightforward way to solve the inference problem is
to perform marignalisation of the hidden nodes by using a few instantiations of them which can be obtained
by sampling from the network. The samples can then
be used to obtain averaged rate estimates at each of
the query nodes. The sampling procedure is the same
as our procedure in Sec. 3 with a minor modification
that the sampling is to be performed conditioned on
the data that has been observed in the data nodes
MD . We observe that if the data for a node i is completely known, then the parent nodes of i do not have
any influence on i in the subsequent sampling process.
Hence, we can safely remove all the parental relationships for all the fully observed nodes and obtain a new
network M 0 = M − {i → j, i ∈ MD , j ∈ π(i)}. Sampling is done from the new network M 0 for all the
unobserved nodes and then average firing rates can be
obtained for all the query nodes.
5.2

1

Z

t

λj (t̃)dt̃ ≈ λj (t) ,
t−φ

where we assume that the length of time window, φ,
is very small. Substituting back in (3) we obtain
ln(λi (t)) ≈ wi,0 +

V
X

wi,j ln (1 + λj (t)) .

(4)

j=1

We make the assumption that the rate is constant in
the time interval [t−φ, t] and hence the Poisson process
of each of the parents j, j ∈ {1, . . . , V } is assumed
to be a homogeneous Poisson process with rate λj (t).
Now, (4) can be constructed for all nodes that are
not observed and the set of equations have the form
λ(t) = F (λ(t)), F : RV → RV , whose solution are
the fixed points of the system. We perform fixed point
iterations starting from randomly initialized values for
λi (t), i ∈ {1 . . . V }. In experiments we observe that
at convergence, the estimated rate corresponds to the
mean rate in the time interval [t − φ, t] calculated from
actual data.

6

Experimental Results

In this section, we test the presented methods on data
sampled using the algorithms from Sec. 3. We show
experiments of approximate inference of rate using a
sampling based approximation and a fixed point approximation.
Sampling Firstly, we generate a random graph (see
Fig. 4) with V nodes. As mentioned before, because of
computational issues we fix the maximum number of
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V = 5 and maximum number of parents is 2

−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5

True weights

Figure 6: Results for parameter estimation and structure

parents πmax for every node. Now, our efficient sampling technique given in Sec. 3 is used to generate samples from the network. Samples generated from a randomly generated network with V = 5 and πmax = 2 is
as shown in Fig. 5. The time window duration φ was
fixed to 1 second.

Parameter estimation and structure learning
The Laplace and variational approximation developed
in Sec. 4.1 and Sec. 4.2 are tested using samples generated from random graph structures. We observed
that the posterior distribution p(wi |T, M ) can be
approximated very well by a multivariate Gaussian.
Thus, both approximations methods perform very accurately. Fig. 6 shows the parameter estimation and
structure learning results obtained using variational
approximations for a 15 node network with maximum
number of parents restricted to 2. The results indicate
that the few edges that were missed by the structure
learning algorithm (circles) correspond to weak dependencies i.e., edges with weights close to zero. The results of the Laplace approximation is similar to the
variational approximation except that the variational
approximation had higher confidence in its estimate.

Approximate Inference of rates The approximate inference techniques developed in Sec. 5 was
tested on a random graph having 10 nodes. Samples
were generated from the network using our sampling
technique. Nodes were chosen at random and marked
as observed, hidden and as query nodes. The inference
task was to estimate rates for all the nodes marked
as query nodes. The samples generated for the observed nodes were made use of to perform inference
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learning using the variational approximation for a network
with 15 nodes in which maximum number of parents is 2.
Each node i with a parent j has a true expected weight
wi,j (x-axis) and a posterior estimate (y-axis) shown as a
5%-95% posterior quantile interval with a mark indicating
the mean. The empty circles indicate the edges that were
not identified by the structure learning algorithm.

of rates using the sampling based approximation and
the fixed point approximation. The results shown in
Fig. 7 shows that the fixed point approximation technique (which is significantly faster than the sampling
based approximation) closely tracks the true rate.

7

Conclusions and Discussion

Poisson networks are models of structured multivariate
point processes and have the potential to be applied
in many fields. They are designed such that sampling
and approximate learning and inference are tractable
using the approaches described above. In particular,
structure learning is carried out in a principled yet
efficient Bayesian framework.
Future applications of the Poisson network model include biological problems such as analysing multiple
neural spike train data Brown et al. [2004] as well as
application in computer science such as prediction of
file access patterns, network failure analysis and queuing networks.
A promising direction for future research is to combine
Poisson networks with continuous time Bayesian networks in order to be able to model both event counts
and state (transitions). For example, consider file access events and the running states of CPU processes.
Clearly, they exhibit an interesting relationship the
discovery of which would it possible to predict and
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Figure 7: Inference of rate functions

hence optimise process-file interactions. Similarly, in
biological application external stimuli can be modelled
as states influencing physiological events such as neural spike activity.
Finally, it would be of great interest to study the information processing potential of Poisson networks in the
sense of artificial neural networks (see Barber [2002]).
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Abstract

are used with the express purpose of accurately modeling
the full detail of a rich signal such as speech, they require a
large number of states. In [1](Roweis 2000), HMMs with
8,000 states were required to accurately represent one person’s speech for a source separation task. The large state
space is required because it attempts to capture every possible instance of the signal. If the state space is not large
enough, the HMM will not be a good generative model
since it will end up with a “blurry” set of states which represent an average of the features of different segments of the
signal, and cannot be used in turn to “generate” the signal.

Speech and other natural sounds show high
temporal correlation and smooth spectral evolution punctuated by a few, irregular and abrupt
changes. In a conventional Hidden Markov
Model (HMM), such structure is represented
weakly and indirectly through transitions between explicit states representing ‘steps’ along
such smooth changes. It would be more efficient and informative to model successive spectra as transformations of their immediate predecessors, and we present a model which focuses
on local deformations of adjacent bins in a timefrequency surface to explain an observed sound,
using explicit representation only for those bins
that cannot be predicted from their context. We
further decompose the log-spectrum into two additive layers, which are able to separately explain
and model the evolution of the harmonic excitation, and formant filtering of speech and similar sounds. Smooth deformations are modeled
with hidden transformation variables in both layers, using Markov Random fields (MRFs) with
overlapping subwindows as observations; inference is efficiently performed via loopy belief
propagation. The model can fill-in deleted timefrequency cells without any signal model, and an
entire signal can be compactly represented with
a few specific states along with the deformation
maps for both layers. We discuss several possible
applications for this new model, including source
separation.

1

Daniel P.W. Ellis
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Department of Electrical Engineering
Columbia University
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Introduction

Hidden Markov Models (HMMs) work best when only a
limited set of distinct states need to be modeled, as in the
case of speech recognition where the models need only be
able to discriminate between phone classes. When HMMs
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In many audio signals including speech and musical instruments, there is a high correlation between adjacent frames
of their spectral representation. Our approach consists
of exploiting this correlation so that explicit models are
required only for those frames that cannot be accurately
predicted from their context. In [2](Bilmes 1998), context is used to increase the modelling power of HMMs,
while keeping a reasonable size parameters space, however the correlation between adjacent frames is not explicity modeled. Our model captures the general properties of
such audio sources by modeling the evolution of their harmonic components. Using the common source-filter model
for such signals, we devise a layered generative graphical model that describes these two components in separate
layers: one for the excitation harmonics, and another for
resonances such as vocal tract formants. This layered approach draws on successful applications in computer vision
that use layers to account for different sources of variability
[3, 4, 5](Jojic 2001,Levin 2002,Jojic 2003). Our approach
explicitly models the self-similarity and dynamics of each
layer by fitting the log-spectral representation of the signal
in frame t with a set of transformations of the log-spectra
in frame t − 1. As a result, we do not require separate states
for every possible spectral configuration, but only a limited
set of “sharp” states that can still cover the full spectral variety of a source via such transformations. This approach is
thus suitable for any time series data with high correlation
between adjacent observations.
We will first introduce a model that captures the spectral de-
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Figure 1: The NC = 3 patch of time-frequency bins outlined in the spectrogram can be seen as an “upward” version of the marked NP = 5 patch in the previous frame.
This relationship can be described using the matrix shown.
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Figure 2: a) Graphical model b) Graphical simplification.

formation field of the speech harmonics, and show how this
can be exploited to interpolate missing observations. Then,
we introduce the two-layer model that separately models
the deformation fields for harmonic and formant resonance
components, and show that such a separation is necessary
to accurately describe speech signals through examples of
the missing data scenario with one and two layers. Then we
will present the complete model including the two deformation fields and the “sharp” states. This model, with only
a few states and both deformation fields, can accurately reconstruct the signal. This paper fully describes the operation and implementation of this complete model, which
was only described as future work in [6](Reyes-Gomez
2004).
Finally, we briefly describe a range of existing applications
including semi-supervised source separation, and discuss
the model’s possible application to unsupervised source
separation.

2

where t is the time-frame index, k indexes the frequency
bands, NF is the size of the discrete Fourier transform,
H is the hop between successive time-frames, w[τ ] is the
NF -point short-time window, and x[τ ] is the original timedomain signal. We use 32 ms windows with 16 ms hops.
Using the subscript C to designate current and P to indicate previous, the model predicts a patch of NC timefrequency bins centered at the k th frequency bin of frame t
as a “transformation” of a patch of NP bins around the k th
bin of frame t − 1, i.e.

Spectral Deformation Model

Figure 1 shows a narrow band spectrogram representation
of a speech signal, where each column depicts the energy content across frequency in a short-time window, or
time-frame. The value in each cell is actually the logmagnitude of the short-time
in decibels,
PNF −1 Fourier transform;
w[τ ]x[τ − t · H]e−j2πτ k/NF )),
xkt = 20log(abs( τ =0
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where nC = (NC − 1)/2, nP = (NP − 1)/2, and Ttk is
the particular NC × NP transformation matrix employed at
that point on the time-frequency plane. We use overlapping
patches to enforce transformation consistency, [5](Jojic
2003).
Figure 1 shows an example with NC = 3 and NP = 5 to
illustrate the intuition behind this approach. The selected
patch in frame t can be seen as a close replica of an upward shift of part of the patch highlighted in frame t − 1.
This “upward” relationship can be captured by a transformation matrix such as the one shown in the figure. The
patch in frame t − 1 is larger than the patch in frame t
to permit both upward and downward motions. The generative graphical model for a single layer is depicted in
figure 2. Nodes X = {X11 , X12 , ..., Xtk , ..., XTK } represent all the time-frequency bins in the spectrogram. For
now, we consider the continuous nodes X as observed, although below we will allow some of them to be hidden
when analyzing the missing data scenario. Discrete nodes
T = {T11 , T12 , ..., Ttk , ..., TTK } index the set of transformation matrices used to model the dynamics of the signal.
Each NC × NP transformation matrix T~ is of the form:



w
~ 00
0 w
~ 0
00 w
~

(2)

i.e. each of the NC cells at time t predicted by this matrix
is based on the same transformation of cells from t − 1,
translated to retain the same relative relationship. Here,
NC = 3 and w
~ is a row vector with length NW = NP − 2;
using w
~ = (0 0 1) yields the transformation matrix shown
in figure 1. To ensure symmetry along the frequency axis,
we constrain NC , NP and NW to be odd. The complete
set of w
~ vectors include upward/downward shifts by whole
bins as well as fractional shifts. An example set, containing

Ttk has the following form:

each w
~ vector as a row, is:
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Figure 4: Example transformation map showing corresponding points on original signal.
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The length NW of the transformation vectors defines
the supporting coefficients from the previous frame
~ [k−nW ,k+nW ] (where nW = (NW − 1)/2) that can “exX
t−1
plain” Xtk .
1

t−1

The diagonal matrix Σ[k−nC ,k+nC ] , which is learned, has
different values for each frequency band to account for
the variability of noise across frequency bands. For the
transformation cliques, the horizontal and vertical transik
) and ψver (Ttk , Ttk−1 ), are
tion potentials ψhor (Ttk , Tt−1
represented by transition matrices.
For observed nodes X , inference consists in finding
probabilities for each transformation index at each timefrequency bin. Exact inference is intractable and is approximated using Loopy Belief Propagation [7, 8] (Yedidia
2001,Weiss 2001) Appendix A gives a quick review of
the loopy belief message passing rules, and Appendix B
presents the specific update rules for this case.
The transformation map, a graphical representation of the
expected transformation node across time-frequency, provides an appealing description of the harmonics’ dynamics
as can be observed in figure 4. In these panels, the links
between three specific time-frequency bins and their corresponding transformations on the map are highlighted. Bin
1 is described by a steep downward transformation, while
bin 3 also has a downward motion but is described by a less
steep transformation, consistent with the dynamics visible
in the spectrogram. Bin 2, on other hand, is described by
a steep upwards transformation. These maps tend to be
robust to noise (see fig 7), making them a valuable representation in their own right.

H

3
Figure 5: Graphical representation of the two-layer sourcefilter transformation model.
For harmonic signals in particular, we have found that a
model using the above set of w
~ vectors with parameters
NW = 5, NP = 9 and NC = 5 (which corresponds to
a model with a transformation space of 13 different matrices T) is very successful at capturing the self-similarity and
dynamics of the harmonic structure.
The transformations set could, of course, be learned, but in
view of the results we have obtained with this predefined
set, we defer the learning of the set to future work. The
results presented in this paper are obtained using the fixed
set of transformations described by matrix 3.
The clique “local-likelihood” potential between the timefrequency bin Xtk , its relevant neighbors in frame t, its relevant neighbors in frame t − 1, and its transformation node
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Inferring Missing Data

If a certain region of cells in the spectrogram are missing,
like in the case of corrupted data, the corresponding nodes
in the model become hidden. This is illustrated in figure 3,
where a rectangular region in the center has been removed
and tagged as missing. Inference of the missing values is
performed again using belief propagation, the update equations are more complex since there is the need to deal with
continuous messages, (Appendix C). The posteriors of the
hidden continuous nodes are represented using Gaussian
distributions, the missing sections on figure 3 part b), are
filled in with the means of their inferred posteriors, figure
3 part c), and d). The transformation node posteriors for
the missing region are also estimated, in the early stages on
the “fill-in” procedure the transformation belief from the
“missing” nodes are set to uniform so that the transformation posterior is driven only by the reliable observed neighbors, once the missing values have been filled in with some
data, we enable the messages coming from those nodes.

a)

b)

c)

d)

Figure 3: Missing data interpolation example a) Original, b) Incomplete, c) After 10 iterations, d) After 30.

a)Missing Sections

b) Fill-in; one layer

c) Fill-in; two layers

Figure 6: (a) Spectrogram with deleted (missing) regions. (b) Filling in using a single-layer transformation model. (c)
Results from the two-layer model.

4

Two Layer Source-Filter Transformations

Many sound sources, including voiced speech, can be
successfully regarded as the convolution of a broad-band
source excitation, such as the pseudo-periodic glottal flow,
and a time-varying resonant filter, such as the vocal tract,
that ‘colors’ the excitation to produce speech sounds or
other distinctions. When the excitation has a spectrum consisting of well-defined harmonics, the overall spectrum is in
essence the resonant frequency response sampled at the frequencies of the harmonics, since convolution of the source
with the filter in the time domain corresponds to multiplying their spectra in the Fourier domain, or adding in the logspectral domain. Hence, we model the log-spectra X as the
sum of variables F and H, which explicitly model the formants and the harmonics of the speech signal. The sourcefilter transformation model is based on two additive layers
of the deformation model described above, as illustrated in
figure 5. Variables F and H in the model are hidden, while,
as before, X can be observed or hidden. The symmetry between the two layers is broken by using different parameters in each, chosen to suit the particular dynamics of each
component. We use transformations with a larger support
in the formant layer (NW = 9) compared to the harmonics layer (NW = 5). Since all harmonics tend to move
in the same direction, we enforce smoother transformation
maps on the harmonics layer by using potential transition
matrices with higher self-loop probabilities. An example
of the transformation map for the formant layer is shown
in figure 7, which also illustrates how these maps can re-
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main relatively invariant to high levels of signal corruption;
belief propagation searches for a consistent dynamic structure within the signal, and since noise is less likely to have a
well-organized structure, it is properties of the speech component that are extracted. Inference in this model is more
complex, but the actual form of the continuous messages
is essentially the same as in the one layer case (Appendix
C), with the addition of the potential function relating the
signal Xtk with its transformation components Htk and Ftk
at each time-frequency bin:
ψ(Xtk , Htk , Ftk ) = N (Xtk ; Htk + Ftk , σ k )

(5)

The first row of figure 10 shows the decomposition of a
speech signal into harmonics and formants components,
illustrated as the means of the posteriors of the continuous hidden variables in each layer. The decomposition is
not perfect, since we separate the components in terms of
differences in dynamics; this criteria becomes insufficient
when both layers have similar motion. However, separation improves modeling precisely when each component
has a different motion, and when the motions coincide, it
is not really important in which layer the source is actually captured. Figure 6 a) shows the first spectrogram from
figure 10 with deleted regions; notice that the two layers
have distinctly different motions. In b) the regions have
been filled via inference in a single-layer model; Notice
that since the formant motion does not follow the harmonics, the formants are not captured in the reconstruction. In
c) the two layers are first decomposed and then each layer
is filled in; the figure shows the addition of the filled-in

Clean Formants Map

Clean Signal

Noisy Signal

Noisy Formants Map

Figure 7: Formant tracking map for clean speech (left panels) and speech in noise (right panels).
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Figure 8: Left: Graphic model of the matching-tracking model; Right: Entropy Map and Entropy Edges
version in each layer.

5

Matching-Tracking Model

Prediction of frames from their context is not always possible such as when there are transitions between silence and
speech or transitions between voiced and unvoiced speech,
so we need a set of states to represent these unpredictable
frames explicitly. We will also need a second “switch” variable that will decide when to “track” (transform) and when
to “match” the observation with a state. The first row of
figure 8 shows a graphical representation of this model. At
each time frame, discrete variables St and Ct are connected
to all frequency bins in that frame. St is a uniformlyweighted Gaussian Mixture Model containing the means
and the variances of the states to model. Variable Ct takes
two values: When it is equal to 0, the model is in “tracking
mode”; a value of 1 designates “matching mode”. The potentials between observations xkt , harmonics and formants
hidden nodes hkt and f kt respectively, and variables St and
Ct is given by:


ψ xkt , hkt , ftk , St , Ct = 0 = N xkt ; hkt + ftk , σ k (6)


(7)
ψ xkt , hkt , ftk , St = j, Ct = 1 = N xkt ; µkj , φkj
Inference is done again using loopy belief propagation.
Defining φ as a diagonal matrix, the M-Step is given by:
P
t (Q(St = j)Q(Ct = 0)Xt )
µj = P
(Q(St = j)Q(Ct = 0))
P t
(Q(Ct = 1)(xkt − (ftk + hkt )))2
P
σk = t
(8)
t (Q(Ct = 1))
P
(Q(St = j)Q(Ct = 0)(Xt − µj ))2
φj = t P
t (Q(St = j)Q(Ct = 0))
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Q(St ) and Q(Ct ) are obtained using the belief propagation
rules. Q(Ct = 0) is large if eqn. 6 is larger than eqn. 7. In
early iterations when the means are still quite random, eqn.
6 is quite large, making Q(Ct = 0) large with the result
that the explicit states are never used.
To prevent this we start the model with large variances φ
and σ, which will result in non-zero values for Q(Ct = 1),
and hence the explicit states will be learned.
As we progress, we start to learn the variances by annealing the thresholds i.e. reducing them at each iteration. We
start with a relatively large number of means, but this becomes much smaller once the variances are reduced; the
lower-thresholds then control the number of states used in
the model. The resulting states typically consist of single
frames at discontinuities as intended. Figure 9 a) shows
the frames chosen for a short speech segment, (the spectrogram on figure 3.), the signal can be regenerated from the
model using the states and both estimated motion fields.
The reconstruction is simply another instance of inferring
missing values, except the motion fields are not reestimated
since we have the true ones. Figure 9 shows several stages
of the reconstruction.

6

Applications

We have built an interactive model that implements formant and harmonics tracking, missing data interpolation,
formant/harmonics decomposition, and semi-supervised
source separation of two speakers. Videos illustrating the
use of this demo are available at: http://www.ee.
columbia.edu/˜mjr59/def_spec.html.

a) States

b) Reconstruction; Iter. 1

c) Reconstruction; Iter. 3

d) Reconstruction; Iter. 5

e) Reconstruction; Iter. 8

Figure 9: Reconstruction from the matching-tracking representation, starting with just the explicitly-modeled states, then
progressively filling in the transformed intermediate states.

=

Signal

Selected Bin

+

Formants

Harmonics

Harmonic Tracking

a).

Formant Tracking

c).

b).

Figure 10: First row: Harmonics/Formants decomposition (posterior distribution means). Row 2: Harmonics/Formants
tracking example. The transformation maps on both layers are used to track a given time-frequency bin. Row 3: Semisupervised Two Speakers Separation. a) The user selects bins on the spectrogram that she believes correspond to one
speaker. b) The system finds the corresponding bin on the transformation map. c) The system selects all bins whose
transformations match the ones chosen; the remaining bins correspond to the other speaker.
Formants and Harmonics Tracking: Analyzing a signal
with the two-layer model permits separate tracking of the
harmonic and formant ‘ancestors’ of any given point. The
user clicks on the spectrogram to select a bin, and the system reveals the harmonics and formant “history” of that
bin, as illustrated in the second row of figure 10.
Semi-Supervised Source Separation: After modeling the
input signal, the user clicks on time-frequency bins that appear to belong to a certain speaker. The demo then masks
all neighboring bins with the same value in the transformation map; the remaining unmasked bins should belong
to the other speaker. The third row of figure 10 depicts an
example with the resultant mask and the “clicks” that generated it. Although far from perfect, the separation is good
enough to perceive each speaker in relative isolation.
Missing Data Interpolation and Harmonics/Formants
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Separation: Examples of these have been shown above.
Features for Speech Recognition: The phonetic distinctions at the basis of speech recognition reflect vocal tract
filtering of glottal excitation. In particular, the dynamics of
formants (vocal tract resonances) are known to be powerful “information-bearing elements” in speech. We believe
the formant transformation maps may be a robust discriminative feature to be use in conjunction with traditional features in speech recognition systems, particularly in noisy
conditions; this is future work.

7

Potential Unsupervised Source Separation
Applications

The right hand of figure 8 illustrates the entropy of the
distributions inferred by the system for each transforma-
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Figure 12: Factor Graph

8

Figure 11: First pane shows the composed spectrogram,
second and third spectrograms correspond to the individual sources, vertical lines correspond to the frames learned
as states. Notice how the model captures the switches of
dominant speaker.

Conclusions

We have presented a harmonic/formant separation and
tracking model that effectively identifies the different factors underlying speech signals. We show that this model
has a number of useful applications, several of which have
already been implemented in a working real-time demo.
The model we have proposed in this paper captures the details of a speech signal with only a few parameters, and is
a promising candidate for sound separation systems that do
not rely on extensive isolated-source training data.

9

Appendices

A: Loopy Belief Propagation
tion variable on a composed signal. The third pane shows
‘entropy edges’, boundaries of high transformation uncertainty. With some exceptions, these boundaries correspond
to transitions between silence and speech, or when occlusion between speakers starts or ends. Similar edges
are also found at the transitions between voiced and unvoiced speech. High entropy at these points indicates that
the model does not know what to track, and cannot find a
good transformation to predict the following frames. These
“transition” points are captured by the state variables when
the Matching-Tracking model is applied to a composed signal, figure 11, the state nodes normally capture the first
frame of the “new dominant” speaker. The source separation problem can be addressed as follows: When multiple speakers are present, each speaker will be modeled in
its own layer, further divided into harmonics and formants
layers. The idea is to reduce the transformation uncertainty
at the onset of occlusions by continuing the tracking of the
“old” speaker in one layer at the same time as estimating
the initial state of the “new” speaker in another layer – a
realization of the “old-plus-new” heuristic from psychoacoustics. This is part of our current research.
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The sum-product algorithm [9](Kschischang 2001) can be
used to approximate inference on graphical models with
loops. The algorithm update rules applied to the factor
graph representation of the model are:
Variable to local function:
Y
mx→f (x) =
mf →x (x)
(9)
h∈n(x)\f

Local function to variable:
X
mf →x (x) =
f (X)
∼x

Y

my→f (y)

(10)

y∈n(f )\x

where X = n(f ) is the set of arguments of the function f .
B: Update Rules for the Spectral Deformation Model
Figure 12 depicts a section of the factor graph representation of our model. Function nodes hkt and vtk represent respectively the potential cliques (transition matrices)
k
) and ψver (Ttk , Ttk−1 ). Function node ψtk ,
ψhor (Ttk , Tt−1
which represents the local likelihood potential defined in
eq. 4, is connected to NC “observation” variables in frame

C
C
], nC = (NC - 1)/2 ) and to NP “obser..xk+n
t ([xk−n
t
t
vation” variables in frame t − 1.

When variables xkt are actually observed, only discrete
messages between function nodes hkt , vtk and variable
nodes Ttk are required by the algorithm. Applying recursively the above update rules, we obtain the following forward recursion for the horizontal nodes on the grid:
X
k
k
))
mTtk →hkt (Ttk ) = (
)mTt−1
(Tt−1
hkt (Ttk , Tt−1
k →hk
t−1
k
Tt−1

[k−nC :k+nC ]

~t
ψ(X

[k−nP :k+nP ]

~
,X
t−1

, Ttk )g(Ttk )
(11)

The values displayed by the missing data application are
these mean values. The means of the variable to local function nodes messages, mxkt →ψji (xkt ), have the same form as
in equation 13, just subtracting the numerator and denominator factor corresponding to the incoming message from
the corresponding function. Since we use diagonal variances, parameters µy and µz in 12 are found by concatenating the means of the relevant messages mxkt →ψji (xkt ).
When using the two layer model, an extra message comes
from the other layer adding extra factors in the numerator
and denominator of equation 13.
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The message from function node ψtk to variable xij has the
form.
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0

−1
i
1
(αxij −Γµy +µz )
1
2 (αxj −Γµy +µz ) Σ
.
C exp

xkt ,

q(xkt ),

is equal to
The posterior probability of node
the multiplication of all its incoming messages. We approximate this multiplication with a Gaussian distribution,
0
q (xkt ) = N (xkt ; µxkt , φxkt ). Minimizing their KL divergence we find:
PNC +NP
µxkt =

i=1

0

αi Σ−1
yi − ~zi )
i (Γi ~

PNC +NP
i=1

−1
αi Σ−1
i αi
0

(13)
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Audio demonstrations at http:// www.comm.utoronto.ca/ rennie/srcsep
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Abstract
We present a novel structured variational inference algorithm for probabilistic speech separation. The algorithm is built upon a new generative probability model of speech production and
mixing in the full spectral domain, that utilizes
a detailed probability model of speech trained in
the magnitude spectral domain, and the position
ensemble of the underlying sources as a natural,
low-dimensional parameterization of the mixing
process. The algorithm is able to produce high
quality estimates of the underlying source configurations, even when there are more underlying sources than available microphone recordings. Spectral phase estimates of all underlying
speakers are automatically recovered by the algorithm, facilitating the direct transformation of the
obtained source estimates into the time domain,
to yield speech signals of high perceptual quality.

1 Introduction
The speech separation problem is one that has been very
heavily researched, and whose solution under practical
conditions still alludes us today. Several existing approaches work well under various problem assumptions
– such as negligible or stationary reverberation, instantaneous mixing, or more microphones recordings than speech
sources – but break down when these conditions are relaxed.
Two important directions of progress in speech separation
research have been the incorporation of detailed information about the nature of speech into the estimation process,
and the utilization of multiple signal mixtures (Frey et al.
2001; Bell and Sejnowski 1995). Currently the emphasis of
much research is on utilizing these methodologies simultaneously (Attias 2003; A.Acero, Altschuler and Wu 2000;
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Rennie et al. 2003). Approximate inference techniques
have been applied to the problem to facilitate the incorporation of more representative models of speech production
and mixing into the estimation process, with success (Attias 2003; Rennie et al. 2003). Spatially selective (e.g.
beamforming) algorithms, on the other hand, have demonstrated significant results via the utilization of source position or direction information, despite the fact that the majority of existing techniques do fully decoupled source estimation, and do not incorporate prior information about the
nature of speech (Aarabi and Shi 2004; Cohen and Berdugo
2002; Nix, Kleinschmidt and Hohmann 2003).
In this paper, we present a novel structured variational inference algorithm for probabilistic speech separation. The
algorithm is built upon a new generative probability model
of speech production and mixing in the full spectral domain, that utilizes a detailed probability model of speech
trained in the magnitude spectral domain, and the position ensemble of the underlying sources as a natural, lowdimensional parameterization of the mixing process.
For the case where the locations of the underlying speakers
are known, the algorithm is able to produce high quality estimates of the underlying source configurations, even when
there are more underlying sources than available microphone recordings. When only noisy estimates of the positions of the underlying speakers are available, the algorithm
is automatically able to refine the position estimates, improving the achieved separation results substantially. The
algorithm also automatically recovers high fidelity estimates of the spectral phase of the underlying speakers, facilitating the direct transformation of the obtained source
estimates into the time domain, to yield speech signals of
high perceptual quality.

2 The Mixing Process
We model the signal received by microphone m of a collection of microphones M as a scaled, time-delayed com-

bination of all underlying speech sources, and noise:
X
km,s zs (t − τm,s ) + nm (t)
xm (t) =

(1)

S

where τm,s and km,s are the time delay and intensity decay
associated with the propagation of source signal s to microphone observation m, and nm represents all noise corruption (including transduction noise, other acoustic sources,
and reverberation when present).
Both the propagation delay and the intensity decay associated with a given source are a function of the position
of the source, ρs , relative to that of the microphone, ρm ,
and the propagation media. Under generally encountered
indoor conditions (negligible wind and temperature gradients), the relationship between τm,s and ρs given ρm can
be approximated to high fidelity as frequency independent
and geometric:
τm,s = τm,s (ρs ) =

kρs − ρm k
vs

(2)

where vs is the speed of sound in air. Similarly, under generally encountered room conditions the intensity decay associated with atmospheric effects such as wind and temperature gradients, and molecular absorption, are negligible compared to the intensity decay associated with the geometric spread of the acoustic signal from its origin. As
such the intensity of the source signal decay is proportional
to one over the distance from the source:
km,s = km,s (ρs ) =

ks · gm
kρs − ρm k

(3)

where gm is the gain associated with the mth transducer,
and ks is a generally unknown constant that equalizes the
source signals observed at the microphones relative to a
chosen reference.
An equivalent representation of the relation (1) in the frequency domain is given by:

 



n1 ω
z 1ω
x1 ω
 z 2 ω   n2 ω 
 x2 ω 

 



(4)
 :  = Aω (ρ) :  +  : 
n Mω
z Sω
x Mω
where the matrix Aw (ρ) consists of 2 × 2 blocks
Awm,s (ρs ) of the form:


cos ωτm,s
sin ωτm,s
(5)
Awm,s (ρs ) = km,s
− sin ωτm,s cos ωτm,s
and zsω is the Short-Time Discrete Fourier Transform of
the sth (sampled) sound source signal at center frequency
ω in vectored form:
"
#
P
2πk
Re{ n zs [n]w[n]e−j N n }
k
P
z sω =
,ω = N
ωs
2πk
Im{ n zs [n]w[n]e−j N n }
(6)
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and xmω is similarly defined. Here w[n] is a (generally non-rectangular) windowing function that is non-zero
over N contiguous samples of the sampled source signal
zs [n] = zs (nTs ) that we wish to generate a spectral representation of, and ws = 2/Ts is the sampling rate, in
radians per second.
Applying (4) over segments of length such that the error in
the relation due to windowing and the assumption of signal
stationarity is minimal (typically 10-20 ms for speech), we
have for each segment, given the source position ensemble
ρ = {ρs }, a system of linear equations constraining the
underlying source signal spectra. Furthermore we have expressed the mixing process in terms of the underlying low
dimensional manifold – defined by the positions of the underlying speakers – which relates the observed mixtures to
the direct signal component of the speech sources.

3 Modelling Speech in the Full Spectral
Domain
When doing speech separation on real microphone recordings in the frequency domain, the mixing process has both
amplitude and phase components, and so to incorporate
prior information about the nature of speech it is essential
to move to the full spectral domain, so that both amplitude
and phase corruption can be filtered.
Here the fidelity of the recovered spectral magnitude and
phase estimates will be coupled for each source, and across
sources: therefore even in cases where we are interested
only in recovering the magnitude spectrum of a given
speaker (for input to a machine recognition system, for example) phase representation during source inference is critical.
In cases where a time domain estimate of one or more
sources is of interest, the spectral phase of the estimate
recovered in the frequency domain will greatly affect the
perceptual quality of the obtained result. Recent research
efforts on the reconstruction of speech given only it’s energy spectrum have demonstrated the importance of phase
on perceptual quality, and the difficulty of the problem
(Achan, Roweis and Frey 2003).
Although it is well known that the spectral phase of speech
is coupled across harmonics, this knowledge is difficult
to utilize in practice, as frequency sampling complicates
the theoretically straightforward relationship. The definition of spectral phase relationships across adjacent analysis
frames are similarly complicated by the discretization of
frequency. No one has yet identified any utility in the phase
of speech for as a feature for sound discrimination or recognition. The magnitude spectrum of speech (or transform of
the magnitude spectrum), on the other hand, is established
as an excellent feature domain for speech analysis. Speech
sounds are characterized by their spectral magnitude pro-

file across frequency, and across time. LPC and Gaussianbased (HMM,Mixture) models are the current representations of choice for capturing these relationships (Rabiner
and Juang 1993; Frey et al. 2001; Attias 2003). These observations collectively lead us to seek a probability model
of speech in the full spectral domain that incorporates detailed information about the nature of speech (as characterized in the magnitude spectral domain), and is phaseinvariant across both frequency and time.
Based on the forgoing discussion then, we define a phaseinvariant model of speech in the full spectral domain as
follows. We map a learned HMM model of speech in the
magnitude spectral domain into the full spectral domain by
rotating the (diagonal covariance) Gaussian state emission
distributions, at each frequency, at discrete, regular intervals, and introducing phase covariance proportional to the
chosen interval size. The result is a generative model of
speech in the full spectral domain that is approximately
phase-invariant:

p(zs ) =
TY
−1
T
Y
1 X
p(cs0 )
p(cst+1 |cst )
p(zst |cst , θst ) (7)
Zθs
t=0
t=0
cs ,θ s

p(zst |cst , θst ) = N (zs,t ; µcst ,θst , Σcst ,θst ),

Σ cs t, θ s ω,t= π_
4

µ cs t, θ s ω, = π_
t

4

Σ cs t, θ s ω,t= 0
µ c s t, θ s = 0

π
_
4

ω,t

Re{ z s ω,t }

Figure 1: By rotating the source models learned in the magnitude spectral domain at discrete, regular intervals, and introducing phase covariance proportional to the chosen rotation interval size, a phase invariant model of speech in the
full spectral domain is obtained.

4 A Generative Model for the Speech
Production and Mixing
Based on the foregoing a generative probability model for
speech production and mixing over a set of temporally adjacent or overlapping analysis frames T can be written as
follows:

p(cst+1 |cst ) = acst+1 ,cst , p(cs0 ) = cs
µcst ,θst = Rθst µcst , Σcst ,θst = Rθst Σcs,t RθTs

Im{ z s ω,t }

t

where the random variables cst and θst represent the underlying state configuration, and the coarse phase of speech
source s during time frame t, respectively. µcst and Σcst
are the mean and diagonal covariance of the emission distribution of state cst for θst = 0, and Rθs,t is a deterministic rotation matrix given θ s,t .
Figure 1 illustrates how the resulting MOG models of
speech in the full spectral domain at each frequency, for
a given speech class, are approximately phase invariant as
desired.
Note that in the case that the HMM emissions are defined as
zero-mean, the model collapses to the more standard model
utilized in (Ephraim and Rabiner 1989; Attias 2003), the
θst variable becomes redundant, and phase invariance is
automatically achieved. This close relationship allows for
the seamless substitution of the more standard model into
our source inference algorithm when desired. In particular, we have found that by utilizing the zero-mean source
model inference result to initialize source inference under the full probability model (utilizing the non-zero mean
source model), the estimation was sped up substantially.
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p(c, θ, z, ρ, x)
Y
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Y
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t
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acst+1 ,cst ·
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t=0

Y
s

N (ρs ; %, ς) ·

YY
t

N (xω,t ; Aω (ρ)zω,t , Ψω )

(8)

ω

where we have modelled noise in the mixing relationship
as zero-mean and Gaussian, and treated the positions of the
underlying speakers as stationary Gaussian random variables over set of analysis frames (analysis window); an accurate assumption in most settings for analysis windows
on the order of 500 ms. Note that the scale equalization parameters ks have been moved into the definition of source
models since they are independent of the microphones. The
mixing matrix retains its dependence on scale as a function
of source position.
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Figure 2: A Bayes net depicting the dependencies that exist between random variables of the speech production and mixing
process.
Under this description the generation process for each analysis frame proceeds as follows:
 A speech sound is emitted from each speaker in accordance with the conditional prior p(cst+1 |cst ) =
acst+1 ,cst .
 The coarse phase of each speaker at each frequency is
uniformly generated from the domain of θ st .
 Given cst and θs,t , and instance of the speech sound is
generated from the distribution of the specified speech
cluster for all speakers.
 A position ensemble is sampled from the distribution
of ρ.
 Given ρ and zt , the microphone observations
Q Q are generated according to p(xt |zt , ρ) =
t
ω N (xω,t ; Aω (ρ)zω,t , Ψω ).
Figure 2 depicts a Bayes net of the generative model presented above.

5 Source Inference
Given our generative probabilistic description of speech
production and mixing, the problem of estimating the configuration of the underlying sources over an analysis window given observed microphone mixtures becomes one of
simultaneous probabilistic learning and inference, as generally both the configuration of the underlying sources and
the parameters of the model {Ψ, k, %, ς} will be unknown.
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Because the decision about the configuration of the underlying sources is fully coupled by the observed microphone
data, even when the positions of the underlying sources are
known, exact inference is exponential in the representation
complexity of the underlying speech model, and hence generally intractable to compute. However the relationship between the observed mixtures and the underlying sources
given the source positions constructed in Section 2 is linear, and the source model defined in Section 3 is built upon
Gaussian basis functions, and so the system is conditionally
amenable to variational approximate inference techniques
(Jordan et al. 1999).
In general however, the position of the underlying sources
will not be known, and so a posterior distribution over the
source positions must simultaneously estimated. Unfortunately the entries of the mixing matrix are non-linear in the
time delays defined by the source positions, and the delays
themselves are a non-linear function of the source positions
ρ, and so density estimation and propagation through these
relationships is difficult (and fully coupled) problem, not
amenable to analytic approaches.
Here we will concentrate on the case when rough estimates
of the underlying source positions are available, and collapse the position ensemble distribution estimation problem onto a point, making it a parameter to be refined during source inference. In making this assumption we remind
the reader that source localization in of itself is a very difficult problem, with today’s best acoustic techniques generally requiring many more microphones than sources to
achieve position estimates of fidelity (DiBiase, Silverman

and Brandstein 2001; Aarabi 2003). Note however, that
it is the utilization of a naturally existing parameter (the
source locations) in defining the mixing process that makes
the requirement that some information about the parameter
be available plausible.
We achieve simultaneous learning of the unknown parameters of the model and inference of the configuration of the
underlying sources by iterating between inferring a structured variational approximation to the posterior distribution
of the underlying sources given the current model parameters to define an approximate E-Step and obtain a lower
bound the data likelihood, and maximizing the bound with
respect to the model parameters {ρ, k, Ψ} to define the MStep of our Expectation-Maximization algorithm for inferring the configuration of the underlying sources.
E-Step: We define the form of the variational surrogate as:
q(z, θ, c)
Y
Y
Y
Y
=
q(cs0 )
q(cst+1 |cst ) ·
q(θsω,t ) ·
q(zω,t )
s

=

Y
s

χs0

Y
t

t

χst+1,t

Y
s,t,ω

s,t,ω

γ θsω,t

Y
t,ω

ω,t

N (zω,t , η ω,t , Ωω,t )
(9)

where {χ, γ, η, Ω} are the variational parameters to be
found so that q best approximates the true posterior of
the hidden random variables under our speech separation
model. To identify q we minimize the Kullback-Leibler
(KL) divergence of p(z, θ, c, x) from q(z, θ, c). Exploiting
the conditional independencies, conditional linearity, and
Gaussian decomposition of the underlying model p given
the model parameters, and the chosen form of the variational surrogate, we arrive at the set of coupled fixed point
equations for the variational parameters, given in appendix
A, that may be iterated to identify q. The computational
complexity of the inference algorithm is linear (as opposed
to exponential) in the representation complexity of the utilized speech model.
M Step: The update for the source positions ρ is obtained
by solving:
[{∂L/∂ρsxi } = 0

(10)

The form of ∂L/∂ρsxi is given in the appendix. The closed
form updates for ks and Ψω can also be found in the appendix.

6 Results
A database of dictated speech, consisting of 18 minutes of
data (3 mins. x 6 female speakers) from the Wall Street
Journal database (WSJ) was used to train a 128-component,
speaker independent, diagonal covariance Gaussian emission HMM model of speech in the magnitude spectral domain. This model was used to define the (common) source
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prior in the full spectral domain that was utilized in all
our experiments, by isotropically expanding the learned
covariances, and rotating the model at intervals of /32
(as described in section 3). A 128-component zero-mean,
speaker independent, diagonal covariance Gaussian emission HMM model was also trained in the magnitude spectral domain, and mapped directly into the complex domain.
For both models, several training trials, (100 EM iterations each) were performed, and the model that maximized
the probability of a 12 minute validation database (defined
analogously to how the training set was defined) was selected.
A test database of 1 minute of WSJ speech data from each
speaker in the training database was used to define the
speech sources for all test scenarios presented. Simulated
microphone recording were generated via the standard image method (Allen and Berkley 1979), with additional 20
dB Gaussian noise corruption. All simulated scenarios
were set in a 7 by 6 by 2.5 m room, with all source and microphone heights set at 1.5m. The horizontal coordinates
of the sources and microphones are given in Appendix B.
In all the forthcoming results, a non-overlapping, 20 frame
analysis window (T = 20) was employed, with the 0-4kHz
region of the half overlapped, hanning-windowed FFTs of
the data (16ms segments) defining each processing frame.
To speed up source inference, for all test scenarios the zeromean speech model-based version of our speech separation
algorithm was first run until convergence, and the inference
result was then used to seed our full speech separation algorithm, which was run for an additional 10 EM iterations
to yield final source estimates. It worthy of note that in all
(non-reverberative) test scenarios, the additional iterations
with the non-zero mean source model resulted in substantial (5% to 15%) increases in SNR gain.
Figure 3 depicts spectrograms of a typical microphone
recording, and typical separation results achieved for the
case of zero reverberation, known source position information, 6 underlying speech sources, and only 4 available microphone observations (Figure 4 depicts the spatial setup of
this test scenario). The separation result achieved via normconstrained inversion of the data likelihood (a beamformer
utilizing all source position information):
z∗ω,tnc = (ATω Aω + 0.1I)−1 ATω xω,t , all ω, t

(11)

are included for comparative purposes. Looking at the results, we can see that our variational inference algorithm
is able to yield a dramatic improvement over the normconstrained inversion based estimate, and recovers a high
fidelity estimate of the underlying source, despite the fact
that there are two more sources than microphones, and the
sources have strongly overlapping spectral-temporal feature content.
Table 1 summarizes the SNR gain results obtained (relative
to taking a microphone reading as the source estimates) for
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Figure 3: Our algorithm is capable of producing high quality estimates of the magnitude spectra of the underlying sources even
when there are more underlying sources than available microphone observations. The obtained SNR Gain over taking a microphone
observation as our estimate, and the norm-constrained estimate (11) in this frame is 14.5 and 10.4 dB, respectively.
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Table 1: Source vector SNR gain performance of our algorithm
as a function of microphone noise corruption level and the number
sources and microphones. All gains are calculated in the time
domain, and reported in decibels.
Number of
Number of
Reverberation Time (s)
Sources
Microphones
0
0.05
4
4
23.6 (5.3)
0.3 (1.0)
5
4
18.0 (4.77)
0.3 (1.4)
6
4
14.5 (4.37)
0.4 (0.9)
4
2
5.3 (2.0)
0.9 (1.1)
3
2
9.6 (2.9)
1.3 (1.4)
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Figure 4: Physical setup of the 4 microphone, 6 speech source
test scenario

the case of known source position information, for various source to microphone count combinations, and reverberation times. The average gain of applying the normconstrained data inversion (beamforming) estimate (11) has
also been included in brackets for comparative purposes.
For non-reverberative mixing, our variational algorithm
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is able to greatly improve upon the beamforming estimate (11), and yields high SNR gain results, even when
there are more sources than microphones. The algorithm is automatically able to recover high fidelity estimates of the spectral phase of all sources, to facilitate
the direct transformation of the obtained estimates into
the time domain, to yield speech signals of high perceptual quality. Audio demonstrations can be listened to at
www.comm.utoronto.ca/˜rennie/srcsep.
It is difficult to directly compare our results to existing
work. The best performing spatial filtering algorithms that

we are aware of are the aggressive beamforming techniques
(Cohen and Berdugo 2002; Aarabi and Shi 2004), which
have demonstrated SNR gains in the range of 10 dB at
sub-zero dB SNRs. These techniques perform decoupled
source inference, and do not incorporate prior information about the nature of speech into the estimation process.
Here to no surprise, we have demonstrated much higher
fidelity results, by addressing the shortcomings of these algorithms.

source position estimates are within 0.25 meters of the their
true values, our algorithm is able to consistently refine the
source position estimates; a capability that has yielded a
SNR gain performance increase (over assuming the noisy
position estimates are correct) consistently over 5 dB and
often exceeding 10 dB. More generally the problem of simultaneous source localization and separation constitutes
a difficult and open problem; extensions to the presented
model may be able to break ground.

Perhaps the most advanced information processing algorithms for speech separation we are aware of are those presented in (Attias 2003). SNR gain results of 3.7 dB and
4.4 dB are reported for the case of 5 sources and 5 microphones and 10 dB microphone noise corruption, and 3
microphones and 2 sources and 10 dB microphone noise
corruption, respectively. In this case, however, no knowledge of the spatial locations of the underlying sources was
utilized.

We are also interested in pursuing further the presented
model of speech in the full spectral domain. Relationships
between frequency harmonics, though difficult to utilize in
discrete fourier domains, could potentially be exploited by
dynamically tuning the analysis frame length to place the
pitch period and associated harmonics at the sampled frequencies.

In (Nix, Kleinschmidt and Hohmann 2003) a particle filtering algorithm for simultaneous source separation and
source direction estimation is presented. Excellent source
direction estimation results are presented, but source separation performance results are omitted.
Looking now at our results for reverberant mixing, we can
see that in sharp contrast to the non-reverberant mixing results, the algorithm performed very poorly. In (Attias 2003)
for example, source vector gains of 7+ dB are reported for
more serious reverberative conditions than tested here. We
expected the spatial selectivity inherent to the problem formulation to be able to combat some reverberation. Further
analysis revealed, however, that the likelihood associated
with a given source under the model was only discriminative against sounds immediately around the other sources.
The results give us a renewed interest in the operation of the
aggressive beamforming techniques (Cohen and Berdugo
2002; Aarabi and Shi 2004) which are highly spatially discriminative.

7 Concluding Remarks
In this paper, a novel structured variational learning and inference algorithm for probabilistic speech separation, built
upon a new generative probability model of speech production and mixing, was presented. For the case of multi-path
free mixing, and known source position information, excellent separation results were demonstrated. Even in scenarios where there were more sources than microphone observations, the algorithm has demonstrated the ability to
automatically recover high quality estimates of the magnitude and phase spectrum of all underlying sources, yielding
time domain source estimates of high perceptual quality.
We are currently investigating the performance of the algorithm when only noisy position estimates are available.
Preliminary results have indicated that when the available
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Perhaps the most interesting, and most challenging direction of future work in this research area however, is to investigate new ways of dealing with reverberation.
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Abstract
We propose a Bayesian approach to learning
Bayesian network models from incomplete
data. The objective is to obtain the posterior
distribution of models, given the observed
part of the data. We describe a new algorithm, called eMC4 , to simulate draws from
this posterior distribution. One of the new
ideas in our algorithm is to use importance
sampling to approximate the posterior distribution of models given the observed data and
the current imputation model. The importance sampler is constructed by defining an
approximate predictive distribution for the
unobserved part of the data. In this way
existing (heuristic) imputation methods can
be used that don’t require exact inference for
generating imputations.
We illustrate eMC4 by its application to modeling the risk factors of coronary heart disease. In the experiments we consider different
missing data mechanisms and different fractions of missing data.

1

Introduction

Bayesian networks are probabilistic models that can
represent complex interrelationships between random
variables. It is an intuitively appealing formalism
for reasoning with probabilities that can be employed
for diagnosis and prediction purposes. Furthermore,
learning Bayesian networks from data may provide
valuable insight into the (in)dependences between the
variables.
In the last decade, learning Bayesian networks from
data has received considerable attention in the research community. Most learning algorithms work under the assumption that complete data is available. In
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practical learning problems one frequently has to deal
with missing values however. The presence of incomplete data leads to analytical intractability and high
computational complexity compared to the complete
data case. It is very tempting to “make the problem
go away” either by deleting observations with missing
values or using ad-hoc methods to fill in (impute) the
missing data. Such procedures may however lead to
biased results, and, in case of imputing a single value
for the missing data, to an overconfidence in the results
of the analysis.
We avoid such ad-hoc approaches and use a method
that takes all observed data into account, and correctly reflects the increased uncertainty due to missing data. We do assume however that the missing
data mechanism is ignorable as defined by Little and
Rubin (1987). Essentially this means that the probability that some component is missing may depend on
observed components, but not on unobserved components.
Our approach is Bayesian in the sense that we are
not aiming for a single best model, but want to obtain (draws from) a posterior distribution over possible models. We show how to perform model averaging
over Bayesian network models, or alternatively, how
to get a range of good models, when we have incomplete data. We develop a method that can handle a
broad range of imputation methods without violating
the validity of the models returned. Our approach is
not restricted to any imputation technique in particular, and therefore allows for imputation methods that
do not require expensive inference in a Bayesian network.
This paper is organised as follows. In section 2 we
briefly review previous research in this area and show
how our work fits in. In section 3 we describe model
learning from complete data. In sections 4 and 5 we
introduce a new algorithm, called eMC4 , for Bayesian
network model learning from incomplete data. We performed a number of experiments to test eMC4 using

real life data. The results of those experiments are reported in section 6. Finally, we summarize our work
and draw conclusions.

model selection step is employed. To select the next
model, a model search is performed, using the expected
sufficient statistics obtained from the current model
and current parameter values.

2

Ramoni and Sebastiani (1997) describe how BC can be
used in a model selection setting. As remarked before
however, BC is not guaranteed to give valid results
for ignorable mechanisms in general, and the risk of
obtaining invalid results unfortunately increases when
the model structure is not fixed.

Previous research

Here we briefly review relevant literature on learning
Bayesian networks from incomplete data. Two popular iterative approaches for learning parameters are
Expectation-Maximization (EM) by Dempster et al.
(1977) and a simulation based Gibbs sampler (Geman
and Geman, 1984) called Data Augmentation (DA) introduced by Tanner and Wong (1987). For Bayesian
networks EM was studied by Lauritzen (1995). The
Expectation step (E-step) involves the performance of
inference in order to obtain sufficient statistics. The
E-step is followed by a Maximization step (M-step) in
which the Maximum Likelihood (ML) estimates are
computed from the sufficient statistics. These two
steps are iterated until the parameter estimates converge.
Data Augmentation (DA) is quite similar but is nondeterministic. Instead of calculating expected statistics, a value is drawn from a predictive distribution
and imputed. Similarly, instead of calculating the ML
estimates, one draws from the posterior distribution
on the parameter space (conditioned on the sufficient
statistics of the most recent imputed data set). Based
on Markov chain Monte Carlo theory this will eventually return realizations from the posterior parameter
distribution. There are also EM derivatives that include a stochastic element quite similar to DA (see
McLachlan and Krishnan, 1997).
Bound and Collapse (BC) introduced by Ramoni and
Sebastiani (2001) is a two-phase algorithm. The bound
phase considers possible completions of the data sample, and based on that computes an interval for each
parameter estimate of the Bayesian network. The collapse phase computes a convex combination of the interval bounds, where the weights in the convex combination are computed from the available cases. The
collapse phase seems to work quite well for particular missing data mechanisms but unfortunately is not
guaranteed to give valid results for ignorable mechanisms in general.
Learning models from incomplete data so to speak
adds a layer on top of the parameter learning methods
described above. For EM, Friedman (1998) showed
that doing a model selection search within EM will result in the best model in the limit accoring to some
model scoring criterion. The Structural EM (SEM)
algorithm is in essence similar to EM, but instead of
computing expected sufficient statistics from the same
Bayesian network model throughout the iterations, a
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In contrast to SEM, our aim is not to select a single model, but to obtain a posterior probability distribution over models that correctly reflects uncertainty,
including uncertainty due to missing data. Therefore
our approach is more related to the simulation based
DA described above.

3

Learning from complete data

In this section we discuss the Bayesian approach to
learning Bayesian networks from complete data. First
we introduce some notation. Capital letters denote
discrete random variables, and lower case denotes a
state. Boldface denote random vectors and vector
states. We use Pr(·) to denote probability distributions (or densities) and probabilities. D = (d1 , . . . , dc )
denotes the multinomial data sample with c i.i.d. cases.
A Bayesian network (BN) for X = (X 1 , . . . , X p )
represents a joint probability distribution. It consists of a directed acyclic graph (DAG) m, called the
model, where every vertex corresponds to a variable
X i , and a vector of conditional probabilities θ, called
the parameter, corresponding to that model. The
joint distribution
Q factors recursively according to m as
Pr(X|m, θ) = pi=1 Pr(X i |Π(X i ), θ), where Π(X i ) is
the parent set of X i in m.
Since we learn BNs from a Bayesian point of view,
model and parameter are treated as random variables
M and Θ. We define distributions on parameter space
PrΘ (·) and model space PrM (·). The superscript is
omitted and we simply write Pr(·) for both. The distribution on the parameter space is a product Dirichlet distribution which is conjugate for the multinomial
sample D, i.e. Bayesian updating is easy because the
posterior once D has been taken into consideration is
again Dirichlet, but with updated hyper parameters.
The MAP model is found by maximizing with respect
to M
Pr(M |D) ∝ Pr(D|M ) · Pr(M )
(1)
where Pr(D|M ) is the normalizing term in Bayes theorem when calculating the posterior Dirichlet
Z
Pr(D|M ) = Pr(D|M, Θ) Pr(Θ|M )dΘ
(2)

where Pr(D|M, Θ) is the likelihood, and Pr(Θ|M ) is
the product Dirichlet prior. In Cooper and Herskovits
(1992) a closed formula is derived for (2) as a function
of the sufficient statistics for D and prior hyper parameters of the Dirichlet. This score can be written as
a product of terms each of which is a function of a vertex and its parents. This decomposability allows local
changes of the model to take place without having to
recompute the score for the parts that stay unaltered,
that is, only the score for vertices whose parents set
has changes needs to be recomputed.
Instead of the MAP model, we may be interested in
the expectation of some quantity ∆ of models using
Pr(M |D) as a measure of uncertainty over all models
E[∆] =

X
M

q

∆M · Pr(M |D) ≈

1X
∆ i
q i=1 m

(3)

where the Monte Carlo approximation is obtained by
sampling {mi }qi=1 from Pr(M |D).
It is infeasible to calculate the normalizing factor
Pr(D) required to obtain equality in equation (1).
Madigan and York (1995) and Giudici and Castelo
(2003) propose to use (enhanced) Markov chain Monte
Carlo Model Composition (eMC3 ) for drawing models from this distribution leaving the calculation of
the normalizing term implicit. It is a sampling technique based on Markov chain Monte Carlo MetropolisHastings sampling summarized in the following iterated steps. At entrance assume model mt :
1. Draw model mt+1 from a proposal distribution
Pr(M |mt ) resulting in a slightly modified model
compared to mt (addition, reversal or removal of
an arc).
2. The proposed model mt+1 is accepted with probability
n Pr(D|mt+1 ) Pr(mt+1 ) o
α(mt+1 , mt ) = min 1,
,
Pr(D|mt ) Pr(mt )
otherwise the proposed model is rejected and
def
mt+1 = mt .
For t → ∞ the models can be considered samples from
the invariant distribution Pr(M |D). Note that in step
two the normalizing factor Pr(D) has been eliminated.
For enhanced MC3 a third step is required, Repeated
Covered Arc Reversals (RCAR) which simulates the
neighbourhood of equivalent DAG models. We refer
to Kocka and Castelo (2001) for details.

4

Learning from incomplete data

Running standard eMC3 can be quite slow, especially
for large models and data sets. In the presence of miss-
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ing data, a prediction ‘engine’ (predicting missing components) so to speak has to be wrapped around eMC3 .
Obtaining a prediction engine which will always make
the correct predictions is infeasible to construct, and
when the engine itself has to adapt to the ever changing model this becomes even worse. An approximate
predictive engine is usually easier to construct, but will
obviously sometimes make slightly wrong predictions.
In this section we show how approximation can be used
together with eMC3 to obtain realizations from the
posterior model distribution such that prediction errors are corrected for.
Our goal is to compute (3) when we have missing data.
To be more precise, if we write D = (O, U) to denote
the observed part O and the unobserved part U, our
goal is to get draws from Pr(M |O) such that we can
use the approximation in (3). Due to incompleteness
the integral in (2) no longer has a tractable solution.
Our approach is instead to rewrite the posterior model
distribution such that U can be “summed out” by way
of “filling in”. Note that the desired model posterior
can be written as
X
Pr(M |O) =
Pr(M |O, U ) Pr(U |O).
(4)
U

The first term is the distribution given in (1) involving the prior and the marginal likelihood (2). The
second part is the predictive distribution which can be
considered the predictor of the missing data based on
the observed part. We explicitly model the predictive
distribution as a BN with model M 0 , the imputation
model. We therefore write
X
Pr(M |O, M 0 ) =
Pr(M |O, U, M 0 ) Pr(U |O, M 0 ) (5)
U

We assume that M is independent of M 0 given O and
U , i.e. once we are presented with complete data, the
imputation model has become irrelevant
Pr(M |O, U, M 0 ) = Pr(M |O, U ).
The Monte Carlo approximation of (5) is calculated as
n

Pr(M |O, M 0 ) ≈

1X
Pr(M |O, U i )
n i=1

where U i ∼ Pr(U |O, M 0 ) for i = 1, . . . , n. So, if we
could compute realizations from this predictive distribution we could approximate Pr(M |O, M 0 ). Unfortunately we can not use simple sequential Bayesian
updating (Spiegelhalter and Lauritzen, 1990) for determining Pr(U |O, M 0 ). Instead of sampling from the
true predictive distribution, we define an approximate
predictive distribution which can act as a proposal distribution for suggesting imputations. The predictive

distribution can be rewritten such that it can act as
a quality measure for a proposed imputation. This
is accomplished by using importance sampling. Denote the approximate predictive distribution Pr∗ (U )
and rewrite (5)
X
Pr(U |O, M 0 ) ∗
Pr(M |O, M 0 ) =
Pr(M |O, U )
Pr (U )
Pr∗ (U )
U

i

∗

Sample U ∼ Pr (U ) for i = 1, . . . , n and use that
sample in the importance sampling approximation
Pr(M |O, M 0 ) ≈

n
1 X Pr(U i |O, M 0 )
Pr(M |O, U i ) (6)
W i=1
Pr∗ (U i )
|
{z
}
wi

Pn

where W = i=1 wi is the normalizing constant. Now
rewrite the predictive distribution
Pr(U i |O, M 0 ) = Pr(U i , O|M 0 )

1
Pr(O|M 0 )

where the term Pr(U i , O|M 0 ) is given by (2). Through
normalization the denominator Pr(O|M 0 ) disappears
as it is independent of U . It therefore suffices to calculate the weights as
Pr(U i , O|M 0 )
wi =
Pr∗ (U i )

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19

m0 ← G = (V = X, E = ∅)
r←0
for l ← 0 to k
W ←0
U0 ← Ur
for i ← 0 to n
wi ← Pr(O, U i |ml ) / Pr∗ (U i )
W ← W + wi
if i 6= n then draw U i+1 ∼ Pr∗ (U )
draw r ∼ Pr(i) = wi /W
m 0 ← ml
for t ← 0 to q
mt ← RCAR(mt)
draw mt+1 ∼ Pr(M |mt )
B ← Pr(O, U r |mt+1 ) / Pr(O, U r |mt )
draw α ∼ Bernoulli(min{1, B})
if α 6= 1 then mt+1 ← mt
l+1
m
← mq+1
LogToFile(ml+1 )

Figure 1: The eMC4 algorithm
(7)

where the numerator can be computed efficiently and
the denominator is the probability of the proposal.
The marginal likelihood in the numerator is in this
context not used as a scoring criterion for models. Instead we use it as a scoring criterion for imputations.
The denominator compensates for the bias introduced
by drawing from Pr∗ (U ) rather than the correct predictive distribution.
Given a set {U i }ni=1 that has been sampled from
Pr∗ (U ), sampling from the mixture approximation (6)
of Pr(M |O, M 0 ) is done as follows:
1. The probability of selecting sample U i augmenting O is proportional to the importance weight
wi .
2. The now complete sample (O, U i ) is used for sampling models from Pr(M |O, U i ) using eMC3 .
We can now draw from Pr(M |O, M 0 ), but our goal was
to obtain draws from Pr(M |O), i.e. we need samples
from the posterior model distribution given observed
data without conditioning on the imputation model
M 0 . The desired distribution is obtained by Gibbs
sampling. Given an imputation model ml draw the
following
ml+1

Algorithm eMC4 (n, q, k)

∼ Pr(M |O, ml )
..
.
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which for l → ∞ results in a chain of realizations from
Pr(M |O). This in effect allows us to calculate (3).
When n is large, the mixture approximation is close
to the real distribution Pr(M |O, M 0 ). However, the
invariant model distribution is reached for any value
assigned to n if we make sure that one of the imputation proposals is the current imputation, i.e. the augmented data sample that was selected at the last mixture draw before entering the eMC3 loop. By this
overlap, n is indirectly increased every time the mixture is set up. From a practical point of view however,
n does have an impact on how well the model Markov
chain mixes. Small n implies slow mixing depending
on how far the approximate predictive distribution is
from the real predictive distribution.
We do not discuss parameter estimation in this paper,
but merely mention that using the importance sampler
presented above, it is also possible to approximate the
posterior parameter distribution. In (6) simply plug
in Pr(Θ|M 0 , O, U i ) instead of Pr(M |O, U i ) to obtain
the required posterior.
To summarize, figure 1 contains the pseudo-code for
the algorithm called enhanced Markov Chain Monte
Carlo Model Composition with Missing Components,
or for short, eMC4 . In line 1 an initial empty graph
is defined. In lines 6–9 the imputations take place
and the importance weights are calculated. Line 10
is the first step in drawing from the mixture. Lines

12–17 perform the eMC3 algorithm based on the augmented sample selected. In the absence of relevant
prior knowledge, a uniform model prior is assumed in
line 15. Angelopoulos and Cussens (2001) discuss the
construction of informative model priors. The choice
of k (number of iterations of the Gibbs model sampler)
depends on when the Markov chain of models has converged. Monitoring the average number of edges is one
method for doing so suggested by Giudici and Green
(1999). Once this average stabilizes the chain has converged.

5

sample on which to base the parameter.
In order do draw multivariates we propose the following method based on Gibbs sampling, where realizations are drawn on a univariate level. Denote
a case j in D by dj = (x1j , . . . , xpj ) = (oj , uj ) =
r(j)

(oj , (u1j , . . . , uj )), where oj and uj refer to the observed and unobserved part of the case. The j’th case
for U t is sampled as follows
r(j),t−1

1 2,t−1
u1,t
, . . . , uj
j ∼ Pr(Uj |uj

r(j),t

Proposal distribution Pr∗ (U )

uj

We can choose freely the approximate predictive distribution from which samples are drawn for (6), but
of course some choices are better than others. Ideally,
the appoximate predictive distribution should be close
to the real predictive distribution, because otherwise n
is required to be large to obtain enough samples from
the region where the mass of the real distribution is
located. Existing imputation techniques can be used,
as long as they can be cast in the form of a distribution from which imputations can be drawn. Naturally
it is also a requirement that Pr∗ (U ) has support when
Pr(U |O, M 0 ) has support. A uniform proposal distribution is probably unwise unless a very small fraction
of data is missing. On the other hand, a distribution
based on M 0 with parameters estimated using EM is
not needed. Employing the BC algorithm for parameter estimation using M 0 could be interesting, since
it is fast and is reported to often give reasonable results. Alternatively, a simple available cases analysis
may prove to be good enough.
It is not a requirement to use the actual imputation
model M 0 as the basis for Pr∗ (U ). In fact Pr∗ (U )
need not be modeled as a BN at all. However, an
imputation method that does not take the independences portrayed by M 0 into account will have a hard
time proposing qualified imputations, because the degree of freedom is simply too high (assuming that
nothing is known about the missing data mechanism).
Similarly, the parameter does not need to be derived
from the data; however, since the missing data mechanism is assumed to be ignorable, all information we
need to impute (predict) is contained (indirectly) in
O, and therefore predictions should at least depend
def
on observed values. We propose to model Pr∗ (U ) =
0
0
Pr(U |O, M , θ) as a BN with model M and parameter
0
θ = E[Θ|O, U M ], where expectation is with respect
0
to Pr(Θ|M 0 ), and (O, U M ) is the augmented sample
from which M 0 was learned. The latter makes sense
0
because (O, U M ) is the sample from which the model
was learned and therefore reflects the most appropriate
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, oj , M 0 , θ)

..
.
r(j)
r(j)−1,t
∼ Pr(Uj |u1,t
, oj , M 0 , θ).
j , . . . , uj

Based on Markov chain Monte Carlo theory, correlated multivariate realizations uj ∼ Pr(U j |oj , M 0 , θ)
are obtained when t → ∞. Since each draw in the
Gibbs sampler is univariate, and the entire Markov
blanket of variable U i has evidence, inference does not
require any advanced techniques.
With the suggested Gibbs sampler we effectively collect all realizations including samples in the burn-in
phase. The idea is to let the importance sampler decide on the quality of the proposed imputations.
We can calculate the importance weights efficiently
without explicitely knowing the actual probabilities
Pr(U i |O, M 0 , θ). This can be seen by rewriting the
importance weights from (7):
wi

=
=

Pr(U i , O|M 0 )
Pr(U i |O, M 0 , θ)
Pr(U i , O|M 0 ) · Pr(O|M 0 , θ)
.
Pr(U i , O|M 0 , θ)

By normalization of these weights, Pr(O|M 0 , θ) cancels out, and it suffices to calculate the weights as
wi =

Pr(U i , O|M 0 )
,
Pr(U i , O|M 0 , θ)

the ratio of the marginal likelihood over the likelihood
given θ. This ratio is easily obtained because both
probabilites can be computed efficiently in closed form.
In summary, we can propose imputations efficiently
and we can compute the “quality” of such a propsal
efficiently as well.
When the structural difference between the imputation model M 0 and the exit model M is kept relatively
small (dependent on q), we can make the following
0
observations when θ is assigned E[Θ|O, U M ]:
(1) Multivariate predictions based on the two models
are correlated. Hence n need not be large in order
to compensate for the predictive difference. However,
we may still need many realizations U i in order to
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Figure 2: Top four visited models. Note that all edges are reversible.
capture the entire distribution. Correlation between
multivariate predictions allows us to keep n relatively
small and only move slightly in a direction towards a
‘better’ prediction.
(2) Because models are correlated and as a consequence also the predictions, the first predictions obtained by running the Markov blanket Gibbs sampler
may be good. The Gibbs sampler so to speak picks up
from where it left the last time and continues imputation using the new model. This means that the there
is a fair chance that an initial imputation is actually
selected.

6

Experimental evaluation

In this section we perform a small experimental evaluation of eMC4 and briefly discuss the results. Because
our approach is Bayesian, comparison of the results
with model selection methods for incomplete data such
as SEM is not very useful.
We used a data set from Edwards and Havránek (1985)
about probable risk factors of coronary heart disease.
The data set consists of 1841 records and 6 binary
variables, A: smoking, B: strenuous mental work, C:
strenuous physical work, D: blood pressure under 140,
E: ratio β to α proteins less than 3, F : family history
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Figure 3: Top: Generating model (left), Essential
graph (right). Bottom: Mechanism 1 (left), Mechanism 2 (right).

of coronary heart disease. Because several DAGs encode the same set of assumptions about independence,
we depict results as essential graphs, a canonical representation of an equivalence class (see Chickering, 1995;
Kocka and Castelo, 2001).
Based on an eMC3 run using the 1841 complete
records, the 1st model in figure 3 is a highly probable
model (although edge F −B is not strongly supported).
The 2nd model in the figure is the corresponding essential graph of the DAG. The parameter corresponding
to the DAG model was determined based on the aforementioned data set, and 1800 new records were sampled from the BN. Incomplete sets were generated by

On the basis of the generating model and the missingness mechanism, we would expect the following results.
Since response of C only depends on B and the association C − B is strong, a big fraction of components
can be deleted for C without destroying support for
the edge in the data. Association D − E is also strong
so discarding components for E will probably not have
a major impact on the edge either. Association E − A
is influenced by B and D because the response is determined by those variables. Values for E and A may
be absent often and therefore information about the
association might have changed. This may also be the
case for the edges C − E and C − A.
We ran eMC4 using each incomplete data set. Parameter q (number of eMC3 iterations) was set to 150 and
n to 25 (number of imputations). It took about 15
minutes on a 2 GHz machine before the Markov chain
appeared to have converged.
In figure 2 the top four models are depicted along with
their sampling frequencies. Notice the presence of the
strong associations C − B and D − E everywhere, as
expected. When the fraction of missing components
for two associated variables increases it has a big impact on the support of such an association. Indeed,
from the figure we see that the support for associations
between variables A, C and E has changed. The sample frequencies and the number of visited models also
suggest that the variance of the posterior distribution
becomes bigger when more components are deleted.
There is no longer a pronounced ‘best’ model.
The plot in figure 4 shows this more clearly. Here
the cumulative frequencies are plotted against models
(sorted on frequency in descending order). A steep
plot indicates a small variance. For complete data the
10 best models account for 90% of the distribution
whereas for 15–20% missing components only 50% of
the distribution is accounted for by the best 10 models. To investigate the similarity of the models between
the three incomplete sets, we used equation (3) to calculate ∆, where ∆M is set to 1 when there is an edge
between two vertices of interest in M . This results
in the expected probability of the presence of edges
as seen in figure 4. We can see, as we would expect,
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applying missingness mechanism one in figure 3 on the
complete sample. This graph explicitly defines how response Ri of variable i depends on observed variables.
Since for all i, Ri only depends on completely observed
variables, the missingness mechanism is clearly ignorable. Three incomplete sets were generated with 5–
10%, 10–15% and 15–20% missing components. The
probability of non-response of variable i conditional
on a parent configuration of Ri was selected from the
specified interval.
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Figure 4: Top: Cumulative frequencies. Bottom: Expected probability of edges.

that the distance between points of complete data and
incomplete data is dependent on the fraction of missing components. Diamonds (15–20%) have the biggest
distance to triangles (complete), and plusses (5–10%)
the smallest.
As we saw for mechanism one, discarding components
for two associated variables can have a big impact
on the presence of the corresponding edge in sampled
models. For strongly associated variables the impact
is less pronounced. We created another incomplete
data set using mechanism two in figure 3. For the
associated variables C, E and A the mechanism only
discards components that we think will not severely
impact these associations. For the strong association
E −D discarding components on both should not matter. We expect that we are able to remove a substantial fraction of components and still obtain reasonable
models. We selected the fraction of missing components in the interval 20–30%. In the last row in figure
2 we see that although a substantial fraction of components were deleted, the models learned are quite similar to the models from the complete set.

To illustrate that it is not the fraction of missing
components that determines the variance but rather
the fraction of missing information (Little and Rubin,
1987), we plotted the cumulative frequency in figure 4.
The variance of the posterior distribution is similar to
the variance of the posterior for mechanism one with
5–10% missing components. This means that although
the fraction of missing components is much higher than
5–10%, the uncertainty due to missing data has not
changed substantially.

7

Conclusion

We have presented eMC4 for simulating draws from
the posterior distribution of BN models given incomplete data. In contrast to existing methods for
BN model learning with incomplete data, we take
a Bayesian approach and approximate the posterior
model distribution given the observed data. Different imputation methods may be used, and specifically
we describe a method that does not require exact inference in a BN. By using importance sampling we
give all multivariate realizations of the Markov chain
a ‘chance’ of being selected rather than just returning
the last realization as in traditional Gibbs sampling.
Importance sampling makes it possible to exploit qualified, yet not perfect imputation proposals. From a
computational point of view specifying an approximate
distribution is cheaper than a perfect one.
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On the Behavior of MDL Denoising
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Abstract
We consider wavelet denoising based on minimum description length (MDL) principle.
The derivation of an MDL denoising criterion
proposed by Rissanen involves a renormalization whose effect on the resulting method has
not been well understood so far. By inspecting the behavior of the method we obtain a
characterization of its domain of applicability: good performance in the low variance
regime but over-fitting in the high variance
regime. We also describe unexpected behavior in the theoretical situation where the observed signal is pure noise. An interpretation for the renormalization is given which
explains both the empirical and theoretical
findings. For practitioners we point out two
technical pitfalls and ways to avoid them.
Further, we give guidelines for constructing
improved MDL denoising methods.

1

INTRODUCTION

Most natural signals such as audio and images are typically redundant in that the neighboring time-slots or
pixels are highly correlated. Wavelet representations
of such signals are very sparse, meaning that most of
the wavelet coefficients are very small and the information content is concentrated on only a small fraction of
the coefficients (Mallat, 1989). This can be exploited
in data compression, pattern recognition, and denoising, i.e., separating the informative part of a signal
from noise. In statistics the denoising problem has
been analyzed in terms of statistical risk, i.e., the ex-
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pected distortion under an assumed model where typically distortion is defined as squared error and the
model consists of deterministic signal plus additive
Gaussian noise. Donoho & Johnstone (1994) prove
that certain thresholding methods are nearly minimax
optimal for a large class of signals. In the Bayesian approach a prior distribution is postulated for the signal
and the expected (Bayes) risk is minimized (Ruggeri
& Vidakovic, 1999). Both approaches require that parameters such as noise variance are known beforehand
or determined as a part of the process.
The minimum description length (MDL) philosophy
offers an alternative view where the noise is defined as
the incompressible part of the signal (Rissanen, 2000).
We analyze Rissanen’s MDL denoising method and
characterize its domain of applicability. We show that
the method performs well in the low variance regime
but fails in the high variance regime when compared to
a thresholding method proposed by Donoho and Johnstone. In particular, in the theoretical situation where
the noise completely dominates the signal, the MDL
denoising method retains a majority of the wavelet coefficients even though in this case discarding all coefficients is the optimal solution in terms of both statistical risk and what we intuitively understand as separating information from noise.
We explain the behavior of the MDL method by showing that it results not from the MDL principle itself but
from a renormalization technique used in deriving the
method. We also point out two technical pitfalls in
the implementation of MDL denoising that practitioners should keep in mind. Further, we give guidelines
for constructing MDL denoising methods that have a
wider domain of applicability than the current one and
list objectives for future research in this direction.

2

MDL PRINCIPLE

We start by introducing some notation and briefly reviewing some of the relevant parts of MDL theory.
A recent introduction to MDL is given by Grünwald
(2005), see also Barron et al. (1998).
2.1

STOCHASTIC COMPLEXITY

Let y n be a sequence of observations. We define a
model class as a set of densities {f (y n ; θ) : θ} indexed
by a finite-dimensional parameter vector θ. The maximum likelihood estimator of the parameter vector is
denoted by θ̂(y n ). The normalized maximum likelihood (NML) density for a model class parameterized
by parameter vector θ is defined by
f (y n ; θ̂(y n ))
,
f¯(y n ) =
Cn

where C n is a normalizing constant:
Z
Cn =
f (y n ; θ̂(y n )) dy n .

(1)

(2)

Y

Implicit in the notation is the range of integration Y
within which the data y n is restricted. A range other
than the full domain of y n is necessary in cases where
the integral is otherwise unbounded.
The difference between the ideal code-length (negative
logarithm) of the NML density and the unachievable
maximum likelihood code-length is given by the regret which is easily seen to be constant for all data
sequences y n :
− ln f¯(y n ) − [− ln f (y n ; θ̂(y n ))] = ln C n .
The NML density is the unique minimizer in
Shtarkov’s minimax problem (Shtarkov, 1987):
min max
− ln q(y n ) − [− ln f (y n ; θ̂(y n ))] = ln C n ,
n
q

y

and the following more general problem:
min max Ep − ln q(y n ) − [− ln f (y n ; θ̂(y n ))] = ln C n ,
q

p

where the expectation over y n is taken with respect
to the worst-case data generating density p. For any
density q other than the NML density, the maximum
(expected) regret is greater than ln C n . Further, the
NML is also the least favorable distribution in that is
the unique maximizer of the maximin problem with

310

the order of the min and max operators in the latter problem above exchanged. For these reasons the
NML code is said to be universal in that it gives the
shortest description of the data achievable with a given
model class, deserving to be defined as the stochastic
complexity of the data for the model class. The MDL
principle advocates the choice of the model class for
which stochastic complexity is minimized.
2.2

PARAMETRIC COMPLEXITY

It is instructive to view NML as seeking a balance between fit versus complexity. The numerator measures
how well the best model in the model class can represent the observed data while the denominator ‘penalizes’ too complex model classes. The logarithm
of the denominator, ln C n , is termed parametric complexity of the model class. Currently one of the most
active areas of research within the MDL framework
is the problem of unbounded parametric complexity
which makes it impossible to define the NML density
for models such as geometric, Poisson, and Gaussian
families, see (Grünwald, 2005).
For model classes with unbounded parametric complexity, Rissanen (1996) proposes to use a two-part
scheme where the range of the data is first encoded
using a code based on an universal code for integers
after which the data is encoded using NML taking advantage of the restricted range. Foster & Stine (2001,
2005) analyze similar schemes where the range of the
parameters is restricted instead that of the the data.
A weakness in such solutions is that they typically result in two-part codes that are not complete, i.e., the
corresponding density integrates to less than one.
Rissanen (2000) describes an elegant renormalization
scheme where the hyperparameters defining the range
of the data are optimized and a second normalization
is performed such that the resulting code is complete.
This ‘renormalized’ NML can be used for model selection in linear regression and denoising. We discuss
the renormalization and the resulting MDL denoising
criterion more thoroughly in Sec. 4.

3

WAVELET DENOISING

Wavelet denoising can be seen as a special case of linear regression with regressor selection. For a good
textbook on wavelets, see (Daubechies, 1992). An ex-

tensive review of statistical uses of wavelets is given
by Abramovich et al. (2000).
3.1

corresponding maximum likelihood parameters in the
full model and one gets the parameter vector
β̂γ (y n ) = (δi (γ)β̂i (y n ))0 ,

WAVELET REGRESSION

This section closely follows Rissanen (2000). Let X
be an n × k matrix of regressor variables (independent
variables), and y n be a vector of n regression variables
(dependent variables). In a linear regression model
the regression variables are dependent on the regressor
variables and a k × 1 parameter vector β through the
equation y n = Xβ + ²n , where ²n is a vector of n noise
terms that are modeled as independent Gaussian with
zero mean and variance σ 2 . This is equivalent to the
equation
¶
¶n
µ
µ
ky n − Xβk2
1
, (3)
exp −
f (y n ; β, σ) = √
2σ 2
2πσ

where k · k2 denotes the squared Euclidean norm. The
regressor matrix X is considered fixed and given in all
of the following and therefore omitted in the notation.
We define the matrices Z = X 0 X and Σ = n−1 Z which
are assumed to be positive definite in order to guarantee uniqueness of maximum likelihood estimates. The
maximum likelihood estimators of β and σ 2 are independent and given by
β̂(y n ) = Z −1 X 0 y n ,
1
σ̂ 2 (y n ) = ky n − X β̂ 0 (y n )k2 .
n

(4)

(5)

Now, assume the vector y n can be considered a series, i.e., the data points are ordered in a meaningful
way. We can then obtain a regressor matrix X by various transformations of the index i of the yi variables.
Thus, we define for each j ≤ k, Xi,j = fj (i), where fj
are arbitrary basis functions. One both theoretically
and practically appealing way to define the functions
fj is to use a wavelet basis, see e.g., Daubechies (1992).
By letting the regressor matrix be square, i.e., k = n,
and taking as the basis functions fj (i) an appropriate
wavelet basis, we get an orthogonal regressor matrix
X, i.e., X has as its inverse the transpose X 0 and we
have Z = X −1 X = I, where I is the identity matrix.
Instead of using all the basis vectors, we may also
choose a subset γ of them. This gives the reconstructed version ŷγn = X β̂γ (y n ), and the difference to
the original signal is left to be modeled as noise. Since
the basis is orthogonal, the maximum likelihood values of any subset of all the parameters are equal to the
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where δi (γ) is equal to one if the index i is in the index
set γ of retained coefficients and zero otherwise. The
maximum likelihood estimator of the noise variance
becomes
1
kX β̂ 0 (y n ) − X β̂γ0 (y n )k2
n
1
= kβ̂(y n ) − β̂γ (y n )k2 ,
n

σ̂γ2 (y n ) =

which is seen to be the sum of the discarded coefficients divided by n. We denote for convenience the
squared norm of the maximum likelihood coefficient
vector corresponding to γ by Sγ :
X
Sγ = kβ̂γ (y n )k2 =
βi2 .
i∈γ

The squared norm of the coefficient in the full model
with k = n is denoted simply by S. From orthogonality it follows that S is equal to the squared norm of
the data ky n k2 .
3.2

THE DENOISING PROBLEM

The denoising problem is now to choose a subset γ
such that the retained coefficients would give a good
reconstruction of the informative part of the signal
while the discarded coefficients would contain as much
of the noise in the signal as possible, The sparseness
of wavelet representations, i.e., the fact that a large
fraction of the coefficients are essentially zero in the
‘noise-free’ or informative part of the signal (see (Mallat, 1989)) makes it plausible to recover the informative part by identifying and discarding the coefficients
that are likely to contain pure noise.
The idea of wavelet thresholding was proposed soon after Mallat’s paper independently by Donoho & Johnstone (1991) and Weaver et al. (1991). In wavelet
thresholding a threshold value is first determined and
the coefficients whose absolute value is less than the
threshold are discarded. Using the maximum likelihood estimates as the values of the retained coefficients
is called hard thresholding while in soft thresholding
the retained coefficients are also shrunk towards zero
in order to reduce the noise distorting the informative
coefficients.

In statistical wavelet denoising the denoising problem
is often formalized using the concept of statistical risk,
i.e., the expected distortion (usually squared error) of
the reconstructed signal when compared to a true signal. This requires an assumed model typically involving i.i.d. noise added to a true signal. In the statistical approach the signal is considered deterministic
and the worst-case risk over a class of signals is minimized while in the Bayesian approach (see, e.g., (Ruggeri & Vidakovic, 1999; Chang et al. , 2000)) a prior
distribution on the true signal is postulated and the
expected (Bayes) risk is minimized. Donoho & Johnstone (1994) have derived a set of wavelet denoising
methods including the following hard threshold:
p
(6)
tDJ = σ 2 log n,

where σ is the standard deviation of noise.
In order to apply the method in practice, one usually needs to estimate σ. Donoho & Johnstone suggest using as an estimator the median of the coefficients on the finest level divided by .6745 which usually works well as long as the signal is contained mainly
in the low frequency coefficients. There are also several other, more refined denoising methods suggested
by the mentioned authors and others but due to space
limitations and the fact that our real focus is in understanding the behavior of MDL based denoising, these
methods are not discussed in the current paper. Fodor
& Kamath (2003) present an empirical comparison
of different wavelet denoising methods; see also Ojanen et al. (2004) for a comparison of the DonohoJohnstone method and MDL denoising.

4

MDL DENOISING

The MDL principle offers a different approach to denoising where the objective is to separate information
and noise in the observed signal. Unlike in the statistical approach, information and noise are defined as the
compressible and the incompressible part of the signal
respectively, thus depending on the model class used
for describing the signal.

istence would be very hard to verify. Any background
information regarding the phenomenon under study is
incorporated in the choice of the model class. The only
assumption is that at least one of the model classes under consideration allows compression of the data which
is clearly much easier to accept than the assumption
that the assumed model is indeed an exact replica of
the true generating mechanism.
In denoising, MDL model selection is performed by
considering each subset of the coefficients as a model
class and minimizing the stochastic complexity of the
data given the model class. Unfortunately, for wavelet
based models and more generally, for linear regression models, the normalizer in the NML density is unbounded and NML is not defined unless the range of
the data is restricted. The problem can be solved by
resorting to universal models other than NML, such as
two-part or mixture models in defining the stochastic
complexity. Hansen & Yu (2000) propose a combination of two-part and mixture codes for wavelet denoising. Their method also includes an estimation step
similar to the one used by Donoho & Johnstone, and
is thus not completely faithful to the MDL philosophy.
4.2

Rissanen (2000) solves the problem of unbounded
parametric complexity by two-fold normalization. The
data range is first restricted such that the squared (Euclidean) norm of the maximum likelihood values of the
wavelet coefficients kβ̂γ (y n )k2 is always less than some
maximal value R and the maximum likelihood variance σ̂γ2 (y n ) is greater than some minimal value σ02 .
We then obtain an NML density with limited support
for each pair (R, σ02 ). It is now possible to construct
a ‘renormalized’ or ‘meta’ NML density by taking the
obtained NML densities as a new model class1 .
After the application of Stirling’s approximation to
gamma functions and ignoring constant terms it can be
shown that the code-length to be minimized becomes2

1
k Sγ
(n − k) S − Sγ
+ ln(k(n − k)).
+ ln
ln
2
k
2
n−k
2
1

4.1

MDL APPROACH TO DENOISING

One of the most characteristic features of the MDL approach to statistical modeling is that there is no need
to assume a hypothetical generating model whose ex-
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RENORMALIZED NML

(7)

In fact even the renormalization requires the data
range to be restricted but it turns out that the final range
doesn’t affect the resulting criterion.
2
Multiplying the code-length formula by two gives an
equivalent minimization problem. Note the last term that
was incorrect in some of the earlier publications.

Secondly, since the criterion is derived for continuous
data and involves densities, problems may occur when
it is applied to low-precision or discrete, say integer,
data. If the data can be represented exactly by some
number k0 of coefficients, the criterion becomes minus
infinity for all k ≥ k0 because the first term includes
a logarithm of zero. Also, for k almost as large as k0
the criterion takes a very small value and such a value
of k is often selected as the optimal one potentially resulting in severe over-fitting. This problem may either
be solved by using a lower bound for (S − Sγ )/(n − k)
corresponding to a lower bound on the variance. Alternatively, once a sudden drop to minus infinity in the
criterion is recognized it is possible to reject all values
of k that are near the point where the drop occurs.

BEHAVIOR OF MDL DENOISING

By inspecting the behavior of the MDL denoising criterion as a function of noise variance, we are able to
give a rough characterization of its domain of applicability. This makes way towards a more important goal,
the understanding of renormalized NML, and potential ways of generalizing and improving it.
5.1

EMPIRICAL OBSERVATIONS

Fig. 1 illustrates the behavior of the MDL denoising
method and the method by Donoho & Johnstone de-
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Donoho-Johnstone

PRACTICAL ISSUES

We point out two issues of a rather technical nature
that nevertheless deserve to be noted by practitioners
since we have found them to result in very poor performance in more than one case. First, in all wavelet
thresholding methods, it should be made sure that the
wavelet transform used is such that the coefficients are
scaled properly, in other words, that the corresponding basis is orthogonal. This is essential for all wavelet
thresholding methods. It is easy to check that the sum
of squares of the original data and the transformed coefficients are always equal.

5

σ = 47.5

MDL

4.3

σ = 10.0

noisy

It can be shown that the criterion is always maximized
by choosing γ such that either the k largest or the k
smallest coefficients are retained for some k. We consider this an artefact of the renormalization performed
and assume in the what follows that the k largest coefficients are retained. We return to the issue in Sec. 5.3.

Figure 1: Lena Denoised. Top left: Noisy image (σ =
10.0); middle left: Donoho-Johnstone (2.2 % retained,
std. error 8.1); bottom left: MDL (7.6 % retained, std. error 6.8); top right: Noisy image (σ = 47.5); middle right:
Donoho-Johnstone (0.3 % retained, std. error 17.3); bottom
right: MDL (46.9 % retained, std.error 44.9).
scribed in Sec. 3 with Daubechies N=4 wavelet basis.
The original image is distorted by Gaussian noise to
get a noisy signal. When there is little noise, the difference is small, MDL method performing better in
terms of standard error. However, when there is much
noise the methods produce very different results. The
Donoho-Johnstone method retains only 0.3 percent of
the coefficients while the MDL method retains 46.9
percent of them, the former giving a better result in
terms of standard error.
The effect of the standard deviation of noise on the behavior of the two methods can be clearly seen in Fig. 2.
It can be seen that the MDL method outperforms the
Donoho-Johnstone method when the noise standard
deviation is less than 15. However, outside this range
the performance of the MDL method degrades linearly
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Figure 3: The renormalized NML denoising criterion with
0

0

5

10

15 20 25 30 35
noise standard deviation

pure Gaussian noise.

45

40

Figure 2: Effect of noise.
due to retaining too many coefficients. The standard
error of the noise should be compared to the standard
deviation of the original signal which in this case was
46.6. Experiments with other natural images indicate
that the standard deviation of the signal determines
the scale but does not affect the shape of the curves.
As a rough characterization of the domain of applicability of the MDL method it can be said that the
noise standard deviation should be at most half of the
standard deviation of the signal.
5.2

THEORETICAL ANALYSIS

The degradation of performance of the MDL denoising
criterion is underlined when the noise variance is very
large. This can be demonstrated theoretically by considering what happens when the noise variance grows
without bound so that in the limit the signal is pure
Gaussian noise. Since the criterion is scale invariant we
may without loss of generality assume unit variance.
Essentially, we need to evaluate the asymptotics of Sk ,
the squared sum of the k largest coefficients in absolute value. Let βi21 ≤ βi22 ≤ ... ≤ βi2n be the squared
coefficients ordered in ascending order. We have
Sk =

n
X

X

βi2j =

j=n−k+1

βi2 ,

βi2 ≥t2k

where we assumed that the first retained coefficient
tk := βin−k+1 is unique. If we consider tk a fixed parameter instead of a random variable, the terms in the
above sum are independent with expectation given by:
E[βi2

1
| βi ≥ tk ] =
1 − Φ(tk )

Z

+∞

tk

x2

x2 e− 2
√
dx,
2π
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where the expectation is taken with respect to the
standard normal distribution whose distribution function is denoted by Φ. The integral is given by
Z 2 − x2
x2
−xe− 2
x e 2
√
+ Φ(x),
dx = √
2π
2π

and the expectation becomes
t2
k

tk e− 2
+ 1.
E[βi2 | βi ≥ tk ] = √
2π(1 − Φ(tk ))

(8)

Now in order to contain a k/n fraction of Gaussian
random variates as n goes to infinity, the limiting value
of the cut-point tk must be
¶
µ
k
.
lim tk = Φ−1 1 −
n→∞
2n

(Division of k by two comes from the fact that also
negative coefficients with large absolute value are included.) Plugging this into Eq. (8) in place of tk gives
the asymptotic behavior of the average Sk /k. Since
the expectation of all coefficients under the unit variance Gaussian noise model is equal to one, the expectation of (Sn − Sk )/(n − k), i.e., the expectation of
the n − k smallest squared coefficients can be easily
obtained once the expectation of the k largest coefficients is known.
Fig. 3 shows the values of the renormalized NML denoising criterion with sample sizes n = 128 (on the
left), and n = 1024 (on the right), with 50 repetitions
in each case. Data is pure Gaussian noise with unit
variance. The theoretical minima for the two samples
sizes are k = 78 and k = 625 respectively. The asymptotic curve is plotted with a solid line. By evaluating
the criterion for large n it can be seen that the MDL
method tends to keep about 625/1024 ≈ 61 % of the
coefficients. This is suboptimal in terms of both statistical risk and the natural meaning of information

and noise in data. If all data is indeed pure noise the
method should indicate that there is no information in
the data at all.

0.07
0.06
0.05

5.3

INTERPRETATION

Let us now consider the interpretation of the renormalized NML denoising criterion in order to understand
the above described behavior. The code-length function (7) is the negative logarithm of a corresponding
density of the following form (ignoring normalization
constants):
−(n−k)/2

(S − Sγ )

Sγ−k/2

discarded

0.04

−(n−k)

= kβ̂γ c k

−k

kβ̂γ k

,

(9)

where γ c denotes the complement of γ, i.e, the set of
n − k discarded coefficients.
Incidentally, the form in Eq. (9) is equivalent to using
a zero-mean Gaussian density with optimized variance
for both the retained and the discarded coefficients.
This can be seen as follows. Given a vector x of k
random variates, the maximal density achievable with
a zero-mean Gaussian density assuming the entries in
the vector are independent is given by
¶
µ
¡
¢−k/2
kxk2
max(2πσ 2 )−k/2 exp − 2 = 2πek −1 kxk2
σ
2σ
(10)

which is seen to be proportional to kxk−k . Thus the
two factors in Eq. (9) correspond to maximized Gaussian densities of the kind in (10). Fig. 4 gives an illustration verifying that the threshold is at the intersection points of two Gaussian densities fitted to the discarded and the retained coefficients respectively. The
latter density has very high variance because the empirical distribution of the coefficients has heavy tails.
The fact that both retained and discarded coefficients
are encoded with a Gaussian density explains many
aspects of the behavior reported above.
It is quite easy to derive rough conditions on when
the criterion performs well. From orthogonality of the
wavelet transform it follows that each of the informative coefficients is a sum of an information term and a
noise term. Assuming independent noise, the density
of the sum is given by the convolution of the densities
of the summands. For instance, if the original signal has Gaussian density, the convolution is Gaussian
as well with variance equal to the sum of the signal
2
. As long as the
variance σS2 and the noise variance σN
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Figure 4: Gaussian densities fitted to noisy Lena (σ =
10.0). The empirical histogram is plotted with solid line.
Gaussian densities with variance adjusted for the discarded
(σ̂ = 6.0) and the retained (σ̂ = 153.7) coefficients are
shown with dotted curves. Threshold is at ±15.4.

signal variance is large compared to the noise variance,
2
, is
the variance of the informative coefficients, σS2 + σN
significantly larger than that of the noise coefficients.
Consequently, the criterion based on Gaussian densities with different variances is able to separate the informative and non-informative coefficients as long as
the noise variance is not too high.3 It is also easy
to understand that fitting two Gaussian densities to a
single one gives nonsensical results which explains the
behavior in the pure noise scenario of Sec. 5.2.
It has been observed that wavelet coefficients in natural images tend to be well modeled by generalized Gaussian densities of the form K exp(−(|x|/α)β )
where K is a normalization constant (Mallat, 1989).
The typical values of β are near one which corresponds
to the Laplacian (double exponential) density. This
suggests that the density of the observed coefficients
can be modeled by a convolution of the Laplace and
Gaussian densities. Ruggeri & Vidakovic (1999) consider Bayes optimal hard thresholding in this model
when the scale parameters of both densities are known.
Chang et al. (2000) estimate the scale parameters
from the observed signal. The construction of an NML
model based on Laplacian and generalized Gaussian
models with a proper treatment of the scale parameters is an interesting future research topic.

3

Similar reasoning also shows that while the criterion is
symmetric in the two sets of coefficients, one should always
retain the k largest coefficients instead of the k smallest
coefficients.

6

CONCLUSIONS

In its general form, the MDL principle form essentially
aims at separating meaningful information from noise,
and thus provides a very natural approach to denoising as an alternative to the statistical and Bayesian
approaches. There are, however, some intricate issues
in applying MDL to the denoising problem related to
unbounded parametric complexity of Gaussian families. We discussed a solution by Rissanen involving a
renormalization whose effect has been unclear so far
and is of considerable interest not only in denoising
applications but in the MDL framework in general.
The reported empirical and theoretical findings suggested a characterization of the domain of applicability for Rissanen’s denoising method. It was seen
that over-fitting is likely in the high noise regime. For
practitioners, we pointed out two technical pitfalls and
ways to avoid them. We gave an interpretation of
the renormalization by showing that it results in a
code based on two Gaussian densities, one for the retained wavelet coefficients and one for the discarded
ones. Based on the interpretation we were able to explain both the empirical and the theoretical findings.
The interpretation also facilitates understanding of the
problem of unbounded parametric complexity in general and suggests generalizations of the renormalization procedure, potentially leading to improved MDL
methods for denoising as well as other applications.
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Abstract

original model to the extent that it becomes tractable.
In some cases it is feasible to identify groups of nodes
that are nearly conditionally independent or configurations that are highly improbable, and then modify the original graph appropriately to represent this
finding before running an exact algorithm (e.g., [9]).
Variational methods, on the other hand, typically look
for the best approximation within a restricted class
of distributions, for example, by minimizing the KLdivergence D(q||p) between the approximation q and
the original distribution p[7]. The quality of this approximation is tied to how expressive the restricted
class is. Other methods, such as Assumed Density
Filtering (ADF)[13](see also [14]), Expectation Propagation (EP)[14] and sequential fitting[5] define the
quality of approximation in terms of D(p||q), preserving select statistics in the course of incorporating evidence. Similarly, belief Propagation (BP)[16, 12] and
its generalizations[20, 19] seek locally (not globally)
consistent beliefs about the values of variables and
have been useful in various contexts.

We develop a method similar to variable elimination for computing approximate marginals
in graphical models. An underlying notion in
this method is that it is not always necessary
to compute marginals over all the variables in
the graph, but focus on a few variables of interest. The Focused Inference (FI) algorithm
introduced reduces the original distribution
to a simpler one over the variables of interest.
This is done in an iterative manner where in
each step the operations are guided by (local)
optimality properties. We exemplify various
properties of the focused inference algorithm
and compare it with other methods. Numerical simulation indicates that FI outperform
competing methods.

1

INTRODUCTION AND
RELATED WORK

Probabilistic models are useful in a wide variety of
fields. An effective way to represent the structure
of a probability distribution is by means of a graph;
e.g., a graphical model, where variables and their dependencies are associated to nodes and edges in the
graph. A crucial task in using such models is to compute marginal distributions over single or groups of
random variables. This is referred to here as probabilistic inference. However, the complexity of exact inference scales exponentially with the tree-width
of the associated graphical model, and even finding
-approximations (i.e., within given error bounds) is
NP-hard [2]. Approximate methods can nevertheless
be indispensable in practice.
Approximate inference methods have relied on several
key ideas. For example, we can try to simplify the
∗
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Variational methods can generally provide a bound on
the likelihood but are typically symmetry breaking in
the sense that the optimized approximate marginals
are asymmetric in the absence of any evidence to this
effect (cf. mode selection). Propagation algorithms
such as BP or EP avoid symmetry breaking due to
the different optimization criterion. They are exact
for trees, or hyper-trees in the case of generalized BP,
but, with the singular exception of [18], do not provide bounds, nor are necessarily guaranteed to converge without additional assumptions.
The structure of the approximating distribution (e.g.,
[6, 14, 15]), the message propagation scheme (e.g.,
[19]), or the clusters in generalized BP can lead to important variability in accuracy; finding a good structure or clusters is an essential and still unresolved
problem.
In this paper we pay closer attention to the essential
operation for computing a subset of desired marginals,

i.e., marginalizing out each of the remaining hidden
variables. The plain focused inference (FI) algorithm
is a simple iterative process that eliminates variables
step by step (or in parallel whenever possible) and
obtains an approximation of the select marginal distribution. We extend the the basic FI idea to a
distributed algorithm operating in a tree-like structure. Our method provides a formalism for performing
the necessary graph/distribution transformation operations to be exact on restricted graphs, and approximate for others. While FI can be seen to generate
approximating distributions at each step, these distributions do not have to be tractable.

issues, for discrete representations, are the time complexity of combining the relevant random variable configurations and the space complexity of representing
the result. In general we have that with ē = V − {e},

2

This exact operation can been seen as a step in a
bucket elimination algorithm [3]. This is also the basic
operation that data structures like the clique-tree or
junction tree are designed to handle in exact inference
methods like variable elimination [17], and illustrates
why some elimination and induced triangulations are
much more efficient than others, even though all perform exact calculations.

DEFINITIONS - BACKGROUND

Let X = (X1 , ..., XN ) be a random vector with Xi
taking values denoted xi , where xi ∈ X . We let X
be the discrete space X = {0, 1, ..., M − 1}; thus, X
takes values in the Cartesian product space X N . In
this paper we consider probability distributions p(x)
whose structure is represented by the undirected bipartite graph G = ({V, F }; E), with variable nodes V
such that X = {Xi |i ∈ V }, factor nodes F , and edges
E  {(i, )|i ∈ V, ∈ F }. The factor graph [10] G
corresponds to the following family of distributions:
p(X = x) =

Y
1 Y
ψα (xα )
φi (xi ),
Zp
α∈F

(1)

i∈V

where ψ and φ are positive functions (potentials or factors), and Xα are all the random variables connected
to the factor node ; i.e., Xα = {Xi |(i, ) ∈ E}. For
later convenience, we denote single node factors by
φ. This graph representation is more explicit than
the standard undirected graphical model representation regarding the factorization of the probability distribution. In this paper we concentrate primarily on
the cases when p can be defined by factor nodes with
degree at most two1 . The neighborhood set of the variable node i is defined (i) = {j|(i, ) ∈ E, (j, ) ∈ E}
(this includes the node i itself), while the neighbors
of the variable node i is the set (i)− = (i) − {i}.
The factors associated to a variable node i are denoted
F (i), with F (i) = { ∈ F |(i, ) ∈ E}. Throughout
this paper, the short-hand p(x) will denote p(X = x).

3

FOCUSED INFERENCE
APPROXIMATION

Consider the basic marginalization operation. When
marginalizing the joint distribution p(x) with respect
to a single variable Xe , the fundamental computational
1

Note this need not be the case for joint marginals of p
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X
xe

p(x) ∝ h2 (xē )

X

h1 (xν(e) ) = h2 (xē )f (xē ).

(2)

xe

Even if the graph corresponding to p is a tree, representing f (xē ) without resorting to its functional form
may require O(M |ν(e)|−1 ) space. Further computations (like marginalizing with respect to another variable), referring to this result may also have exponential
time complexity.

There are instances when f turns out to accept simple
(e.g., product) decompositions. In this case it is possible to improve upon the above complexity bounds on
inference. However, it is not clear how to induce such
decompositions given a distribution p. The essence
of the focused inference algorithm explained in this
section lies in variable elimination and in generating a
succession of non-exact decompositions to compute optimal marginal approximations in the context of Eq. 2.
We will discuss an extension of the basic algorithm
later in the paper.
3.1

BASIC FI ALGORITHM

Let p(x) be the distribution of interest, with associated
factor graph G = ({V, F }, E), focused inference (FI) is
based on a new graph decomposition together with an
approximation that reduces the original distribution p
(and graph G) to a simpler one in an iterative manner,
with certain optimality properties at each step. We
can think of the essential process as focusing only on
a few target node(s) at a time, whose marginal distributions (e.g., pairwise) are to be approximated. Each
iteration eliminates variable and factors, includes new
factors, and modifies the distribution appropriately to
keep the focused approximation accurate.
We start by formalizing FI for a single iteration and
when the target variables consist of a specific pair of
nodes T , T ⊂ V , and later generalize it to multiple
pairwise marginals.
The first step of the iteration consists on choosing a
non-target node e ∈ V − T and rewriting the corre-

sponding probability distribution as:
p(x) = p̃1 (xν(e) )p̃2 (xē ),

(3)

where the two new distributions are defined according
to the following decomposition:
p̃1 (xν(e) )
p̃2 (xē )

=
∝

1
φi (xi ) (4)
ψ(xα )
Zp̃1
i∈ν(e)
α∈F (e)
Y
Y
φi (xi ).
(5)
ψ(xα )
Y

Y

α∈F
/ (e)

The exact node/edge removal operation
P(marginalizing) consist on finding f (xν(e)− ) =
xe p̃1 (xν(e) );
see Fig. 1(b). The above decomposition is helpful
since sensible approximations for the first portion of
the full distribution (Eq. 4) are readily available. In
particular, in this paper we employ the specific class
of approximations that optimize the KL-divergence
D(f (xν(e)− )||q(xν(e)− )) between f (xν(e)− ) and the approximating distribution q(xν(e)− ) constrained to be a
tree-distribution. We denote this class of approximating distributions by Q.
In the second step of the FI iteration we solve:
X
q(xν(e)− ) = arg min D(
p̃1 (xν(e) )||q(xν(e)− ).

(6)

xe

This projection can be solved efficiently whenever Q
is restricted to trees.
This optimization is related to that used by ADF (and
thus EP); however in FI no fixed, predetermined reference (e.g., tree-structured) distribution is set and at
each step the structure of the best local approximating distribution can be obtained dynamically. Also,
the projection operation may (automatically) introduce factors that were not previously present. We are
not assuming a specific choice of ADF terms. Also,
recall than in ADF the structure of the approximating distribution is predetermined (not found by ADF
itself).
One way to represent the solution to Eq. 6 is by the
following tree-structured factorization:
Y
Y
q(xi )di −1 ,
(7)
q(xi , xj )/
q(xν(e)− ) =
(i,j)∈ET

X2
ψ24

ψ12

ψ13

Xe
ψe4

ψe3

X3

(a)

ψ12

X3

ψ1234
ψ34

ψ24

ψ34

X4

X2

ψ13

X4

ψ13
ψ14

X2

(b)

X3
ψ34

ψ24

X4

(c)

Figure 1: One-step approximation by removal of Xe : (a)
original factor graph, (b) exact (marginalized) graph, and
(c) example FI approximation where appropriate factors
(in bold) have been created (ψ14 ) and updated (ψ12 , ψ34 )

i∈ν(e)
/

Assuming each factor involves at most two variables,
p̃1 (xν(e) ) is always a tree-structured distribution and
thus computing exact marginals from p̃1 can be done
efficiently. p̃2 (xē ) remains generally intractable. The
decomposition is not unique (even up to constant)
since we are free to trade single node marginals between the components. Note that the decomposition
itself involves no approximations, only rewriting of the
original distribution.

q∈Q

ψ2e

X1

X1

X1
ψ1e

ψ12

i∈VT
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where di denotes the degree of node i and GT =
(VT , ET ) is a tree (q is in the family of distributions
Q). The optimal tree GT can be found efficiently.
In the third step of the algorithm we combine the projected approximation with the remaining variables to
get the approximation to marginalized p(x):
p̂(xē ) = q(xν(e)− )p̃2 (xē ).

(8)

This node/edge elimination and approximation iteration is repeated until all but the focus set T is left
in the graph 2 . The new distribution p̂(xē ) is again
defined in the form of Eq. 1. This involves redefining
the previous potentials and incorporating new ones.
The following provides the resulting factor/potential
update equations 3 . For each pair (i, j) ∈ ET , potentials can be modified or created:
ψα (xα ) ← ψα (xα )
ψα (xα ) ←

q(xi , xj )q(xi )−ρi q(xj )−ρj
(modify) (9)
φi (xi )φj (xj )

q(xi , xj )q(xi )−ρi q(xj )−ρj
φi (xi )φj (xj )

(create), (10)

where i = (di − 1)/di and the potential is modified
whenever both (i, ) and (j, ) are in E (created otherwise). The graphical operations for factor graph G are
variable node, factor, edge removal, and edge addition,
respectively:
(i)
(iii)

V ← V − {e},
(ii) F ← F − F (e),
E ← E − {(e, )| ∈ F (e)},

(iv)

E ← E ∪ {(i, ), (j, )|(i, j) ∈ ET }

One iteration applied to a simple five-variable factor
graph is shown in Fig. 1. The repetition of these steps
defines an elimination ordering E = (e1 , ..., eK ) and
a series of approximating distributions {Qk }k=1,...,K
which characterize one focusing operation. While
these basic steps are fixed, the global algorithm is more
flexible; for example, in the choice of approximating
distributions, in the elimination ordering, etc. These
and other aspects will be further discussed next.
2
Alternatively until a tractable substructure containing
the set T has been reached
3
This is one succinct way to state the update equations
for multinomials, other equivalent forms can be also used.
This form does not require updating the potentials φi

4

ALGORITHM ANALYSIS

Here we illustrate key properties of the algorithm and
provide additional details.
4.1

ALGORITHM COMPLEXITY AND
OPTIMALITY

Under the decomposition defined in Eqs. 4-5, the minimization problem in Eq. 6 for a fixed tree structure
has a known solution in O(M 3 ). The problem reduces
to finding the pairwise marginals of p̃1 along the tree
edges ET . Since p̃1 is always a tree (a star graph
centered at Xe ) and each potential ψ is a function of
at most two random variables, any of these marginals
can be found in O(M 3 ). As for finding the best treestructured distribution family in Q, this result follows
directly from [1] applied to our decomposition.
Proposition 1 The focused inference algorithm of
Sec. 3 is exact for any decimatable distribution p (treewidth two or, equivalently, when the maximal clique
size of the triangulated graph is three). Not all elimination orderings yield the exact result.
Proof The approximation is exact when all the steps
are exact. The steps are exact if each variable has at
most two neighbors when eliminated. Since the maximal clique size is three, this elimination constraint can
always be satisfied through some elimination ordering.
An analogous result may not hold for ADF (or EP)
with the same time complexity.
4.2

ELIMINATION ORDERING

For a graph G = ({V, F }, E) and for a set of nodes
F of interest, an elimination ordering is a sequence
of nodes E = (e1 , ...., eK ) with ei ∈ V − F. In case
we measure the approximation accuracy in terms of
the KL-divergence, the focused inference method suggests a seemingly natural elimination ordering E: at
each step, eliminate the (non-target) node that gives
the lowest KL divergence D(f (xν(e)− )||q(xν(e)− )) between marginalized and approximating distribution at
each step. However, note that this gives a locally best
and, in general, not a globally best ordering. Finding
approximations to the best overall elimination ordering is a much harder problem due that the complexity
of the problem representation increases rapidly with
the number of elimination steps.
The focused inference algorithm is designed to concentrate on specific marginals and thus, a particular
ordering is used to reduce the graph to those nodes
of interest. In the most general setting, the algorithm
has to be run again if other marginals are needed (or
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partially run since common calculations or partial results could be handily stored). A reasonable question
is whether these marginals are consistent. The answer is negative, in general. Specifically, for a distribution p(x) and two sets of focus (target) variables
{Xa , Xb } and {Xb , Xc }, the corresponding pairwise
and single marginals produced by the focused inference algorithm under different elimination orderings
E1 = (e11 , ..., e1K1 ) and E2 = (e21 , ..., e2K2 ) are consistent (1)if p(x) is a decimatable distribution; since
the algorithm is exact, and (2)if the elimination orderings are the same except for the final node: K1 =
K2 = N − 2 and e1i = e2i for i < K; since after eliminating N − 3 nodes, the remaining variables will be
Xa , Xb , Xc , and their joint distribution is decimatable.
If we do not require that the approximation be optimal
(at each step), the graph can be reduced to a tree very
quickly. Moreover, this can be done so that the pairwise distributions are tree consistent. However, clearly
this involves non-optimal (local) approximations.
4.3

CONSISTENCY OF SINGLE AND
PAIRWISE MARGINALS

Let us instead consider how to start from the potentially inconsistent set of marginals found using the FI
algorithm and reach a consistent set of marginals. We
consider the following problem: given a set of pairwise
marginals found under different elimination orderings,
how can we obtain a set of consistent marginals with
respect to a tree graph GT 0 = (VT , ET 0 ).
Our approach consist on using a maximum likelihood
criterion; specifically, let M be the set of ordered pairs
(i, j) of marginals {q(xi , xj )}. Under this criterion, we
wish to solve the following optimization problem:
X
arg max −
q(xi , xj ) log r(xi , xj ),
(11)
r∈R

(i,j)∈M

for the set of distributions R with model structure
GT 0 . This problem is equivalent to the minimization
of Eq. 6, and thus can be solved in closed-form.
4.4

INCLUDING SINGLE NODE
POTENTIALS

The decomposition given by Eqs. 4- 5 is an instance
of a more general decomposition which generalizes the
way single node potentials are included as follows:
Y
Y
η

p̃1 (xν(e) )

∝

φe (xe )

ψ(xα )

α∈F (e)

p̃2 (xē )

∝

Y

α∈F
/ (e)

ψ(xα )

φi (xi )

i

(12)

i∈ν(e)−

Y

φi (xi )

i∈ν(e)
/

which subsumes the original one.

Y

i∈ν(e)−

i)
φi (xi )(1−η
(13)
,

The extra degrees of freedom are given by the variables η = {ηi }, i ∈ (e)− , ηi ∈ < (note that φe (xe )
must be fully included during e’s elimination). This
extra flexibility could be used to our advantage in
finding a better distribution when minimizing Eq. 6.
This is because single node potentials could be included such as to obtain an approximating q distribution giving smaller KL-divergence. However, one
must be cautious, since we can almost always define
η to obtain an approximating distribution for which
the KL-divergence is almost zero. This can be done
by allowing almost all of p’s probability mass to fall in
appropriate variable states easily represented by distributions in Q. Yet, despite this momentary success,
the overall gain is not guaranteed to be larger since the
resulting p̂ distribution might be difficult to approximate in future steps. This may allow us to provide
more accurate overall approximations by appropriately
including the effect of single node potentials. Taking
advantage of this generalization is an interesting problem that remain to be exploited.
4.5

FURTHER CONNECTIONS WITH
OTHER METHODS

As a way to further understand FI, we now discuss
other connections with related methods. Consider
a single inclusion of a pairwise term in ADF. The
marginals obtained by ADF for any (tractable) approximating distribution could also be obtained by FI.
This can be seen by noticing that FI can perform exact
marginalization in a cycle (like ADF) and the inclusion
of a pairwise term in ADF will at most generate a cycle. It is significant that for this equivalence to hold,
FI needs to make locally suboptimal decisions and ignore those edges not in the cycle, even if they can be
easily approximated during elimination. For simultaneous inclusion of multiple terms, ADF’s complexity
in general increases exponentially, FI’s complexity remains as before, of course using an approximation.
Unlike ADF and EP, in FI there is no reference structure for the approximation made. Interestingly, intermediate (joint) approximations built by FI may not be
tractable. Their structure can be chosen with locally
optimal guarantees. FI builds these approximations
dynamically, thus there are less choices to be made
by hand regarding the structure of the approximating
distribution. This is related to [5], in the sense that
different approximating structures are found at each
step; however, in [5] a (tractable) tree-structured joint
distribution is maintained at all times.
There exist certain resemblance between the FI algorithm in Sec. 3.1 and the mini-buckets scheme [4] in
the sense that both methods repeatedly approximate
complex functions of multiple variables with products
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of simpler functions. In mini-buckets, the local approximations employ a non explicitly guided partitioning of variables to functions (a partitioning, to some
extent corresponds to the structure of a local approximating distribution in the FI method). In FI, contrary
to mini-buckets, the approximating distributions q, including their structure, can be solved for, and are optimal with respect to a definite criterion, the appropriate
KL-divergence.
In mini-buckets the approximation relies on arithmetic
bounds on product of positive functions. In a criterion
derived from mini-buckets [11], this approximation is
given by the solution of a linear optimization problem
(thus more like FI). However, still the structure of the
approximating distribution is not part of the formulation and also the optimization problem entails using
an exponential number of constraints.

5

DISTRIBUTED FOCUSED
INFERENCE

Let us say we are interested in the marginal distribution for all of the variables Xi . In the worst case,
the basic FI algorithm needs to be re-run on the order of N times to obtain all marginals of interest. Is
there a more efficient way to perform the necessary
computations? In this section we address the question
whether there exist a distributed (asynchronous) algorithm equivalent or based on the same fundamental
ideas. For exact inference, there are distributed algorithms to some extent related to variable elimination
(e.g., [17, 16, 12]). Asynchronous algorithms also exist for fixed structure approximations (e.g., [13, 7, 14]).
However, note that in the FI approximation, the result
of eliminating one variable is not propagated symmetrically through the graph (neighbors), it depends on
the factorization chosen; the underlying factor graph is
dynamically modified, based on previous approximations to other parts of the graph; and different elimination orderings (optimal in some sense for a particular
focusing variable) are used for computing the different
marginals. Thus, it is not clear for example, what data
structure fits the underlying algorithm, what information or quantities a node should transfer to another,
and if the overall algorithm allows for quantities to be
stored efficiently, e.g., locally.
It turns out that for a type of FI approximations, we
can build a distributed algorithm and answer these
questions. In order to define the algorithm, a tree
structure similar to the clique-tree [12, 17] can be used
for the underlying computations. However, unlike the
above, in our case it is not necessary to find the maximal cliques or use the concept of triangulation explicitly. This is important because finding maximal cliques
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Figure 2: Example factor graph and the tree induced by
the ordering E = (1, 3, 7, 9, 2, 4, 5, 6, 8)

2. Pick any node in the tree as root node
3. Perform a bottom-up and top-down pass, sending the following message between neighbor
nodes (random variable sets) A and B:
mB→A (xA ) = ℘xB\A [

is in NP-complete [8]. The following algorithm defines
the necessary tree structure whose nodes, denoted Aj ,
are subsets of the random variables in p:
Algorithm for building Order-induced Tree

mC→B (xB )
ψ̃B (xB )], (15)
ψ̃
C∩B (xC∩B )
C∈ν(B)

Y

where  denotes neighborhood in the OT
4. Compute marginals for the nodes of interest:
p(xA ) ∝

Y

B∈ν(A)

mB→A (xA )
ψ̃B∩A (xB∩A )

ψ̃A (xA )

(16)

Denote elimination ordering E = (e1 , ..., en )
1. Assign a single variable to the initial tree nodes:
Aj = {Xej } (j = 1, ..., N − 1)

(e.g., use the nodes A containing the single
variables of interest; some joint marginals can
be computed directly as well)

2. Iterate i = 1...N
S
(a) Create new node C = j Aj for j s.t. Aj
does not have a parent and Xei ∈ Aj
(b) For each j found in (a)
Let B = C − Aj = {Xbl } and chain nodes:
(C) → (C\{Xb1 }) → ... → (C\B) → (Aj )
(c) For all the (not eliminated) variables Xk
sharing a factor with Xei
i. Create new node C 0 = C ∪Xk and make
C 0 a parent of C
ii. Redefine C ← C 0
(d) Create new node C 0 = C − {Xei } and make
C 0 a parent of C
(e) Eliminate Xei

Since we do not need the concept of cliques, we simply
call it an Order-induced Tree (OT). Note that when
traversed bottom-up (to the root), this tree gives a
marginalization ordering that properly tracks the resulting function arguments at the nodes in the order
given. As in the basic FI, the above steps resemble
bucket elimination [3]. In fact, at the graph level,
the OT algorithm performs the variable inclusion and
elimination operations in the same order as FI. An example OT tree for a simple 3×3 grid is shown in Fig. 2.
The distributed algorithm (shown next) uses the OT
as basic data structure for message passing.
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In the algorithm, the operator ℘, has a similar role
than the minimization in Eq. 6. In the case of FI we
have:
1 X
4
℘xB\A [g] = arg min D(
g(xB )||q(xA )), (17)
q∈Q
Zg x
B\A

which is the known projection operation in information geometry (as before Q is the set of tree structuredistributions). Since D is defined on distributions, Zg
is the necessary normalization constant. We defer a
detailed analysis of the above algorithm and present
the basic results in the remaining of this section.
Theorem 2 The distributed algorithm computes the
exact marginals when the minimization operation is
4
replaced by exact summation, i.e., when ℘xB\A [g] =
P
1
xB\A g(xB )
Zg
Proof sketch It suffices to show that the new definition of ℘ is equivalent to solving for f in Eq. 2, and that
sequential application of step 3 with any root node is
equivalent to sequential application of Eq. 2 in a particular ordering.
From the above result, step 3 using Eq. 17 can be
seen as passing (approximate) distributions over variables in the target nodes. Interestingly these distributions may be intractable themselves. The basic FI
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Figure 3: Numerical test results for grid networks with random single and pairwise potentials with various levels of
entropy bounds (Hα ,Iβ ). Note x-axis scale is given in terms of Iβ and networks with maximally attractive and repulsive
potentials are at β = 0 and β = 1 respectively. Performance of: (a) FI, (b) ADF, and (c) MF
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Figure 4: Absolute error differences (see Fig. 3 for legend)
algorithm, focusing on a single marginal, is equivalent to (1)choosing an OT with same ordering E and
(2)performing just one pass (to the root). However,
the marginals computed by running the basic FI algorithm for multiple focusing sets are not necessarily the
same as those computed by the distributed algorithm.
This can be easily seen by observing that different approximations are made in each case. The distributed
algorithm is equivalent to multiple runs of FI where
every run respects the approximations induced by the
OT by means of its variable subsets and tree arrangement. The approximation over the target variables
can vary in structure (i.e., we can still choose optimal
tree-structure distributions for message passing).

6

NUMERICAL EVALUATION

In order to test how FI performs for diverse types
of distributions, we constructed a number of binary 9 × 9 grid networks by choosing its factors
ψij (xi , xj ) = θxi xj according to different uniform priors. Specifically, we use a hyper parameter to define the random variable b  U( 12 , 1 − ) and set
1−b b
θ = (θ00 , θ01 ; θ10 , θ11 ) = ( 2b , 1−b
2 ; 2 , 2 ). When letting
1
0 < < 2 , attractive potentials with varying strength
are constructed. Similarly, by letting 12 < < 1 and
b  U(1 − , 21 ) we define repulsive potentials. By
varying we control the (maximum allowed) mutual
information Iβ describing how dependent the states
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A second hyper parameter controls the distribution
of single node potentials. Let φi (xi ) = θxi , we de< 12 and let
fine a  U( 21 − , 12 + ), for 0 <
(θ0 , θ1 ) = (a, 1 − a). Thus, controls the entropy in
the prior state of a single variable (associated to its
single node potential); when = 12 the minimum entropy allowed, denoted Hα , is 1 bit (full uncertainty),
and when = 0 it is 0 bits. In our experiments we
varied and to obtain probability distributions with
different properties regarding strength of dependences
and strength of value preference.
In all of the experiments, we used the basic FI algorithm (no consistency was enforced). We chose the
node to be eliminated at each step simply by looking at the number of neighbors of each node in the
intermediate graphs and picking those with less neighbors first, randomly when tied. For ADF, we chose the
structure of the approximating distribution by keeping
the most informative edges (maximizing the pairwise
mutual information) forming a spanning tree. This criterion performed better than random edge selection.
Fig. 3(a) shows the accuracy of FI for probability
distributions sampled under different settings of the
hyper-parameters and . Performance is measured
in terms of the average absolute difference between exact and approximate (single node) marginals. As expected the performance improves as the coupling between the nodes become weaker ( → 12 ) for all values
of . We performed the same tests using ADF and the
variational Mean Field method. Fig. 3(b)(c) shows the
performance results from these methods. Like FI, accuracy is higher at  21 for any .
FI clearly outperforms ADF under all conditions
(Fig. 4-left). The ADF terms were the pairwise factors;
FI and ADF had equivalent computational complexity.

Notably, the difference in performance increased with
the strength of the dependences in the network and
also with the strength of the field given by the single
node potentials. Focused inference also outperformed
Mean Field (MF) under all conditions (Fig. 4-right),
even in the case when the basic Mean Field assumption
is almost fully valid (when variables are almost independent). As variable dependencies grew stronger, the
performance gap between FI and the competing methods became larger at increasing rates.

7

CONCLUSIONS

We introduced an approximate inference algorithm,
similar to variable elimination, that is based on tailoring the approximation to the subset of variables
of interest. We also developed a distributed messagepassing version of the algorithm, constructed around
a particular elimination ordering.
The basic decomposition step, followed by the projection, can be guaranteed to be optimal for decimatable
graphs and properly chosen elimination ordering. We
are not aware of similar results for ADF. In a more
general context, the advantage of the focused inference
algorithm lies primarily in the inclusion of dependencies induced by marginalization but not represented in
the original graph. FI does not require setting a fixed
reference distribution (e.g., a class of tractable approximating distributions) for defining the approximation.
The selection of dependencies to introduce is based
on optimizing the projection of each local marginalization result down to a tree. The ability to maintain
such dependencies through approximate marginalizations may underlie the superior empirical results.
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Abstract

untouched so far: How to deal with datasets which
exhibit missing variables?

We present methods for dealing with missing
variables in the context of Gaussian Processes
and Support Vector Machines. This solves an
important problem which has largely been ignored by kernel methods: How to systematically deal with incomplete data? Our method
can also be applied to problems with partially
observed labels as well as to the transductive
setting where we view the labels as missing
data.

In the following, we will develop a framework to deal
with such cases in a systematic fashion. Our analysis is based on the observation that kernel methods
can be written as estimators in an exponential family.
More specifically, Gaussian Processes can be seen to be
minimizing the negative log-posterior under a normal
prior on the natural parameter of the exponential density, whereas Support Vector Machines maximize the
likelihood ratio. Based on this observation, we provide
a method for dealing with missing variables in such a
way that standard kernel methods arise as a special
case, whenever there are no missing variables.

Our approach relies on casting kernel methods as an estimation problem in exponential families. Hence, estimation with missing variables becomes a problem of computing marginal distributions, and finding efficient optimization methods. To that extent
we propose an optimization scheme which extends the Concave Convex Procedure (CCP)
of Yuille and Rangarajan, and present a
simplified and intuitive proof of its convergence. We show how our algorithm can be
specialized to various cases in order to efficiently solve the optimization problems that
arise. Encouraging preliminary experimental results on the USPS dataset are also presented.

1

To solve the optimization problems arising in this context – a concave-convex objective function with both
convex and concave constraints – we extend the CCP
algorithm of [16] for finding local optima and give an
intuitive proof for its convergence.

Introduction

Kernel methods [12] have been remarkably successful for standard classification and regression problems.
However, they have also been found very effective
in dealing with a variety of related learning problems such as sequence annotation, conditional random fields, multi-instance learning, and novelty detection. Many algorithms for Gaussian Processes (GP)
and Support Vector Machines (SVM) bear witness of
this. One problem, however, has remained completely
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The rest of the paper is organized as follows. In
Section 2.1 we discuss exponential families in feature
space and in Sections 2.2 -2.4 we present methods to
deal with missing data. In Section 2.5 we show how
Gaussian Processes and Support Vector Machines can
be extended to deal with missing data. Section 3
is devoted to the discussion of the Constrained Concave Convex Procedure (CCCP) and its application
to Gaussian Processes and Support Vector Machines.
We discuss some implementation tips in Section 4 and
present experimental results on the USPS dataset in
Section 5. An outlook and a discussion in Section 6
conclude the paper.

2
2.1

The Model for Incomplete Data
Exponential Families

We begin with a definition of exponential families: Denote by X the domain of observations, and let φ(x)
with x ∈ X refer to a vector of sufficient statistics.

Then, a member of the exponential family of densities
can be defined in exponential normal form via
p(x; θ) = p0 (x) exp (hφ(x), θi − g(θ)) ,

(1)

where
Z
g(θ) = log

p0 (x) exp(hφ(x), θi) dx.

(2)

X

Here, p0 (x) is a suitably chosen underlying measure,
θ is the natural parameter, g(θ) is the log-partition
function, often called the cumulant generating function, and h·, ·i denotes a scalar product in an Euclidean space, or more generally in a Reproducing Kernel Hilbert Space (RKHS) H. Without loss of generality, and for ease of exposition, we will ignore the
underlying measure p0 (x) for the rest of the paper.
Let Y denote the space of labels, and φ(x, y) be the
sufficient statistics of the joint distribution associated
with (x, y) ∈ X × Y. For the purpose of classification we are mainly concerned with estimating conditional probabilities. Therefore, we assume that given
the data, the labels are drawn from an exponential
family and, extend the exponential families framework
to conditional probabilities. Here we have
p(y|x; θ) = exp (hφ(x, y), θi − g(θ|x)) ,

(3)

and
Z
g(θ|x) := log

exp(hφ(x, y), θi) dy.

(4)

Y

In analogy to the above case, g(θ|x) is commonly referred to as the conditional log-partition function.
Both g(θ) and g(θ|x) are convex C ∞ functions in θ
and they can be used to compute cumulants of the
distribution [6, 4], for instance:

an Expectation Maximization (EM) context). Observe
that we allow for different sets of missing variables for
different data points.
The first step is to extend (3) to partially observed
data. Clearly
p(xu , y|xo ; θ) = exp (hφ(xo , xu , y), θi − g(θ|xo )) . (5)
Integration over the unobserved part of x, that is, xu ,
and direct calculation yields
Z
p(y|xo ; θ) =
exp (hφ(xo , xu , y), θi − g(θ|xo )) dxu
Xu

=

• Computing the log-partition function is a nontrivial problem [14]. In particular, the computation of g(θ|xo ) and g(θ|xo , y) may pose additional difficulties. This is because the joint sufficient statistics might lead to an intractable integral. However, in many real life applications the
data is discrete and only a small number of variables are missing. In these cases, one can either
resort to brute force computation or exploit the
algebraic structure of the integrand.
• The negative log-likelihood, − log(p(y|xo ; θ)),
ceases to be a convex function. This means that
the optimization problems arising from estimation
with missing variables may involve many local optima. In Section 3, we will present an optimization method to deal with this problem by extending the CCP of [16] as well as a second method
based on the EM algorithm.

2.2

Incomplete Labels

= Ep(x;θ) [φ(x)],
Using ideas similar to those used for handling missing
training data we can also handle data with missing
labels. As before, we partition yi = (yio , yiu ) and integrate out the unobserved part of the labels to yield
Z
p(y o |x; θ) =
exp (hφ(x, y o , y u ), θi − g(θ|x)) dy u

∂θ2 g(θ) = Varp(x;θ) [φ(x)],
∂θ g(θ|x) = Ep(x,y;θ) [φ(x, y)|x],
∂θ2 g(θ|x)

(6)

with a suitable definition of g(θ|xo , y). In other words,
the conditional probability p(y|xo ; θ) is now given by
the exponential of the difference of two conditional logpartition functions. This poses two problems:

2.3
∂θ g(θ)

exp(g(θ|xo , y) − g(θ|xo )) ,

=

Varp(x,y;θ) [φ(x, y)|x].

Incomplete Training Data

Yu

In the following, we will deal with the problem of estimating p(y|x; θ) or a related quantity based on a set of
observations (xi , yi ) ∈ X × Y with i = 1, . . . , m. More
specifically, we allow that some of the xi have been
observed only partially, that is, we may partition the
observations as xi = (xoi , xui ), where xoi represents the
observed part and xui is the unobserved part of the
data (see [3] for a detailed description of how missing data may arise and how it is typically treated in
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=

exp(g(θ|x, y o ) − g(θ|x)).

(7)

(7) can then be used to perform Maximum Likelihood
Estimation (MLE) or Maximum A Posteriori (MAP)
estimation. As before, the conditional probability
p(y o |x; θ) is given by the exponential of the difference
of two conditional log-partition functions. Note that
both types of missing data can also be combined in a
straightforward manner using the conditional density
p(y o |xo ; θ).

2.4

Transduction

Transduction can be viewed as an extreme case of incomplete labels. Typically, we are given a set of observations with a few missing labels. The task is to
predict these missing labels. We now compute a probability distribution on the missing labels, given by

because θ is normally distributed with zero mean, and
Eθ [t(x, y)] = 0 and the covariance (kernel) matrix is
given by
k((x, y), (x0 , y 0 )) = hφ(x, y), φ(x0 , y 0 )i .

p(y u |x, y o ; θ) = exp (hφ(x, y o , y u ), θi − g(θ|x, y o )) .

This argument is similar to the one used by [15] to establish a connection between Support Vector Machines
and Gaussian Processes.

In order to compute the above density we need to compute
Z
g(θ|x, y o ) = log
exp(hφ(x, y o , y u ), θi dy u . (8)

As a special case we let Y = {±1} and consider the choice φ(x, y) = yφ0 (x). This gives us
k((x, y), (x0 , y 0 )) = yi yj · k 0 (x, x0 ) where k 0 (x, x0 ) =
hφ0 (x), φ0 (x0 )i.

Yu

If the space of labels Y is large, and many labels are
missing, then computing the above integral is a nontrivial task and we need to resort to Monte-Carlo sampling methods or other similar high dimensional integration techniques in order to perform prediction.
2.5

Now using the normal prior, the MAP estimation
problem for exponential families is to minimize
−log p(θ|X, Y ) =
=

Conditional Probabilities and Estimators

Our discussion so far has been very generic. In this
section, we focus on two particular kernel algorithms.
First, we show how Gaussian Processes can be viewed
as estimators in exponential families. Then, we discuss the well known Support Vector Machines in the
context of exponential families. Using our discussion
above, we also show how both these algorithms can
handle missing data in a natural way.
Gaussian Process Classification: If the training
data is assumed to be generated IID from an exponential family distribution, the MLE problem for exponential families is to minimize
− log p(θ|X, Y )

=
=

m
X
i=1
m
X

g(θ|xi ) − hφ(xi , yi ), θi .

Since we are considering an exponential family in feature space, the sufficient statistics are possibly infinite
dimensional. To avoid over-fitting the data we consider a prior over the parameter θ.
One can show [1] that Gaussian Processes can be seen
as estimators, where the prior on the natural parameter is normal, that is,


1
p(θ) ∝ exp − 2 kθk2 .
2σ
To see this, observe that under the above prior
t(x, y) := hφ(x, y), θi is a Gaussian Process. This is
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kθk2
2σ 2

g(θ|xi )−hφ(xi , yi ), θi +

(9)
kθk2
.
2σ 2

Observe that the MAP estimation problem (9)
is convex, and by the representer theorem [11],
the minimizer θ∗ can be found in the span of
{φ(xi , y) where y ∈ Y}. So far, this interpretation
of Gaussian Processes is consistent with the classical
viewpoint.
We now turn to the setting with incomplete input data
(the setting with missing labels is analogous and can
be handled similarly). Here, all we need to do is to
replace p(yi |xi , θ) by p(yi |xoi , θ). Using (6) this leads
to the following problem:
m
X
i=1

i=1

i=1
m
X

− log p(yi |xi , θ)+

i=1

minimize

− log p(yi |xi , θ)

m
X

[g(θ|xoi ) − g(θ|xoi , yi )] +

1
kθk2 . (10)
2σ 2

Unlike (9), the above problem is no longer convex, and
we will need a more sophisticated method to solve it.
In Section 3 we show how the CCCP method can be
used to solve this optimization problem efficiently.
It is easy to check that g(θ|xoi , yi ) = hφ(xoi , yi ), θi if
xoi = xi , that is, we recover the original Gaussian Process optimization problem whenever the set of observations is complete.
Support Vector Classification: Gaussian Processes maximize the log-likelihood using a normal prior
on the parameters. Instead of directly maximizing
the log-likelihood, one may want to maximize the loglikelihood ratio between the correct label and the most
likely incorrect labeling [9]. This leads to the following

cost function:
r(x, y; θ) := log

p(y|x; θ)
maxỹ6=y p(ỹ|x; θ)

(11)

= hφ(x, y), θi − max hφ(x, ỹ), θi .

(12)

ỹ6=y

As before, if xoi = xi , that is, if no data is missing, we
have g(θ|xoi , yi ) = hφ(xoi , yi ), θi and (14) reduces to a
version of (13) which incorporates slack variables.

3

Optimization

In order to take the margin into account, we use
c(x, y; θ) := max(1 − r(xi , yi ; θ), 0)
which is essentially a clipped version of r(x, y; θ).
To see the connection to binary Support Vector Machines, assume Y ∈ {±1} and φ(x, y) = y2 φ0 (x).
Then, r(x, y; θ) = yi hφ0 (x), φ0 (x0 )i and c(x, y; θ) =
max(1 − yi hφ0 (x), φ(x0 )i , 0) which essentially recovers
the hinge loss. Therefore, our loss function is simply a
generalization of the hinge loss to multi-class Support
Vector Machines [9].
In fact, the MAP estimate in this case is found by
solving
argmin
θ

m
X

c(xi , yi ; θ) +

i=1

1
kθk2 .
2σ 2

(13)

To recover soft margin estimates, one simply needs to
introduce slack variables into the above equation.
The main difference between the Support Vector Machine and the Gaussian process optimization problem
is that, in the case of Support Vector Machines, the
cost function c(x, y; θ) does not depend on the logpartition function. Instead, it is given by the difference
between scalar products.
An extension to missing variables is now straightforward: all we need to do is to replace the conditional
probability estimates in the fully observed case by their
counterparts for partially observed data. Using (6)
and (11) we have

As stated in Section 2.5, the optimization problems
that arise when data is missing are no longer convex.
Hence, it is a non-trivial task to solve them. In the
case of Gaussian Processes one could invoke an EM
like algorithm to perform maximum likelihood estimation over the joint set of parameters (θ, {xu1 , . . . , xum })
directly. But, it is not clear how such an algorithm
can be extended to incorporate non-convex constraints
which arise in the case of Support Vector Machines
with missing variables.
Instead, we take a small detour: EM can also be
viewed as a consequence of the CCP [16]. This provides us with a strategy to use similar algorithms for
constrained problems by extending CCP to the Constrained CCP.
3.1

The Constrained Concave Convex
Procedure

Theorem 1 (Constrained CCP) Denote by fi , gj
real-valued convex and differentiable functions on a
vector space X for all i ∈ {0, . . . , n}, and let ci ∈ R
for i ∈ {1, . . . , n}. Then, Algorithm 1 converges to
a local minimum of the following optimization problem, provided that the linearization of the nonconvex
constraints in conjunction with the convex constraints
satisfy suitable constraint qualifications at the point of
convergence of the algorithm.
minimizef0 (x) − g0 (x)
s.t. fi (x) − gi (x) ≤ ci for all 1 ≤ i ≤ n

(15a)
(15b)

r(x, y; θ) = g(θ|xo , y) − max g(θ|xo , ỹ).
ỹ6=y

Finally, we can introduce slack variables and extend
(13) into a constrained optimization problem for missing variables:
minimize

m
X
1
2
kθk
+
ξi
2σ 2
i=1

Algorithm 1 Constrained Concave Convex Procedure
(14a)

s.t. g(θ|xoi , yi ) − max g(θ|xoi , ỹ) ≥ 1 − ξi (14b)
ỹ6=yi

ξi ≥ 0.

In the following, we denote by Tn {f, x}(x0 ) the nth
order Taylor expansion of f at location x, that is,
T1 {f, x}(x0 ) = f (x) + hx0 − x, ∂x f (x)i.

(14c)

The difference between (14) and (13) is that now the
constraints, as specified by (14b), are non longer convex. Therefore, the minimization is no longer a convex problem, and we need, for instance, an iterative
scheme to enforce these constraints.
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Initialize x0 with a random value
repeat
find xt+1 as the solution of the convex optimization problem
minimizef0 (x) − T1 {g0 , xt }(x)
s.t. fi (x) − T1 {gi , xt }(x) ≤ ci ∀i
until convergence of xt

(16a)
(16b)

Proof The key idea of the proof is that for any convex
function, the first order Taylor expansion is a lower
bound, that is, gi (x) ≥ T1 {gi , xt }(x) for all x, xt ∈ X .
Consequently for all x, xt ∈ X and 0 ≤ i ≤ n we have
fi (x) − T1 {gi , xt }(x) ≥ fi (x) − gi (x).

(17)

By construction, equality holds at the point of expansion x = xt . This means that for every xt , (16) is an
upper restriction of (15). In other words, every x feasible in (16b) is also feasible in (15b). Moreover, the
objective function (16a) is an upper bound of (15a).
When x = xt , the values of (15) and (16) match. Consequently, minimizing (16) leads to xt+1 with a lower
value of the objective function (15a). This is because
of two facts: Firstly, (16) presents an upper bound on
(15). Secondly, when replacing the expansion at xt by
the one at xt+1 again the objective function may only
decrease. To see this, observe that, by convexity we
have

3.2

Application to GP Classification

Recall that for Gaussian Process classification with
missing variables the MAP-estimation problem (10)
becomes that of solving
minimize

m
X

[g(θ|xoi ) − g(θ|xoi , yi )] +

i=1

We define
∂θ g(θ|xo ) = Ep(x,y;θ) [φ(x, y)|xo ; θ] := E(θ, x, y),
and
∂θ g(θ|xo , y) = Ep(x,y;θ) [φ(x, y)|xo , y; θ] := F (θ, x, y).
Using the above, and the first-order optimality conditions of Remark 2, the Gaussian Process optimization
problem can now be expressed as:

f0 (xt+1 ) − T1 {g0 , xt }(xt+1 ) ≥ f0 (xt+1 ) − g0 (xt+1 ),
X

but, by definition we have

Now, assume that the above algorithm converges to x∗
and let α∗ be the dual variables of (16). By stationarity, the convex restriction at x∗ satisfies the constraint
qualifications and the Lagrange function of (16) has a
saddle point in x∗ , α∗ .
However, by construction, the linearization is tight at
x∗ , so α∗ also satisfies the Kuhn-Tucker conditions for
(15a) and the derivatives of the Lagrangian of (15a)
match those of their counterpart from (16a) at x∗ . So
we showed that if the convex restriction has a saddle
point in the Lagrangian, so does the original problem.

E(θ, xi , y) − F (θt , xi , yi ) +

i

f0 (xt+1 ) − g0 (xt+1 ) = f0 (xt+1 ) − T1 {g0 , xt+1 }(xt+1 ).
Next, we need to prove that if the xt converge, then we
actually arrived at a minimum or a saddlepoint of the
optimization problem. We show this by proving that
at stationarity a saddlepoint in the Lagrange function
corresponding to (15) is also a saddlepoint in the Lagrange function corresponding to (16) with the same
set of dual variables.
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(18)

Recall that in the expectation step of EM one computes
the value of the expected log-likelihood with respect to
the given set of parameters θt , that is, we compute
"m
#
X
1
u o
2
Ep(x,y;θt )
− log p(yi , xi |xi , θ) + 2 kθk . (19)
2σ
i=1
Observe that
Ep(x,y;θt ) [g(θ|xoi )] = g(θ|xoi ),

Ep(x,y;θt )

Remark 2 (CCP) The CCP is a special case of theorem 1, where there are no constraints. In this case the
first order conditions for the solution of (16a) amount
to ∂θ f0 (θ) − ∂θ g0 (θt ) = 0. This is exactly what [16]
propose.

1
θ = 0.
σ2

Note that while the first expectation depends on θ, the
second one is taken for a fixed value θt , which is the
solution of the previous iteration of the optimization
problem. We can now specialize Algorithm 1 to this
case by iterating the above repeatedly with respect
to θ. To show that our algorithm is identical to the
EM algorithm, we show that an identical optimization
problem arises out of the EM algorithm.

and

This gives us a simple procedure to perform optimization even in a constrained nonconvex problem: simply
linearize the constraints at every step and solve the
resulting convex problem.

1
kθk2 .
2σ 2


1
1
2
=
kθk
kθk2 .
2σ 2
2σ 2

Using the linearity of expectation, the above observations, and (5) we can re-write (19) as
m
X
i=1

[g(θ|xoi ) − hF (θt , xi , yi ), θi] +

1
kθk2 .
2σ 2

(20)

In the maximization step of EM, one computes the
value of θ which maximizes the above expectation.
First order optimality conditions for (20) are found by

taking derivatives with respect to θ and setting them
to 0. This is equivalent to solving
X

E(θ, xi , y) − F (θt , xi , yi ) +

i

1
θ = 0,
σ2

which is exactly the same as (18). This is not surprising, since the CCP is a generalization of the EM
algorithm [16]. Things are more interesting in the case
of Support Vector Machine classification.
3.3

Application to SV Classification

It is clear that (14) satisfies the conditions of Theorem 1: simply define
f0 (θ, ξ) =

m
X

1
kθk2 +
ξi
2σ 2
i=1

fi (θ, ξ) = 1 − ξi + max g(θ|xoi , ỹ)
ỹ6=yi

g0 (θ) = 0 and gi (θ) = g(θ|xoi , yi ).

(21a)
(21b)
(21c)

We also set ci = 0 for all i and write
T1 {gi , θt }(θ) = gi (θt ) + hθ − θt , F (θt , xi , yi )i .
If we define
di := 1 − ξi − gi (θt ) + hθt , F (θt , xi , yi )i ,
then each iteration Algorithm 1 requires solving the
following optimization problem:
min

m
X

1
kθk2 +
ξi
2σ 2
i=1

(22a)

s.t. hF (θt , xi , yi ), θi − max g(θ|xoi , ỹ) ≥ di
ỹ6=yi

ξi ≥ 0.

(22b)
(22c)

Since this is a convex optimization problem, standard
Quadratic Programming (QP) packages can be used to
solve it. Basically, what happens is that the expected
value of Φ(x, y) with respect to the unknown part of
x is used for classification. This is theoretical justification for the sometimes-used heuristic of estimating
the values of the missing parameters and subsequently
performing classification based on them. The main
difference to this simple heuristic is that the margin of
classification is defined as the difference between pairs
of log-partition functions. This means that the conditional expectations depend on the (xu , y) pair rather
than on xu alone.

4

Implementation

To make the above algorithms feasible in practice, several technical problems need to be overcome: it may
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not be possible to compute the log-partition function
or its derivatives exactly. The solutions cease to be
sparse, as they are given by linear combinations of conditional expectations. Sometimes, the dimensionality
of the space might be so large that high dimensional
integration techniques may need to be employed. In
this section we discuss a few ideas which can be used
to overcome the above problems.
The Representer Theorem: It follows from the
generalized representer theorem [11] that the solution
θ∗ of both Support Vector Machine and Gaussian Process classification satisfies
θ∗ ∈ span {Φ(xoi , xui , y) where xui , y are free} .

(23)

This means that the cardinality of the basis for θ is typically very large, sometimes even infinite. This might
happen, for instance, when either the input space X
or the label space Y have large dimensionality. This is
clearly not desirable and we need an alternative. This
is given in the form of an incomplete Cholesky factorization of the kernel matrix, either by sparse greedy
approximation [13] or by positive diagonal pivoting [2].
For practical purposes we used the latter based on the
kernel matrix arising from complete data pairs. The
advantage is that instead of conditional expectations of
Φ(x, y), which could be infinite dimensional, we now
only need to compute conditional expectations over
kernel values, that is
hExu [Φ(x, y)|xo ; θ], Φ(x0 , y 0 )i = Exu [k((x, y), (x0 , y 0 ))|xo ].
(24)
Likewise, second derivatives with respect to θ are given
by covariances over kernel values.
In other words, instead of allowing the solution to lie
in a possibly infinite dimensional space we constraint
it to lie in a subspace spanned by the fully observed
variables. This can lead to significant computational
advantages. Of course, the downside is that the solution that we obtain might be sub-optimal since we
are enforcing our constraint satisfaction conditions on
only a subspace.
The log-partition function: The second issue, and
arguably a very thorny one, is that one needs to be
able to compute the value of the log-partition function
for both the conditional as well as the unconditional
densities. If suppose the number of missing variables
is very small, and furthermore, if they can take only
a small number of discrete values, then brute force
computation of the conditional log-partition function
is feasible.
In all other cases, we need to resort to methods for
numerical quadrature, such as those discussed in [8].

The key difference to before is that now we will not
even be able to reach a local optimum exactly but only
up to the level of precision provided by the numerical
integration method. A simple approximation is to use
a Monte-Carlo estimate over the domain of missing
variables instead of an exact integral. In other words,
to compute

In the second experiment, we replaced the missing values by their mean values from other observed data.
This is commonly known as mean imputation [3]. We
obtain the best error rate of 6.08% for this procedure.
As can be see the error rates achieved by our method
is marginally better than that obtained by mean imputation. This phenomenon was also observed by [3].
We believe that more sophisticated numerical integration techniques to estimate integrals will significantly
improve the performance of our algorithm.

Ep(x,y;θ) [k((x, y), (x0 , y 0 ))|xo ],
we use the approximation
P
0 0
hΦ(x,y),θi
xu ∈X u k((x, y), (x , y ))e
P
hΦ(x,y),θi
xu ∈X u e
where xu is drawn uniformly from the domain of observations. We believe that the use of a more sophisticated MCMC sampling technique will lead to better
performance.
Stochastic Gradient Descent Finally, instead of
performing a new Taylor expansion at every new step,
we may also perform stochastic gradient descent on
the objective function itself. This may be preferable
whenever the constrained optimization problem becomes highly nontrivial. Essentially, in this case we
only perform conditional expectations for the particular observation at hand. Standard considerations for
stochastic gradient descent methods apply [5].

5

decreases the error rate but takes significantly longer
amounts of time to compute and converge.

Experiments

We use the well known US Postal Service (USPS)
dataset. It contains 9298 handwritten digits (7291 for
training and 2007 for testing), collected from mail envelopes in Buffalo [7]. Upto 25% of pixels (64 pixels
out of 256) from each data point in the training set
were randomly selected and their values were erased.
A Sparse Greedy matrix approximation using a maximum of 1000 basis functions was used to approximate
the kernel matrix. We use the Gaussian kernel


kx − x0 k2
0
k(x, x ) = exp
,
2σ 2
and tune the σ parameter using cross validation. Regularization parameters previously reported in the literature [10] were used for all our experiments. To estimate the integrals we used a Monte-Carlo sampling
technique using 50 configurations of missing data generated uniformly at random. We then used a block
Jacobi method in conjunction with the CCCP algorithm in order to train a multi-class Gaussian Process.
We obtained the best error rate of 5.8%. Contrast this
with the best error rate of around 4.0% reported for the
Gaussian kernel on the same dataset [10]. We noticed
that estimating the integrals by using many samples
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6

Discussion and Outlook

In this paper, we presented a principled method for
dealing with missing data using exponential families
in feature space. We outlined methods to deal with
missing training data as well as partially observed labels. Transduction can be viewed as a special case of
our framework. We then showed how Gaussian Processes and Support Vector Machines can be extended
to missing data by using our framework. In order to
solve the non-convex optimization problem that arises
we presented a generalization of the Convex Concave
Procedure to incorporate non-convex constraints. We
also discussed a simple proof of convergence for our
algorithm. Preliminary experimental results are encouraging.
Clearly, computation of the log-partition function is
the most expensive step in our algorithm. Faster approximation algorithms viz. Quasi Monte Carlo sampling methods need to be explored for computing the
log-partition function. Extending our results to graphical models and other similar density estimators remains the focus of future research.
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Abstract

lowing for more dense measurements. Thus in co-kriging
the aim is to set up a joint spatial model for several responses with the aim of improving the prediction of one of
them. The model to be described in the current paper goes
beyond simple co-kriging methods in several ways. First,
rather than combining responses in a posthoc manner as
in co-kriging, our model uses latent random processes to
represent conditional dependencies between responses directly. The latent processes are fitted using the data from
all responses and can be used to model chacteristics of the
dependencies beyond those based solely on marginal relationships. Second, the nature of the dependencies does not
have to be known in advance but is learned from training
data using empirical Bayesian techniques.

We propose a semiparametric model for regression problems involving multiple response variables. The model makes use of a set of Gaussian processes that are linearly mixed to capture dependencies that may exist among the response variables. We propose an efficient approximate inference scheme for this semiparametric model whose complexity is linear in the
number of training data points. We present experimental results in the domain of multi-joint
robot arm dynamics.

1

Michael I. Jordan
Computer Science Div. and Dept. of Statistics
University of California
Berkeley, CA 94720-1776
jordan@eecs.berkeley.edu

Introduction

We are interested in supervised problems involving multiple responses that we would like to model as conditionally dependent. In statistical terminology, we would like to
“share statistical strength” between multiple response variables; in machine learning parlance this is often referred to
as “transfer of learning.” As we demonstrate empirically,
such sharing can be especially powerful if the data for the
responses is partially missing.
In this paper we focus on multivariate regression problems.1 Models related to the one proposed here are used
in geostatistics and spatial prediction under the name of
co-kriging [3], and an example from this domain helps to
give an idea of what we want to achieve with our technique. After an accidental uranium spill, a spatial map of
uranium concentration is sought covering a limited area.
We can take soil samples at locations of choice and measure their uranium content, and then use Gaussian process
regression or another spatial prediction technique to infer
a map. However, it is known that these carbon concentration and uranium concentration are often significantly correlated, and carbon concentration is easier to measure, al1
In Section 5 we indicate how our technique can be extended
to other settings such as multi-label classification.
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Another example of a motivating application arises in computer vision, where it is of interest to estimate the pose of
a human figure from image data. In this case the response
variables are the joint angles of the human body [1]. It is
well known that human poses are highly constrained, and it
would be useful for a pose estimation algorithm to take into
account these strong dependencies among the joint angles.
Historically, the problem of capturing commonalities
among multiple responses was one of the motivations behind multi-layer neural networks—the “hidden units” of
a neural network were envisaged not only as nonlinear
transformations, but also as adaptive basis functions to be
“shared” in predicting multivariate responses. As neural
networks gave way to kernel machines for classification
and regression, with comcomitant improvements in flexibility, analytical tractability and performance, this core
ability of neural networks was largely lost.
To elaborate on this point, note that there have been two
main paths from neural networks to kernel machines. The
first path, due to [10], involved the observation that in a
particular limit the probability associated with (a Bayesian
interpretation of) a neural network approaches a Gaussian process. For some purposes, it is arguably advantageous to work directly with the Gaussian process via
its covariance function. However, in this limit it also
turns out that the components of the response (the output

vector) are independent—the ability to model couplings
among these components is lost. The second path to kernel machines, via the optimization of margins [14], simplified the problem of fitting one-dimensional responses,
but largely neglected the problem of fitting dependent multivariate responses. This problem has returned to the research agenda via architectures such as the conditional random field which links response variables using the graphical model formalism [5, 13].
Our approach to modeling dependencies among response
variables heads in a direction that is more nonparametric
than the CRF. In the spirit of factor analysis, we view the
relationships among C components of a response vector y
as reflecting a linear (or generalized linear) mixing of P
underlying latent variables. These latent variables are indexed by a covariate vector x, and thus we have a set of
indexed collections of variables; that is, a set of stochastic
processes. Specifically, we assume that each of the P variables is conditionally independently distributed according
to a Gaussian process, with x as the (common) index set.
The mean of the response y is then a (possibly nonlinear)
function of a linear combination of these conditionally independent Gaussian processes.
This model is a semiparametric model, as it combines
a nonparametric component (several Gaussian processes)
with a parametric component (the linear mixing). We refer to the model as a semiparametric latent factor model
(SLFM). Note that factor analysis is a special case of the
SLFM, arising when x is a constant. Note also that Neal’s
limiting Gaussian process is a special case, arising when
P = 1. Finally, as we discuss in Section 2, when C = 1
and P > 1 the SLFM can be viewed as a Gaussian process version of the multiple kernel learning architecture
proposed in [6].
As in the case of simpler Gaussian process models, a significant part of the challenge of working with the SLFM
is computational. This challenge can be largely met by
exploiting recent developments in the literature on fitting
large-scale Gaussian process regression and classification
models. In particular, we make use of the informative
vector machine (IVM) framework for Gaussian processes
[8, 11]. In this framework, only a subset of “informative”
likelihood terms are included in the computation of the
posterior, yielding an training algorithm which scales linearly in the number of training data points. Moreover, the
Bayesian underpinnings of the IVM yields general methods
for setting free parameters (hyperparameters), an important
capability which is not always easily achieved within the
context of other kernel-based methodologies.

2

Semiparametric Latent Factor Models

In this section we give a description of our model for nonparametric regression with multiple responses. We begin
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with a short overview of Gaussian process (GP) regression
in the simpler setting of single responses.
A GP can be viewed as a prior over random real-valued
functions u : X 7→ R, and is parametrized by a mean function µ(·) and a covariance kernel k(·, ·). A random function
u(·) is said to be distributed according to a GP if for any
finite subset X = {x1 , . . . , xm } ⊂ X of covariate vectors the random vector u(X) = (u(x1 ), . . . , u(xm ))T ∈
Rm is distributed according to a Gaussian with mean
(µ(x1 ), . . . , µ(xm ))T and covariance K ∈ Rm,m where
the i, j th entry is k(xi , xj ). In our work we use GPs with
zero mean: µ(x) = 0 for all x ∈ X . The covariance kernel k(·, ·) has to satisfy a symmetric positive-definiteness
(SPD) property; that is, K should be SPD for every finite
subset X. Thus, a GP is simply a consistent way of assigning multivariate Gaussian distributions to u(X) for any
finite X.
GPs have traditionally been used for Bayesian classification and regression with a single response, where the problem is treated as that of estimating a random univariate
function from the covariate space to the response space.
Rather than assuming a parametric form for the random
function, the nonparametric Bayesian approach places a GP
prior over the space of all functions, and infers the posterior
over functions given the training data.
Returning to our multiple response setting, let X be the
covariate (input) space and let Y = RC be the response
(output) space. We are interested in predicting y =
(y1 , . . . , yC )T ∈ Y from x ∈ X ; i.e., in estimating
P (y|x). We model the conditional distribution using latent variables v ∈ RC such that the components yc are
mutually independent and independent of x given v:
P (y|v, x) =

C
Y

P (yc |vc ).

c=1

The conditional distribution of y given x is then:
P (y|x) =

Z

P (v|x)

C
Y

P (yc |vc ) dv.

c=1

In this paper we focus on regression with Gaussian errors;
i.e., P (yc |vc ) = N (yc |vc , σc2 ). We treat P (v|x) nonparametrically, in particular using GPs. We do this by introducing a further set of latent variables u ∈ RP and letting v
be linearly related to u:
v = Φu,

(1)

with Φ ∈ RC,P . Finally we assume that the coordinates
of u have independent GP priors conditional on x; i.e.,
there are random functions up : X 7→ R such that up =
up (x), and up (·) are distributed according to a GP with
zero mean and covariance kernel kp (·, ·). This setup allows

θp
x

Gaussian
processes

σc

Φ

u

linear
mixing

v

likelihood

y

Figure 1: A semiparametric latent factor model.
for conditional dependencies among the coordinates of v
to be expressed via Φ and the latent u variables.
The form assumed in Eq. 1 is in direct analogy with factor
analysis models. Note that the information learned from
each single response variable yc is reflected in the posterior
for the latent GPs u(·). Thus, there is sharing of statistical
strength across response variables.
We call the model a semiparametric latent factor model
(SLFM); the graphical model is shown in Figure 1. The parameters are the components of Φ and the hyperparameters
(aka, the nuisance parameters) are the kernel parameters θ p
and the variance parameters σc2 associated with the Gaussian likelihoods P (yc |vc ).
Note that each coordinate vc (·) of v(·) = Φu(·) is a priori
PP
a GP with covariance kernel given by p=1 φ2c,p kp (·, ·),
where φc,p is the (c, p)th element of the matrix Φ. Hence
one interpretation of our model is that each response variable is modeled as a Gaussian process with a kernel that
is an adaptive, conic combination of base kernels. In fact,
if we have C = 1 and P > 1, then this model can be
viewed as a Gaussian process version of the kernel learning proposed in [6]. However our model does not just fit
the kernel, it actually makes use of the same latent Gaussian processes for every response variable, allowing more
expressive sharing of information across the response variates. Also, in the case P < C which is our focus in the
current paper, it is more efficient to represent u explicitly
than to integrate it out.

3

Inference

Given a model and training samples D = {(x1 , y 1 ), . . . ,
(xn , y n )} drawn i.i.d. from the model2 , we perform
Bayesian inference for the latent variables and estimate the
parameters and the hyperparameters within an empirical
Bayes framework. We begin by introducing the relevant
latent variables.
Let ui,p = up (xi ) and vi,c = vc (xi ). We collect these
into vectors u = (ui,p )i,p and v = (vi,c )i,c where the dou2

We allow incomplete observations of y i . That is, entries of
y i are allowed to be unobserved—this simply involves dropping
likelihood terms corresponding to the unobserved entries.
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ble indices are flattened, with index i running over 1, . . . , n
first, e.g., u = (u1,1 , u2,1 , . . . , un,1 , . . . , un,P )T . The vectors u and v are again linearly related: v = (Φ ⊗ I)u,
where ⊗ is the Kronecker product. In the following we
will assume that P  C and Φ has full rank so the pseudoinverse Φ† such that Φ† Φ = I exists and u = (Φ† ⊗ I)v.
The case P > C requires a different treatment and will be
presented in future work. The variable u is distributed a
priori according to a Gaussian with zero mean and block
diagonal covariance matrix K = diag(K (p) )p , where the
(p)
pth block has i, j th entry given by K i,j = kp (xi , xj ). The
covariance of v is thus K̃ = (Φ ⊗ I)K (ΦT ⊗ I).
The posterior processes u(·) | D are Gaussian in the case of
Gaussian likelihoods P (yc |vc ), and in principle we could
compute their mean and covariance functions explicitly.
However, this is prohibitively expensive for all but fairly
small values of n and C (the procedure scales as O(n3 C 3 )
in general). We thus make use of the informative vector
machine (IVM) framework [8] which computes a sparse
approximation to the full Gaussian posterior P (v|D) by
means of greedy forward selection of an active subset of the
training sample using information-theoretic criteria. The
difference here is that P > 1 processes have to be represented along with their dependencies, and the empirical
Bayes maximization has to encompass a large number of
non-kernel parameters, namely the elements of Φ.
3.1

Forward selection

The active set I of size d consists of tuples (i, c) ∈
{1, . . . , n} × {1, . . . , C}. The goal is to select I such that
the approximate posterior
Y
Q(v) ∝ P (v)
P (yi,c |vi,c )
(2)
(i,c)∈I

is close to P (v|D). For given I, the posterior approximation Q is given by simply ignoring all observations not
in I. However, our method of selecting I depends on the
complete sample D, as is discussed in this section. The
idea is to greedily select the candidate (i, c) which changes
the posterior most if we were to include it (i.e., incorporate its likelihood term into Q). A good way of measuring
this change is the information gain studied in the setting of
active learning (or sequential design). If Qk−1 denotes the
posterior approximation after k − 1 inclusions, the criterion
is
o
= D [Qi,c (v) k Qk−1 (v)]
∆inf
i,c

= D [Qi,c (vi,c ) k Qk−1 (vi,c )] ,
where Qi,c is the approximate posterior we obtain if the
term (i, c) is included at iteration k. At each iteration we
o
pick the (i, c) that maximizes ∆inf
i,c . Since Qi,c (vi,c ) ∝
o
in O(1) if
P (yi,c |vi,c )Qk−1 (vi,c ), we can compute ∆inf
i,c

the current marginal Qk−1 (vi,c ) is known. The representation of Q described in Section 3.2 makes it possible to
maintain all these marginals at all times so that we can
score all (i, c) 6∈ I prior to each inclusion. After d iterations we have an active set (i1 , c1 ), . . . , (ik , ck ) which
determines the approximate posterior in Eq. 2.
3.2

Representing the approximate posterior

The representation for the approximate posterior in Eq. 2
has to satisfy the following properties in order for it to be
useful: it should allow all marginals Q(vi,c ) to be maintained explicitly at all times, which allows for forward selection (see Section 3.1); it should have a small memory
footprint; and it can be efficiently updated when a new likelihood term is included. In this section we describe how
these properties are achieved.
Let Π = diag(k )k be a diagonal matrix and b = (bk )k be
a vector which collects the parameters of the approximate
posterior, in the sense that


1
Q(v) ∝ P (v) exp − v TI Πv I + bT v I ,
2

where v I = (vi1 ,c1 , . . . , vid ,cd )T . In the case of regresyik ,ck . Note that
and bk = σc−2
sion we have k = σc−2
k
k
Π and b are ordered according to the order in which likelihood terms are included. To convert from this ordering to
the natural ordering of u and v, define a selection matrix
P ∈ Rd,nC where P k,(ik ,ck ) = 1 for k = 1, . . . , d, and
zeros elsewhere (note that the natural ordering in which we
flatten i, c indices runs over i first).
Given Π and P , the covariance of Qk (v) is
†

Ã = (K̃ + P T ΠP )† .
Given our assumption P  C, we can represent the approximate posterior in terms of u to minimize memory and
time requirements. As u = (Φ† ⊗ I)v, the covariance of
Qk (u) is
†

A = (Φ† ⊗ I)(K̃ + P T ΠP )† (Φ†T ⊗ I).
Using the Sherman-Morrison-Woodbury formula, we obtain
A = K − M MT ,

M = K (ΦT ⊗ I)P T Π1/2 L−T ,
(3)

ãi,c = φ(c) Ai φ(c)T ,

where hi and Ai are the mean and covariance of ui , extracted from entries of Eq. 4 and Eq. 3 respectively, and
φ(c) is the cth row of Φ. The forward selection can be carried out once h̃i,c and ãi,c are computed for every (i, c) not
already included in the active set.
Finally, the representation of Q(u) is given by L ∈ Rd,d ,
β ∈ Rd , M ∈ RnP,d , and the mean hi ∈ RP and covariance Ai ∈ RP,P of ui , for i = 1, . . . , n. Since the
rows of L, β, and M are already ordered by inclusion
iteration, they can be updated efficiently and stably by appending new rows or columns. If at iteration k we included
likelihood term (i, c), we compute
l=

µp =

p

1/2

1 + k ãi,c ,

l = k

X

φc,p M (i,p)

T

p

1/2
(p)
φc,p k K i

l

−M

(p)

l

−1/2

γ=

k

bk − l T β
,
l

where M (p) is a matrix whose rows are M (i,p) . The new
row of L is (lT l), the new column of M (p) is µp , and the
new entry of β is γ. Let µi = (µi,p )p . Then hi is updated
by adding γµi while µi µTi is subtracted from Ai .
The memory requirement is dominated by M which is
O(nP d), while the P matrix-vector multiplications involved in computing µp dominate the update time complexity, which is O(nP d). Computing the information gain
o
requires O(nCP 2 ) time which is in general
scores ∆inf
i,c
subdominant to O(nP d). Note that all costs are linear in
the number of training points n which is the dominant factor in many large applications.
3.3

Parameter and hyperparameter estimation

We have described an effective procedure to compute an
approximation to the posterior of the latent variables. Here
we outline empirical Bayes estimation of the parameters
and hyperparameters. Let α denote a parameter or hyperparameter of interest, and let s denote the variational
parameters which define the approximate posterior—these
are the active set indicators, Π and b. Since we cannot
compute the marginal probability of y given x and α exactly, we optimize a variational lower bound instead:

EQ [log P (y | u, α)] − D[Q(u)kP (u | α)],

B = I + Π1/2 P K̃ P T Π1/2 .
The mean of Qk (u) is obtained as
β = L−1 Π−1/2 b

h̃i,c = φ(c) hi ,

log P (y | x, α) ≥

where L is the lower triangular Cholesky factor of

h = EQk [u] = M β,

while the mean and variance of vi,c under Qk are

(4)
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(5)

where Q(u) is the approximate posterior, given by Eq. 2.
We use a double loop iterative procedure, where in the inner loop we optimize Eq. 5 with respect to α using a quasiNewton method while keeping s fixed, and in the outer

loop we reselect a new s greedily as detailed above. Notice that Q(·) is dependent on both s and α. For purposes
of optimizing α we propagate derivatives with respect to α
through Q(·), but keep s fixed. This differs from most other
variational methods that keep all of Q(·) fixed when optimizing α. Note that the overall optimization is not guaranteed to converge, since the s updates are not guaranteed
to increase the lower bound. In practice we find the optimization almost always increases and behaves well. The
criterion and gradient computation has the same complexity as the conditional inference, but is much faster in practice because code for large matrix operations can be used.
The memory requirements are not increased significantly,
because M can be overwritten. The derivation is rather
involved; it can be found in [12].

4

Experiments

In this section we present experimental results for the regression task of modeling of the dynamics of a 3-D, fourjoint robot arm. The dataset is created using realistic simulation code which provides a mapping from twelve covariates (the angles, angular velocities and torques at each of
the four joints of the arm) to four responses (the angular
accelerations at the four joints).
We preprocessed the raw data by fitting a linear regression
to the training set and replacing all responses by the corresponding residuals, then normalizing both covariate and
response variables to have mean zero and variance one.
This removal of the linear component of the regression
helps clarify the relative contributions made by the nonlinear methods that are our focus. Finally the four responses
were linearly mixed using randomly sampled unit length
vectors to produce six response variables. Thus the dataset
is a mapping from twelve covariates to six responses, where
it is known that four latent variables are sufficient to capture
the mapping.
The dataset sizes are n = 1000 for training and 500 points
for testing. We report mean squared error (MSE) and average marginal log probability (LOGP) in the experiments
below.3 To calibrate the numbers, note that linear regression would have an average MSE of 1 on this task.
We compare our model against a baseline method (INDEP)
in which each response variable is simply modeled independently, i.e., taking P = C and Φ = I. We use the
IVM technique for both models. For our model we use a
joint active set I of size d, while for the baseline we use
individual active sets of size d0 per response variate. It is
clear that for similar training set size and coverage by active points, training for INDEP is significantly faster than
for SLFM, and in this study we do not attempt to equalize
training times.
3

LOGP is log Q(y∗ |x∗ ) averaged over the test set.
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In both models we use the squared-exponential covariance
function (SQEXP):
!
X 1
0 2
0
, (6)
kp (x, x ) = p exp −
2 |xl − xl |
2θp,l
l

where θp,l is the length scale for dimension l, and p > 0
sets the overall variance. For the SLFM, the same kernel is
used for all latent GPs and we set p = 1 since the variance
can already be represented by scaling the columns of Φ.
We allow different length scales for each input dimension
because we find that this has a significant impact on the
quality of prediction—if the length scale is constrained to
be the same for all covariate dimensions then less relevant
input dimensions tend to obscure the more relevant ones.
Note that this large set of hyperparameters is adjusted based
on the training set within our empirical Bayesian framework; no validation set is needed.
The mean squared errors and log probabilities are shown in
Table 1 as a function of P as P is varied from 2 to 6. The
model performs best at P = 4, although similar accuracy
is achieved for P = 4, 5, 6. We do expect the performance
to degrade for even larger values of P but we have not investigated this. For the rest of this section we chose P = 4
since this is the smallest value supported by the data.
c\P
1
2
3
4
5
6
LOGP

2
0.2930
0.2840
0.3940
0.3630
0.3080
0.5560
-5.770

3
0.2340
0.2950
0.1570
0.2980
0.2830
0.3010
-4.571

4
0.1220
0.1780
0.1080
0.1270
0.1760
0.1180
-2.342

5
0.1190
0.1890
0.1060
0.1490
0.1840
0.1190
-2.516

6
0.1130
0.1880
0.1030
0.1410
0.1810
0.1100
-2.466

Table 1: The mean squared errors for each response variate
on the test set and the average log probability per training
point assigned by our model for varying P .
Next we compared the SLFM with P = 4 to the baseline of independently modeled response variables. We used
a training set of size n = 1000 and active sets of size
d = 1000 and d0 = 180 (if all INDEP active sets are disjoint, their union has size 6 · 180 = 1080). The results are
shown in Table 2. Note that the MS errors for our model
are smaller than for the baseline.
We also tested for the effects of varying the active set size
d; results are given in Table 3.
We see that the active set size d has a significant effect on
prediction accuracy. The quadratic scaling in d can be observed from the training times, except for the largest values
of d, where the O(d3 ) component in the gradient computation dominates the O(n P d2 ) component.
Since our method models dependencies among the response variables, for every test point we have a joint predictive distribution over the response variables y ∗ ∈ RC . This

c
1
2
3
4
5
6

SLFM
MSE
0.122
0.178
0.108
0.127
0.176
0.118

INDEP
MSE
0.133
0.202
0.152
0.179
0.202
0.135

SLFM
LOGP
0.018
-0.244
-0.025
0.011
-0.340
0.053

INDEP
LOGP
-0.110
-0.335
-0.352
-0.271
-0.349
-0.046

Table 2: Comparing our model (SLFM) against the baseline (INDEP) on the robot arm task, with C = 6, P = 4.
Rows correspond to response variables.
c\d
1
2
3
4
5
6
time

500
0.174
0.285
0.228
0.283
0.281
0.196
382

1000
0.122
0.178
0.108
0.127
0.176
0.118
1269

2000
0.096
0.107
0.072
0.082
0.100
0.090
5806

3000
0.067
0.094
0.062
0.068
0.090
0.066
16746

Table 3: MS test errors for each response as the active set
size d is varied. time gives the complete training time in
seconds.

can be used to further improve the prediction of the model
for any specific component y∗,c , if in addition to the covariates x∗ we are also given a subset of the other response
variables y∗,c0 . In Table 4 we show the mean squared errors
attained for response c = 5, when we are also given other
responses. The errors are reduced significantly, especially
for c0 = {2}, and further improve as we observe more responses; in particular when we observe c0 = {3, 4}. Note
that for the baseline method each response variable is modeled independently and the predictive distribution over v ∗
factorizes, hence knowledge of other responses cannot help
in predicting y∗,c .
c0
{1}
{2}
{3}
{4}
{6}
{3, 4}

MSE
0.1770
0.0380
0.1490
0.1320
0.1740
0.112

LOGP
-0.2640
0.2450
-0.2760
-0.2940
-0.3440
-0.221

Table 4: Improved predictions of the model on response
variable c = 5 when the model is given other responses
y∗,c0 .
Finally we report an experiment that aimed at improving our understanding of how statistical strength is shared
across response variables. We again focus on predicting response variate c = 5 in the task with 1000 training points.
However, instead of presenting all 1000 covariate/response
pairs simultaneously, we start by observing only response
variable c = 5, for a subset of l < 1000 points. Subse-
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quently, we are given all 1000 covariate vectors and the corresponding responses for a subset c0 not including c = 5.
We ask whether this will improve our prediction of response variable c = 5. Note that this setup is similar to
co-kriging scenarios mentioned in Section 1. Table 5 shows
the mean squared errors attained for various values of l and
for various subsets c0 of additional observed response variables. We see a large improvement of the mean squared
error for c0 = {1, 2}. Even for l = 50 the errors are already smaller than those in Table 2. This is because of
the strong dependencies between response variables c = 2
and c = 5 (as seen in Table 4). Note also that the case
c0 = {1, 2, 3, 4, 6} performed worse than c0 = {1, 2},
though still yielding a marked improvement over no additional training set (c0 = ∅). This occurs because the functional that our method optimizes is a joint functional over
the response variables, and thus depends more strongly on
response variables with more training data. Performance
as assessed by this functional indeed improved for larger
c0 . If our goal is to obtain good prediction for a particular
response variable, we can consider a different functional
which focuses on the response variable of interest.
l \ c0
50
150
250

∅
1.011
0.752
0.278

{1, 2}
0.111
0.111
0.105

{1, 2, 3, 4, 6}
0.202
0.198
0.183

Table 5: Mean squared error on test set for varying training
set sizes l and additional response variables c0 .

5

Discussion

We have described a model for nonlinear regression in
problems involving multiple, linked response variables. In
a manner reminiscent of factor analysis in the parametric
setting, we model the response vector as (a function of) a
linear combination of a set of independent latent Gaussian
processes. This rather simple semiparametric approach to
sharing statistical strength has a number of virtues—most
notably its flexible parametrization in terms of sets of covariance kernels and its computational tractability. We presented an efficient approximate inference strategy based on
the IVM. While our primary focus has been prediction,
the inferential tools provided by the IVM also allow us to
compute posteriors over various components of the model,
in particular the latent factors and the parameters. Possible extensions of the model include placing an automatic
relevant determination (ARD) prior on the columns of the
mixing matrix Φ and letting the model determine P automatically. It is also of interest to consider ways in which
the mixing matrix might be dependent on the covariates as
well.
There are other ways of combining multiple Gaussian processes. [9] and [7] present models in which the hyperpa-

rameters of a set of Gaussian processes are endowed with a
common prior. This hierarchical model couples the Gaussian processes as in the SLFM, but the amount of sharing that it induces is rather limited, since it involves only
the hyperparameters of the Gaussian processes. In our approach the sharing involves entire processes and as such
can be much more expressive. Note also that although we
considered tasks involving a single regression problem with
multiple responses, the SLFM can readily accommodate
the setting in which there are multiple related tasks, each
with a single response and with a separate training set.
As we have noted, the semiparametric approach presented
here is an alternative to the parametric methodology of conditional random fields (CRFs) that has recently been the
focus of attention in the machine learning and computer vision communities [5, 4]. When the response variables can
plausibly be linked in a simple structure, for example according to a chain or a tree, the CRF approach would seem
to be preferable to the SLFM approach. On the other hand,
when the graph is not a chain, the potential intractability
of the partition function can be a significant drawback of
the CRF approach. In vision problems, for example, one
would like to use a two-dimensional Markov random field
for modeling dependencies, but this runs aground on the
problem of the partition function. In our approach, couplings among variables arise by marginalizing over a latent
set of linearly mixed Gaussian processes, and this provides
an alternative, implicit approach to linking variables. In
cases in which graphical models are intractable, this approach may provide the requisite tractability at a cost of
modeling flexibility. Finally, note also that the SLFM approach is a kernel-based approach by definition; there is no
need to explicitly “kernelize” the SLFM.
Several methods for multiple responses in regression have
been proposed which involve posthoc combinations of the
outputs of the independent baseline method. An example
is the curds and whey method [2] for multiple linear regression. It is important to stress that our approach is fundamentally different in that the latent u processes are fitted jointly using all data. These processes can represent
conditional dependencies directly, while the processes of
the baseline method only ever see marginal data for each
response. Posthoc combination schemes should be successful if response dependencies are mainly unconditional
but may fail to represent dependencies which change with
x. An advantage of posthoc methods is that they can be
cheap computationally, having essentially the same scaling
as the independent baseline (which they use as a subroutine). Whether a more flexible technique such as ours with
a computational complexity closer to the baseline method
exists is an open question.

5.1

Applications to classification

Our model can be extended to classification problems
and to other problems involving non-Gaussian likelihoods
P (yc |vc ). The basic idea is to again make use of GP-based
techniques such as the IVM that have been extended to GPbased classification in the single response variable case [8].
The non-Gaussian likelihoods are effectively replaced by
Gaussians whose parameters are determined by sequential
moment matching.
The extension to classification is of particular interest in
the multiple response variable setting because it allows us
to address multi-label classification problems in which the
class labels are not assumed to be mutually exclusive and
may exhibit interesting and useful interdependencies.
In a preliminary investigation of this extension we considered the toy example shown in Figure 2. We sampled
500 two-dimensional covariate vectors uniformly at random from [−1, 1]2 and labeled these vectors using eight binary response variables, one for each of the regions shown
in the top left panel of Figure 2. There was no label noise,
but 10% of the n = 500 training responses were missing at
random. We fit this data with an SLFM suitably extended
to probit likelihoods, using P = 3 latent GPs, each with
a different SQEXP kernel (Eq. 6) and with a single length
scale parameter (i.e., θp,l = θp,l0 ).
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Figure 2: Top left: the eight regions. Rest: posterior mean
function of the latent GPs. Light colors correspond to larger
values.
After training, the test set errors for the eight response
variables were 0.0345, 0.0261, 0.0133, 0.0296, 0.0602,
0.0176, 0.0494 and 0.0230. The remaining three panels
in Figure 2 show the approximate posterior mean functions
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for the three latent GPs. Roughly speaking, one GP is used
for vertical discrimination, one for horizontal, and a third
for inside-vs-outside separation (although the first two GPs
also distinguish inside-vs-outside separation to a lesser extent). Thus we see that the model has formed a combinatorial code in which it is able to classify eight response
variables using only three latent GPs.
5.2

Other issues

Computational issues remain a serious concern if the
SFLM is to be scaled to larger problems. The main avenue
open for tackling larger datasets is to refrain from scoring
all remaining points for all later inclusions. In particular,
after a number of initial inclusions selected from all remaining points we can potentially narrow down the candidate set stepwise by excluding points with the worst current
scores. The empirical Bayes learning procedure then approximates the full likelihood by the likelihood restricted
to the final candidate set (which always includes the active set). For very large tasks, even more elaborate caching
strategies could be envisaged. A natural limit for the active set size d is imposed by the O(d3 ) time and memory
scaling.
While we have focused on the case P < C in the current
paper, it is also of great interest to explore cases in which
P > C. In particular, in the P < C regime the variable
v ∈ RC is constrained to lie in a P -dimensional subspace;
while the analogy to factor analysis suggests that this may
be a useful constraint in some problems, it also may impose an overly narrow bottleneck on the regression mapping in other problems. There are several possible ways to
remove this constraint and consider versions of the SFLM
that operate in the P > C regime. One interesting variant involves replacing Eq. 1 by v = v (0) + Φu where
all components of (v (0)T , uT )T are conditionally independent and are given GP priors with different kernels. While
this setup can be viewed as simply a particular choice of
Φ in a generic SFLM with P > C, the additional independences in the model aid in the design of approximate
inference methods based on a variant of belief propagation.
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Very Large SVM Training using Core Vector Machines

Ivor W. Tsang

James T. Kwok
Pak-Ming Cheung
Department of Computer Science
The Hong Kong University of Science and Technology
Clear Water Bay
Hong Kong

Abstract

However, on very large data sets, the resulting rank of the
kernel matrix may still be too high to be handled efficiently.

Standard SVM training has O(m3 ) time and
O(m2 ) space complexities, where m is the training set size. In this paper, we scale up kernel
methods by exploiting the “approximateness” in
practical SVM implementations. We formulate
many kernel methods as equivalent minimum enclosing ball problems in computational geometry, and then obtain provably approximately optimal solutions efficiently with the use of core-sets.
Our proposed Core Vector Machine (CVM) algorithm has a time complexity that is linear in m
and a space complexity that is independent of m.
Experiments on large toy and real-world data sets
demonstrate that the CVM is much faster and can
handle much larger data sets than existing scaleup methods. In particular, on our PC with only
512M RAM, the CVM with Gaussian kernel can
process the checkerboard data set with 1 million
points in less than 13 seconds.

Another approach to scale up kernel methods is by chunking or more sophisticated decomposition methods. However, chunking needs to optimize the entire set of non-zero
Lagrange multipliers that have been identified, and the resultant kernel matrix may still be too large to fit into memory. Osuna et al. (1997) suggested optimizing only a fixedsize subset of the training data (working set) each time,
while the variables corresponding to the other patterns are
frozen. Going to the extreme, the sequential minimal optimization (SMO) algorithm (Platt, 1999) breaks a large QP
into a series of smallest possible QPs, each involving only
two variables. In the context of classification, Mangasarian and Musicant (2001) proposed the Lagrangian SVM
(LSVM) that avoids the QP (or LP) altogether. Instead,
the solution is obtained by a fast iterative scheme. However, for nonlinear kernels (which is the focus in this paper), it still requires the inversion of an m × m matrix. Further speed-up is possible by employing the reduced SVM
(RSVM) (Lee & Mangasarian, 2001), which uses a rectangular subset of the kernel matrix. However, this may lead
to performance degradation (Lin & Lin, 2003).

1 Introduction
In recent years, there has been a lot of interest on using
kernels in various machine learning problems, with the support vector machines (SVM) being the most prominent example. Many of these kernel methods are formulated as
quadratic programming (QP) problems. Denote the number
of training patterns by m. The training time complexity of
QP is O(m3 ) and its space complexity is at least quadratic.
Hence, a major stumbling block is in scaling up these QP’s
to large data sets, such as those commonly encountered in
data mining applications.
To reduce the time and space complexities, a popular technique is to obtain low-rank approximations on the kernel
matrix, by using the Nyström method (Williams & Seeger,
2001), greedy approximation (Smola & Schölkopf, 2000)
or matrix decompositions (Fine & Scheinberg, 2001).
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In practice, state-of-the-art SVM implementations typically
have a training time complexity that scales between O(m)
and O(m2.3 ) (Platt, 1999). This can be further driven down
to O(m) with the use of a parallel mixture (Collobert et al.,
2002). However, these are only empirical observations and
not theoretical guarantees. For reliable scaling behavior to
very large data sets, our goal is to develop an algorithm that
can be proved (using tools in analysis of algorithms) to be
asymptotically efficient in both time and space.
Moreover, practical SVM implementations, as in many numerical routines, only approximate the optimal solution by
an iterative strategy. Typically, the stopping criterion utilizes either the precision of the Lagrange multipliers (e.g.,
(Joachims, 1999; Platt, 1999)) or the duality gap (e.g.,
(Smola & Schölkopf, 2004)). However, while approximation algorithms (with provable performance guarantees)
have been extensively used in tackling computationally dif-

ficult problems like NP-complete problems (Garey & Johnson, 1979), such “approximateness” has never been exploited in the design of SVM implementations.
In this paper, we first transform the SVM optimization
problem (with a possibly nonlinear kernel) to the minimum
enclosing ball (MEB) problem in computational geometry.
The MEB problem computes the ball of minimum radius
enclosing a given set of points (or, more generally, balls).
Traditional algorithms for finding exact MEBs do not scale
well with the dimensionality d of the points. Consequently,
recent attention has shifted to the development of approximation algorithms. Lately, a breakthrough was obtained by
Bădoiu and Clarkson (2002), who showed that an (1 + ǫ)approximation of the MEB can be efficiently obtained using core-sets. Generally speaking, in an optimization problem, a core-set is a subset of the input points, such that
we can get a good approximation (with an approximation
ratio1 specified by a user-defined ǫ parameter) to the original input by solving the optimization problem directly on
the core-set. Moreover, a surprising property of (Bădoiu &
Clarkson, 2002) is that the size of its core-set is independent of both d and the size of the point set.
Inspired from this core-set-based approximate MEB algorithm, we will develop an approximation algorithm for
SVM training that has an approximation ratio of (1 + ǫ)2 .
Its time complexity is linear in m while its space complexity is independent of m. The rest of this paper is organized
as follows. Section 2 gives a short introduction on the MEB
problem and its approximation algorithm. The connection
between kernel methods and the MEB problem is given in
Section 3. Section 4 then describes our proposed Core Vector Machine (CVM) algorithm. Experimental results are
presented in Section 5, and the last section gives some concluding remarks.

2 MEB in Computational Geometry
Given a set of points S = {x1 , . . . , xm }, where each xi ∈
Rd , the minimum enclosing ball of S (denoted MEB(S))
is the smallest ball that contains all the points in S. The
MEB problem has found applications in diverse areas such
as computer graphics (e.g., collision detection, visibility
culling), machine learning (e.g., similarity search) and facility locations problems.
1
Let C be the cost (or value of the objective function) of
the solution returned by an approximate algorithm, and C ∗ be
the cost of the optimal solution. Then, the approximate algorithm“has an approximation
ratio ρ(n) for an input size n if
”
∗

≤ ρ(n). Intuitively, this measures how bad
max CC∗ , CC
the approximate solution is compared with the optimal solution.
A large (small) approximation ratio means the solution is much
worse than (more or less the same as) the optimal solution. Observe that ρ(n) is always ≥ 1. If the ratio does not depend on
n, we may just write ρ and call the algorithm an ρ-approximation
algorithm.
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Here, we will focus on approximate MEB algorithms based
on core-sets. Let B(c, R) be the ball with center c and
radius R. Given ǫ > 0, a ball B(c, (1 + ǫ)R) is an (1 +
ǫ)-approximation of MEB(S) if R ≤ rMEB(S) and S ⊂
B(c, (1 + ǫ)R). A subset X ⊆ S is a core-set of S if an
expansion by a factor (1 + ǫ) of its MEB contains S, i.e.,
S ⊂ B(c, (1 + ǫ)r), where B(c, r) = MEB(X) (Figure 1).
To obtain such an (1 + ǫ)approximation, Bădoiu and
Clarkson (2002) proposed
εR
a simple iterative scheme:
R
At the tth iteration, the
current estimate B(ct , rt )
is expanded incrementally
by including the furthest
point outside the (1 + ǫ)ball B(ct , (1 + ǫ)rt ). This
is repeated until all the
points in S are covered by
Figure 1: The inner cirB(ct , (1 + ǫ)rt ). Despite
cle is the MEB of the set
its simplicity, Bădoiu and
of squares and its (1 + ǫ)
Clarkson (2002) showed
expansion (the outer cirthat the number of iteracle) covers all the points.
tions, and hence the size of
The set of squares is thus a
the final core-set, depends
core-set.
only on ǫ but not on d or m.
This independence of d is important on applying this algorithm to kernel methods (Section 3) as the kernel-induced
feature space can be infinite-dimensional. As for the independence on m, it allows both the time and space complexities of our algorithm to grow slowly, as will be shown in
Section 4.3.

3 MEB Problems and Kernel Methods
Obviously, the MEB is equivalent to the hard-margin support vector data description (SVDD) (Tax & Duin, 1999),
which will be briefly reviewed in Section 3.1. The MEB
problem can also be used for finding the radius component of the radius-margin bound (Chapelle et al., 2002).
Thus, as pointed out by Kumar et al. (2003), the MEB
problem is useful in support vector clustering and SVM
parameter tuning. However, we will show in Section 3.2
that other kernel-related problems, including the training
of soft-margin one-class and two-class L2-SVMs, can also
be viewed as MEB problems.
3.1 Hard-Margin SVDD
Given a kernel k with the associated feature map ϕ, let the
MEB in the kernel-induced feature space be B(c, R). The
primal problem in the hard-margin SVDD is
min R2 : kc − ϕ(xi )k2 ≤ R2 , i = 1, . . . , m.

(1)

The corresponding dual is
max α′ diag(K) − α′ Kα : 0 ≤ α, α′ 1 = 1,

(2)

where α = [αi , . . . , αm ]′ are the Lagrange multipliers, 0 = [0, . . . , 0]′ , 1 = [1, . . . , 1]′ and Km×m =
[k(xi , xj )] = [ϕ(xi )′ ϕ(xj )] is the kernel matrix. As is
well-known, this is a QP problem. The primal variables
can be recovered from the optimal α as
c=

m
X
i=1

p
αi ϕ(xi ), R = α′ diag(K) − α′ Kα.

(3)

3.2 Viewing Kernel Methods as MEB Problems

(4)

a constant2 . This will be the case when either (1) the
isotropic kernel k(x, y) = K(kx−yk) (e.g., Gaussian kernel); or (2) the dot product kernel k(x, y) = K(x′ y) (e.g.,
polynomial kernel) with normalized inputs; or (3) any nor√
malized kernel k(x, y) = √ K(x,y)
is used. Using
K(x,x)

K(y,y)

the condition α′ 1 = 1 in (2), we have α′ diag(K) = κ.
Dropping this constant term from the dual objective in (2),
we obtain a simpler optimization problem:
′

′

max −α Kα : 0 ≤ α, α 1 = 1.

(5)

Conversely, when the kernel k satisfies (4), QP’s of the
form (5) can always be regarded as a MEB problem (1).
Note that (2) and (5) yield the same set of α’s, Moreover,
let d∗1 and d∗2 denote the optimal dual objectives in (2) and
(5) respectively, then, obviously,
d∗1 = d∗2 + κ.

min kwk2 − 2ρ + C

w,ρ,ξi

(6)

In the following, we will show that when (4) is satisfied,
the duals in a number of kernel methods can be rewritten in the form of (5). While the 1-norm error has been
commonly used for the SVM, our main focus will be on
the 2-norm error. In theory, this could be less robust in
the presence of outliers. However, experimentally, its generalization performance is often comparable to that of the
L1-SVM (e.g., (Lee & Mangasarian, 2001; Mangasarian &
Musicant, 2001). Besides, the 2-norm error is more advantageous here because a soft-margin L2-SVM can be transformed to a hard-margin one. While the 2-norm error has
been used in classification (Section 3.2.2), we will also extend its use for novelty detection (Section 3.2.1).

Given a set of unlabeled patterns {zi }m
i=1 where zi only has
the input part xi , the one-class L2-SVM separates the out2

In this case, it can be shown that the hard (soft) margin SVDD
yields identical solution as the hard (soft) margin one-class SVM
(Schölkopf et al., 2001). Moreover, the weight w in the one-class
SVM solution is equal to the center c in the SVDD solution.
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i=1

ξi2 : w′ ϕ(xi ) ≥ ρ − ξi ,

max −α′ K̃α : 0 ≤ α, α′ 1 = 1,

(7)

where I is the m×m identity matrix and K̃ = [k̃(zi , zj )] =
δ
[k(xi , xj ) + Cij ]. It is thus of the form in (5). Since
k(x, x) = κ, k̃(z, z) = κ + C1 ≡ κ̃ is also a constant. This
one-class SVM thus corresponds to the MEB problem (1),
in which ϕ is replaced by the nonlinear map ϕ̃ satisfying
ϕ̃(zi )′ ϕ̃(zj ) = k̃(zi , zj ). From the Karush-Kuhn-Tucker
P
(KKT) conditions, we can recover w = m
i=1 αi ϕ(xi ) and
ξi = αCi , and ρ = w′ ϕ(xi ) + αCi from any support vector
xi .
3.2.2 Two-Class L2-SVM
Given a training set {zi = (xi , yi )}m
i=1 with yi ∈ {−1, 1},
the primal of the two-class L2-SVM is
minw,b,ρ,ξi
s.t.

kwk2 + b2 − 2ρ + C

m
X

ξi2

i=1

yi (w′ ϕ(xi ) + b) ≥ ρ − ξi .

(8)

The corresponding dual is


1
′
′
′
max −α K ⊙ yy + yy + I α : α′ 1 = 1
0≤α
C
=

max −α′ K̃α : 0 ≤ α, α′ 1 = 1,

(9)

where ⊙ denotes the Hadamard product, y = [y1 , . . . , ym ]′
and K̃ = [k̃(zi , zj )] with
k̃(zi , zj ) = yi yj k(xi , xj ) + yi yj +

δij
,
C

(10)

involving both input and label information. Again, this is of
the form in (5), with k̃(z, z) = κ + 1 + C1 ≡ κ̃, a constant.
Again, we can recover
w=

m
X
i=1

3.2.1 One-Class L2-SVM

m
X

where w′ ϕ(x) = ρ is the desired hyperplane and C is a
user-defined parameter. Note that constraints ξi ≥ 0 are
not needed for the L2-SVM. The corresponding dual is


1
max −α′ K + I α : 0 ≤ α, α′ 1 = 1
C
=

In this paper, we consider the situation where
k(x, x) = κ,

liers from the normal data by solving the primal problem:

αi yi ϕ(xi ),

b=

m
X
i=1

αi yi ,

ξi =

αi
, (11)
C

from the optimal α and ρ = yi (w′ ϕ(xi ) + b) + αCi from
any support vector zi . Note that all the support vectors
of this L2-SVM, including those defining the margin and
those that are misclassified, now reside on the surface of the
ball in the feature space induced by k̃. A similar relationship connecting one-class classification and binary classification is also described in (Schölkopf et al., 2001).

4 Core Vector Machine (CVM)
After formulating the kernel method as a MEB problem,
we obtain a transformed kernel k̃, together with the associated feature space F̃, mapping ϕ̃ and constant κ̃ = k̃(z, z).
To solve this kernel-induced MEB problem, we adopt the
approximation algorithm3 described in the proof of Theorem 2.2 in (Bădoiu & Clarkson, 2002). As mentioned in
Section 2, the idea is to incrementally expand the ball by
including the point furthest away from the current center.
In the following, we denote the core-set, the ball’s center
and radius at the tth iteration by St , ct and Rt respectively.
Also, the center and radius of a ball B are denoted by cB
and rB . Given an ǫ > 0, the CVM then works as follows:
1. Initialize S0 , c0 and R0 .
2. Terminate if there is no ϕ̃(z) (where z is a training
point) falling outside the (1+ǫ)-ball B(ct , (1+ǫ)Rt ).
3. Find z such that ϕ̃(z) is furthest away from ct . Set
St+1 = St ∪ {z}.
4. Find the new MEB(St+1 ) from (5) and set ct+1 =
cMEB(St+1 ) and Rt+1 = rMEB(St+1 ) using (3).
5. Increment t by 1 and go back to step 2.
In the sequel, points that are added to the core-set will be
called core vectors. Details of each of the above steps will
be described in Section 4.1. Despite its simplicity, CVM
has an approximation guarantee (Section 4.2) and also
provably small time and space complexities (Section 4.3).
4.1 Detailed Procedure
4.1.1 Initialization

4.1.2 Distance Computations
Steps 2 and 3 involve computing kct − ϕ̃(zℓ )k for zℓ ∈ S.
Now,
kct − ϕ̃(zℓ )k2
(12)
X
X
=
αi αj k̃(zi , zj ) − 2
αi k̃(zi , zℓ ) + k̃(zℓ , zℓ ),
zi ,zj ∈St

zi ∈St

on using (3). Hence, computations are based on kernel
evaluations instead of the explicit ϕ̃(zi )’s, which may be
infinite-dimensional. Note that, in contrast, existing MEB
algorithms only consider finite-dimensional spaces.
However, in the feature space, ct cannot be obtained as
an explicit point but rather as a convex combination of
(at most) |St | ϕ̃(zi )’s. Computing (12) for all m training
points takes O(|St |2 + m|St |) = O(m|St |) time at the tth
iteration. This becomes very expensive when m is large.
Here, we use the probabilistic speedup method in (Smola
& Schölkopf, 2000). The idea is to randomly sample a sufficiently large subset S ′ from S, and then take the point in
S ′ that is furthest away from ct as the approximate furthest
point over S. As shown in (Smola & Schölkopf, 2000),
by using a small random sample of, say, size 59, the furthest point obtained from S ′ is with probability 0.95 among
the furthest 5% of points from the whole S. Instead of
taking O(m|St |) time, this randomized method only takes
O(|St |2 + |St |) = O(|St |2 ) time, which is much faster as
|St | ≪ m. This trick can also be used in initialization.
4.1.3 Adding the Furthest Point

Bădoiu and Clarkson (2002) simply used an arbitrary point
z ∈ S to initialize S0 = {z}. However, a good initialization may lead to fewer updates and so we follow the
scheme in (Kumar et al., 2003). We start with an arbitrary point z ∈ S and find za ∈ S that is furthest away
from z in the feature space F̃. Then, we find another
point zb ∈ S that is furthest away from za in F̃. The initial core-set is then set to be S0 = {za , zb }. Obviously,
MEB(S0 ) (in F̃) has center c0 = 21 (ϕ̃(za ) + ϕ̃(zb )) On
using (3), we thus have αa = αb = 12 and all the other
αi ’s are zero. The initial radius is R0 = 21 kϕ̃(za ) −
p
ϕ̃(zb )k = 12 kϕ̃(za )k2 + kϕ̃(zb )k2 − 2ϕ̃(za )′ ϕ̃(zb ) =
q
1
2κ̃ − 2k̃(za , zb ).
2
In a classification problem, one may further require za and
zb to comeq
from different classes. On using (10), R0 then

1
becomes 2 2 κ + 2 + C1 + 2k(xa , xb ). As κ and C are
constants, choosing the pair (xa , xb ) that maximizes R0 is
then equivalent to choosing the closest pair belonging to
3

opposing classes, which is also the heuristic used in initializing the SimpleSVM (Vishwanathan et al., 2003).

A similar algorithm is also described in (Kumar et al., 2003).
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Points outside MEB(St ) have zero αi ’s (Section 4.1.1) and
so violate the KKT conditions of the dual problem. As in
(Osuna et al., 1997), one can simply add any such violating
point to St . Our step 3, however, takes a greedy approach
by including the point furthest away from the current center. In the classification case4 (Section 3.2.2), we have
arg

max

kct − ϕ̃(zℓ )k2
X
min
αi yi yℓ (k(xi , xℓ ) + 1)

zℓ ∈B(c
/
t ,(1+ǫ)Rt )

= arg
= arg

zℓ ∈B(c
/
t ,(1+ǫ)Rt )

min

zℓ ∈B(c
/
t ,(1+ǫ)Rt )

zi ∈St

yℓ (w′ ϕ(xℓ ) + b),

(13)

on using (10), (11) and (12). Hence, (13) chooses the worst
violating pattern corresponding to the constraint (8). Also,
as the dual objective in (9) has gradient −2K̃α, so for a
pattern ℓ currently outside the ball


m
X
δiℓ
αi yi yℓ k(xi , xℓ ) + yi yℓ +
(K̃α)ℓ =
C
i=1
=
4

yℓ (w′ ϕ(xℓ ) + b),

The case for one-class classification (Section 3.2.1) is similar.

on using (10), (11) and αℓ = 0. Thus, the pattern chosen
in (13) also makes the most progress towards maximizing
the dual objective. This subset selection heuristic has been
commonly used by various decomposition algorithms (e.g.,
(Chang & Lin, 2004; Joachims, 1999; Platt, 1999)).
4.1.4 Finding the MEB
At each iteration of step 4, we find the MEB by using the
QP formulation in Section 3.2. As the size |St | of the
core-set is much smaller than m in practice (Section 5),
the computational complexity of each QP sub-problem is
much lower than solving the whole QP. Besides, as only
one core vector is added at each iteration, efficient rank-one
update procedures (Cauwenberghs & Poggio, 2001; Vishwanathan et al., 2003) can also be used. The cost then becomes quadratic rather than cubic. In the current implementation (Section 5), we use SMO. As only one point is
added each time, the new QP is just a slight perturbation of
the original. Hence, by using the MEB solution obtained
from the previous iteration as starting point (warm start),
SMO can often converge in a small number of iterations.
4.2 Convergence to (Approximate) Optimality
First, consider ǫ = 0. The proof in (Bădoiu & Clarkson,
2002) does not apply as it requires ǫ > 0. Nevertheless, as
the number of core vectors increases by one at each iteration and the training set size is finite, so CVM must terminate in a finite number (say, τ ) of iterations, With ǫ = 0,
MEB(Sτ ) is an enclosing ball for all the points on termination. Because Sτ is a subset of the whole training set and
the MEB of a subset cannot be larger than the MEB of the
whole set. Hence, MEB(Sτ ) must also be the exact MEB
of the whole (ϕ̃-transformed) training set. In other words,
when ǫ = 0, CVM outputs the exact solution of the kernel
problem.
Now, consider ǫ > 0. Assume that the algorithm terminates
at the τ th iteration, then
Rτ ≤ rMEB(S) ≤ (1 + ǫ)Rτ

(14)

by definition. Recall that the optimal primal objective p∗
of the kernel problem in Section 3.2.1 (or 3.2.2) is equal to
the optimal dual objective d∗2 in (7) (or (9)), which in turn
2
in (2)
is related to the optimal dual objective d∗1 = rMEB(S)
by (6). Together with (14), we can then bound p∗ as
Rτ2 ≤ p∗ + κ̃ ≤ (1 + ǫ)2 Rτ2 .
(15)
 2

∗
Rτ
Hence, max p∗ +κ̃
≤ (1 + ǫ)2 and thus CVM is
, pR+κ̃
2
τ

an (1 + ǫ)2 -approximation algorithm. This also holds with
high probability when probabilistic speedup is used.

As mentioned in Section 1, practical SVM implementations also output approximated solutions only. Typically,
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a parameter similar to our ǫ is required at termination. For
example, in SMO and SVMlight (Joachims, 1999), training stops when the KKT conditions are fulfilled within ǫ.
Experience with these softwares indicate that near-optimal
solutions are often good enough in practical applications.
Moreover, it can also be shown that when the CVM terminates, all the points satisfy loose KKT conditions as in
SMO and SVMlight .
4.3 Time and Space Complexities
Existing decomposition algorithms cannot guarantee the
number of iterations and consequently the overall time
complexity (Chang & Lin, 2004). In this Section, we show
how this can be obtained for CVM. In the following, we assume that a plain QP implementation, which takes O(m3 )
time and O(m2 ) space for m patterns, is used for the MEB
sub-problem in Section 4.1.4. Moreover, we assume that
each kernel evaluation takes constant time.
As proved in (Bădoiu & Clarkson, 2002), CVM converges
in at most 2/ǫ iterations. In other words, the total number
of iterations, and consequently the size of the final core-set,
are of τ = O(1/ǫ). In practice, it has often been observed
that the size of the core-set is much smaller than this worstcase theoretical upper bound (Kumar et al., 2003). This
will also be corroborated by our experiments in Section 5.
Consider first the case where probabilistic speedup is not
used in Section 4.1.2. As only one core vector is added at
each iteration, |St | = t + 2. Initialization takes O(m) time
while distance computations in steps 2 and 3 take O((t +
2)2 + tm) = O(t2 + tm) time. Finding the MEB in step 4
takes O((t + 2)3 ) = O(t3 ) time, and the other operations
take constant time. Hence, the tth iteration takes O(tm +
t3 ) time, and the overall time for τ = O(1/ǫ) iterations is


τ
X
m
1
3
2
4
O(tm + t ) = O(τ m + τ ) = O 2 + 4 ,
ǫ
ǫ
t=1
which is linear in m for a fixed ǫ.
As for space5 , since only the core vectors are involved
in the QP, the space complexity for the tth iteration is
O(|St |2 ). As τ = O(1/ǫ), the space complexity for the
whole procedure is O(1/ǫ2 ), which is independent of m
for a fixed ǫ.
On the other hand, when probabilistic speedup is used, initialization only takes O(1) time while distance computations in steps 2 and 3 take O((t + 2)2 ) = O(t2 ) time. Time
for the other operations remains the same. Hence, tth iteration takes O(t3 ) time and the whole procedure takes
 
τ
X
1
O(t3 ) = O(τ 4 ) = O 4 .
ǫ
t=1
5

As the patterns may be stored out of core, we ignore the
O(m) space required for storing the m patterns.

For a fixed ǫ, it is thus constant, independent of m. The
space complexity, which depends only on the number of
iterations τ , is still O(1/ǫ2 ).
If more efficient QP solvers were used in the MEB subproblem of Section 4.1.4, both the time and space complexities can be further improved. For example, with SMO, the
space complexity for the tth iteration is reduced to O(|St |)
and that for the whole procedure driven down to O(1/ǫ).
Note that when ǫ decreases, the CVM solution becomes
closer to the exact optimal solution, but at the expense of
higher time and space complexities. Such a tradeoff between efficiency and approximation quality is typical of all
approximation schemes. Morever, be cautioned that the Onotation is used for studying the asymptotic efficiency of
algorithms. As we are interested on handling very large
data sets, an algorithm that is asymptotically more efficient (in time and space) will be the best choice. However,
on smaller problems, this may be outperformed by algorithms that are not as efficient asymptotically. These will
be demonstrated experimentally in Section 5.

5 Experiments
In this Section, we implement the two-class L2-SVM in
Section 3.2.2 and illustrate the scaling behavior of CVM (in
C++) on both toy and real-world data sets. For comparison,
we also run the following SVM implementations6:
1. L2-SVM: LIBSVM implementation (in C++);
2. L2-SVM: LSVM implementation (in MATLAB), with
low-rank approximation (Fine & Scheinberg, 2001) of
the kernel matrix added;
3. L2-SVM: RSVM (Lee & Mangasarian, 2001) implementation (in MATLAB). The RSVM addresses the
scale-up issue by solving a smaller optimization problem that involves a random m̄ × m rectangular subset
of the kernel matrix. Here, m̄ is set to 10% of m;
4. L1-SVM: LIBSVM implementation (in C++);
5. L1-SVM: SimpleSVM (Vishwanathan et al., 2003)
implementation (in MATLAB).
Parameters are used in their default settings unless otherwise specified. All experiments are performed on a 3.2GHz
Pentium–4 machine with 512M RAM, running Windows
XP. Since our focus is on nonlinear kernels, we use the
6
Our CVM implementation can be downloaded from
http://www.cs.ust.hk/∼jamesk/cvm.zip.
LIBSVM can be
downloaded from http://www.csie.ntu.edu.tw/∼cjlin/libsvm/;
LSVM from http://www.cs.wisc.edu/dmi/lsvm; and SimpleSVM from http://asi.insa-rouen.fr/∼gloosli/. Moreover, we
followed http://www.csie.ntu.edu.tw/∼cjlin/libsvm/faq.html in
adapting the LIBSVM package for L2-SVM.

354

GaussianPkernel k(x, y) = exp(−kx − yk2 /β), with
m
β = m12 i,j=1 kxi − xj k2 .
Our CVM implementation is adapted from LIBSVM, and
uses SMO for each QP sub-problem in Section 4.1.4. As in
LIBSVM, our CVM also uses caching (with the same cache
size as in the other LIBSVM implementations above) and
stores all training patterns in main memory. For simplicity,
shrinking is not used in our current CVM implementation.
Moreover, we employ probabilistic speedup (Section 4.1.2)
and set ǫ = 10−6 in all the experiments. As in other decomposition methods, the use of a very stringent stopping
criterion is not necessary in practice. Preliminary studies
show that ǫ = 10−6 is acceptable for most tasks. Using an
even smaller ǫ does not show improved generalization performance, but may increase the training time unnecessarily.
5.1 Checkerboard Data
We first experiment on the 4 × 4 checkerboard data used
by Lee and Mangasarian (2001) for evaluating large-scale
SVM implementations. We use training sets with a maximum of 1 million points and 2000 independent points for
testing. Of course, this problem does not need so many
points for training, but it is convenient for illustrating the
scaling properties. Experimentally, L2-SVM with low rank
approximation does not yield satisfactory performance on
this data set, and so its result is not reported here. RSVM,
on the other hand, has to keep a rectangular kernel matrix
of size m̄ × m and cannot be run on our machine when m
exceeds 10K. Similarly, the SimpleSVM has to store the
kernel matrix of the active set, and runs into storage problem when m exceeds 30K.
As can be seen from Figure 2, CVM is as accurate as the
others. Besides, it is much faster7 and produces far fewer
support vectors (which implies faster testing) on large data
sets. In particular, one million patterns can be processed in
under 13s. On the other hand, for relatively small training
sets, with less than 10K patterns, LIBSVM is faster. This,
however, is to be expected as LIBSVM uses more sophisticated heuristics and so will be more efficient on small-tomedium sized data sets. Figure 2(b) also shows the core-set
size, which can be seen to be small and its curve basically
overlaps with that of the CVM. Thus, almost all the core
vectors are useful support vectors. Moreover, it also confirms our theoretical findings that both time and space are
constant w.r.t. the training set size, when it is large enough.
5.2 Forest Cover Type Data8
This data set has been used for large scale SVM training
by Collobert et al. (2002). Following (Collobert et al.,
7
As some implementations are in MATLAB, so not all the
CPU time measurements can be directly compared. However, it
is still useful to note the constant scaling exhibited by the CVM
and its speed advantage over other C++ implementations, when
the data set is large.
8
http://kdd.ics.uci.edu/databases/covertype/covertype.html
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Figure 2: Results on the checkerboard data set (Except for the CVM, all the other implementations have to terminate
early because of not enough memory and / or the training time is too long). Note that the CPU time, number of support
vectors, and size of the training set are in log scale.
2002), we aim at separating class 2 from the other classes.
1% − 90% of the whole data set (with a maximum of
522,911 patterns) are used for training while the remaining
are used for testing. We set β = 10000 for the Gaussian
kernel. Preliminary studies show that the number of support vectors is over ten thousands. Consequently, RSVM
and SimpleSVM cannot be run on our machine. Similarly,
for low rank approximation, preliminary studies show that
over thousands of basis vectors are required for a good approximation. Therefore, only the two LIBSVM implementations will be compared with the CVM here.

ber of training patterns. From another perspective, recall
that the worst case core-set size is 2/ǫ, independent of
m (Section 4.3). For the value of ǫ = 10−6 used here,
2/ǫ = 2 × 106 . Although we have seen that the actual size
of the core-set is often much smaller than this worst case
value, however, when m ≪ 2/ǫ, the number of core vectors can still be dependent on m. Moreover, as has been observed in Section 5.1, the CVM is slower than the more sophisticated LIBSVM on processing these smaller data sets.

Figure 3 shows that CVM is, again, as accurate as the others. Note that when the training set is small, more training
patterns bring in additional information useful for classification and so the number of core vectors increases with
training set size. However, after processing around 100K
patterns, both the time and space requirements of CVM begin to exhibit a constant scaling with the training set size.
With hindsight, one might simply sample 100K training
patterns and hope to obtain comparable results9 . However,
for satisfactory classification performance, different problems require samples of different sizes and CVM has the
important advantage that the required sample size does not
have to be pre-specified. Without such prior knowledge,
random sampling gives poor testing results, as has been
demonstrated in (Lee & Mangasarian, 2001).

In this paper, we exploit the “approximateness” in SVM
implementations. We formulate kernel methods as equivalent MEB problems, and then obtain provably approximately optimal solutions efficiently with the use of coresets. The proposed CVM procedure is simple, and does not
require sophisticated heuristics as in other decomposition
methods. Moreover, despite its simplicity, CVM has small
asymptotic time and space complexities. In particular, for
a fixed ǫ, its asymptotic time complexity is linear in the
training set size m while its space complexity is independent of m. When probabilistic speedup is used, it even has
constant asymptotic time and space complexities for a fixed
ǫ, independent of the training set size m. Experimentally,
on large data sets, it is much faster and produce far fewer
support vectors (and thus faster testing) than existing methods. On the other hand, on relatively small data sets where
m ≪ 2/ǫ, SMO can be faster. CVM can also be used for
other kernel methods such as support vector regression, and
details will be reported elsewhere.

5.3 Relatively Small Data Sets: UCI Adult Data10
Following (Platt, 1999), we use training sets with up to
32,562 patterns. As can be seen in Figure 4, CVM is
still among the most accurate methods. However, as this
data set is relatively small, more training patterns do carry
more classification information. Hence, as discussed in
Section 5.2, the number of iterations, the core set size
and consequently the CPU time all increase with the num9
In fact, we tried both LIBSVM implementations on a random
sample of 100K training patterns, but their testing accuracies are
inferior to that of CVM.
10
http://research.microsoft.com/users/jplatt/smo.html
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Bădoiu, M., & Clarkson, K. (2002). Optimal core-sets for balls.
DIMACS Workshop on Computational Geometry.
Cauwenberghs, G., & Poggio, T. (2001). Incremental and decremental support vector machine learning. Advances in Neural
Information Processing Systems 13. Cambridge, MA: MIT
Press.

6

6

10

10

25

L2−SVM
core−set
L2−SVM
L1−SVM

L2−SVM (CVM)
L2−SVM (LIBSVM)
L1−SVM (LIBSVM)
5

L2−SVM (CVM)
L2−SVM (LIBSVM)
L1−SVM (LIBSVM)

20

5

10
4

10

3

10

error rate (in %)

number of SV’s

CPU time (in seconds)

10

(CVM)
size
(LIBSVM)
(LIBSVM)

4

15

10

10
2

5

10

3

1

10

0

1

2

3

4
5
size of training set

6

7

10

8
5
x 10

0

(a) CPU time.

2

1

3
size of training set

4

0
0

6

5

2

1

5

x 10

(b) number of SV’s.

3
size of training set

6

5

4

5

x 10

(c) testing error.

Figure 3: Results on the forest cover type data set. Note that the y-axes in Figures 3(a) and 3(b) are in log scale.
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Abstract

ering interactions between the 365 original features led to
a set of over 67,000 potential features, of which about 40
proved significant.

In Streaming Feature Selection (SFS), new features are sequentially considered for addition to
a predictive model. When the space of potential features is large, SFS offers many advantages
over methods in which all features are assumed to
be known in advance. Features can be generated
dynamically, focusing the search for new features
on promising subspaces, and overfitting can be
controlled by dynamically adjusting the threshold for adding features to the model. We present
a new, adaptive complexity penalty, the Information Investing Criterion (IIC), which uses an efficient coding of features added, and not added,
to the model to dynamically adjust the threshold
on the entropy reduction required for adding a
new feature. Streaming Feature Selection with
IIC gives strong guarantees against overfitting. In
contrast, standard penalty methods such as BIC
or RIC always drastically over- or under-fit in the
limit of infinite numbers of non-predictive features. Empirical results show that SFS is competitive with much more compute-intensive feature
selection methods.

The features may also come from more complex feature
generation algorithms. For example, Statistical Relational
Learning (SRL) methods often generate tens or hundreds
of thousands of potentially predictive features. SRL and
related methods “crawl” through a database or other relational structure and generate features by building increasingly complex compound relations [1] . For example, when
building a model to predict the journal in which an article
will be published, potentially predictive features include
the words in the target article itself, the words in the articles
cited by the target article, the words in articles that cite articles written by the authors of the target article, and so forth.
Traversing such relational structures can easily generates
millions of features, since there are many words, authors,
and journals. Current modeling techniques, however, are
ill equipped to deal with problems of learning from, say, a
million potential features for each of a hundred thousand
observations. A hundred billion numbers do not fit easily
into memory on most contemporary computers. More importantly, CPU is fast relative to memory, and being more
so.

1 Introduction
In many problems, one has a fixed set of observations from
which a vast, or even infinite stream of features can be
generated to build predictive models. The large number
of potentially predictive features may come from transformations of, and interactions between, a smaller initial
set of features. For example, most commercial statistical
software offers the ability to do stepwise regression using
all feature interactions (e.g., products of pairs of features,
or all products containing three variables). Pairwise interactions are important and, along with data transformations, can rapidly create large data sets. For example in
a bankruptcy prediction problem described below, consid-
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When building models from potentially enormous sets of
features, it is desirable to interleave the process of feature
generation with that of feature testing in order to avoid even
generating features which are less likely to be useful. One
may want to only consider interaction terms in a regression
if at least one of the component terms has proven predictive. One may want to only search farther in those branches
of a refinement graph in inductive logic programming (ILP)
which contain terms that have proven predictive – as is, indeed, done in ILP. Building predictive models from such
large, complex data sets requires careful control to avoid
over-fitting, particularly when there are many more features than observations. Standard statistical and machine
learning methods such as SVMs, maximum entropy methods and neural networks generally assume that all features
(“predictors”) are known in advance. They then use regu-

larization or features selection to avoid overfitting.
This paper focuses on penalty-based feature selection
methods for problems in which a small number of predictive features are to be selected from a large set of potential
features. We will compare, in the context of streaming feature selection, the widely used BIC penalty method with
RIC, a more recent penalty method, and with the new Information Investing Criterion (IIC), which this paper introduces.
BIC can be understood in an information theoretic sense
as consisting of a code (specifying the parameters in the
model) and the compressed data (describing the errors in
the predictions made by the model). Each zero parameter
(feature not included in the model) is coded with one bit,
and each non-zero parameter is coded with 1 + 21 log(n)
bits, where n is the number of observations used. (All logs
are base 2.) Recalling that the log likelihood of the data
given a model gives the number of bits to code the model
error, leads to the BIC criterion for feature selection: accept a new feature xi only if the change in log likelihood
from adding the feature is greater than 21 log(n), i.e. if
log(P (Y |Ŷi ))− log(P (Y |Ŷ−i )) > 21 log(n). BIC is equivalent to a Minimum Description Length (MDL)[2] criterion
if the number of features considered, p is much less than the
number of observations, n. Howver, BIC is not a valid code
for p  n.
The Risk Inflation Criterion (RIC) [3, 4] gives another,
much more stringent criterion for feature selection, which
controls the minimax risk. RIC chooses a set of features
from the potential feature pool so that the loss of the resulting model is within a factor of log(p) of the loss of the
best such model. In essence, RIC behaves like a Bonferroni
rule, in which a threshold for feature inclusion is selected
so that the set of all features will only have a small chance
of containing a “false” feature. This is highly conservative,
and does often not produce optimal out of sample prediction accuracies.
The Information Investing Criterion (IIC) introduced in this
paper is an alternative MDL-style coding which, unlike
BIC and RIC, is adaptive. Information investing does not
require knowing the number of potential predictors in advance, yet still has provable bounds on overfitting. IIC’s
performance is never much worse than BIC or RIC, and for
the types of problems we are interested in, where there are
far more potential features than observations, it often gives
vastly superior performance.
The assumptions behind penalty methods such as BIC and
RIC are not met when a fixed number of features are to be
selected from an arbitrarily large set of potentially predictive features. Inclusion rules such as AIC and BIC, which
are not a function of p, the number of possible features to
be considered for inclusion in the model, inevitably overfit as p becomes large. When presented with a continuous
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sequence of features that are random noise, any selection
procedure that generates false positives at a fixed rate, such
as AIC or BIC, will select infinitely many of these random
features as predictors. Inclusion rules such as RIC (Bonferroni) which are a function of p under-fit as p becomes
large. Any such method that reduces the chance of including each feature based on the total number of features, p,
to be considered will end up not adding any features in the
limit as p → ∞.
The solution to this dilemma is to sequentially consider a
stream of features for model inclusion and use a method
which incrementally adjusts the criterion for including new
features in the model depending on the history of addition (or non-addition) of features seen so far. We argue
for Streaming Feature Selection (SFS), where as each additional feature is observed, it is tested for inclusion in the
model and then either included or discarded. Streaming
feature selection offers many advantages over the traditional approach of stepwise selection from a fixed set of
features. In stepwise regression, all features are considered
for addition to the model, the best one is selected, and then
all remaining features considered, etc. At every iteration,
almost all features are tested for addition to the model. This
requires having a finite set of features specified in advance,
and requires looking at each feature many times. Stepwise feature selection is widely used with penalty methods
such as AIC and BIC, but we will show below that streaming feature selection often gives competitive performance,
while allowing much greater flexibility in dynamically controlling feature generation. Using streams of features has
other benefits. Since most features will not be included in
the models, they can be discarded soon after generation,
thus reducing data storage requirement and allowing the
solution of larger problems than can be tackled using standard machine learning algorithms such as support vector
machines (SVMs) or neural networks which assume that
all potentially predictive features are known a priori.

2 Streaming feature selection
The goal of streaming feature selection is to pick useful
predictors from an offered sequence of features. For a fixed
set of observations, new features (predictors) are considered sequentially, and the decision to include or discard
each feature is made at the time it is provided. SFS can be
used with a variety of different machine learning methods;
all it requires from the machine learner is that it take features sequentially and produce an estimate of the change
in entropy (log-likelihood) in the model. A wide range
of classical statistical methods can be used off-the-shelf,
such as linear or logistic regression, or extensions such as
generalized linear methods and estimating equations. SFS
works particularly well with modeling methods than can efficiently add additional features and with adaptive penalty
methods such as IIC.

model, the wealth is decreased by the cost of coding the
variable’s absence, which by an argument similar for that
used above is − log(1 − ), which, for small , is approximately .

Initialize
i = 1, wealth = w0 bits, model = {}
Do f orever
x ← get new f eature()
 ← wealth/2i
bits saved ← entropy reduction(x, , model)
if (bits saved > w∆ )
wealth ← wealth + w∆
add f eature(x, model) // add x to the model
else
wealth ← wealth − 
i←i+1

2.1 Guarantees against overfitting
One sense in which SFS is guaranteed not to over-fit, is
that on average, the sum of the total description length plus
the wealth will never increase. Since the wealth is strictly
positive, this guarantees that the total description length can
never increase by more than the current wealth. Since when
a feature is added to the model we increase the wealth less
than the description length decreases, the description length
plus wealth tends to decrease, providing on average better
models.

Figure 1: Information-investing algorithm

SFS dynamically adjusts the threshold, w∆ , on the entropy
reduction needed for a new variable to enter the model.1
The threshold, w∆ , is adjusted using the wealth, wi , which
represents the number of bits currently available for overfitting. Wealth starts at an initial value w0 specifying the
number of bits by which one is willing to risk increasing
the description length. It is increased by w∆ each time a
variable (feature) is added to the model, since the variable
is guaranteed to save at least w∆ bits, and decreased by 
each time a variable is not added to the model,reflecting (as
described below) the cost of coding the fact that the feature
was not added.
The algorithm is given in Figure 1.  specifies how many
bits are available to code a variable. The bits saved by
adding a feature to the model is the net entropy reduction
from adding x to the model: the reduction in the model error minus the cost of coding the coefficient, β, associated
with x and the cost of indicating that the variable is to be
added to the model. Different codings can be used for the
coefficients, for example 21 log(n) bits (or, for a very approximate coding 3 bits) to code each nonzero coefficient,
and e.g. -log() bits to code that x is to be added to the
model. (Since  is the number of bits available to code a
spurious feature, the probability of the next feature being
“useful.” is 1 − e− = 1 − (1 −  + O(2 )) ≈ , and
the cost in bits of coding that that the feature is useful is
roughly -log() bits.) If β, the coefficient of x, has an associated t-statistic, then adding x to the model reduces the
entropy of the model by 12 t2 log(e). (The log(e) converts
the t2 to bits.)
If the feature x reduces entropy sufficiently to be worth
adding to the model, then the wealth is incremented by a
fixed amount, w∆ . If the feature x is not added to the
1

A very similar SFS algorithm, which we call α-investing,
can be written that dynamically adjusts the criterion for adding a
new feature to a model based on the p-value of the feature under
consideration.
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SFS also provides another, much more subtle, guarantee
against overfitting. For the case of “hard” problems, where
the coefficients to be estimated are just barely distinguishable above the noise, the cost of adding a “false” feature is
comparable to the benefit of adding a true features. This
is a property of using a so-called testimator. A testimator
tests for significance and then estimates by the usual estimator if it is significant, and estimates by zero otherwise.
If a variable has a true coefficient of zero, then when it is
falsely included, it will be biased by about tα SE, where tα
is the critical value used for testing significance, and SE
is the standard error of the coefficient. On the other hand,
the hardest to detect coefficients will have a coefficient of
about tα SE. Hence leaving them out will bias their estimated value by about the same amount, namely tα SE. We
can thus get optimal test error by adding as many features
as possible while not exceeding a specified ratio of false to
true features added to the model.2
SFS using the IIC coding (described below) allows us, for
any valid coding, to bound in expectation the ratio of incorrect features added to correct features added, and thus
to minimize the expected test error by adding as many features as possible subject to controlling that ratio.
Theorem
Let Mi be the number of correct variables included in the
model, let Ni be the number of spurious variables (those
with true coefficient zero) included and wi be the wealth,
all at iteration i, and let w∆ < 1/4 be a user selected value.
Then if the algorithm in Figure 1 is modified so that it never
bids more than 1/2 it will have the property that:
E(Ni ) < 4w∆ E(Mi ) + 4w0 .
2
This is very similar to controlling the False Discovery Rate
(FDR) [5], the number of features incorrectly included in the
model divided by the total number of features included in the
model, which has become popular in recent years. In the regime
that we are working, correctly adding a feature always reduces
both the FDR and the out-of-sample error, and incorrectly adding
a feature always increases both FDR and error.

Proof Sketch
The proof relies on the fact that Si ≡ Ni − 4w∆ Mi +
4wi is a super-martingale, namely at each time period the
conditional expectation of Si − Si−1 is negative. We will
show that Si is a super-martingale by considering the cases
when the variable is or is not in the true model and is or is
not added to the estimated model.
βi = 0
∆Mi = 0, ∆Ni = 0
∆Mi = 0, ∆Ni = 1

use zero
add variable

βi 6= 0
∆Mi = 0, ∆Ni = 0
∆Mi = 1, ∆Ni = 0

We can write the change in Si as:
∆Si

≡
=

Si − Si−1
∆Ni − 4w∆ ∆Mi + 4∆wi

If βi 6= 0, then ∆Ni = 0. Thus,
∆Si = −i (1 − ∆Mi ) ≤ 0,
where i is the amount bid at time i. On the other hand, if
βi = 0, then ∆Mi = 0. So,
∆Si

= ∆Ni + 4∆wi
= ∆Ni + 4w∆ ∆Ni − 4i (1 − ∆Ni )
= ∆Ni (1 + 4w∆ + i ) − 4i .

By bounds from information theory, we see that
E(∆Ni ) ≤ i . Also by assumption, 4w∆ ≤ 1 and
i ≤ 1/2. Hence E(∆Si ) ≤ 4i − 4i = 0. Thus, Si
is a super-martingale.
Using the weaker fact that for super-martingales: E(Si ) ≤
E(Si−1 ), we see that E(Si ) ≤ S0 . But since we start out
with Ni = 0, and Mi = 0, S0 = 4w0 . Since wi > 0 by
construction, we see that E(Ni − 4w∆ Mi ) < 4w0 .

When w∆ = 14 , this reduces to E(Ni ) < E(Mi ) + 4w0 .
The expected number of spurious variables added is thus no
more than 4w0 greater than the expected number of correct
variables added.
As described above, if we add as many features as possible
subject to meeting such a constraint on spurious to true features added, we will minimize the expected test error. The
selection of i as wi /2i gives the slowest possible decrease
in wealth such that all wealth is used; i.e., so that as many
features as possible are included in the model without systematically over-fitting. More formally:
Theorem
Computing i as wi /2i gives the slowest possible decrease
in wealth such that limi→∞ wi = 0.
Proof Sketch
Define δi = i /wi to be the fraction of wealth invested
at time i. If no features are added to the model, wealth
at time i is wi = Πi (1 − δi ). If we pass to the limit to
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P

generate
w∞ , we have w∞ = Πi (1 − δi ) = e log(1−δi ) =
P
P
−
δi +O(δi2 )
e
. Thus, w∞ = 0 iff δi is infinite.

Thus if we let δi go to zero faster than 1/i, say i−1−γ where
γ > 0 then w∞ > 0 and we have wealth that we never use.
2.2 IIC and its coding scheme
A key question is what coding scheme to use in determining the entropy reduction. We describe here an “optimal”
coding scheme which leads to the information investing algorithm described in Figure 1. Our goal is to find a (legitimate) coding scheme which, given a “bid,” , specifying
how many bits are available to code a variable, will guarantee the highest probability of adding the variable to the
model. The key idea is that log(probability) and bits are
equivalent. This equivalence allows us to think in terms
of distributions and thus to compute codes which handle
fractions of a bit. We show in this section that given any
actual distribution f˜β of the coefficients, we can produce a
coding corresponding to a modified distribution fβ which
uniformly dominates the coding implied by f˜β .
Assume, for simplicity, that we increase the wealth by one
bit when a variable xi with coefficient βi is added. Thus,
when xi is added log(p(xi is a “true” variable) / p(xi is a
“false” variable)) > 1 bit; i.e. the log-likelihood decreases
by more than one bit. Let fβi be the distribution implied by
the coding scheme for tβi if we add xi and f0 (tβi ) be the
normal distribution (the null model in which xi should not
be added). The coding saves enough bits to justify adding
a variable whenever fβi (tβi ) ≥ 2 ∗ f0 (tβi ). This happens
with probability αi ≡ p0 ({tβi : fβi (tβi ) ≥ 2 ∗ f0 (tβi )})
under the null (αi is thus the area under the tails of the null
distribution.)
There is no reason to have fβi (tβi )  2 ∗ f0 (tβi ) in the
tails, since this would “waste” probability or bits. Hence
the optimal coding corresponds to fβ (tβi ) = 2 ∗ f0 (tβi )
for all the variables that are likely to be added. Using all of
the remaining probability mass (or equivalently, making the
coding “Kraft tight”) dictates the coding for the case when
the variable is not likely to be added. The most efficient
coding to use is thus:

fβ (tβi ) = 2f0 (tβi )
if |tβi | > tαi
i
f
(t
)
otherwise
fβ (tβi ) = 1−2∗α
0 βi
1−αi
and the corresponding cost in bits is:

 log(fβ (tβi )/f0 (tβi )) = log(2) = 1 bit if |tβi | > tαi
log(fβ (tβi )/f0 (tβi ) =

i
log( 1−2α
otherwise
1−αi ) ≈ −αi bits

Figure 2 shows the distribution fβ (t( βi )), with the probability mass transfered away from the center, where features
are not added, out to the tails, where features are added.

than the stepwise selection procedure. RIC gives performance superior to SFS in this particular case (q = 10) but
it fails badly when its assumptions (q small) are violated, as
shown in Table 2. Stepwise regression using RIC does better here than the streaming version. However, using standard code from R, the stepwise regression was much slower
than the streaming regression, to the point where running
stepwise regression on data sets with tens of thousands of
features was not possible.

Figure 2: Optimal distribution fβ

streaming
stepwise

features
error
features
error

BIC
39.3
3.21
199
3.89

RIC
7.1
2.88
11.1
2.40

SFS
5.4
3.16
–
–

Table 1. BIC overfits for p  n. Average number of
features selected and out-of-sample error. n = 200 observations, p = 1,000 features, q = 10 true features in model Synthetic data: x ∼ N (0, 1) y: linear in x with noise σ 2 = 5. A
perfect model would give test error of 2.236, the error of the
null model is 3.873. The results are an average over 20 runs,
and reported errors have an uncertainty of around 0.02.

The above equations been derived assuming that 1 bit is
added to the wealth. It can be generalized to add w∆ bits to
the wealth each time a variable is added to the model. Then,
when a variable is added to the model the probability of it
being “true” should be 2w∆ times that of it being “false”,
and all of the 2’s in the above equations are replaced with
2w∆ .

3 Experimental Results
To further illustrate the method, we evaluate SFS on a synthetic data set for which the correct answers are known and
on a larger, real data set of bankruptcy prediction. The base
synthetic data set contains 200 observations each of 1,000
features, of which 10 are predictive. We generate the features independently from a normal distribution, N (0, 1),
with the true model being the sum of the ten predictors plus
noise, N (0, 5). The artificially simple structure of the data
allows us to easily see which feature selection methods are
adding spurious variables or failing to find variables that
should be in the model.
The results are presented in Table 1. As expected, BIC
overfits, although less badly when streaming is used rather
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One might
BIC RIC SFS
hope that
features 89.3 25.5 61.5
adding
more
error
6.24 9.57 7.60
spurious
features to
Table 2. RIC underfits for q  1. Same
the end of
parameters
as Table 1 (streaming) except n =
a feature
1,000,
q
=
100
features in data and σ 2 = 15.
stream
would not
severely harm an algorithm’s performance. However, BIC,
since its penalty is not a function of p, will add even more
spurious variables (if BIC haven’t already added a feature
for every observation!). RIC (or Bonferroni) puts a harsher
penalty as p gets large, adding fewer and fewer features.
As Table 3 shows, SFS is clearly the superior method when
the true features occur early in the feature stream. SFS
continues to occasionally add features to the model, which
would be good if there were predictive features later in the
stream, but does not lead to much overfitting when there
are no such features.
It is often the case that large numbers of features are
generated, with the best ones tending to be earlier in
the sequence. Such feature streams are generated when
one searches over interactions and transformations, as in
the bankruptcy example presented below. Similar feature
streams arise when one computes features at many length
scales, as for face or object recognition in machine vision. Another example is Structural Relational Learning
(SRL), where potential features are generated by searching
the space of logic queries or relational database queries.
We have used the CiteSeer data set, which contains about
500,000 papers, 100,000 “constants” (words, authors, and
journals), and around ten different relations (including author, venue, cites, has-word, institution, download) to predict which journal a given paper will be published in, or
which papers it will cite. Predictions using CiteSeer benefit
from the generation of rich sets of features, and depending
on the exact task, SFS gives out-of-sample errors comparable to, or several percentage points below those from nonadaptive techniques [6]. Learning in SRL methods such as
Structural Generalized Linear Regression (SGLR) [6] benefit from efficient integration of feature generation and selection; as each feature is tested for possible inclusion in
the model, the results are fed back to the feature genera-

BIC

RIC

SFS

p
features
false pos.
error
features
false pos.
error
features
false pos.
error

1,000
39.3
29.5
3.21
7.1
0.1
2.88
5.4
0.3
3.16

10,000
199
189
4.45
3.8
0.5
3.49
5.4
0.5
3.30

100k
199
189
4.45
1.2
0.1
3.77
5.7
0.8
3.29

1M
199
189
4.45
0.9
0.2
3.91
5.7
0.8
3.29

Table 3. Effect of adding spurious features Same parameters as Table 1 except that additional spurious features
have been added after the first 1,000 features. “false pos.”
indicates the average number of features incorrectly added.
(average over 10 runs)

tor, which can then use this information to determine which
further features to generate. Since generating the features
from these databases takes CPU days, avoiding generating
features is important both for computational as well as for
statistical efficiency methods.
We also tested a slight modification of SFS on a problem of
predicting personal bankruptcies[7]. The data set is highly
un-balanced, containing 2,244 bankruptcy events and hundreds of thousands of non-bankruptcy observations. The
real world loss function for predicting bankruptcy is quite
asymmetric: the cost of predicting a bankruptcy when none
occurs is much higher than the cost of failing to predict a
bankruptcy when one does occur. We call the ratio of these
two costs ρ.
We compared Streaming Feature Selection against boosted
C4.5, doing 5-fold cross-validation, where each pass of the
cross-validation uses 100,000 non-bankruptcies and about
one fifth of the bankruptcies. SFS was run once, and then
the out-of-sample costs were estimated for each cost ratio,
ρ using the predicted probability of bankruptcy. C4.5 was
run separately for each value of ρ.

ρ
C.45 cost
SFS cost

199
132
61

99
76
41

19
18.6
15.3

6
7.2
6.9

4
5.09
5.02

1
1.45
1.54

Table 4. Loss as a function of the loss ratio, ρ, for
boosted C4.5 and for SFS
Table 4 shows that for low cost ratios, the two methods
give very similar results, but at higher cost ratios, SFS gives
around half the loss of C4.5. Using AIC, one would expect
over 1,000 variables to be falsely included in the model,
based on the fact that an f-statistic-based
penalty of 2 cor√
responds to a t-statistic of 2 which is a wildly generous
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threshold when considering 67,000 features. BIC also massively overfits, although less severely.

4 Alternate feature selection methods
Recent developments in statistical variable selection take
into account the size of the feature space, but only allow
for finite, fixed feature spaces, and do not support sequential (or streaming) feature selection. The risk inflation criterion (RIC) produces a model that possesses a type of competitive predictive optimality [4, 3]. RIC chooses a set of
features from the potential feature pool so that the loss of
the resulting model is within a factor of log(p) of the loss
of the best such model. In essence, RIC behaves like a
Bonferroni rule [3]. Each time a predictor is considered,
there is a chance that it will enter the model even if it is
merely noise. In other words, the tested null hypothesis
is that the proposed feature does not improve the prediction of the model. Doing a formal test generates a p-value
for this null hypothesis. Suppose we only add this predictor if its p-value is less than αj when we consider the jth
predictor. Then the Bonferroni rule keeps the chance of
adding even oneP
extraneous predictor to less than, say, 0.05
by constraining αj ≤ 0.05.

Bonferroni methods like RIC are conservative, limiting the
ability of a model to add factors that improve its predictive accuracy. The connection of RIC to α-spending rules
leads to a more powerful alternative. An α-spending rule
is a multiple comparison procedure that bounds its cumulative type 1 error rate at a small level, say 5%. For example,
suppose one has to test the p hypotheses H1 , H2 , . . . , Hp .
If we test the first using
P level α∆ , the second using level
α2 and so forth with j αj = 0.05, then we have only a
5% chance of falsely rejecting one of the p hypotheses. If
we associate each hypothesis with the claim that a predictor
adds to value to a regression, then we are back in the situation of a Bonferroni rule for variable selection. Bonferroni
methods and RIC simply fix αj = α/p for each test.
Alternative multiple comparison procedures control a different property. Rather than control the cumulative α (also
known as the family wide error rate), these control the socalled false discovery rate [5]. Control of the false discovery rate at 5% implies that at most 5% of the rejected
hypotheses are false positives. In variable selection, this
implies that of the included predictors, at most 5% degrade the accuracy of the model. The Benjamini-Hochberg
method for controlling the false discovery rate suggests the
α-spending method for keeping the false discovery rate below α: Order the p-values of the independents tests of
H1 , H2 , . . . , Hp so that p1 ≤ p2 ≤ · · · pp . Now find the
largest p-value for which pk ≤ α/(p − k) and reject all Hi
for i ≤ k. Thus, if the smallest p-value p1 ≤ α/p, it is
rejected. Rather than compare the second largest p-value to
the RIC/Bonferroni threshold α/p, reject H2 if p2 ≤ 2α/p.

There have been many papers that looked at procedures of
this sort for use in variable selection from an FDR perspective [8], an empirical Bayesian perspective [9, 10], an information theoretical perspective [11] or simply a data mining
perspective [7]. But all of these require knowing the entire list of possible variables ahead of time. Further, most
of them assume that the variables are orthogonal and hence
tacitly assume that p < n.
We are currently exploring a way of doing SFS that uses
what we call α-investing instead of IIC. In SFS using IIC,
we keep track of the number of bits saved and use these
bits to invest in future variables. Whereas in α-investing
the medium of exchange is the accumulation of α that has
yet to be spent. When a significant variable is found, the
α-spending account goes up, but when a variable is found
to be insignificant, the account decreases. Though the αinvesting rule sounds like it might be close to BenjaminiHochberg’s FDR procedure described above, it turns out to
be fairly different. In particular, the Benjamini-Hochberg
method fails as p gets large; it is a batch-oriented procedure. But the α-investing shares with IIC the property of
not needing to know p ahead of time and hence being able
to handle a potentially infinite stream of predictors.

5 Summary
A variety of machine learning algorithms have been developed for online learning where observations are sequentially added. Algorithms such as SFS which are online in
the features being used are much less common. For some
problems, all predictors are known in advance, and a large
fraction of them are predictive. In such cases, regularization or smoothing methods work well and streaming feature selection does not make sense. For other problems,
selecting a small number of features gives a much stronger
model than trying to smooth across all potential features.
(See [12, 13] for a range of feature selection problems and
approaches.) For example, in predicting what journal an
article will be published in, we find that roughly 10-20 of
the 80,000 features we examine are selected [14]. For the
problems in citation prediction and bankruptcy prediction
that we have looked at, generating potential features (e.g.
by querying a database or by computing transformations or
combinations of the raw features) takes orders of magnitude more time than the machine learning done by streaming feature selection. Thus, the flexibility that SFS provides
to dynamically decide which features to generate and add
to the feature stream provides potentially large savings in
computation.
Streaming feature selection can be done using any penalty
method such as AIC, BIC or RIC, but is functions best
when using a method such as IIC which adapts the penalty
as a function of what features have been seen and added at
each point. The widely used BIC criterion is only valid in
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the limit as the number of observations n goes to infinity
while the number of features p remains small. The more
modern RIC assumes that n and p are large but that the
number of true variables in the model is close to one. Unlike BIC and RIC, IIC works for all values of p and n, and
for any q  p. The results presented in this paper are for
“hard” problems, in which the coefficients are close to the
limit of being detectable above the noise. For easy problems, where the signal to noise ratio is high, all methods
tend to work reasonably well. For problems which have a
mix of easy and hard coefficients, the SFS algorithm can
be modified to make multiple passes, first “investing” a relatively small number of bits to find the easy features, and
then using the algorithm as described above to find the hard
features.
Key to the guarantee that IIC works for widely varying values of n, p and q is the use of an adaptive penalty to control
the ratio of correct (“true”) to incorrect (“false”) features by
using an information theoretic coding to adjust the threshold on the entropy reduction necessary for adding a variable
to the model. Streaming Feature Selection with IIC is extremely easily to implement on top of any algorithm which
incrementally considers features for addition and calculates
their entropy reduction or p-value. For linear and logistic
regression, we have found that SFS can easily handle millions of features.

References
[1] S. Dzeroski and N. Lavrac. Relational Data Mining.
Springer-Verlag, 2001.
[2] Jorma Rissanen. Hypothesis selection and testing by
the mdl principle. The Computer Journal, 42:260–
269, 1999.
[3] D. P. Foster and E. I. George. The risk inflation criterion for multiple regression. Annals of Statistics,
22:1947–1975, 1994.
[4] D. L. Donoho and I. M. Johnstone. Ideal spatial adaptation by wavelet shrinkage. Biometrika, 81:425–455,
1994.
[5] Y. Benjamini and Y. Hochberg. Controlling the false
discovery rate: a practical and powerful approach to
multiple testing. Journal of the Royal Statistical Society, Series B(57):289–300, 1995.
[6] A. Popescul and L. H. Ungar. Cluster-based concept
invention for statistical relational learning. In Proc.
Conference Knowledge Discovery and Data Mining
(KDD-2004), 2004.
[7] D. P. Foster and R. A. Stine. Variable selection
in data mining: Building a predictive model for
bankruptcy. Journal of the American Statistical Association (JASA), 2004. 303-313.

[8] Felix Abramovich, Y. Benjamini, D. Donoho, and Ian
Johnstone. Adapting to unknown sparsity by controlling the false discovery rate. Technical Report 2000–
19, Dept. of Statistics, Stanford University, Stanford,
CA, 2000.
[9] E. I. George and D. P. Foster. Calibration and empirical bayes variable selection. Biometrika, 87:731–747,
2000.
[10] I. M. Johnstone and B. W. Silverman. Needles and
straw in haystacks: Empirical bayes estimates of possibly sparse sequences. Annals of Statistics, 32:1594–
1649, 2004.
[11] D. P. Foster and R. A. Stine. Adaptive variable selection competes with Bayes experts. Submitted for
publication, 2004.
[12] In JMLR Special Issue on Variable Selection. Journal
of Machine Learning Research (JMLR), 2003.
[13] In NIPS 2003 workshop on feature extraction, 2003.
[14] A. Popescul and L. H. Ungar. Structural logistic
regression for link analysis. In KDD Workshop on
Multi-Relational Data Mining, 2003.

364

Defensive Forecasting

Vladimir Vovk∗
vovk@cs.rhul.ac.uk
http://vovk.net

Akimichi Takemura†
takemura@stat.t.u-tokyo.ac.jp
http://www.e.u-tokyo.ac.jp/~takemura

Glenn Shafer‡∗
gshafer@andromeda.rutgers.edu
http://glennshafer.com

Abstract

in particular limit theorems (such as the weak and
strong laws of large numbers, the law of the iterated
logarithm, and the central limit theorem) and largedeviation inequalities (such as Hoeffding’s inequality),
describe different aspects of agreement between pn and
yn . For example, according to the strong law of large
numbers, we expect that

We consider how to make probability forecasts of binary labels. Our main mathematical result is that for any continuous gambling
strategy used for detecting disagreement between the forecasts and the actual labels,
there exists a forecasting strategy whose forecasts are ideal as far as this gambling strategy is concerned. A forecasting strategy obtained in this way from a gambling strategy
demonstrating a strong law of large numbers
is simplified and studied empirically.

1

n

1X
(yi − pi ) = 0.
n→∞ n
i=1
lim

(1)

Such results will be called laws of probability and the
existing body of laws of probability will be called classical probability theory.

INTRODUCTION

Probability forecasting can be thought of as a game
between two players, Forecaster and Reality:
FOR n = 1, 2, . . . :
Reality announces xn ∈ X.
Forecaster announces pn ∈ [0, 1].
Reality announces yn ∈ {0, 1}.
On each round, Forecaster predicts Reality’s move yn
chosen from the label space, always taken to be {0, 1}
in this paper. His move, the probability forecast pn ,
can be interpreted as the probability he attaches to
the event yn = 1. To help Forecaster, Reality presents
him with an object xn at the beginning of the round;
xn are chosen from an object space X.
Forecaster’s goal is to produce pn that agree with the
observed yn . Various results of probability theory,
∗
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In §2, following [12], we formalize Forecaster’s goal by
adding a third player, Skeptic, who is allowed to gamble at the odds given by Forecaster’s probabilities. We
state a result from [14] and [12] suggesting that Skeptic’s gambling strategies can be used as tests of agreement between pn and yn and that all tests of agreement between pn and yn can be expressed as Skeptic’s
gambling strategies. Therefore, the forecasting protocol with Skeptic provides an alternative way of stating
laws of probability.
As demonstrated in [12], many standard proof techniques developed in classical probability theory can be
translated into continuous strategies for Skeptic. In §3
we show that for any continuous strategy S for Skeptic there exists a strategy F for Forecaster such that S
does not detect any disagreement between the yn and
the pn produced by F. This result is a “meta-theorem”
that allows one to move from laws of probability to
forecasting algorithms: as soon as a law of probability
is expressed as a continuous strategy for Skeptic, we
have a forecasting algorithm that guarantees that this
law will hold; there are no assumptions about Reality,
who may play adversarially.
Our meta-theorem is of any interest only if one can find
sufficiently interesting laws of probability (expressed as
gambling strategies) that can serve as its input. In §4

we apply it to the important properties of unbiasedness in the large and small of the forecasts pn ((1) is an
asymptotic version of the former). The resulting forecasting strategy is automatically unbiased, no matter
what data x1 , y1 , x2 , y2 , . . . is observed.
In §5 we simplify the algorithm obtained in §4 and
demonstrate its performance on some artificially generated data sets.

2

THE GAMBLING FRAMEWORK
FOR TESTING PROBABILITY
FORECASTS

Skeptic is allowed to bet at the odds defined by Forecaster’s probabilities, and he refutes the probabilities if
he multiplies his capital manyfold. This is formalized
as a perfect-information game in which Skeptic plays
against a team composed of Forecaster and Reality:
Binary Forecasting Game I
Players: Reality, Forecaster, Skeptic
Protocol:
K0 := 1.
FOR n = 1, 2, . . . :
Reality announces xn ∈ X.
Forecaster announces pn ∈ [0, 1].
Skeptic announces sn ∈ R.
Reality announces yn ∈ {0, 1}.
Kn := Kn−1 + sn (yn − pn ).

Validity Suppose Skeptic’s strategy is measurable
and pn are obtained from P ; Kn then form a
nonnegative martingale w.r. to P . According to
Doob’s inequality [14, 3], for any positive constant C, supn Kn ≥ C with P -probability at most
1/C. (If Forecaster is doing a bad job according
to the testing interpretation, he is also doing a
bad job from the standard point of view.)
Universality According to Ville’s theorem ([12],
§8.5), for any positive constant ² and any
event A ⊆ {0, 1}∞ such that P (A) < ², Skeptic has a measurable strategy that ensures
lim inf n→∞ Kn > 1/² whenever A happens, provided pn are computed from P . (If Forecaster is
doing a bad job according to the standard point
of view, he is also doing a bad job according to
the testing interpretation.) In the case P (A) = 0,
Skeptic actually has a measurable strategy that
ensures limn→∞ Kn = ∞ on A.
The universality of the gambling scenario
Forecasting Game I is its most important
over von Mises’s gambling scenario based
quence selection; it was discovered by Ville

Restriction on Skeptic: Skeptic must choose the sn
so that his capital is always nonnegative (Kn ≥ 0 for
all n) no matter how the other players move.
This is a perfect-information protocol; the players
move in the order indicated, and each player sees the
other player’s moves as they are made. It specifies
both an initial value for Skeptic’s capital (K0 = 1)
and a lower bound on its subsequent values (Kn ≥ 0).
Our interpretation, which will be called the testing interpretation, of Binary Forecasting Game I is that Kn
measures the degree to which Skeptic has shown Forecaster to do a bad job of predicting yi , i = 1, . . . , n.
2.1

P that yn = 1 given y1 , . . . , yn−1 , we have a standard
way of testing P and, therefore, pn : choose an event
A ⊆ {0, 1}∞ (the critical region) with a small P (A)
and reject P if A happens. The testing interpretation
satisfies the following two properties:

VALIDITY AND UNIVERSALITY OF
THE TESTING INTERPRETATION

As explained in [12], the testing interpretation is valid
and universal in an important sense. Let us assume,
for simplicity, that objects are absent (formally, that
|X| = 1). In the case where Forecaster starts from
a probability measure P on {0, 1}∞ and obtains his
forecasts pn ∈ [0, 1] as conditional probabilities under
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2.2

of Binary
advantage
on subse[14].

CONTINUITY OF GAMBLING
STRATEGIES

In [12] we constructed Skeptic’s strategies that made
him rich when the statement of any of several key laws
of probability theory was violated. The constructions
were explicit and lead to continuous gambling strategies. We conjecture that every natural result of classical probability theory leads to a continuous strategy
for Skeptic.

3

DEFEATING SKEPTIC

In this section we prove the main (albeit very simple)
mathematical result of this paper: for any continuous
strategy for Skeptic there exists a strategy for Forecaster that does not allow Skeptic’s capital to grow,
regardless of what Reality is doing. Actually, our result will be even stronger: we will have Skeptic announce his strategy for each round before Forecaster’s
move on that round rather than making him announce
his full strategy at the beginning of the game, and we
will drop the restriction on Skeptic. Therefore, we con-

sider the following perfect-information game that pits
Forecaster against the two other players:

using the strategy sn = s²n := ²Kn−1 . Indeed, since
Kn =

Binary Forecasting Game II

n
Y

(1 + ²(yi − pi )),

i=1

Players: Reality, Forecaster, Skeptic

on the paths where Kn is bounded we have

Protocol:

n
Y

K0 := 1.
FOR n = 1, 2, . . . :
Reality announces xn ∈ X.
Skeptic announces continuous Sn : [0, 1] → R.
Forecaster announces pn ∈ [0, 1].
Reality announces yn ∈ {0, 1}.
Kn := Kn−1 + Sn (pn )(yn − pn ).

(1 + ²(yi − pi )) ≤ C,

i=1
n
X

ln(1 + ²(yi − pi )) ≤ ln C,

i=1

²

n
n
X
X
(yi − pi ) − ²2
(yi − pi )2 ≤ ln C,
i=1

Theorem 1 Forecaster has a strategy in Binary Forecasting Game II that ensures K0 ≥ K1 ≥ K2 ≥ · · · .

i=1

²

n
X

(yi − pi ) ≤ ln C + ²2 n,

i=1
n

ln C
1X
+²
(yi − pi ) ≤
²n
n i=1

Proof Forecaster can use the following strategy to ensure K0 ≥ K1 ≥ · · · :
• if the function Sn (p) takes the value 0, choose pn
so that Sn (pn ) = 0;

(we have used the fact that ln(1 + t) ≥ t − t2 when
|t| ≤ 0.5). If Skeptic wants to ensure
n

sup Kn < ∞ =⇒ −² ≤ lim inf

• if Sn is always positive, take pn := 1;

n→∞

n

n

1X
(yi − pi ) ≤ ²,
≤ lim sup
n→∞ n
i=1

• if Sn is always negative, take pn := 0.

4

EXAMPLES OF GAMBLING
STRATEGIES

he can use the strategy sn := (s²n + s−²
n )/2, and if he
wants to ensure

In this section we discuss strategies for Forecaster
obtained by Theorem 1 from different strategies for
Skeptic; the former will be called defensive forecasting
strategies. There are many results of classical probability theory that we could use, but we will concentrate on the simple strategy described in [12], p. 69,
for proving the strong law of large numbers.
If Sn (p) = Sn does not depend on p, the strategy from
the proof of Theorem 1 makes Forecaster choose


if Sn < 0
0
pn := 1
if Sn > 0


0 or 1 if Sn = 0.
The basic procedure described in [12] (p. 69) is as follows. Let ² ∈ (0, 0.5] be a small number (expressing
our tolerance to violations of the strong law of large
numbers). In Binary Forecasting Game I, Skeptic can
ensure that

n

sup Kn < ∞ =⇒
n

n

n→∞

1X
(yi − pi ) ≤ ²
n i=1

1X
(yi − pi ) = 0,
n→∞ n
i=1
lim

(3)

he can use a convex mixture of (s²n + s−²
n )/2 over a sequence of ² converging to zero. There are also standard
ways of strengthening (3) to
n

1X
(yi − pi ) = 0;
n→∞ n
i=1

lim inf Kn < ∞ =⇒

lim

n→∞

for details, see [12].
In the rest of this section we will draw on the excellent
survey [2]. We will see how Forecaster defeats increasingly sophisticated strategies for Skeptic.
4.1

UNBIASEDNESS IN THE LARGE

Following Murphy and Epstein [7], we say that Forecaster is unbiased in the large if (1) holds. Let us first
consider the one-sided relaxed version of this property
n

n

sup Kn < ∞ =⇒ lim sup

1X
(yi − pi )
n i=1

(2)
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lim sup
n→∞

1X
(yi − pi ) ≤ ².
n i=1

(4)

The strategy for Skeptic described above, Sn (p) :=
²Kn , leads to Forecaster always choosing pn := 1; (4)
is then satisfied in a trivial way.
Forecaster’s strategy corresponding to the two-sided
version

n
1X
(yi − pi ) ≤ ² (5)
≤ lim sup
n→∞ n
i=1

is not much more reasonable. Indeed, it can be represented as follows. The initial capital 1 is split evenly
between two accounts, and Skeptic gambles with the
two accounts separately. If at the outset of round n the
1
capital on the first account is Kn−1
and the capital on
1
2
the second account is Kn−1 , Skeptic plays s1n := ²Kn−1
2
2
with the first account and sn := −²Kn−1 with the second account; his total move is
1
2
Sn (p) := ²Kn−1
− ²Kn−1
Ãn−1
!
n−1
Y
Y
=²
(1 + ²(yi − pi )) −
(1 + ²(pi − yi )) .
i=1

Therefore, Forecaster’s move is pn := 1 if
n−1
X

ln(1 + ²(yi − pi )) >

i=1

n−1
X

ln(1 + ²(pi − yi )),

i=1

ln(1 + ²(yi − pi )) <

i=1

n−1
X

In the rest of this section we consider the more interesting case where Sn (p) depends on p.
4.2

UNBIASEDNESS IN THE SMALL

We now consider a subtler requirement that forecasts
should satisfy, which we introduce informally. We say
that the forecasts pn are unbiased in the small (or reliable, or valid, or well calibrated) if, for any p∗ ∈ [0, 1],
P
∗ yi
Pi=1,...,n:pi ≈p
≈ p∗
(7)
i=1,...,n:pi ≈p∗ 1
P
provided i=1,...,n:pi ≈p∗ 1 is not too small.
Let us first consider just one value for p∗ . Instead of
the “crisp” point p∗ we will consider a “fuzzy point” I :
[0, 1] → [0, 1] such that I(p∗ ) = 1 and I(p) = 0 for all p
outside a small neighborhood of p∗ . A standard choice
would be something like I := I[p− ,p+ ] , where [p− , p+ ] is
a short interval containing p and I[p− ,p+ ] is its indicator
function, but we will want I to be continuous (it can,
however, be arbitrarily close to I[p− ,p+ ] ).
The strategy for Skeptic ensuring (2) can be modified
as follows. Let ² ∈ (0, 0.5] be again a small number. Now we consider the strategy Sn (p) = Sn²,I (p) :=
²I(p)Kn−1 . Since

pn := 0 if
n−1
X

i=1

His goals are achieved with categorical forecasts, pn ∈
{0, 1}.

n

1X
(yi − pi )
− ² ≤ lim inf
n→∞ n
i=1

i=1

as small as possible. In the two-sided case (5) with
² → 0, he manages to guarantee that
¯ n
¯
¯X
¯
¯
¯
(6)
¯ (yi − pi )¯ ≤ 1.
¯
¯

ln(1 + ²(pi − yi )),

i=1

Kn =

and pn can be chosen arbitrarily in the case of equality. The limiting form of this strategy as ² → 0 is:
Forecaster’s move is pn := 1 if
n−1
X

n
Y

(1 + ²I(pi )(yi − pi )),

i=1

on the paths where Kn is bounded we have
n
Y

(1 + ²I(pi )(yi − pi )) ≤ C,

i=1

(yi − pi ) > 0,

n
X

i=1

pn := 0 if

ln(1 + ²I(pi )(yi − pi )) ≤ ln C,

i=1

n−1
X

(yi − pi ) < 0,

²

i=1

n
X

I(pi )(yi − pi ) − ²2

i=1

and pn can be chosen arbitrarily in the case of equality.
We can see that unbiasedness in the large does not
lead to interesting forecasts: Forecaster fulfils his task
too well. In the one-sided case (4), he always chooses
pn := 1 making
n
X
(yi − pi )
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I 2 (pi )(yi − pi )2 ≤ ln C,

i=1

²

n
X
i=1

I(pi )(yi − pi ) − ²2

n
X

I(pi ) ≤ ln C

i=1
2

(the last step involves replacing I (pi ) with I(pi ); the
loss of precision is not great if I is close to I[p− ,p+ ] ),
²

n
X
i=1

i=1

n
X

I(pi )(yi − pi ) ≤ ln C + ²2

n
X
i=1

I(pi ),

Pn

I(p )(y −
i=1
Pn i i
i=1 I(pi )

pi )

ln C
+ ².
≤ Pn
² i=1 I(pi )

The last inequality shows that the mean of yi for pi
close to p∗ is close to p∗ provided we have observed sufficiently many such pi ; its interpretation is especially
simple when I is close to I[p− ,p+ ] .
In general, we may consider a mixture of Sn²,I (p) and
Sn−²,I (p) for different values of ² and for different I covering all p∗ ∈ [0, 1]. If we make sure that the mixture
is continuous (which is always the case for continuous
I and finitely many ² and I), Theorem 1 provides us
with forecasts that are unbiased in the small.
4.3

USING THE OBJECTS

Unbiasedness, even in the small, is only a necessary but
far from sufficient condition for good forecasts: for example, a forecaster who ignores the objects xn can be
perfectly calibrated, no matter how much useful information xn contain. (Cf. the discussion of resolution in
[2]; we prefer not to use the term “resolution”, which
is too closely connected with the very special way of
probability forecasting based on sorting and labeling.)
It is easy to make the algorithm of the previous subsection take the objects into account: we can allow the
test functions I to depend not only on p but also on
the current object xn ; Sn (p) then becomes a mixture
of
Sn²,I (p) := ²I(p, xn )

n−1
Y

(1 + ²I(pi , xi )(yi − pi ))

i=1

and Sn−²,I (p) (defined analogously) over ² and I.
4.4

RELATION TO A STANDARD
COUNTER-EXAMPLE

Suppose, for simplicity, that objects are absent (|X| =
1). The standard construction from Dawid [1] showing
that no forecasting strategy produces forecasts pn that
are unbiased in the small for all sequences is as follows.
Define an infinite sequence y1 , y2 , . . . recursively by
(
1 if pn < 0.5
yn :=
0 otherwise,
where pn is the forecast produced by the forecasting
strategy after seeing y1 , . . . , yn−1 . For the forecasts
pn < 0.5 we always have yn = 1 and for the forecasts
pn ≥ 0.5 we always have yn = 0; obviously, we do not
have unbiasedness in the small.
Let us see what Dawid’s construction gives when applied to the defensive forecasting strategy constructed
from the mixture of Sn²,I (p) and Sn−²,I (p), as described
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above, over different ² and different I; we will assume
not only that the test functions I cover all [0, 1] but
also that each point p ∈ [0, 1] is covered by arbitrarily narrow (concentrated in a small neighborhood of
p) test functions. It is clear that we will inevitably
have pn → 0.5 if pn are produced by the defensive
forecasting strategy and yn are produced by Dawid’s
construction. On the other hand, since all test functions I are continuous and so cannot sharply distinguish between the cases pn < 0.5 and pn ≥ 0.5, we do
not have any contradiction: neither the test functions
nor any observer who can only measure the pn with a
finite precision can detect the lack of unbiasedness in
the small.
In this paper we are only interested in unbiasedness
in the small when the test functions I are required
to be continuous. Dawid’s construction shows that
unbiasedness in the small is impossible to achieve if I
are allowed to be indicator functions of intervals (such
as [0, 0.5) and [0.5, 1]). To achieve unbiasedness in the
small in this stronger sense, randomization appears
necessary (see, e.g., [18]). It is interesting that already
a little bit of randomization suffices, as explained in
[5].

5

SIMPLIFIED ALGORITHM

Let us assume first that objects are absent, |X| = 1.
It was observed empirically that the performance of
defensive forecasting strategies with a fixed ² does not
depend on ² much (provided it is not too large; e.g., in
the above calculations we assumed ² ≤ 0.5). This suggests letting ² → 0 (in particular, we will assume that
² ¿ n−2 ). As the test functions I we will take Gaussian bells Ij with standard deviation σ > 0 located
densely and uniformly in the interval [0, 1]. Letting ≈
stand P
for approximate equality and using the shorthand ± f (±) := f (+) + f (−), we obtain:
n−1
XX
Y
Sn (p) =
(±²)Ij (p)
(1 ± ²Ij (pi )(yi − pi ))
±

j

i=1

Ãn−1
!
XX
X
=
(±²)Ij (p) exp
ln(1 ± ²Ij (pi )(yi − pi ))
±

j

i=1

Ã n−1
!
XX
X
≈
(±²)Ij (p) exp ±²
Ij (pi )(yi − pi )
±

≈

j

i=1

XX
±

j

Ã
(±²)Ij (p) 1 ± ²

n−1
X

!
Ij (pi )(yi − pi )

i=1

Ã n−1
!
XX
X
=
(±²)Ij (p) ±²
Ij (pi )(yi − pi )
±

j

i=1

∝

X

Ij (p)

j

=

n−1
X

1

Ij (pi )(yi − pi )

n−1
X

K29 forecasting strategy
Laplace forecasting strategy

0.9

i=1

0.8

K(p, pi )(yi − pi ),

(8)

0.7

i=1
0.6

where K(p, pi ) is the Mercer kernel
X
K(p, pi ) :=
Ij (p)Ij (pi ).

0.5
0.4

j
0.3

This Mercer kernel can be approximated by
¶
µ
¶
µ
Z 1
(t − pi )2
1
(t − p)2
1
√
√
dt
exp
−
exp −
2σ 2
2σ 2
2πσ
2πσ
0
¶
µ
(t − p)2 + (t − pi )2
dt
∝
exp −
2σ 2
0
¶
µ
Z ∞
(t − p)2 + (t − pi )2
dt.
≈
exp −
2σ 2
−∞

Z

1
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Figure 1: The First 1000 Probabilities Output by the
K29 (σ = 0.01) and Laplace Forecasting Strategies on
a Randomly Generated Bit Sequence

As a function of p, the last expression is proportional
to the density of the sum of two Gaussian random
variables of variance σ 2 ; therefore, it is proportional
to
¶
µ
(p − pi )2
.
exp −
4σ 2
To get an idea of the properties of this forecasting
strategy, which we call the K29 strategy (or algorithm), we run it and the Laplace forecasting strategy
(pn := (k + 1)/(n + 1), where k is the number of 1s
observed so far) on a randomly generated bit sequence
of length 1000 (with the probability of 1 equal to 0.5).
A zero point pn of Sn was found using the simple bisection procedure (see, e.g., [9], §§9.2–9.4, for more sophisticated methods): (a) start with the interval [0, 1];
(b) let p be the mid-point of the current interval; (c)
if Sn (p) > 0, remove the left half of the current interval; otherwise, remove its right half; (d) go to (b).
We did 10 iterations, after which the mid-point of the
remaining interval was output as pn . Notice that the
values Sn (0) and Sn (1) did not have to be tested. Our
program was written in MATLAB, Version 7, and the
initial state of the random number generator was set
to 0.
Figure 1 shows that the probabilities output by the
K29 (σ = 0.01) and Laplace forecasting strategies are
almost indistinguishable. To see that these two forecasting strategies can behave very differently, we complemented the 1000 bits generated as described above
with 1000 0s followed by 1000 1s. The result is shown
in Figure 2. The K29 strategy detects that the probability p of 1 changes after the 1000th round, and fairly
quickly moves down. When the probability changes
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again after the 2000th round, K29 starts moving toward p = 1, but interestingly, hesitates around the line
p = 0.5, as if expecting the process to reverse to the
original probability of 1.
The Mercer kernel

¶
µ
(p − pi )2
K(p, pi ) = exp −
4σ 2

used in these experiments is known in machine learning
as the Gaussian kernel (in the usual parameterization
4σ 2 is replaced by 2σ 2 or c); however, many other
Mercer kernels also give reasonable results.
If we start from test functions I depending on the object, instead of (8) we will arrive at the expression
Sn (p) =

n−1
X

K((p, xn ), (pi , xi ))(yi − pi ),

(9)

i=1

where K is a Mercer kernel on the squared product
([0, 1] × X)2 . There are standard ways of constructing
such Mercer kernels from Mercer kernels on [0, 1]2 and
X2 (see, e.g., the description of tensor products and
direct sums in [13, 11]). For Sn to be continuous, we
have to require that K be forecast-continuous in the
following sense: for all x ∈ X and all (p0 , x0 ) ∈ [0, 1] ×
X, K((p, x), (p0 , x0 )) is continuous as a function of p.
The overall procedure can be summarized as follows.
K29 Algorithm
Parameter: forecast-continuous Mercer kernel K on
([0, 1] × X)2
FOR n = 1, 2, . . . :
Read xn ∈ X.

law of large numbers used in this paper was extracted
from Ville’s [14] martingale proof of the law of the
iterated logarithm (upper half).

1
K29 forecasting strategy
Laplace forecasting strategy

0.9
0.8

The theory of probability forecasting was a topic of intensive research in meteorology in the 1960s and 1970s;
this research is summarized in [2]. Machine learning is
still mainly concerned with categorical prediction, but
the situation appears to be changing. Probability forecasting using Bayesian networks is a mature field; the
literature devoted to probability forecasting using decision trees and to calibrating other algorithms is also
fairly rich. So far, however, the field of probability
forecasting has been developing without any explicit
connections with classical probability theory.
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Figure 2: The Probabilities Output by the K29 (σ =
0.01) and Laplace Forecasting Strategies on a Randomly Generated Sequence of 1000 Bits Followed by
1000 0s and 1000 1s
Define Sn (p) as per (9).
Output any root p of Sn (p) = 0 as pn ;
if there are no roots, pn := (1 + sign(Sn ))/2.
Read yn ∈ {0, 1}.
Computer experiments reported in [16] show that the
K29 algorithm performs well on a standard benchmark
data set. For a theoretical discussion of the K29 algorithm, see [19] (Appendix) and [17].

6

RELATED WORK AND
DIRECTIONS OF FURTHER
RESEARCH

This paper’s methods connect two areas that have
been developing independently so far: probability forecasting and classical probability theory. It appears
that, when properly developed, these methods can
benefit both areas:
• the powerful machinery of classical probability
theory can be used for probability forecasting;
• practical problems of probability forecasting may
suggest new laws of probability.
Classical probability theory started from Bernoulli’s
weak law of large numbers (1713) and is the subject
of countless monographs and textbooks. The original
statements of most of its results were for independent
random variables, but they were later extended to the
martingale framework; the latter was reduced to its
game-theoretic core in [12]. The proof of the strong
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Defensive forecasting is indirectly related, in a sense
dual, to prediction with expert advice (reviewed in
[15], §4) and its special case, Bayesian prediction. In
prediction with expert advice one starts with a given
loss function and tries to make predictions that lead
to a small loss as measured by that loss function. In
defensive forecasting, one starts with a law of probability and then makes predictions such that this law
of probability is satisfied. So the choice of the law
of probability when designing the forecasting strategy
plays a role analogous to the choice of the loss function
in prediction with expert advice.
In prediction with expert advice one combines a pool of
potentially promising forecasting strategies to obtain
a forecasting strategy that performs not much worse
than the best strategies in the pool. In defensive forecasting one combines strategies for Skeptic (such as
the strategies corresponding to different test functions
I and different ±² in §4) to obtain one strategy achieving an interesting goal (such as unbiasedness in the
small); a strategy for Forecaster is then obtained using Theorem 1. The possibility of mixing strategies
for Skeptic is as fundamental in defensive forecasting
as the possibility of mixing strategies for Forecaster in
prediction with expert advice.
This paper continues the work started by Foster and
Vohra [4] and later developed in, e.g., [6, 10, 18] (the
last paper replaces the von Mises–style framework of
the previous papers with a martingale framework, as
in this paper). The approach of this paper is similar to
that of the recent paper [5], which also considers deterministic forecasting strategies and continuous test
functions for unbiasedness in the small.
The main difference of this paper’s approach from the
bulk of work in learning theory is that we do not make
any assumptions about Reality’s strategy.
The following directions of further research appear to
us most important:

• extending Theorem 1 to other forecasting protocols (such as multi-label classification) and designing efficient algorithms for finding the corresponding pn ;
• exploring forecasting strategies corresponding to:
(a) Hoeffding’s inequality, (b) the central limit
theorem, (c) the law of the iterated logarithm (all
we did in this paper was to slightly extend the
strong law of large numbers and then use it for
probability forecasting).
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Abstract
In this paper we investigate the properties
of the covariance matrices associated with
variational Bayesian approximations, based
on data from mixture models, and compare them with the true covariance matrices, corresponding to Fisher information matrices. It is shown that the covariance matrices from the variational Bayes approximations are normally ‘too small’ compared with
those for the maximum likelihood estimator,
so that resulting interval estimates for the parameters will be unrealistically narrow, especially if the components of the mixture model
are not well separated.

1

INTRODUCTION

A standard paradigm for learning about the parameters of latent variable models from data is that of
maximum likelihood. However, maximum likelihood
is well known for its tendency to overfit the data. On
the other hand, the Bayesian framework averages over
all possible settings of the model parameters. As a result Bayesian inference does not suffer from overfitting,
and, moreover, prior knowledge can be incorporated
naturally. Unfortunately, for most models of interest
involving missing data a full Bayesian analysis requires
the computation of the posterior distribution for a collection of unknown quantities, including parameters
and latent variables, which often leads to intractable
calculations because complicated multiple integrations
are involved. The use of Markov chain Monte Carlo
methods for numerical integration helps to side-step
this problem, but this is clearly quite expensive, in
terms of time and storage. Moreover MCMC algorithms can still exhibit conceptual and technical difficulties, for example in the assessment of the convergence of the chain to its stationary distribution.
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Recently, a deterministic approximate approach to
the intractable Bayesian learning problem, the variational Bayesian approximation, has been introduced
in the machine learning community, and is widely
recognised to be effective and promising in a variety
of models, such as hidden Markov models (MacKay
(1997)), graphical models (Attias (1999, 2000)), mixture models (Humphreys and Titterington (2000);
Penny and Roberts (2000)), mixtures of factor analysers (Ghahramani and Beal (2000)) and state space
models (Ghahramani and Beal (2001); Beal (2003)).
A general formulation of the variational approach is
described in Jordan (2004). The variational Bayes
approach facilitates analytical calculation of approximate posterior distributions over the hidden variables,
parameters and structures. They are computed via
an iterative algorithm that is closely related to the
Expectation-Maximisation (EM) algorithm and so its
convergence is guaranteed. Empirically, variational
Bayesian approximations have often been shown to
perform well in earlier contributions, but it has also
been noticed that this approach may underestimate
the spread of the posterior distributions for some particular examples (Humphreys and Titterington (2000);
Consonni and Marin (2004)), so its validity has still to
be assessed properly: exact theoretical analysis of the
quality of the method needs to be studied.
Some initial investigations have been implemented by
the authors in Wang and Titterington (2003) and
Wang and Titterington (2004b). It was shown theoretically that the iterative algorithm for obtaining
the variational Bayes approximation for the parameters of Gaussian mixture models converges locally
to the maximum likelihood estimator at the rate of
O(1/n) in the large sample limit. Later in Wang and
Titterington (2004a) we proved local convergence of
variational approximation algorithms for more general
models, namely exponential family models with missing values, and showed that the variational posterior
distribution for the parameters is asymptotically normal with the same mean but a different covariance ma-

trix compared with those for the maximum likelihood
estimator.
Since the maximum likelihood estimators and posterior distributions are also asymptotically normal (see
for instance Walker (1969), Chen (1985) and Ghosal
et al. (1995)), an interesting problem is how these
two limiting normal distributions can be compared.
From the early results on local convergence of variational approximations, one can note that they have
the same mean (i.e. the true value). However, their
covariance matrices do not appear to be equal. In the
context of Gaussian mixture models, in this paper we
study the covariance matrices associated with variational Bayesian approximations, which dictate the performance of variational Bayes approximations for interval estimates, and compare them with the true covariance matrices, as given in terms of Fisher information matrices. We show that the covariance matrices
from the variational Bayes approximation are normally
‘too small’ compared with those for the MLE, so that
resulting interval estimates for the parameters will be
too narrow, especially if the components of the mixture model are not well separated. Some numerical
examples illustrate the theoretical analysis.

Wishart, with Γs ∼ W(ν 0 , Φ0 ). The means conditioned on the precisions are independently Gaussian,
with µs |Γs ∼ N (ρ0 , β 0 Γs ), where β 0 Γs is the inverse
covariance matrix of the Gaussian distribution.
The joint density of Θ, S and Y is
m
n
Y
Y
p(Θ, S, Y ) = p(π)
p(µs |Γs )p(Γs )
πsi psi (yi ).
s=1

i=1

In the variational Bayes approach, we use an approximating density q(S, Θ) for p(S, Θ|Y ), which factorises
as
q(S, Θ) = q (S) (S)q (Θ) (Θ),

(2)

and such that the factors are chosen to maximise the
negative free energy
Z X
p(Θ, S, Y )
q(S, Θ) log
dΘ.
(3)
q(S, Θ)
{S}

As a result of the form of p(Θ, S, Y ), it follows immediately that the optimal q (S) (S) and q (Θ) (Θ) must
factorise as
n
Y
(S)
q (S) (S) =
qi (si ),
i=1

2

THE MIXTURE MODEL AND
THE VARIATIONAL
APPROXIMATION

q (Θ) (Θ) = q(π)

p(yi |Θ) =

ps (yi |Θ)p(si = s|Θ),

(1)

where yi ∈ IRd denotes the ith observed data vector,
and si indicates the hidden component that generated
it. The components are labelled by s = 1, 2, . . . , m,
and component s has mixing coefficient πs = p(si =
s|Θ), for any i and s = 1, 2, . . . , m − 1. Consequently
Pm−1
πm , p(si = m|Θ) = 1 − s=1 πs . We write the
parameters collectively as


 


π1
µ1
vec(Γ1 )


 


..
π =  ...  , µ =  ...  , Γ = 
,
.
0

µm

0

As in Attias (1999, 2000), Ghahramani and Beal
(2000), Humphreys and Titterington (2000) and
Penny and Roberts (2000), the remaining details of
the variational posteriors can be obtained by the following iterative procedure. In turn, we perform the
following two stages.
(S)

s=1

πm−1

q(µs |Γs )q(Γs ).

s=1

We consider a model in which we have a mixture of
m multivariate Gaussian densities p1 , p2 , . . . , pm with
mean vectors µ1 , . . . , µm and precision (inverse covariance) matrices Γ1 , . . . , Γm , respectively. Thus the density of an observation is given by
m
X

m
Y

vec(Γm )

(i) Optimise q (Θ) (Θ) for fixed {qi (si ), i = 1, . . . , n}.
Since conjugate priors are used, these variational
posteriors are functionally identical to the priors,
with different hyperparameter values: the mixing
coefficients π are jointly Dirichlet, with q(π) =
D(π : λ1 , . . . , λm ); the precisions are independently
Wishart, with q(Γs ) = W(Γs : νs , Φs ); and the means
conditioned on the precisions are independently Gaussian, with q(µs |Γs ) = N (µs : ρs , βs Γs ). Here D(π :
λ1 , . . . , λm ), W(Γs : νs , Φs ) and N (µs : ρs , βs Γs ) denote the relevant density functions. The hyperparameters are updated as follows:
n
X
λs =
ris + λ0 ,
(4)
i=1

0 0

and Θ = (π , µ , Γ ) . Here vec(A) is defined as the
stacked columns of A.
We use conjugate priors on the parameters Θ. The
mixing coefficients π follow a symmetric Dirichlet distribution D(λ0 ). The precisions are independently
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ρs =

n
X

βs =

i=1
n
X
i=1

0 0

ris yi + β ρ
ris + β 0 ,

n
. X

νs =

i=1
n
X
i=1


ris + β0 ,

(5)

ris + ν 0 ,

(6)

and
Φs = Φ 0 +

n
X

where the maps M1 , M2 and M3 represent the iterative procedure in (i) (ii).
ris (yi − µ̄s )(yi − µ̄s )0

i=1

n
n
hX
i. X

+ (
ris )β 0 (µ̄s − ρ0 )(µ̄s − ρ0 )0
ris + β0 ,
i=1

i=1

(7)
where
(S)

ris = qi (si = s),

µ̄s =

n
X

ris yi

i=1

n
. X


ris .

i=1

(S)

(ii) Optimise {qi (si ), si = 1, . . . , m, i = 1, . . . , n} for
fixed q (Θ) (Θ). For s = 1, . . . , m, this results in

In Wang and Titterington (2004b), the following convergence property of the variational Bayes estimates
defined by (8) has been proved.
Lemma 1. With probability 1 as n approaches infinity, π (k) , µ(k) and Γ(k) converge locally to the true
values π ∗ , µ∗ and Γ∗ ; that is, they converge to the
true values whenever the starting values are sufficiently
near to π ∗ , µ∗ and Γ∗ .
Remark 1. For general mixture models, because the
negative free energy (3) may be multi-modal, the variational Bayes algorithm may converge to different limits if different starting values (or hyperparameters) are
chosen. Therefore only local convergence was proved.

(S)

ris = qi (si = s)
∝

−(yi −ρs )0 Γ̄s (yi −ρs )/2
π̃s Γ̃1/2
s e

−d/(2βs )

·e

, γis ,

where
Z
π̃s = exp{ q(π) log πs dπ},
Z
Γ̃s = exp{ q(Γs ) log |Γs |dΓs },
Γ̄s =νs Φ−1
s .
If we let γi =
γis /γi .

Pm

s=1

γis , i = 1, . . . , n, then ris =

0 0 0

ris ∝ λ0 (ν 0 Φ0 )1/2 e−(yi −ρ

) ν Φ0 (yi −ρ0 )/2

0

· e−d/(2β ) .

THE CONVERGENCE OF
VARIATIONAL BAYES
APPROXIMATIONS AND
ASSOCIATED COVARIANCE
MATRICES

Suppose that the true value of the parameter Θ is Θ∗ .
At the kth iteration of the iterative procedure (i) (ii),
we define the variational Bayesian estimates π (k) , µ(k)
and Γ(k) of the parameters π, µ and Γ as their variational posterior means corresponding to the distributions q(π), q(µs |Γs ) and q(Γs ) at the current iteration,
thus the iterative procedure (i) (ii) suggests the following algorithm: starting with some initial values π (0) ,
µ(0) and Γ(0) , the variational Bayesian estimates are
computed recursively by
(k)

),

(8a)

(k)

),

(8b)

= M3 (π (k) , µ(k) , Γ(k) ),
Γ(k+1)
s

(8c)

πs(k+1)
µ(k+1)
s

−1
−1
⊗ (Φ(k)
nCov(Γs ) = 2nνs(k) (Φ(k)
s )
s )
(k) −1
= 2νs(k) (Φ(k)
→ 2πs∗−1 (Γ∗s ⊗ Γ∗s ),
s ⊗ Φs )

This iterative procedure can be initialised by taking,
for each i and s,

3

Denote by ⊗ the Kronecker product. By (4)-(7) and
the convergence property given by Lemma 1, one can
easily obtain that, as n tends to infinity, nCov(π) →
 ∗

π1 (1 − π1∗ )
∗ ∗
−πs πk 



..

 , Λ,
.




−πs∗ πk∗
∗
∗
πm−1 (1 − πm−1 )

= M1 (π

(k)

= M2 (π

(k)

(k)

,µ

(k)

,µ

,Γ

,Γ
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Z
IE(µs ) = µs q (k) (µs )dµs
Z
= µs q (k) (µs |Γs )q (k) (Γs )dΓs dµs = ρ(k)
s ,
and it follows that
Z
(k) 0 (k)
(µs )dµs
nCov(µs ) = n (µs − ρ(k)
s )(µs − ρs ) q
Z
(k) 0 (k)
(µs |Γs )q (k) (Γs )dΓs dµs
= n (µs − ρ(k)
s )(µs − ρs ) q
Z
−1 (k)
= n (βs(k) Γ(k)
q (Γs )dΓs
s )
∗−1 ∗−1
Γs .
= n(βs(k) )−1 (νs(k) − m − 1)−1 Φ(k)
s → πs

Moreover, letting µjs and Γtτ
s denote any elements of
µs and Γs , respectively, we have
nCov(µjs , Γtτ
s )
Z
tτ
=n [µjs − IE(µjs )][Γtτ
s − IE(Γs )]
· q (k) (µs )q (k) (Γs )dµjs dΓtτ
s
=n

Z

tτ
][Γtτ
[µjs − ρ(k),j
s − IE(Γs )]
s

· q (k) (µs |Γs )(q (k) (Γs ))2 dµjs dΓtτ
s = 0,

and the other covariances between π, µ and Γ are zero,
by assumption (2).

After a straightforward calculation we obtain
∂L
= αs − αm , s = 1, . . . , m − 1,
∂πs
∂L
= πs αs Γs δs , s = 1, . . . , m,
∂µs
∂L
1
= πs αs σs , s = 1, . . . , m.
∂vec(Γs )
2

Define
),
Ω = diag(πs∗−1 Γ∗−1
s

Σ = diag(2πs∗−1 (Γ∗s ⊗ Γ∗s )).

Then the covariance matrix of Θ associated with the
variational posterior distributions is such that


Λ 0 0
(9)
nCov(Θ) →  0 Ω 0  , Ψ.
0 0 Σ

4

COMPARISON OF
VARIATIONAL COVARIANCE
MATRICES WITH FISHER
INFORMATION MATRICES

Let


α1 − αm


..


.


 αm−1 − αm 


 π1 α1 Γ1 δ1 




..
Q=
.
.


πm αm Γm δm 

 1
 π1 α1 σ1 

 2


..


.
1
2 πm αm σm


In this section we first give an explicit expression for
the Fisher information matrix associated with our mixture model, and then compare it with the covariance
matrix associated with variational Bayes approximations, which is crucial for the performance of interval
estimates based on variational Bayes approximations.

Then the Fisher information matrix (10) can be rewritten as
Z
I(Θ) =
QQ0 p(y|Θ)dy = IE[QQ0 ].
(11)
IRd

In the sequel, we denote by y any random vector distributed according to the probability density of the
form (1). Thus the Fisher information matrix per observation is given by
Z
I(Θ) =
[∇ log p(y|Θ)][∇ log p(y|Θ)]0 p(y|Θ)dy.
IRd
(10)

The following lemma is a corollary of Schwarz’s inequality, which has been used in Peters and Walker
(1978).
Pm
Lemma 2. If ηs ≥ 0 for s = 1, · · · , m and s=1 ηs =
1, then
m
m
X
X
|
ξs ηs |2 ≤
ξs2 ηs
s=1

The Fisher information matrix plays an important role
in determining the asymptotic distribution of maximum likelihood estimators. Under quite mild conditions, Redner and Walker (1984) stated the following
property of asymptotic normality for the maximum
likelihood estimator for mixture models.
Theorem 1. Let Θ̃n be the
√ strongly consistent MLE
of the parameter Θ. Then n(Θ̃n − Θ∗ ) is asymptotically normally distributed with mean zero and covariance matrix I(Θ∗ )−1 .

s=1

for any {ξs }s=1,··· ,m .
Moreover, after a tedious calculation the following
equalities can be verified.
Lemma 3. At the true value Θ∗ , we have that, for
s = 1, . . . , m,
IE(αs ) = 1,
IE(αs σs ) = 0,

IE(αs δs ) = 0,
IE(αs δs σs0 ) = 0,

IE(αs σs σs0 ) = 2(Γ∗s ⊗ Γ∗s )−1 .

(12a)
(12b)
(12c)

Let L(Θ) = log p(y|Θ) and, for s = 1, . . . , m, let
αs =

ps (y|Θ)
,
p(y|Θ)

Now we state the main result of this section.
δs = y − µs ,

Theorem 2. If Ψ is defined as in (9), then the Fisher
information matrix satisfies

0
σs = vec[Γ−1
s − (y − µs )(y − µs ) ].

One should bear in mind the dependencies of αs , δs
and σs on Θ or its components, which are omitted for
the sake of clarity.
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I(Θ∗ )−1 ≥ Ψ,

(13)

by which it is meant that I(Θ∗ )−1 − Ψ is nonnegative
definite.

Proof. Obviously, Ψ is positive definite, and thus it is
sufficient to show that
0

∗

0

−1

Θ I(Θ )Θ ≤ Θ Ψ

0

Θ=uΛ

−1

0

u+v Ω

−1

0

v+W Σ

−1

Clearly, one has
I1 =

W

s=1

for any


u1
..
.

m
X

Finally,

s=1

2

πs∗ αs σs0 vec(Ws )

Pm−1
where we have defined um = − s=1 us .
Pm
Noting that s=1 πs∗ αs = 1 and applying Lemma 2,
we have
Θ0 IE(QQ0 )Θ
X
m
h
i2 
1
πs∗ αs us πs∗−1 + δs0 Γ∗s vs + σs0 vec(Ws )
≤IE
2
s=1

m
X
=
IE u2s πs∗−1 αs + πs∗ αs [δs0 Γ∗s vs ]2
s=1

1
+ πs∗ αs [σs0 vec(Ws )]2 + 2us αs δs0 Γ∗s vs
4

+ us αs σs0 vec(Ws ) + πs∗ αs δs0 Γ∗s vs σs0 vec(Ws )
=

s=1


IE u2s πs∗−1 αs +

m
X

s=1

I3 =

X
m
h
i2
1
,
=IE
πs∗ αs us πs∗−1 + δs0 Γ∗s vs + σs0 vec(Ws )
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By (12),

In fact, by (11) one has that
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By expanding the matrices into expressions involving
their components and noting (12c), one can check that
i
h
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=2tr (Ws Γ∗−1
)2 + (tr{Γ∗−1
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s
s
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where the last equality holds since the cross terms average to zero, by (12).
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The proof is complete.

(2) pi1=0.4,pi2=0.3,mu1=−1,mu2=0,mu3=1

(1) pi1=0.3,pi2=0.3,mu1=−8,mu2=0,mu3=8

Table 1: The Fisher information (FI) matrices and the
inverse of the variational covariance (IVC) matrices
corresponding to Figure 1. Each cell contains a 2 × 2
matrix.

0.2

0.3
0.25

0.15

0.2
0.1
0.15
0.05

FI
IVC

(1)
5.83 2.50

(2)
2.47 1.29

(3)
6.08 3.77

(4)
0.00 0.00

2.50 5.83
5.83 2.50

1.29 0.91
5.83 3.33

3.77 5.50
6.67 3.33

0.00 11.11
4.50 2.50

2.50 5.83

3.33 6.67

3.33 5.83

2.50 12.50

By Lemma 2 the equality in (13) holds if and only if the
mixture model (1) has only one component. In other
cases, there must exist overlapping. If the components are well separated or have smaller overlaps, the
mixture distribution can be regarded approximately
as multinomial. In this case, for a given observation
yi , there exists one ps (yi ) which is far larger than the
others, and therefore the inverse of Fisher information
matrix is close to the covariance matrix of the variational posterior distribution. Theorem 2 shows that if
overlapping exists between the components of a mixture model then the covariance matrix from the variational Bayes approximation is ‘too small’ compared
with that for the MLE, so that resulting interval estimates for the parameters will be too narrow.

5

NUMERICAL EXPERIMENTS

In this section we demonstrate our results with some
simple mixtures of normal densities.
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Figure 1: Some typical mixture densities based on different values of the parameters.

respectively. We compute the Fisher information matrices and the covariance matrices of the variational
posteriors by using two sets of values of the parameters, namely, (π, µ1 , Γ1 , µ2 , Γ2 ) = (0.1, 1, 1, 0, 1) and
(0.5, 6, 1, 0, 1). There is large overlap between the two
components for the first set of the parameters while
they are well separated for the second. For the first
set, the Fisher information matrix, denoted by I ∗ , is


1.1542
0.1505 0.7456 −0.0363 −0.2612
 0.1505
0.0259 0.0606 −0.0134 −0.0539


 0.7456
0.0606 0.7723 0.0167
0.0774 


−0.0363 −0.0134 0.0167 0.0152
0.0198 
−0.2612 −0.0539 0.0774 0.0198
0.3646
and the inverse of the variational covariance matrix is

First we consider mixtures of three known univariate
normal densities p1 (·), p2 (·) and p3 (·) with means µ1 ,
µ2 and µ3 ; all have unit variance. The mixing coefficients are π1 , π2 and 1 − π1 − π2 , respectively. For
different values of these parameters, we compute the
corresponding Fisher information matrices and the covariance matrices of the variational posteriors. The
mixture densities of some typical cases are plotted in
Figure 1, and the corresponding Fisher information
matrices and the inverses of variational covariance matrices are described in Table 1. Obviously, if the components in the mixture models are widely separated,
these two matrices are very similar, whereas, if the
components are nearly identical, they are very different. The latter behaviour is reflected particularly by
the case (4) in Figure 1, where p1 (·) and p1 (·) are completely identical.

Evaluated at a couple of arbitrary vectors Θ =
(0.8, 4, 3, 2, 1)0 and (1, 1, 1, 1, 1)0 , for illustrative purposes, Θ0 I ∗ Θ (Θ0 Ψ−1 Θ) are equal to 14.0885 and
3.7435 (17.4611 and 12.6111), respectively. For the
second set, the Fisher information matrix I ∗ is


3.9834
0.0125
0.0125
0.0170 −0.0170
 0.0125
0.4905 −0.0091 −0.0133 0.0122 


 0.0125 −0.0091 0.4905 −0.0122 0.0133 


 0.0170 −0.0133 −0.0122 0.2308
0.0157 
−0.0170 0.0122
0.0133
0.0157
0.2308

Next we consider a more general mixture model of two
unknown normal densities. Their means, precisions
and mixing coefficients are µ1 , Γ1 , π and µ2 , Γ2 , 1 − π,

Evaluated at the same vectors Θ, Θ0 I ∗ Θ (Θ0 Ψ−1 Θ)
are equal to 15.7931 and 5.4889 (16.3100 and 5.5000),
respectively.
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Ψ−1 = diag(11.1111, 0.1000, 0.9000, 0.0500, 0.4500).

and the inverse of the variational covariance matrix is
Ψ−1 = diag(4.0000, 0.5000, 0.5000, 0.2500, 0.2500).
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Figure 2: The inverses of the variances associated with
the variational Bayes approximation and Fisher information for different mixing coefficients. The solid lines
denote Fisher information and the dashed horizontal
lines indicate the inverses of the variances for the variational Bayes approximation.

To clarify the dependence of the differences between
the inverses of the variational covariance and Fisher
information matrices on the overlaps between the components, now we use a mixture model of two known
normal densities with means µ1 and µ2 with unit variance. The mixing coefficients are π and 1 − π, respectively. The parameter π is given a Beta prior distribution Beta(1, 1); i.e. π ∼ Un(0, 1). To compare the
variance associated with the variational Bayes approximate with Fisher information, we fix one component
to have mean zero and compute the inverse of the variance and Fisher information with the other component
having varying mean µ1 . The results are plotted in
Figure 2 for different mixing coefficients π. The inverses of the variances associated with the variational
Bayes approximation do not vary with the changes of
µ1 , whereas the Fisher informations do. And the differences between them become larger as µ1 is closer to
zero, the mean of the first component.
We investigate the performance of interval estimates
based on the variational approximation using two empirical experiments. We fix the mixing coefficient at
π ∗ = 0.65 and one component to have mean zero and
unit variance within a mixture model of two normal
densities. Independent random samples, each of size
n = 50, are selected from the mixture model with the
mean of the other component equal to µ2 = 3.0 and
1.0, and with unit variance. For each sample we calculate the variational Bayesian estimate π̂ as given by
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(8), the variational variance Λ, the maximum likelihood estimate π̃ and the Fisher information I(π ∗ ), and
these are used to form approximate
95% confidence
inp
p
tervals given by π̂ ± 1.96 Λ/n and π̃ ± 1.96/ nI(π ∗ ).
For µ2 = 3.0, a total of 100 samples are generated and
the resulting 100 confidence intervals are computed.
It turns out that 91 out of these 100 intervals do include the true value if the variational approximation is
used, and 92 by the MLE method. Both proportions
are close to the nominal confidence coefficient of 0.95.
For µ2 = 1.0, the same number of confidence intervals are generated. Among these 100 intervals, only
68 of those based on the variational approximation include the true value, while this number is 92 from the
MLE. In this case the resulting interval estimates are
obviously too narrow.
Since the variational approaches provide good approximations for point estimates but poor approximations
for interval estimates, a question of interest is whether
or not the performance can be improved if we substitute the variational covariance matrix by the inverse
of Fisher information for interval estimates. Theoretically, by this approach the resulting intervals would be
very close to those obtained by MLE when the sample size is large, since the variational Bayes estimator
converges to the maximum likelihood estimator. In order to verify this point, we use the same independent
random samples as in the previous numerical examples to generate approximate
95% confidence interval
p
given by π̂ ± 1.96/ nI(π ∗ ). For µ2 = 3.0, 93 out of
100 intervals include the true value, whereas 96 intervals contain the true value if µ2 is 1.0. It turns out
that the approach of substituting the variational covariance matrix in the inverse of Fisher information
does refine the interval estimates.

6

CONCLUSION

Exact theoretical analysis of the quality of variational
Bayes approximations is an important issue. Having proved the properties of local convergence and
asymptotic normality in Wang and Titterington (2003,
2004b,a), in this paper we examined the covariance
matrices associated with variational Bayesian approximations and the resulting performance of variational
Bayes approximations for interval estimates, by comparing them with the true covariances, given in terms
of Fisher information matrices. It has been shown that
the covariance matrices corresponding to the variational Bayes approximation are normally ‘too small’
compared with those for the MLE, so that resulting
interval estimates for the parameters will be too narrow if the components of the mixture model are not
well separated. Finally the theoretical analysis was reinforced by some numerical examples, which also sug-

gested an idea leading to the refinement of variational
Bayes approximations for interval estimates by substituting the variational covariance by the ‘usual’ true
covariance - the inverse of Fisher information. The arguments in the paper can be extended to non-Gaussian
mixture models, such as mixtures of exponential family distributions, without any technical difficulty.
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Abstract

In recent work [21, 22], we introduced Semidefinite
Embedding (SDE), an algorithm for manifold learning
based on semidefinite programming [20]. SDE learns
a kernel matrix by maximizing the variance in feature space while preserving the distances and angles
between nearest neighbors. It has several interesting
properties: the main optimization is convex and guaranteed to preserve certain aspects of the local geometry; the method always yields a semipositive definite
kernel matrix; the eigenspectrum of the kernel matrix
provides an estimate of the underlying manifold’s dimensionality; also, the method does not rely on estimating geodesic distances between faraway points on
the manifold. This particular combination of advantages appears unique to SDE.

We describe an algorithm for nonlinear dimensionality reduction based on semidefinite
programming and kernel matrix factorization. The algorithm learns a kernel matrix
for high dimensional data that lies on or near
a low dimensional manifold. In earlier work,
the kernel matrix was learned by maximizing
the variance in feature space while preserving the distances and angles between nearest neighbors. In this paper, adapting recent ideas from semi-supervised learning on
graphs, we show that the full kernel matrix
can be very well approximated by a product
of smaller matrices. Representing the kernel matrix in this way, we can reformulate
the semidefinite program in terms of a much
smaller submatrix of inner products between
randomly chosen landmarks. The new framework leads to order-of-magnitude reductions
in computation time and makes it possible
to study much larger problems in manifold
learning.

1

The main disadvantage of SDE, relative to other algorithms for manifold learning, is the time required
to solve large problems in semidefinite programming.
Earlier work in SDE was limited to data sets with
n ≈ 2000 examples, and problems of that size typically
required several hours of computation on a mid-range
desktop computer.

Introduction

A large family of graph-based algorithms has recently
emerged for analyzing high dimensional data that
lies or or near a low dimensional manifold [2, 5, 8,
13, 19, 21, 25]. These algorithms derive low dimensional embeddings from the top or bottom eigenvectors of specially constructed matrices. Either directly
or indirectly, these matrices can be related to kernel matrices of inner products in a nonlinear feature
space [9, 15, 22, 23]. These algorithms can thus be
viewed as kernel methods with feature spaces that “unfold” the manifold from which the data was sampled.
∗

This work was supported by NSF Award 0238323.
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In this paper, we describe a new framework that has
allowed us to reproduce our original results in a small
fraction of this time, as well as to study much larger
problems in manifold learning. We start by showing
that for well-sampled manifolds, the entire kernel matrix can be very accurately reconstructed from a much
smaller submatrix of inner products between randomly
chosen landmarks. In particular, letting K denote the
full n×n kernel matrix, we can write:
K ≈ QLQT ,

(1)

where L is the m×m submatrix of inner products between landmarks (with m  n) and Q is an n×m linear
transformation derived from solving a sparse set of linear equations. The factorization in eq. (1) enables us
to reformulate the semidefinite program in terms of the
much smaller matrix L, yielding order-of-magnitude
reductions in computation time.

The framework in this paper has several interesting
connections to previous work in manifold learning
and kernel methods. Landmark methods were originally developed to accelerate the multidimensional
scaling procedure in Isomap [7]; they were subsequently applied to the fast embedding of sparse similarity graphs [11]. Intuitively, the methods in these
papers are based on the idea of triangulation—that is,
locating points in a low dimensional space based on
their distances to a small set of landmarks. This idea
can also be viewed as an application of the Nyström
method [24, 12], which is a particular way of extrapolating a full kernel matrix from one of its sub-blocks.
It is worth emphasizing that the use of landmarks in
this paper is not based on this same intuition. SDE
does not directly estimate geodesic distances between
faraway inputs on the manifold, as in Isomap. As opposed to the Nyström method, our approach is better
described as an adaptation of recent ideas for semisupervised learning on graphs [1, 16, 18, 26, 27]. Our
approach is somewhat novel in that we use these ideas
not for transductive inference, but for computational
savings in a purely unsupervised setting. To manage
the many constraints that appear in our semidefinite
programming problems, we have also adapted certain
ideas from the large-scale training of support vector
machines [6].

transformation from inputs to outputs thus looks locally like a rotation plus translation—that is, it represents an isometry. To picture such a transformation
from D = 3 to d = 2 dimensions, one can imagine a flag
being unfurled by pulling on its four corners.

The paper is organized as follows. In section 2, we review our earlier work on manifold learning by semidefinite programming. In section 3, we investigate the kernel matrix factorization in eq. (1), deriving the linear
transformation that reconstructs other examples from
landmarks, and showing how it simplifies the semidefinite program for manifold learning. Section 4 gives
experimental results on data sets of images and text.
Finally, we conclude in section 5.

while preserving local distances and angles, as in
eq. (2). Maximizing the variance of the embedding
turns out to be a useful surrogate for minimizing its dimensionality (which is computationally less tractable).

2

Semidefinite Embedding

We briefly review the algorithm for SDE; more details are given in previous work [21, 22]. As input, the algorithm takes high dimensional vectors
{~x1 , ~x2 , . . . , ~xn }; as output, it produces low dimensional vectors {~y1 , ~y2 , . . . , ~yn }. The inputs ~xi ∈ RD are
assumed to lie on or near a manifold that can be embedded in d dimensions, where typically d  D. The
goal of the algorithm is to estimate the dimensionality d and to output a faithful embedding that reveals
the structure of the manifold.
The main idea behind SDE has been aptly described
as “maximum variance unfolding” [17]. The algorithm
attempts to maximize the variance of its embedding,
subject to the constraint that distances and angles
between nearby inputs are preserved. The resulting
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The first step of the algorithm is to compute the knearest neighbors of each input. A neighborhoodindicator matrix is defined as ηij = 1 if and only if the
inputs ~xi and ~xj are k-nearest neighbors or if there exists another input of which both are k-nearest neighbors; otherwise ηij = 0. The constraints to preserve
distances and angles between k-nearest neighbors can
then be written as:
2

2

||~yi − ~yj || = ||~xi − ~xj || ,

(2)

for all (i, j) such that ηij = 1. To eliminate a translational degree of freedom in the embedding, the outputs
are also constrained to be centered on the origin:
X
~yi = ~0.
(3)
i

Finally, the algorithm attempts to “unfold” the inputs
by maximizing the variance
X
2
var(~y ) =
||~yi ||
(4)
i

The above optimization can be formulated as an
instance of semidefinite programming [20].
Let
Kij = ~yi · ~yj denote the Gram (or kernel) matrix of the
outputs. As shown in earlier work [21, 22], eqs. (2–4)
can be written entirely in terms of the elements of this
matrix. We can then learn the kernel matrix K by
solving the following semidefinite program.
Maximize trace(K) subject to:
1) K  0.
2) Σij Kij = 0.
3) For all (i, j) such that ηij = 1,
2
Kii − 2Kij + Kjj = ||~xi − ~xj || .
As in kernel PCA [15], the embedding is derived from
the eigenvalues and eigenvectors of the kernel√matrix;
in particular, the algorithm outputs yαi = λα uαi ,
where λα and uα are the top d eigenvalues and eigenvectors. The dimensionality of the embedding, d,
is suggested by the number of appreciably non-zero
eigenvalues.
In sum, the algorithm has three steps: (i) computing
k-nearest neighbors; (ii) computing the kernel matrix;

and (iii) computing its top eigenvectors. The computation time is typically dominated by the semidefinite
program to learn the kernel matrix. In earlier work,
this step limited us to problems with n ≈ 2000 examples and k ≤ 5 nearest neighbors; moreover, problems
of this size typically required several hours of computation on a mid-range desktop computer.

3

Kernel Matrix Factorization

In practice, SDE scales poorly to large data sets
because it must solve a semidefinite program over
n × n matrices, where n is the number of examples.
(Note that the computation time is prohibitive despite polynomial-time guarantees1 of convergence for
semidefinite programming.) In this section, we show
that for well-sampled manifolds, the kernel matrix
K can be approximately factored as the product of
smaller matrices. We then use this representation to
derive much simpler semidefinite programs for the optimization in the previous section.
3.1

Sketch of algorithm

We begin by sketching the basic argument behind the
factorization in eq. (1). The argument has three steps.
First, we derive a linear transformation for approximately reconstructing the entire data set of high dimensional inputs {~xi }ni=1 from m randomly chosen inputs designated as landmarks. In particular, denoting
these landmarks by {~
µα }m
α=1 , the reconstructed inputs
{x̂i }ni=1 are given by the linear transformation:
x̂i =

X

Qiα µ
~ α.

(5)

α

The linear transformation Q is derived from a sparse
weighted graph in which each node represents an input
and the weights are used to propagate the positions of
the m landmarks to the remaining n−m nodes. The
situation is analogous to semi-supervised learning on
large graphs [1, 16, 18, 26, 27], where nodes represent
labeled or unlabeled examples and transductive inferences are made by diffusion through the graph. In our
setting, the landmarks correspond to labeled examples, the reconstructed inputs to unlabeled examples,
and the vectors µ
~ α to the actual labels.
Next, we show that the same linear transformation
can be used to reconstruct the unfolded data set—that
is, after the mapping from inputs {~xi }ni=1 to outputs
1

For the examples in this paper, we used the SDP solver
CSDP v4.9 [4] with time complexity of O(n3 +c3 ) per iteration for sparse problems with n×n target matrices and
c constraints. It seems, however, that large constant factors
can also be associated with these complexity estimates.
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{~yi }ni=1 . In particular, denoting the unfolded landmarks by {~`α }m
α=1 and the reconstructed outputs by
{ŷi }ni=1 , we argue that ~yi ≈ ŷi , where:
ŷi =

X

Qiα ~`α .

(6)

α

The connection between eqs. (5–6) will follow from
the particular construction of the weighted graph that
yields the linear transformation Q. This weighted
graph is derived by appealing to the symmetries of
linear reconstruction coefficients; it is based on a similar intuition as the algorithm for manifold learning by
locally linear embedding (LLE) [13, 14].
Finally, the kernel matrix factorization in eq. (1) follows if we make the approximation
Kij = ~yi · ~yj ≈ ŷi · ŷj .

(7)

In particular, substituting eq. (6) into eq. (7) gives
the approximate factorization K ≈ QLQT , where
Lαβ = ~`α · ~`β is the submatrix of inner products between (unfolded) landmark positions.
3.2

Reconstructing from landmarks

To derive the linear transformation Q in eqs. (5–6),
we assume the high dimensional inputs {~xi }ni=1 are
well sampled from a low dimensional manifold. In the
neighborhood of any point, this manifold can be locally
approximated by a linear subspace. Thus, to a good
approximation, we can hope to reconstruct each input
by a weighted sum of its r-nearest neighbors for some
small r. (The value of r is analogous but not necessarily equal to the value of k used to define neighborhoods
in the previous section.) Reconstruction weights can
be found by minimizing the error function:
E(W ) =

X
i

~xi −

2

X
j

Wij ~xj

,

(8)

P
subject to the constraint that j Wij = 1 for all j, and
where Wij = 0 if ~xj is not an r-nearest neighbor of ~xi .
The sum constraint on the rows of W ensures that the
reconstruction weights are invariant to the choice of
the origin in the input space. A small regularizer for
weight decay can also be added to this error function
if it does not already have a unique global minimum.
Without loss of generality, we now identify the first m
inputs {~x1 , ~x2 , . . . , ~xm } as landmarks {~
µ1 , µ
~ 2, . . . , µ
~ m}
and ask the following question: is it possible to reconstruct (at least approximately) the remaining inputs
given just the landmarks µ
~ α and the weights Wij ? For
sufficiently large m, a unique reconstruction can be obtained by minimizing eq. (8) with respect to {~xi }i>m .

To this end, we rewrite the reconstruction error as a
function of the inputs, in the form:
X
E(X) =
Φij ~xi ·~xj ,
(9)
ij

where Φ = (In − W )T (In − W ) and In is the n × n
identity matrix. It is useful to partition the matrix Φ
into blocks distinguishing the m landmarks from the
other (unknown) inputs:
m

Φ

n−m

{ z }| {
 z }|
``
Φ
Φ`u
=
u`
Φuu
Φ



(10)

In terms of this matrix, the solution with minimum
reconstruction error is given by the linear transformation in eq. (5), where:


Im
.
(11)
Q=
(Φuu )−1 Φul
An example of this minimum error reconstruction is
shown in Fig. 1. The first two panels show n = 10000
inputs sampled from a Swiss roll and their approximate reconstructions from eq. (5) and eq. (11) using
r = 12 nearest neighbors and m = 40 landmarks.
Intuitively, we can imagine the matrix Φij in eq. (9)
as defining a sparse weighted graph connecting nearby
inputs. The linear transformation reconstructing inputs from landmarks is then analogous to the manner
in which many semi-supervised algorithms on graphs
propagate information from labeled to unlabeled examples.
To justify eq. (6), we now imagine that the data set
has been unfolded in a way that preserves distances
and angles between nearby inputs. As noted in previous work [13, 14], the weights Wij that minimize the
reconstruction error in eq. (8) are invariant to translations and rotations of each input and its r-nearest
neighbors. Thus, roughly speaking, if the unfolding
looks locally like a rotation plus translation, then the
same weights Wij that reconstruct the inputs ~xi from
their neighbors should also reconstruct the outputs ~yi
from theirs. This line of reasoning yields eq. (6). It
also suggests that if we could somehow learn to faithfully embed just the landmarks in a lower dimensional
space, the remainder of the inputs could be unfolded
by a simple matrix multiplication.
3.3

Embedding the landmarks

It is straightforward to reformulate the semidefinite
program (SDP) for the kernel matrix Kij = ~yi · ~yj
in section 2 in terms of the smaller matrix
Lαβ = ~`α · ~`β . In particular, appealing to the factorization K ≈ QLQT , we consider the following SDP:
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Maximize trace(QLQT ) subject to:
1) L  0.
2) Σij (QLQT )ij = 0.
3) For all (i, j) such that ηij = 1,
2
(QLQT )ii −2(QLQT )ij +(QLQT )jj ≤ ||~xi − ~xj || .
This optimization is nearly but not quite identical to
the previous SDP up to the substitution K ≈ QLQT .
The only difference is that we have changed the equality constraints in eq. (2) to inequalities. The SDP in
section 2 is guaranteed to be feasible since all the constraints are satisfied by taking Kij = ~xi · ~xj (assuming
the inputs are centered on the origin). Because the
matrix factorization in eq. (1) is only approximate,
however, here we must relax the distance constraints
to preserve feasibility. Changing the equalities to inequalities is the simplest possible relaxation; the trivial
solution Lαβ = 0 then provides a guarantee of feasibility. In practice, this relaxation does not appear to
change the solutions of the SDP in a significant way;
the variance maximization inherent to the objective
function tends to saturate the pairwise distance constraints, even if they are not enforced as strict equalities.
To summarize, the overall procedure for unfolding the
inputs ~xi based on the kernel matrix factorization
in eq. (1) is as follows: (i) compute reconstruction
weights Wij that minimize the error function in eq. (8);
(ii) choose landmarks and compute the linear transformation Q in eq. (11); (iii) solve the SDP for the
landmark kernel matrix L; (iv) derive a low dimensional embedding for the landmarks ~`α from the eigenvectors and eigenvalues of L; and (v) reconstruct the
outputs ~yi from eq. (6). The free parameters of the algorithm are the number of nearest neighbors r used
to derive locally linear reconstructions, the number
of nearest neighbors k used to generate distance constraints in the SDP, and the number of landmarks m
(which also constrains the rank of the kernel matrix).
In what follows, we will refer to this algorithm as landmark SDE, or simply `SDE.
`SDE can be much faster than SDE because its main
optimization is performed over m × m matrices, where
m  n. The computation time in semidefinite programming, however, depends not only on the matrix
size, but also on the number of constraints. An apparent difficulty is that SDE and `SDE have the same
number of constraints; moreover, the constraints in
the latter are not sparse, so that a naive implementation of `SDE can actually be much slower than SDE.
This difficulty is surmounted in practice by solving the
semidefinite program for `SDE while only explicitly
monitoring a small fraction of the original constraints.
To start, we feed an initial subset of constraints to

word
one
may
men
iraq
drugs
january
germany
recession
california
republican
government

Figure 1: (1) n = 10000 inputs sampled from a
Swiss roll; (2) linear reconstruction from r = 12 nearest neighbors and m = 40 landmarks (denoted by
black x’s); (3) embedding from `SDE, with distance
and angle constraints to k = 4 nearest neighbors, computed in 16 minutes.
the SDP solver, consisting only of the semidefiniteness constraint, the centering constraint, and the distance constraints between landmarks and their nearest neighbors. If a solution is then found that violates some of the unmonitored constraints, these are
added to the problem, which is solved again. The
process is repeated until all the constraints are satisfied. Note that this incremental scheme is made possible by the relaxation of the distance constraints from
equalities to inequalities. As in the large-scale training of support vector machines [6], it seems that many
of the constraints in `SDE are redundant, and simple
heuristics to prune these constraints can yield orderof-magnitude speedups. (Note, however, that the centering and semidefiniteness constraints in `SDE are always enforced.)

4

Experimental Results

Experiments were performed in MATLAB to evaluate
the performance of `SDE on various data sets. The
SDPs were solved with the CSDP (v4.9) optimization
toolbox [4]. Of particular concern was the speed and
accuracy of `SDE relative to earlier implementations
of SDE.
The first data set, shown in the top left panel of Fig. 1,
consisted of n = 10000 inputs sampled from a three dimensional “Swiss roll”. The other panels of Fig. 1
show the input reconstruction from m = 40 landmarks
and r = 12 nearest neighbors, as well as the embeddingobtained in `SDE by constraining distances and
angles to k = 4 nearest neighbors. The computation
took 16 minutes on a mid-range desktop computer.
Table 2 shows that only 1205 out of 43182 constraints
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four nearest neighbors
two, three, four, six
won’t, cannot, would, will
passengers, soldiers, officers, lawmakers
states, israel, china, noriega
computers, missiles, equipment, programs
july, october, august, march
canada, africa, arabia, marks
environment, yen, season, afternoon
minnesota, arizona, florida, georgia
democratic, strong, conservative, phone
pentagon, airline, army, bush

Table 1: Selected words and their four nearest neighbors (in order of increasing distance) after nonlinear
dimensionality reduction by `SDE. The d = 5 dimensional embedding of D = 60000 dimensional bigram
distributions was computed by `SDE in 35 minutes
(with n = 2000, k = 4, r = 12, and m = 30).

had to be explicitly enforced by the SDP solver to find
a feasible solution. Interestingly, similarly faithful embeddings were obtained in shorter times using as few
as m = 10 landmarks, though the input reconstructions
in these cases were of considerably worse quality. Also
worth mentioning is that adding low variance Gaussian noise to the inputs had no significant impact on
the algorithm’s performance.
The second data set was created from the n = 2000
most common words in the ARPA North American
Business News corpus. Each of these words was represented by its discrete probability distribution over the
D = 60000 words that could possibly follow it. The
distributions were estimated from a maximum likelihood bigram model. The embedding of these high dimensional distributions was performed by `SDE (with
k = 4, r = 12, and m = 30) in about 35 minutes; the
variance of the embedding, as revealed by the eigenvalue spectrum of the landmark kernel matrix, was essentially confined to d = 5 dimensions. Table 1 shows
a selection of words and their four nearest neighbors
in the low dimensional embedding. Despite the massive dimensionality reduction from D = 60000 to d = 5,
many semantically meaningful neighborhoods are seen
to be preserved.
The third experiment was performed on n = 400 color
images of a teapot viewed from different angles in the
plane. Each vectorized image had a dimensionality of
D = 23028, resulting from 3 bytes of color information
for each of 76 × 101 pixels. In previous work [22] it
was shown that SDE represents the angular mode of
variability in this data set by an almost perfect circle. Fig. 2 compares embeddings from `SDE (k = 4,
r = 12, m = 20) with normal SDE (k = 4) and LLE
(r = 12). The eigenvalue spectrum of `SDE is very

Figure 3: Top: Error rate of five-nearest-neighbors
classification on the test set of USPS handwritten digits. The error rate is plotted against the dimensionality of embeddings from PCA and `SDE (with k = 4,
r = 12, m = 10). It can be seen that `SDE preserves the
neighborhood structure of the digits fairly well with
only a few dimensions. Bottom: Normalized eigenvalue spectra from `SDE and PCA. The latter reveals
many more dimensions with appreciable variance.

similar to that of SDE, revealing that the variance of
the embedding is concentrated in two dimensions. The
results from `SDE do not exactly reproduce the results from SDE on this data set, but the difference
becomes smaller with increasing number of landmarks
(at the expense of more computation time). Actually, as shown in Fig. 4, `SDE (which took 79 seconds)
is slower than SDE on this particular data set. The
increase in computation time has two simple explanations that seem peculiar to this data set. First, this
data set is rather small, and `SDE incurs some overhead in its setup that is only negligible for large data
sets. Second, this data set of images has a particular
cyclic structure that is easily “broken” if the monitored constraints are not sampled evenly. Thus, this
particular data set is not well-suited to the incremental scheme for adding unenforced constraints in `SDE;
a large number of SDP reruns are required, resulting
in a longer overall computation time than SDE. (See
Table 2.)
The final experiment was performed on the entire data
set of n = 9298 USPS handwritten digits [10]. The inputs were 16×16 pixel grayscale images of the scanned
digits. Table 2 shows that only 690 out of 61735 inequality constraints needed to be explicitly monitored
by the SDP solver for `SDE to find a feasible solution.
This made it possible to obtain an embedding in 40
minutes (with k = 4, r = 12, m = 10), whereas earlier
implementations of SDE could not handle problems
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Figure 4: Relative speedup of `SDE versus SDE on
data sets with different numbers of examples (n) and
landmarks (m). Speedups of two orders of magnitude
are observed on larger data sets. On small data sets,
however, SDE can be faster than `SDE.
of this size. To evaluate the embeddings from `SDE,
we compared their nearest neighbor classification error
rates to those of PCA. The top plot in Fig. 3 shows the
classification error rate (using five nearest neighbors
in the training images to classify test images) versus
the dimensionality of the embeddings from `SDE and
PCA. The error rate from `SDE drops very rapidly
with dimensionality, nearly matching the error rate on
the actual images with only d = 3 dimensions. By contrast, PCA requires d = 12 dimensions to overtake the
performace of `SDE. The bar plot at the bottom of
Fig. 3 shows the normalized eigenvalue spectra from
both `SDE and PCA. From this plot, it is clear that
`SDE concentrates the variance of its embedding in
many fewer dimensions than PCA.
When does `SDE outperform SDE? Figure 4 shows the
speedup of `SDE versus SDE on several data sets. Not
surprisingly, the relative speedup grows in proportion
with the size of the data set. Small data sets (with
n < 500) can generally be unfolded faster by SDE,
while larger data sets (with 500 < n < 2000) can be
unfolded up to 400 times faster by `SDE. For even
larger data sets, only `SDE remains a viable option.

5

Conclusion

In this paper, we have developed a much faster algorithm for manifold learning by semidefinite programming. There are many aspects of the algorithm that
we are still investigating, including the interplay between the number and placement of landmarks, the
definition of local neighborhoods, and the quality of

Figure 2: Comparison of embeddings from SDE, LLE and `SDE for n = 400 color images of a rotating teapot.
The vectorized images had dimension D = 23028. LLE (with r = 12) and `SDE (with k = 4, r = 12, m = 20) yield
similar but slightly more irregular results than SDE (with k = 4). The normalized eigenspectra in SDE and `SDE
(i.e., the eigenspectra divided by the trace of their kernel matrices) reveal that the variances of their embeddings
are concentrated in two dimensions; the eigenspectrum from LLE does not reveal this sort of information.
data set
teapots
bigrams
USPS digits
Swiss roll

n
400
2000
9298
10000

m
20
30
10
20

constraints
1599
11170
61735
43182

monitored
565
1396
690
1205

time (secs)
79
2103
2420
968

Table 2: Total number of constraints versus number of constraints explicitly monitored by the SDP solver for
`SDE on several data sets. The numbers of inputs (n) and landmarks (m) are also shown, along with computation
times. The speedup of `SDE is largely derived from omitting redundant constraints.
the resulting reconstructions and embeddings. Nevertheless, our initial results are promising and show
that manifold learning by semidefinite programming
can scale to much larger data sets than we originally
imagined in earlier work [21, 22].
Beyond the practical applications of `SDE, the framework in this paper is interesting in the way it combines ideas from several different lines of recent work.
`SDE is based on the same appeals to symmetry at
the heart of LLE [13, 14] and SDE [21, 22]. The
linear reconstructions that yield the factorization of
the kernel matrix in eq. (1) are also reminiscent of
semi-supervised algorithms for propagating labeled information through large graphs of unlabeled examples [1, 16, 18, 26, 27]. Finally, though based on a
somewhat different intuition, the computational gains
of `SDE are similar to those obtained by landmark
methods for Isomap [7].
While we have applied `SDE (in minutes) to data
sets with as many as n = 10000 examples, there exist many larger data sets for which the algorithm remains impractical. Further insights are therefore required. In related work, we have developed a simple
out-of-sample extension for SDE, analogous to similar
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extensions for other spectral methods [3]. Algorithmic
advances may also emerge from the dual formulation of
“maximum variance unfolding” [17], which is related
to the problem of computing fastest mixing Markov
chains on graphs. We are hopeful that a combination
of complementary approaches will lead to even faster
and more powerful algorithms for manifold learning by
semidefinite programming.
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Abstract
The statistical theory of shape plays a prominent role in applications such as object recognition and medical imaging. An important parameterized family of probability densities defined
on the locations of landmark-points is given by
the offset-normal shape distributions introduced
in [7]. In this paper we present an EM algorithm
for learning the parameters of the offset-normal
shape distribution from shape data. To improve
model flexibility we also provide an EM algorithm to learn mixtures of offset-normal distributions. To deal with missing landmarks (e.g. due
to occlusions), we extend the algorithm to train
on incomplete data-sets. The algorithm is tested
on a number of real-world data sets and on some
artificially generated data. Experimentally, this
seems to be the first algorithm for which estimation of the full covariance matrix causes no difficulties. In all experiments the estimated distribution provided an excellent approximation to the
true offset-normal shape distribution.

1 INTRODUCTION
The statistical analysis of shape has important applications
in fields as diverse as biology, anatomy, genetics, medicine,
archeology, geology, geography, agriculture, image analysis, computer vision, pattern recognition and chemistry (see
e.g. [9]). As an important example, we can represent an object (e.g. a face, skull, etc.) as a collection of landmarks at
certain positions (in figure space). To compare objects it
is then useful to discard differences in location, orientation
and scale. (i.e. their pose). The remaining degrees of freedom are called the shape of an object. For a meaningful
comparison of objects by their shape we need the tools of
“statistical shape analysis”. For instance, we may want to
know whether two objects are significantly different (using
a hypothesis test), or we may be interested in classifying or
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clustering objects by their shape. The statistical analysis of
shape has a long history dating back to the late seventies
[15, 10, 11, 12, 1, 2, 3, 4].
The work that we will present here is based on a more recent development in statistical shape analysis, namely the
introduction of the offset-normal distribution [14, 7, 8, 9].
Offset-normal probability densities describe the distribution of shapes as represented by collections of landmark
points in two dimensions. The assumption is that the landmarks in figure space are normally distributed. Pose is removed by mapping two landmarks to fixed positions (e.g.
(0, 0) and (1, 0)), while the remaining landmarks represent
the shape information. Perhaps surprisingly, this distribution over the remaining landmarks can be expressed in analytic form [7]. However, a reliable method to infer the
distribution parameters from shape data in the most general case (full covariance matrix), is not available. The fact
that certain singular normal distributions map to the same
offset-normal shape distribution has obstructed the formulation of estimation procedures for general covariance matrices.
In this paper we will derive EM update rules for unrestricted parameters of the offset-normal shape distribution,
i.e. a mean vector and a full covariance matrix. As it turns
out, both E- and M-step can be computed analytically, providing an efficient update scheme. In pattern recognition, it
may happen that landmarks are occluded. To deal with this
difficulty which is often encountered in practical problems
we extend the EM procedure to learn from incomplete data.
For cases where the data are not well approximated by an
offset-normal shape distribution, we provide EM-learning
rules for mixtures of offset-normal shape distributions. We
conclude with experiments on some real world data-sets.

2 THE OFFSET-NORMAL SHAPE
DISTRIBUTION
In order to be self contained, we explain and re-derive the
offset-normal shape distribution in this section. Some results in later sections will follow a similar derivation.

Let an object in two dimensions be represented by the
positions {xi , yi } of p landmarks. Let x be distributed
according to a 2p dimensional normal distribution, x ∼
N2p [ν, Ω].
We will first remove translational content by applying the
following transformation,
T

x = [x1 , ..., xp , y1 , ..., yp ] → Lx

(1)

where J is the Jacobian of the transformation (3) and
·
¸
1
u3 · · ·
up 0 v3 · · · vp
T
W =
.
0 −v3 · · · −vp 1 u3 · · · up
(7)
The integration over h is facilitated by rewriting G as,
G = (h − ξ)T Γ−1 (h − ξ) + g
with

with
·
L=

I−

1eT1

+
0

e1 eT1

0
I − 1eT1 + e1 eT1

(2)

Next, we remove rotation and scale content by following a
similar procedure. First, we transform x∗ as follows,
u2 = x∗2 ,
v2 =

y2∗ ,

(x∗i x∗2 + yi∗ y2 )
x∗2 2 + y2∗ 2
∗ ∗
(y x − x∗i y2 )
vi = i ∗ 22
x2 + y2∗ 2

ui =

1
√

(2π)p−1

Γ = RDRT ,
ζ = RT ξ

where
σx =

with,
G = (Wh − µ)T Σ−1 (Wh − µ),
det J = (h2x + h2y )p−2 ,

p

Dxx

σy =

(5)
(6)
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(12)

p

Dyy

(14)

Finally, we use the binomial expansion to rewrite the Jacobian as,
+

zy2 )p−2

¶
p−2 µ
X
p−2
=
zx2i zy2p−4−2i .
i

(15)

i=0

We are now ready to perform the integrations over h, required for the definition of the offset-normal shape distribution,
Z
Z
PS (u) = dh p(h, u) = dz p(z, u) =
r
det Γ − 1 g
1
(16)
e 2 ×
(2π)p−2 det Σ
¶
p−2 µ
X
p−2
×
E[zx2i |ζx , σx ] E[zy2p−4−2i |ζy , σy ]
i
i=0

where,
Ã√

(4)

z = RT h.

× Nzx [ζx , σx ] Nzy [ζy , σy ] (zx2 + zy2 )p−2 (13)

i = 3, ..., p (3)

1
exp[− G]| det J|,
2
det Σ

(9)
(10)
(11)

Noticing that the determinant of the Jacobian is invariant
with respect to rotations, this gives,
r
det Γ − 1 g
1
e 2 ×
P (z, u) =
(2π)p−2 det Σ

(zx2

We will simplify notation for the second landmark by writing x∗2 = h, while u = [u3 , ...up , v3 , ..., vp ]T . In the coordinates {h, u} the pdf is given by,

= WT Σ−1 W
= ΓWT Σ−1 µ
= µT Σ−1 µ − ξT Γ−1 ξ

We can simplify (4) further by transforming to the eigenbasis of Γ,

i = 3, ..., p

This transformation would have moved the second landmark to the location (1, 0), not allowing any spread and
generating a singular pdf. Therefore, we will leave the second landmark untouched, while treating all the other ones
as if the second landmark were moved to the reference position (1, 0). Finally, to remove information on orientation
and scale we need to integrate out the second landmark,
which we will do in the following.

P (h, u) =

Γ−1
ξ
g

¸

and integrate out the first landmark. In this equation I and
0 are the p × p dimensional identity and zero matrices respectively, 1 is a p × 1 dimensional vector of ones and e1 is
the p×1 dimensional vector [1, 0, ..., 0]T . This transformation shifts all landmarks, except the first one, by an amount
x1 , y1 . Notice that if we had also shifted the first landmark,
it would be fixed at the location (0, 0), producing a singular probability distribution. Since the above transformation
is linear, the coordinates Lx are also normally distributed
with mean µ = Lν and covariance Σ = LΩLT . Integrating out x1 , y1 for a normal distribution is simply accomplished by deleting the corresponding entries in the mean
and covariance. The remaining coordinates are denoted by
x∗ = [x∗2 , ..., x∗p , y2∗ , ..., yp∗ ]T and have dimension 2p − 2.

(8)

k

E[z |µ, σ] =

2σ
2i

!k

iµ
Hk ( √ ),
2σ

(17)

denotes a Gaussian expectation and Hk denotes the Hermite polynomial of order k. Equation (17) is the offsetnormal shape distribution [7], which is invariant with respect to translations, rotations and scalings of the data. It is

expressed in terms of the parameters µ and Σ which are not
invariant with respect to orientation and scale changes (the
translations were taken out in going from ν → µ, Ω → Σ).
It follows that the parameter set must be redundant, i.e. orientation and scale transformations of the parameters map
to the same offset-normal shape distribution. Technically,
this implies that the offset-normal shape distribution is described by an equivalence class of parameters. Therefore,
when we mention in the rest of this paper that some random variable is distributed according to an offset-normal
shape distribution with parameters µ and Σ, we refer to
the equivalence class of all µ and Σ that map to the same
offset-normal shape distribution. Sometimes it will be useful to remove this ambiguity by defining a canonical parameter set,
µc = Kµ = [1, µ3x , ..., µpx , 0, µ3y , ..., µpy ]T ,
Σc = KΣKT ,
(18)
where the mean of the second landmark has been mapped
to (1, 0). More study is required to see for which offsetnormal shape distributions the above transformation removes all redundancies and which have a still larger set of
invariant transformations. It is important to notice the difference with the non-linear mapping (3). In contrast, (18)
is a linear transform, depending on µ2 . In [7] it is observed
that also some singular normal pdfs or even non-normal
pdfs may map to the same offset-normal shape distribution,
enlarging further the redundancy. In this paper we will not
concern us with those.
Transformation Properties: We will now state two important properties of the offset-normal shape distribution,
which will help us derive the learning algorithm in the subsequent sections.
Lemma 1 Let x = [x1 , ..., xp , y1 , ..., yp ]T be a random variable distributed according to a normal distribution with parameters ν and Ω, and let u =
[u3 , ..., up , v3 , ..., vp ]T be the corresponding shape random
variable, distributed according to the offset-normal shape
distribution with parameters
µ = Lp−1 ν,

Σ = Lp−1 ΩLTp−1 ,

(19)

where Lp−1 is the matrix defined in (2) with the 1st
and (p + 1)st row deleted. The random variable x0 =
[x01 , ..., x0p , y10 , ..., yp0 ]T = G x, where G is a matrix of dimension 2p × 2p, will be distributed according to a 2p dimensional normal distribution with parameters ν 0 = Gν
and Ω0 = GΩGT . The corresponding shape random variables u0 = [u03 , ..., u0p , v30 , ..., vp0 ]T will be distributed according to an offset-normal shape distribution with parameters,
µ0 = Lp−1 Gν,

Σ0 = Lp−1 GΩGT LTp−1 . (20)

The proof of this lemma is straightforward and relies on
some well known properties of normal pdfs [5]. It is actually not necessary to assume that G is a square matrix.
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In general G can be of size 2g × 2p, where 2 < g ≤ p.
This is useful if we want to integrate out variables from the
offset-normal shape distribution [5].
Define the pair of baseline variables to be the ones which
are mapped to (0, 0) and (1, 0). By choosing G to be a
permutation matrix we can transform the offset-normal
shape distribution between any pair of baseline variables
in terms of the figure space parameters ν and Ω. But does
this still hold if we only have access to the parameters of
the offset-normal shape distribution (i.e. the parameters
µ and Σ)? The following lemma answers this in the
affirmative:
Lemma 2 Let x = [x1 , ..., xp , y1 , ..., yp ]T be a
random variable distributed according to a normal distribution with parameters ν and Ω, and let
u = [u3 , ..., up , v3 , ..., vp ]T be the corresponding shape
random variable, distributed according to the offsetnormal shape distribution with parameters µ and Σ.
Furthermore,
let
x0
=
0
0
0
0
T
[xπ(1) , ..., xπ(p) , yπ(1) , ..., yπ(p) ]
= Px be a permutation of x, which is distributed according to a
normal distribution with parameters ν 0 = P ν and
Ω0 = P Ω PT . Then, the shape random variables
0
0
u0 = [u0π(3) , ..., u0π(p) , vπ(3)
, ..., vπ(p)
]T are distributed
according to an offset-normal shape distribution with
parameters,
µ0 = Bµ,

Σ0 = BΣBT

B = Lp−1 PE,
(21)
Here
E is the 2p × 2p − 2 dimensional matrix, E =

0 ···
 I 0 


 0 · · ·  . This matrix has the effect of inserting ze0 I
ros at the position of the first landmark, i.e.  µ →
0 ··· 0 ···
 ..

.
 . Σxx .. Σxy 

[0, µTx , 0, µTy ]T and, Σ → 
 0 ··· 0 ··· 


.
..
. Σyx .. Σyy
Proof of Lemma 2 To prove this it we need to show that
the following two transformations are equivalent:
.
Lp−1 P = BLp−1 = Lp−1 PELp−1
(22)
We will multiply left and right with the identity as follows,
ET ELp−1 P = ET ELp−1 PELp−1

ET E = I
(23)
Next, we notice that we can rewrite the combination ELp−1
as,
ELp−1 = I − 1eT1
(24)
i.e. it is the 2p × 2p dimensional matrix which translates
the first landmark to the origin. Using this in eqn. 23 we
find,
¢
¢¡
¡
¡
¢
ET P − 1eT1 P = ET P − 1eT1 P I − 1eT1
(25)

Writing this out and noting that P1eT1 = 1eT1 and
1eT1 1eT1 = 1eT1 , we verify that the left hand side is indeed identical to the right hand side, which then proves the
lemma. ¤
The relevance of this lemma is that we can compute
the offset-normal shape distribution for an arbitrary pair
of baseline landmarks from the offset-normal shapeparameters of a given pair of baseline landmarks. This will
allow us to estimate the parameters of the shape distribution, even if the data are presented in different reference
frames; a situation which may occur if one of the baseline
landmarks is occluded.
In the case where we only interchange the second landmark with higher labelled landmarks, leaving the first landmark in place, the lemma slightly simplifies. In that case,
PE = EPp−1 , where Pp−1 is 2p − 2 × 2p − 2 dimensional
permutation matrix. Therefore, using, Lp−1 E = I, we may
write instead of (21),
0

µ = Pp−1 µ,

0

Σ =

Pp−1 ΣPTp−1 ,

(26)

3 EM LEARNING ALGORITHM
Our main objective is to find parameters µ and Σ (or µc
and Σc ) that maximize the log-likelihood of the offsetnormal shape distribution given a data-set {un }
n =
1...N . The log-likelihood is given by,
N
1 X
log PS (un |µ, Σ).
L(µ, Σ) =
N n=1

The derivatives are given by,
N
1 X −1
∂
Σ (Wn hhin − µk )
Q(k|k − 1) =
N n=1 k
∂µk

(29)

∂
Q(k|k − 1) =
∂Σ−1
k

(30)

N
1 1 X
(Σk − Wn hhhT in WnT + 2Wn hhin µTk − µk µTk )
2 N n=1

resulting in the following simple update rules:
µk

=

N
1 X
Wn hhin
N n=1

Σk

=

N
1 X
Wn hhhT in WnT − µk µTk
N n=1

Although the analytic form of the offset-normal shape
distribution is quite complicated, the joint distribution
P (h, u) is much simpler. Unfortunately, h is not observed
and may be considered a hidden variable for that reason.
This makes this estimation problem a school example of
the expectation maximization (EM) algorithm. In the EM
framework one iteratively optimizes the following family
of objective functions (depending on the iteration k),
N Z
1 X
dh Pk−1 (h|un ) log Pk (h, un ),
Q(k|k − 1) =
N n=1
(28)
where Q(k|k − 1) depends on the parameters µk and Σk
at iteration k, given the parameters µk−1 and Σk−1 at iteration k − 1. Maximization of the log-likelihood is obtained
by alternating an M-step where Q is maximized with respect to the parameters µk and Σk , and an E-step where
the posterior distribution p(h|un ) is determined, given the
new parameters calculated in the previous M-step.

M-step:
In the M-step we need to maximize
hlog P (h, un )in with respect to µk and
R Σk . Here h.in denotes a posterior average, hf (h)in = dh P (h|un )f (h).
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(32)

After every M-step we also map the parameters µ and Σ
to the canonical parameters µc and Σc , defined in (18),
to avoid drifting. Because the offset-normal shape distribution is invariant with respect to this transformation, the
log-likelihood will not change either.
E-step: In the E-step we need to calculate the mean
hhin and covariance hhhT in of the posterior distribution
P (h|un ). Using Bayes rule it is easily found that,
P (h|un ) =

(27)

(31)

P (h, un )
,
PS (un )

(33)

where PS (un ) is simply the offset-normal shape distribution evaluated at un . Calculation of the sufficient statistics
thus involves the following integrals,
Z
1
dh h P (h, un )
(34)
hhin =
PS (un )
Z
1
dh hhT P (h, un ) (35)
hhhT in =
PS (un )
These integrals can be solved following the same strategy
as the one used to calculate the offset-normal shape distribution in section 2. Again, we will transform to the z
coordinates defined in (12) and notice that,
hhin
hhhT in

=
=

Rn hzin ,
Rn hzzT in RTn .

(36)
(37)

Using the binomial expansion (15) and the result (17) we
can calculate the following posterior averages,
µ
¶
Pp−2 p − 2
En [zx2i+a ] En [zy2p−4−2i+b ]
i=0
i
a b
µ
¶
hzx zy in =
Pp−2 p − 2
En [zx2j ] En [zy2p−4−2j ]
j=0
j
(38)

Using
(38)
for
the
pairs
{(a, b)
=
(1, 0), (0, 1), (2, 0), (1, 1), (0, 2)} allows us to perform the
E-step.

We will consider the labels a and the variables h hidden.
The function to be iteratively maximized is therefore given
by,

Initialization: To initialize the parameters we use the
approximation described in [7]. If the variances of
the landmarks are small compared to the mean length
of the baseline, then the offset-normal shape distribution becomes similar to a normal distribution with mean
λ = [µc 3x , ..., µc px , µc 3y , ..., µc py ]T and covariance Λ =
FΣc FT , where µc and Σc are are the canonical parameters
and F is the 2p − 4 × 2p − 2 dimensional matrix,


λ1
I
γ1
0


..
..
F=

.
.

Q(k|k − 1) =
(45)
Z
N
M
1 XX
dh Pk−1 (a, h|un ) log{Pk (h, un |a) πka } =
N n=1 a=1
Z
N M
1 XX
Pk−1 (a|un )
dh Pk−1 (h|un , a) ×
N n=1 a=1

λ2p−4

0

γ2p−4

I

γ = [µ3y , ..., µpy , −µ3x , ..., −µpx ]T

(39)

To initialize our algorithm we therefore calculate the
sample
the shape data, λ =
Pof
PN mean and covariance
N
1
1
T
u
and
Λ
=
n=1 (un − λ)(un − λ) .
n=1 n
N −1
N
The initial values of the mean µ and Σ are then given by,
µ = [1, λx , 0, λy ]
Σ = F+ ΛFT+ ,

F+ = FT (FFT )−1

(40)
(41)

where F+ is the pseudo-inverse of F.

4 MIXTURE DISTRIBUTIONS
In practice it might happen that the data in figure-space are
not well described by a normal distribution. In that case,
we may approximate it by a mixture of Gaussians. The
corresponding distribution in shape-space turns out to be a
mixture of offset-normal shape distributions according to
the following lemma [5]
Lemma 3 Under a multivariate normal mixture model for
the figure-space coordinates,
M
X

PMoG (x) =

N2p [x|µa , Σa ] πa ,

(42)

a=1

the joint probability distribution function of the shape vector u is a mixture of offset-normal shape distributions,
PMoS (u) =

M
X

PS [u|µa , Σa ] πa

(43)

a=1

The proof is simple if one realizes that every mixture component is mapped to an offset-normal shape distribution,
which are then combined using the a priori probabilities
πa . To find update rules for the parameters πa , µa and Σa
we start with the log-likelihood,
L=

N
M
X
1 X
log
PS (un |a; µa , Σa ) πa .
N n=1
a=1

(44)
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× {log Pk (un , h|a) + log πka },
where we used, P (h, a|u) = P (a|u) P (h|u, a). The Mstep involves again maximizing this expression at every iteration with respect to πka , µak and Σak . Taking derivatives
with respect to these variables and equating them to zero
we find,
N

πka

=

µak

=

Σak

=

1 X
Pk−1 (a|un ),
(46)
N n=1
PN
a
n=1 Pk−1 (a|un ) Wn hhin
,
(47)
PN
m=1 Pk−1 (a|um )
PN
T
T a
n=1 Pk−1 (a|un ) Wn hhh in Wn
− µak µaT
PN
k ,
P
(a|u
)
k−1
m
m=1
(48)

where we have defined,
Z
hf (h)ian = dh P (h|un , a)f (h).

(49)

These update rules are very similar to (31) and (32). In the
mixture case however, the influence of every data point on
(a|un )
which
µak and Σak is weighted by a factor PNPk−1
P
(a|u )
m=1

k−1

m

expresses the probability that mixture component P (un |a)
is responsible for the generation of datum un .
The E-step involves the calculation of P (a|un ), hhian and
hhhT ian . P (a|un ) is simply given by,
PS (un |a) πa
,
P (a|un ) = PM
b=1 PS (un |b) πb

(50)

where PS (un |a) is an offset-normal shape distribution with
parameters µa and Σa . According to (49), the calculation
of hhian and hhhT ian is identical to those described in section 3, where we use parameters µa and Σa for µ and Σ.
We thus see that the learning rules for a mixture of offsetnormal shape distributions are straightforward generalizations of the one component learning rules.

5 INCOMPLETE DATA
In practice, it may happen that landmarks are occluded and
only incomplete data are provided. First, we will assume

that the missing information does not concern the baseline
points (i.e. landmarks 1 and 2). This will be generalized to
arbitrary missing landmarks later in this section.
Assume that we have N , possibly incomplete samples,
{un }, n = 1...N . For every sample we define an index
m denoting the missing dimensions, and an index o denoting the observed dimensions. We will always assume that
both the x and the y component of a landmark are missing,
implying that m and o are necessarily even dimensional.
o T
We thus have un = [um
n , un ] (the dependence of m and o
on n is omitted for notational convenience). The question
we want to answer is; Can we use the information of incomplete data-vectors in the estimation of the parameters
of the offset-normal shape distribution ? To answer this,
we first write the log-likelihood,
L(µ, Σ) =

N
1 X
log PS (uon |µ, Σ),
N n=1

(51)

which now only depends on the observed data. This implies that we may treat the missing dimensions as hidden variables, alongside the variable x∗2 . Thus, for every
n, we have a different set of hidden variables, denoted
by hn = [x∗2,n , um
n ]. In fact, it turns out to be more
convenient to represent the unobserved landmarks in figure space, so that the set of missing variables becomes
hn = [x∗2,n , x∗m
n ]. The auxiliary functions Q(k|k − 1)
in terms of the above variables are given by,
N Z
1 X
dh Pk−1 (h|uon ) log Pk (h, uon ).
Q(k|k − 1) =
N n=1
(52)
The formula for P (h, uo ) is very similar to (4) with 2 important differences. Firstly, since more variables are defined in figure space, the Jacobian of the transformation is
slightly different,
| det J| = (x∗2 2 + y2∗ 2 )p−2−q ,

(53)

where q denotes the number of missing landmarks (which
may be different for each data case n). Assuming for a moment that the missing dimensions have the lowest indices
(i.e. m = 3, 4, . . .), we define,
WT =

1 0
 0 1

 ..
 .

 0 0

 0 0

..
.

0
0

···
···

uq+1
0

···
···

up
0

0
0

···
···

−vq+1
0

···
···

−vp
0

···
···

vq+1
0

···
···

···
···

uq+1
0

···
···

0
0
..
.
1
0
..
.
vp
0
..
.
up
0
..
.

To generalize this to arbitrary missing dimensions we simply need to permute the columns of WT .
The M-step of the EM algorithm proceeds exactly as explained in section (3), where averages are now taken w.r.t.
the posterior distribution P (h|uon ). Evaluating these averages, which is part of the E-step, proceeds analogously
as in section (3). Using equations (34) and (35) we note
that the difficult part of that calculation is computing the
following expectations,
Z
dh f (h)P (h, uo ) = C E[f (h) (h21 +h2q+1 )2−p+q | ξ, Γ],
(55)
where E[. | ξ, Γ] denotes taking the average over a multivariate normal pdf with mean ξ and covariance Γ and
f (h) = h or f (h) = hhT . Unfortunately, the transformation in eqn. (12) will not leave the Jacobian invariant,
since
h21 + h2q+1 = hT Ωh

Ω = e1 eT1 + eq+1 eTq+1

(56)

is not invariant with respect to h → z = RT h. However,
if we transform,
.
Γ = RDRT = FFT
1
ζ = = F−1 ξ = UD− 2 RT ξ
z = F−1 h

(57)

then the normal distribution transforms to, Nh [ξ, Γ] →
Nz [ζ, I] while we can still choose the orthonormal matrix
U such that the Jacobian remains as simple as possible,
hT Ωh = zT FT ΩFz = zT Λz

(58)

The matrix Λ can be chosen diagonal by using the following eigenvalue decomposition, FT ΩF = VHVT which is
always possible because FT ΩF is a symmetric rank-2 matrix. Thus, by choosing Λ = H and U = VT we obtain
the desired result. We now need to expand the Jacobian in
a binomial series expansion and use eqns. (34) and (35) to
arrive at an expression for the desired averages similar to
eqn. (38).

0
0

0
0

···
···

Alternatively, a good approximation can be obtained by
sampling from the normal distribution N [h | ξ, Γ] and subsequent calculation of the sample average.

0
1

0
0

···
···

Missing Baseline Landmarks: Next, we treat the case
where one or both of the baseline landmarks is missing
from the data. For such a data case, the locations of the
other landmarks should be represented in a different reference frame, i.e. using a different (observed) baseline
pair. In that frame, the situation reduces to the case treated
above. It remains to be understood how to incorporate data
in different reference frames in the estimation process. We
will first choose one, arbitrary, baseline pair and invoke
lemma 2 (section 2) to write the distribution in any other












(54)
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frame as,
PS (u0 | µ0 , Σ0 ) = PS (u0 |Bµ, BΣBT ),

(59)

where B = Lp−1 PE and Lp−1 , P and E are defined in
section 2. Since every data point may be defined in a different reference frame, B depends on n. Taking derivatives
with respect to µ and Σ in the M-step then generates the
following update rules,
µk
Σk

=
=

1
N

N
X
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B−1
n Wn hhin

(60)
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n=1

N
1 X −1
T
B Wn hhhT in WnT B−T
n − µk µk ,
N n=1 n

(61)
where Wn and h.in are defined in their own reference
frame.
In the E-step we compute the posterior mean and covariance as usual, using parameters µ0n = Bn µ and Σ0n =
Bn ΣBTn for data case n.

6 EXPERIMENTS
To test the algorithm on real world data, we downloaded
5 data-sets from the web 1 . Some data-sets contain data
directly in shape space, while others have data in figure
space, which we converted to shape space by mapping two
landmarks to locations (0, 0) and (1, 0) respectively. Before transforming to shape space we extracted the sample
mean and covariance to establish ‘ground truth’, since these
are the parameters which describe the offset-normal shape
distribution. Note however that many different normal distributions map to the same offset-normal shape distribution,
so that comparing the parameters directly is not very meaningful.
Figure 1 shows the results when the sample mean and
covariance were available in figure space. The data-sets
used in Figure 1 are “Brizalina”, ‘Globorotalia’ (described
in [4]) and ‘Mouse vertebrae’ (Small group) (described
in [9]). Figure 2 shows the results on the datasets ‘Gorilla skulls’ (female) (described in [9]) and ‘Rat calvarial growth’ (studied in [4]). These data-sets are defined
in shape space, which implies that we have no access to
ground truth. Finally, in figure 3, we present an example
where we artificially generated 100 samples from a ‘challenging’ offset-normal shape distribution.
The algorithm usually converges within 20 iterations. Notice however, that for every data-point a SVD needs to
1

The data-sets can be found at:
http://www.amsta.leeds.ac.uk/˜iand/Shape-S/datasets.html
http://life.bio.sunysb.edu/morph/index.html
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Figure 1: Estimation of offset-normal shape distributions for the
following data-sets provided in figure space (from top to bottom):
“Brizalina”, “Globorotalia” and “Mouse vertebrae (small group)”.
The first column depicts the data overlaid with the offset-normal
distributions estimated in shape space, while the second column
shows the offset-normal distributions estimated in figure space.

be computed, resulting in unfavorable scaling behavior for
large amounts of data.
We have encountered no problems in the estimation of the
full covariance matrix, as described in [7], [9]. Also, few
data are needed to find a reliable estimate of the distribution
(around 20).

7 DISCUSSION
In this paper we have shown how to infer the parameters
of a full covariance offset-normal shape distribution using
the expectation maximization algorithm. In addition, we
have addressed to important issues which open the door
to practical applications. Firstly, the data may not be well
described by an offset-normal shape distribution and secondly, the data may be incomplete, e.g. due to occlusion.
The first problem was addressed by providing a learning

Data and estimated DM density in shape space
0.5

ACKNOWLEDGEMENTS

Data and estimated DM density in shape space
1.5

0

We thank CNSE and the sloan foundation for financial support. We are also grateful for discussions with Pietro Perona, Mike Burl and Markus Weber.

−0.5
1
−1
−1.5
−2
0.5

References

−2.5
−3
−3.5
−2

−1

0

1

2

3

4

5

6

0
7−1

−0.5

0

0.5

1

1.5

2
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Abstract
Learning Markov random field (MRF) models is
notoriously hard due to the presence of a global
normalization factor. In this paper we present a
new framework for learning MRF models based
on the contrastive free energy (CF) objective
function. In this scheme the parameters are updated in an attempt to match the average statistics of the data distribution and a distribution
which is (partially or approximately) “relaxed” to
the equilibrium distribution. We show that maximum likelihood, mean field, contrastive divergence and pseudo-likelihood objectives can be
understood in this paradigm. Moreover, we propose and study a new learning algorithm: the “kstep Kikuchi/Bethe approximation”. This algorithm is then tested on a conditional random field
model with “skip-chain” edges to model long
range interactions in text data. It is demonstrated
that with no loss in accuracy, the training time
is brought down on average from 19 hours (BP
based learning) to 83 minutes, an order of magnitude improvement.

1 INTRODUCTION: LEARNING MRFs
In the context of machine learning two classes of graphical
model have been extensively studied: the directed graphical model or Bayesian network (BN) and the undirected
graphical model or Markov random field (MRF). While
both models have been applied successfully in a number of domains, it is fair to say that learning in BNs has
reached a more advanced level of sophistication than learning in MRFs. For instance, hidden variable models can
be efficiently tackled with the variational EM algorithm1 ,
Bayesian inference is often feasible with conjugate priors and greedy structure learning algorithms have met with
1

Fully observed BNs are trivial and only depend on counts.
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some success as well. In contrast, even for a fully observed
MRF model, evaluating the gradient of the log-likelihood
is typically intractable. The problem can be traced back
to the presence of a global normalization term which depends on the parameters and which translates into an often
intractable inference problem when we compute its gradient2 . Clearly, introducing unobserved random variables
only aggravates this problem, while Bayesian approaches
to infer posterior distributions over parameters or structures
seem completely absent in the literature, apart from one paper [9]. Because MRF models arise in many applications,
including spatial statistics, computer vision, and naturallanguage processing, we feel that it is important to improve
this state of affairs.
We claim that learning MRFs is so difficult because the
inference problem induced by the global normalizer is of
a different nature and often harder than the problem of
computing the posterior distribution of the hidden variables
given the observed variables needed for learning BNs. The
reason is that in the latter case we enter evidence to the
model and we may have reasonable hope that the posterior
is peaked around a single solution. However, for MRFs we
need to infer the distribution when all variables are unconstrained implying that the distribution we are trying to infer
is likely to have many modes. Even though much progress
has been in the field of approximate inference, no method
can satisfactorily deal with a large number of modes for
which the location is unknown.
To approximate the required averages over the unconstrained (model) distribution we could for instance run a
MCMC sampler or use the mean field approximation [10].
While the first method is relatively slow (we need to sample for every iteration of gradient descent), the estimated
statistics can also get swamped by the sampling variance3 .
2

In case the structure of the graph is such we can identify a
junction tree with small tree-width, then inference can be performed tractably and we can compute exact learning rules.
3
Of course, one can reduce the variance by using more samples, but note that this only improves as 1/N where N is the number of samples.

The mean field approximation is not plagued by variance,
but unlike the MCMC sampler it has to tolerate a certain
bias in its estimates. However, both problems suffer from a
much more severe problem, namely that they will only approximate one mode of the distribution. One could argue
that a “good sampler” should mix between modes, but in
the absence of any information about the location of these
modes, this is an unrealistic hope, certainly in high dimensions.
There is one piece of information which typically remains
unexploited, namely the fact that data points are expected
to be located close to a mode (or at least this is what we
like to achieve during learning). Hence, one idea to deal
with the above mentioned “many modes” problem, is to run
multiple MCMC chains, each one initialized at a different
data-point. With this method, we are at least certain that
all the modes close to data points are explored by samples.
This will have the effect that learning is likely to get the
local shape of each local mode correct. Still, there are (at
least) two drawbacks: 1) the modes do not communicate,
i.e. we have no mixing between modes and 2) accidental
modes which are created because of the particular parameterization of the model remain undetected by samples implying there is no force to remove them from the model.
The first problem has the undesirable effect that although
the shape of each mode may be a good fit, the relative volume (or free energy) of the modes may not be properly estimated. This was studied in [7] and mode-jumping MCMC
procedures were proposed to improve the communication
between modes. Since there is no information about the
location of the spurious modes (mentioned under 2), we
predict it will be extremely hard to deal with the second
problem.
Running Markov chains to convergence at every data case
at every iteration of learning is clearly a costly business.
Fortunately, it turns out that we can greatly improve our efficiency by running these Markov chains for only a few (say
k) steps4 . It turns out that if one uses these pseudo-samples,
or rather “k-step reconstructions” of the data, we approximately minimize the so-called ”contrastive divergence” objective function [5]. Apart from a very significant increase
in efficiency, we also decrease the variance of our estimates
at the expense of an increased bias.
The aim of the current paper is to combine deterministic,
variational approximations with the ideas of contrastive divergence. This idea is analogous to the introduction of
mean field learning in MRFs in [10]. A mean field based
approach to contrastive divergence was presented in [17].
In the current work we extend these ideas to general variational approximations. In particular we study the Bethe
approximation, which in combination with the convergent
“belief optimization” algorithm to minimize the Bethe free
4

It is essential that the chains are started at the data-cases.
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energy results in a novel algorithm to train Markov random fields with loopy structure. This algorithm is tested on
a conditional random field model with long range interactions (the so called “skip-chain” CRFs [11]) to label tokens
in email messages. We demonstrate that we can speed up
learning tenfold at no cost to the test-performance of the
trained model.

2 MAXIMUM LIKELIHOOD LEARNING
An intuitive way to restate the maximum likelihood objective is as a minimization problem of the following
Kullback-Leibler divergence between the data distribution
P0 (y) and the model distribution Pλ (y),
λM L = arg min KL [P0 (y)||Pλ (y)]
λ

(1)

We will consider the general case here, where apart from
the observed variables, y, the model may also contain
a number of unobserved variables h. Introducing the
joint distribution Pλ (y, h) and the distribution P0 (y, h) =
P
Pλ (h|y)P0 (y) = Pλ (h, y)P0 (y)/Pλ (y) with Pλ (y) =
h Pλ (y, h), we can rewrite the KL divergence as a difference between two free energies,
KL[P0 (y)||Pλ (y)] =
=

KL[P0 (y, h)||Pλ (y, h)]
.
F0 − F∞ = CF∞ ≥ 0 (2)

where F0 denotes the free energy of the distribution
P0 (y, h), while F∞ = − log(Z) denotes the free energy
of the “random system” governed by Pλ . The subscript ∞
indicates that we have to run a Markov chain infinitely long
to reach equilibrium. For every data-case we can therefore
identify two random systems; one system with free energy
F0 has a data case clamped to the observed random variables while the hidden variables are free to fluctuate. In
the “free system” (with free energy F∞ ) all random variables (y, h) are unconstrained. The energy of the system,
E(y, h), is defined through the Boltzman distribution,
P (y, h) =

1
exp [−E(y, h)] .
Z

(3)

Although our discussion is more general, we will restrict
ourselves from now on to exponential family distributions
defined through the following energy function,
XX
E(y, h) = −
λiβ fiβ (yβ , hβ ).
(4)
β

i

In analogy to physical systems, we can decompose the free
energy in an average energy term and a entropy term,
F0 = E[E]0 − H0

F∞ = E[E]∞ − H∞

(5)

where E[·]0 denotes averaging with respect to the joint
P0 (y, h) and E[·]∞ denotes averaging with respect to the
equilibrium distribution Pλ (v, h).

Learning can now be understood as follows: for each data
case we first compute the free energy F0 of the system with
the datum clamped to the observed units (this involves inference over the hidden units). Then we set the constraints
on the observed variables free and let the system relax into
a new distribution Pλ (y, h) with lower free energy F∞ .
If in this process the expected sufficient statistics E[fiβ ]
change we have an imperfect model and we change the
parameters λiβ in such a way that the expected sufficient
statistics are better preserved in the next iteration,
∂CF∞
= −E[fiβ (yβ , hβ )]P0 + E[fiβ (yβ , hβ )]Pλ
∂λiβ

(6)

Note that this does not mean that the statistics for each data
point must cancel with the equilibrium statistics; this property must only hold when averaged over all data cases.

3 APPROXIMATE ML-LEARNING
In the previous section, we wrote the likelihood function
as a difference of two free energies, one of which was intractable to compute in general. In this section, we replace
those free energies with approximate free energies, in a way
conceptually similar to the mean field approximation introduced in [10]. The idea is to replace the objective in Eqn.2
with
KL[Q0 (y, h)||Pλ (y, h)] − KL[Q∞ (y, h)||Pλ (y, h)]
APP .
= CFAPP
(7)
= F0APP − F∞
∞ ≥0
where we define Q0 (y, h) = Q(h|y)P0 (y) and where
both Q0 (h|y) and Q(y, h) are approximate, variational
distributions such as fully factorized mean field distributions or tree structured distributions. Typically they depend on a number of variational parameters that need to
be computed by separately minimizing the respective KLdivergence terms in Eqn.7. The most important simplification that is achieved by minimizing CFAPP is the fact that
the log-partition function term, log Z, cancels between the
two terms in Eqn.7.
An important constraint that must be satisfied by any contrastive free energy is that F0 ≥ F∞ or equivalently
CF ≥ 0. The reason is that we like to change the unconstrained system with F∞ so that on average it is similar
to the constrained system with F0 . This would ensure that
if we sample from Pλ the samples would be similar to the
data-cases. Since both systems have the same energy function, but an unconstrained system has more entropy its free
energy should be lower as well (see Eqn.5). Moreover, the
cost function F0 − F∞ wouldn’t be lower bounded if F∞
was allowed to become arbitrarily large.
As an example, let’s choose the mean field approximation
for Q0 (h|y) and Q∞ (h, y) in Eqn.7 above,
Y
Y
Q0 (h|y) =
qi (hi |y)
Q∞ (y, h) =
rj (zj ) (8)
i

j
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with z = {y, h} andP
where both q and r are variational
paP
rameters satisfying hi q(hi |y) = 1 ∀i and zj r(zj ) =
1 ∀j. They are computed by minimizing their respective
KL-divergence terms in Eqn.7. It is now easy to see that
F∞ is smaller than F0 , simply because it has more degrees
of freedom to minimize over (in F0 the variables y are constrained). It is convenient to imagine a process where we
minimize F∞ in two phases, first we clamp y to a data-case
and minimize over h, then we set the y variables free and
continue the minimization over (y, h) jointly5 . Once we
have found the variational parameters (q, r), we can update
the parameters using the following gradient,
∂CFAPP
∞
= −E[fiβ (yβ , hβ )]Q0 + E[fiβ (yβ , hβ )]Q∞ (9)
∂λiβ
We only need to have access to (approximate) marginal
distributions pβ (yβ , hβ ) in order to compute the expectations in Eqn.9. Hence, we are allowed to consider general approximate free energies F0 , F∞ as functions of local
marginal distributions only, as long as we can assert that
F0 ≥ F∞ . An important example of this is the family of
Kikuchi free energies F KIK ({qα }), where the approximate
marginals need not be consistent with a global distribution
Q. In other words, there may not exist a global distribution
Q such that its marginals over clusters of nodes are given
by the qα which minimize F KIK .
The contrastive Kikuchi free energy can be expressed as a
sum over constrained local KL-divergences as follows,
.
KIK
=
CFKIK = F0KIK − F∞
X∞
cα KL[p0 (yα )qα (hα |yα )||pα (yα , hα )] −
α

X

cα KL[rα (yα , hα )||pα (yα , hα )]

(10)

α

Q
where pα (zα ) = Z1α β⊂α Ψβ (xβ ), and where the set of
clusters {α} consists of a number of overlapping large clusters which cover the graph such that any interaction Ψβ
fits in one of these clusters. By p0 (yα ) we mean the marginal data distribution over the variables6 y in cluster α.
Since this distribution is fixed, we only minimize over the
qα variables in the first term. The counting numbers cα
make sure that every variable and interaction is effectively
counted once. Unlike the mean field approximation, the
marginals are overlapping and are required to satisfy certain “marginalization constraints” on the intersections,
X
rα (zα ) = rβ (zβ )
(11)
zα \zβ

and similarly for q. We refer to [19] for more details.
5

In fact, the mean field equations, when run sequentially (one
variable at a time), are a form of coordinate descent.
6
Note that if we write (yα , hα ) we mean all the variables y
and h which reside in cluster α.

In the following we will be working with clusters consisting of edges and nodes only, called the “Bethe approximation”, but we like to emphasize that the formalism is easily
adapted to general Kikuchi approximations, or in fact region graph approximations [19]. The counting numbers in
this case are given by,

cedge = 1,

cnode = 1 − #neighbors

(12)

The approximate learning procedure is again similar to
what we have seen before: first we compute the variational parameters (qα , rα ) by minimizing the respective
KL-divergence terms, and subsequently we update the parameters using the following gradients,

∂CFBETHE
∞
= −E[fiβ (yβ , hβ )]qα p0 + E[fiβ (yβ , hβ )]rα
∂λiβ
(13)
where we need that β ⊆ α.
F0BETHE

BETHE
F∞

are convex in
and
When the free energies
the variational parameters (q, r), we can use a class of algorithms under the name (generalized) belief propagation
to minimize the Bethe free energies (or KL-divergences) in
Eqn.10. However, the Bethe free energy is only convex under very special circumstances, e.g. when the graph has at
most one loop. In general it is littered with local minima
and for reasons explained before it does not deserve recommendation to run BP and end up in some random local
minimum. Instead, we would like to initialize our minimization procedures on the data-cases. However, it is not
clear how to efficiently find a set of messages that will produce a prescribed set of marginals, implying that we have
little control over our initialization. Fortunately, algorithms
have been developed that do not rely on messages but directly minimize the Bethe free energy as a function of the
marginals [14, 20, 4]. In general, these algorithms iteratively construct a convex upper bound on the Bethe free
energy and minimize those under the constraints of marginal consistency. Unfortunately, every constrained bound
optimization step is a slow iterative algorithm with linear
converge in general. Hence, if we use such an algorithm at
every step of learning for every data-case we end up with
a computationally very inefficient learning algorithm. For
binary random variables with pairwise interactions the situation is considerably better, since it was shown in [18]
that the constraints can be solved analytically, leaving only
the node marginals as free variational parameters. Hence, a
truly efficient learning procedure is currently only available
for this case, but we are confident that efficient minimization algorithms for the more general case will be developed
in the near future.
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4 APPROXIMATE CONTRASTIVE FREE
ENERGIES
We will now introduce a second approximation that is
based on the ideas behind contrastive divergence and combine them with the variational approximations described in
the previous section. This will have the effect of making the
learning algorithm computationally much more efficient.
Recall our interpretation of learning using a contrastive free
energy. First we compute the free energy F0 at the datacase under consideration and compute the necessary sufficient statistics. Then we relax the constraints on the variables which were clamped to the value of the data-case and
let the system reach equilibrium where we compute the values of the sufficient statistics again. The system is relaxed
by “hitting” the data distribution P0 with a transition kernel
that has Pλ as its invariant distribution,
X
K(h, y|h0 , y 0 )P0 (h0 , y 0 ) (14)
P1 (h, y) =
Pλ

h0 ,y 0
∞

= (K) P0

(15)

In practice we replace P0 by the empirical distribution and
achieve the relaxation by running MCMC sampling procedures initialized at the data cases.
The underlying idea of contrastive divergence is that we
don’t actually have to wait until the system has reached
equilibrium, since there is much valuable information in
the first few steps of this relaxation process (i.e. after a few
steps of the MCMC samplers). If the population of samples
have a systematic tendency to move away from the data,
we can immediately correct this tendency by changing the
parameters such that the probability becomes larger at the
location of the data and the probability becomes smaller at
the location of the samples obtained after a brief MCMC
run,
∂CFCD
k
= −E[fiβ (yβ , hβ )]P0 + E[fiβ (yβ , hβ )]Pk (16)
∂λiβ
Following these gradients downhill approximately minimizes the following contrastive divergence objective,
KL[P0 (y, h)||Pλ (y, h)] − KL[Pk (y, h)||Pλ (y, h)]
.
= F0 − Fk = CFk ≥ 0
(17)
The derivative of this objective w.r.t. λiβ contains a term
∂Fk /∂λiβ in addition to the terms in Eqn.16. However, it
is usually small and rarely in conflict with the other terms
in the gradient and as result it can be safely ignored [5].
Clearly, learning with contrastive divergence results in a
vast improvement in efficiency. Moreover, because for each
data-case there is a nearby sample we reduce the variance in
the estimates of the sufficient statistic in Eqn.16 (compared
to a MCMC sampler at equilibrium) but at the same time

we may have introduced bias in our estimates. However,
it is not hard to show that for an infinite number of datacases and a model that is flexible enough to contain the
true model, it must be true that there is a fixed point at
the correct parameter value, i.e. the first and second term
in Eqn.20 will cancel. We refer to [5, 15, 21] for further
details on contrastive divergence learning.

one. The various methods differed in the way we allowed
the relaxation of the free energy to take place. We have
introduced approximate relaxations using variational distributions and partial relaxations where we don’t relax all
the way to equilibrium. We will now see that the pseudolikelihood estimator can also be interpreted in this framework (see also [6]).

It is now a small step to argue for a procedure that combines
the variational approximation of the previous section with
the ideas of contrastive divergence. Instead of relaxing the
free energy using sampling we will relax it by applying a
minimization procedure over the variational distributions Q
initialized at Q0 or over the marginals rα (zα ), initialized
at p0 (yα )qα (hα |yα ). Thus, we define the approximate “kstep” contrastive free energy as,

In [1], the pseudo-likelihood (PL) was introduced to learn
MRF models tractably. For a fully observed7 MRF the PL
is given by,

KL[Q0 (y, h)||Pλ (y, h)] − KL[Qk (y, h)||Pλ (y, h)]
.
≥0
(18)
= F0APP − FkAPP = CFAPP
k
where FkAPP is a function of the variational distribution Qk .
Alternatively, in case of the Kikuchi approximation, we use
Eqn.10 and replace the local marginals rα (zα ) with their
k-step counterparts obtained after k steps of minimization
on the Kikuchi free energy. Because of its definition the
“k-step” contrastive free energy must be positive which, as
discussed earlier, is an important constraint for the procedure to work. Taking derivatives w.r.t. to the parameters
{λiβ } we find,
∂FkAPP ∂Qk
∂FkAPP
∂F0APP
∂CFAPP
k
−
−
=
∂Qk ∂λiβ
∂λiβ
∂λiβ
∂λiβ

(19)

where the last term appears because we didn’t minimize the
free energy and hence ∂Fk /∂Qk 6= 0 (unlike ∂F0 /∂Q0 =
0 and ∂F∞ /∂Q∞ = 0). This term is difficult to compute, since we don’t have explicit expressions for Qk in
terms of λi . Again, it is small and rarely in conflict with
the other terms in the gradient so it can be safely ignored
(see [17] for experimental evidence of this fact in the case
of MF). Hence, ignoring the last term and simplifying the
other terms we arrive at the gradient,
∂CFAPP
k
= −E[fiβ (yβ , hβ )]Q0 + E[fiβ (yβ , hβ )]Qk (20)
∂λiβ
Of course, when we use the Kikuchi approximation we replace the global distributions Q0 and Qk in Eqn.20 by local
marginals qα p0 and rα,k as in Eqn.13.

5 RELATION TO PSEUDO-LIKELIHOOD
We have seen that learning in MRFs can be interpreted
as minimizing the difference between two free energies,
one with the data clamped on the observed variables, the
other one with all the variables unconstrained. Importantly,
the latter free energy must always be lower than the first
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PL =

N K
1 YY
p(ŷk,n |ŷ−k,n )
KN n=1

(21)

k=1

where y−k denotes all variables except variable yk , K is
the number of variables and N the number of data-cases.
This objective is far more tractable than the ML criterion
because it only depends on one dimensional normalization
constants Zk|−k . Moreover it was shown that asymptotically this estimator is consistent [3] (but less efficient in the
statistical sense than the MLE). We can rewrite minus the
log of this objective as a difference of two free energies,
X
Y
1 X
log Zk|−k
fiβ (yβ )]P0 +
Pk|−k ] = E[
KL[P0 ||
K
=

−

PL
F∞

k

iβ

k

F0PL

PL

= CF

≥0

(22)

where we identify the first term as the average energy and
the second as the average one dimensional conditional partition functions. Since the data have no entropy, the first
term is the free energy of the data F0 . The second term
can be interpreted as a partially unconstrained free energy,
where only one variable is relaxed at a time, conditioned on
all the others and where the final result is averaged. Hence,
like our partial relaxations, the PL-relaxation stays close to
the data distribution since at all times we condition on all
but one of the variables. The relaxed distribution for one
data-case is given by the following mixture,


K
X
Y
1
pλ (yk,n |ŷ−k,n )
δ(yj,n − ŷj,n )
PλPL (yn ) =
K
k=1

j\k

(23)
which has to be compared with Pλ (maximum likelihood),
Pk (k-step contrastive divergence), Q∞ (variational) and
Qk (k-step variational). It is now straightforward to derive
the following gradients,
∂CFPL
= −E[fiβ (yβ )]P0 + E[fiβ (yβ )]P PL
∂λiβ

(24)

N
1 X
1 X
E[fiβ (yk , ŷβ\k )]pk|−k )
(fiβ (ŷβ,n ) +
=−
|β|
N n=1
k⊂β

7

The following considerations are easily generalized to include hidden variables, but for simplicity we have chosen to illustrate our point using observed variables only.

where |β| denotes the number of nodes in the cluster β.

Method

F1 (2-clique)

F1 (4-clique)

In light of our interpretation of learning in MRFs, it is not
hard to generalize the PL estimator to a generalized PL estimator where we allow the relaxation of larger, possibly
overlapping clusters of nodes conditioned on the remaining
nodes in the graph. We leave the study of these generalized
PL estimators as future work.

CFBETHE
5

70.08

74.94

CFBETHE
10

68.35

75.23

CFBETHE
15

61.80

76.51

CFBETHE
500

63.44

75.86

As mentioned above, it has been shown that the PL estimator is asymptotically consistent, but is less efficient than
the ML estimator. It would be interesting to see if the arguments in the PL-consistency proofs can be adapted to cover
the estimators studied in this paper.

CFMF
10

57.91

55.91

MLMF

60.98

65.31

BP

68.19

78.71

Table 1: F1 performance measure for various training
methods on the 2-clique and 4-clique models.

6 CONDITIONAL RANDOM FIELDS
A conditional random field (CRF) [8] is a MRF that is
trained to maximize the conditional log-likelihood of labels, y, given input variables x,
λM L = arg min KL [P0 (y|x)||Pλ (y|x)]
λ

ML

(25)

That is, the variables that appear in the data are partitioned
into input nodes x, which will be observed at test time,
and output nodes y, which we will be asked to predict at
test time. In practice, discriminatively-trained models often
have advantages over generatively-trained models, including the ability to include many interdependent variables in
x without needing to learn their distribution.
All of our previous considerations apply to the conditional case as well. However, it should be noted that
for generatively-trained models the free energy F∞ must
be computed with all the variables free to fluctuate. In
contrast, for discriminatively-trained models the free energy F∞ has the data-case xn clamped to the input nodes.
Hence, the learning rule aims to match the average sufficient statistics of the random system with 1) both x and y
clamped at the nodes (F0 ) and 2) the random system with
only x clamped at the nodes (F∞ ). This has the important consequence that the relaxed distributions Pλ (y|xn )
are different for every data-case, while the relaxed distributions for generatively-trained models Pλ (y) are the same
for all data-cases and it would in principle suffice to run a
single MCMC procedure per learning iteration 8 .

7 EXPERIMENTS
In this section, we evaluate the CFk estimators presented in
this paper on CRFs. The state of the art for training loopy
CRFs in practice is penalized maximum-likelihood training with the expected sufficient statistics computed by BP
8

Note that we need to visit all modes with this Markov chain,
so in practice it may be better to run multiple Markov chains initialized at various data-cases.
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[12, 13]. This has two difficulties: (a) If the model distribution has multiple modes BP may converge to different
solutions depending on its initialization (or fail to converge
altogether), and (b) it requires running BP to convergence
at each step of gradient ascent on the log-likelihood, which
will be very expensive. Therefore, if nothing else, we can
still hope to achieve improved training time by using the
k-step CF estimators introduced in this paper. For the experiments in this paper, we will use fully-observed training
data, leaving partially observed data to future work.
Our data set is a collection of 485 e-mail messages announcing seminars at Carnegie Mellon University. The
messages are annotated with the seminar’s starting time,
ending time, location, and speaker. This data set is due
to Dayne Freitag [2], and has been used in much previous
work. For reasons discussed in section 4, we consider here
the binary problem of whether a word is a speaker name.
Often the speaker is listed multiple times in the same message. For example, the speaker’s name might be included
both near the beginning and later on, in a sentence like “If
you would like to meet with Professor Smith. . . ” It can be
useful to find both such mentions, because different information can be in the surrounding context of each mention:
for example, the first mention might be near an institution
affiliation, while the second mentions that Smith is a professor.
To solve this problem, we wish to exploit that when the
same word appears multiple times in the same message, it
tends to have the same label. In a CRF, we can represent
this by adding edges between output nodes (yi , yj ) when
the words xi and xj are identical and capitalized. Thus,
the conditional distribution p(y|x) has different graphical
structure for different input configurations x. We use input
nodes describing word identity, part-of-speech tags, capitalization, and membership in domain-specific lexicons;
these are described in more detail elsewhere [11].
We compare training time and test performance of four dif-

ferent contrastive free energies: MLMF , which corresponds
to maximum-likelihood training with mean-field free energy; MLBP , which corresponds to maximum likelihood
training with the Bethe free energy; and finally, CFMF
k and
,
which
correspond
to
k-step
contrastive
diverCFBETHE
k
gence with the mean-field and Bethe approximations, respectively. We compute the contrastive free energy as follows. For MLBP , we use the TRP schedule for belief propagation [16], with messages initialized to 1. For MLMF ,
we use damped fixed point equations with damping factor
α = 0.1 and uniform initialization. For CFMF
k , however,
we observed that iterating fixed-point equations for k steps
might not decrease the free energy if they are improperly
damped. Hence we have used separate damping factors for
each data-case, α(i) , which are adapted to keep CF positive
during learning.
, we use belief optimization; that is,
To compute CFBETHE
k
we take k gradient steps on the Bethe free energy, eliminating the constraints by solving for the pairwise marginals
and using the sigmoid parameterization described in [18].
The step-size for the gradient updates is determined by line
search. For k-step contrastive divergence, it is essential that
the optimization required to compute FkBETHE is initialized
at the data cases. However, at the empirical distribution
the derivative of the Bethe entropy is infinite. To avoid
this problem we smooth the 0/1 empirical distribution by
p̃SOFT (xj ) = |p̃0/1 (xj ) − ²|. In these experiments we use
² = 10−4 .
We report performance with the F1 measure on a per-token
basis, that is:
F1 = (2P R)/(P + R)

(26)

with P = # correct tokens / # tokens extracted and R =
# correct tokens / # true tokens. We use `2 regularization with
regularization parameter δ = 10. All results are averaged
over 5-fold cross validation.

chain model contains few short loops which is a graphical
structure for which the Bethe approximation is more appropriate than the MF approximation. Second, with the Bethe
training results in comparable
free energy, using CFBETHE
5
accuracy to ML training. This has great practical signifitraining used an average
cance, because while the CFBETHE
5
of 83 minutes to train, the ML training using belief propagation used over 19 hours, which is an order of magnitude
improvement.
Although the belief optimization algorithm has been developed for binary MRFs with pairwise interactions (a.k.a.
Boltzmann machines), the CRF is free to contain arbitrary cliques with at most two output nodes, since the distribution p(y|x) then still contains pairwise interactions
only. To evaluate the practical advantages of such models, we also evaluate a skip chain model with higher-order
cliques. In the 4-clique model, we add input nodes into the
linear-chain and skip-chain cliques, so that we now have
“linear-chain” cliques (yi , yi+1 , xi ) and “skip” cliques
(yi , yj , xi , xj ) in addition to the input edges (yi , xi ).
model
In Figure 1, we show the performance of CFBETHE
k
on the 4-clique model as a function of k (second column).
For all values of k, the higher-order model performs better
than the 2-clique model. Between the best 2-clique model
and the best higher-order clique model, all 5 folds show
improvement; averaging over the folds, the relative reduction in error is 20% (the F1 rises from 70 to 76). For an
unknown reason, the 2-clique model trained with CFBETHE
15
hits a bad local maximum, but we do not see this behavior with a richer set of features. In the 4-clique model,
ML training with BP does somewhat better than the best
model, but there is substantial variance among
CFBETHE
k
the different training sets. None of the differences between
for the 4-clique model are statistically
MLBP and CFBETHE
k
significant (McNemar’s test with p > 0.1). For the 2-clique
training is significantly
model, on the other hand, CFBETHE
5
better than MLBP (p < 0.001).

First, we consider a 2-clique model where all cliques are either linear chain edges (yi , yi+1 ), skip edges (yi , yj ), and
input edges (yi , xi )9 . The parameters are tied over all instances of each clique type. For example, each linear chain
edge (yi , yi+1 ) has the same weight wLC . This sort of parameter tying is necessary in a conditional model because
until we observe the input x, we do not know how many
output nodes there will be or what connections they will
have.

In summary, the experiments demonstrate two main points:
that a k-step CF energy performs comparably to ML with
vastly lower training time, and that belief optimization,
which was developed for Boltzmann machines, is still effective for training models with certain higher-order cliques
in a conditional setting.

Table 1 compares the testing performance of the different training methods on the 2-clique model (first column).
First, we note that both in CF and ML training, the Bethe
approximation results in better accuracy than the meanfield approximation. This is as expected because the skip-

In this paper we have offered a new view of parameter
learning in MRF models as a minimization of contrastive
free energies. We have seen that many objectives for
MRF learning, including the likelihood function, the mean
field learning objective, the contrastive divergence and the
pseudo-likelihood can be written as a positive difference
between two free energies. During learning we first infer
the (posterior) distribution of the hidden variables given a

9

To make the exposition simpler, we describe the models as if
the only input variables xi are the words at time i. In reality, each
xi is a vector of the observational tests described in [11].
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8 CONCLUSION

clamped data-vector, then we relax this system (exactly, approximately or partially) by un-constraining the observed
random variables. Finally we update the parameters by
computing the difference of the average sufficient statistics.
Not only is this unifying framework conceptually interesting, it also naturally suggests hybrid schemes where distributions are relaxed partially and approximately. In particular, we have studied a new learning algorithm based on the
contrastive Kikuchi/Bethe free energy and its accompanying minimization algorithm, “belief optimization”.
We feel that the view presented here is a rich breeding
ground for new approximate learning algorithms. In future
studies we hope to characterize the estimators proposed
here by their asymptotic properties such as consistency and
statistical efficiency.
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Abstract

An undesirable property of moments is the fact that lower
order moments can have a dominating influence on the
value of higher order moments. For instance, when the
mean is large it will have a dominating effect on the second order moment,

Sample estimates of moments and cumulants are
known to be unstable in the presence of outliers.
This problem is especially severe for higher order
statistics, like kurtosis, which are used in algorithms for independent components analysis and
projection pursuit. In this paper we propose robust generalizations of moments and cumulants
that are more insensitive to outliers but at the
same time retain many of their desirable properties. We show how they can be combined into series expansions to provide estimates of probability density functions. This in turn is directly relevant for the design of new robust algorithms for
ICA. We study the improved statistical properties
such as B-robustness, bias and variance while in
experiments we demonstrate their improved behavior.

E[x2 ] = E[x]2 + E[x − E[x]]2

The second term which measures the variation around the
mean, i.e. the variance, is a much more suitable statistic for
scale than the second order moment. This process of subtracting lower order information can be continued to higher
order statistics. The resulting estimators are called centralized moments or cumulants. Well known higher order cumulants are skewness (third order) measuring asymmetry
and kurtosis (fourth order) measuring ”peakiness” of the
probability distribution . Explicit relations between cumulants and moments are given in appendix A (set µ0 = 1
for the classical case). Since cumulants are functions of
moments up to the same order, they also suffer from high
sensitivity to outliers.

1 INTRODUCTION
Moments and cumulants are widely used in scientific disciplines that deal with data, random variables or stochastic processes. They are well known tools that can be used
to quantify certain statistical properties of the probability
distribution like location (first moment) and scale (second
moment). Their definition is given by,
µn = E[xn ]

(2)

(1)

where E[·] denotes the average over the probability distribution p(x). In practise we have a set of samples from the
probability distribution and compute sample estimates of
these moments. However, for higher order moments these
estimates become increasingly dominated by outliers, by
which we will mean the samples which are far away from
the mean. Especially for heavy tailed distributions this implies that these estimates have high variance and are generally unsuitable to measure properties of the distribution.
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Many statistical methods and techniques use moments and
cumulants because of their convenient properties. For instance they follow easy transformation rules under affine
transformations. Examples in the machine learning literature are certain algorithms for independent components
analysis [3, 2, 1]. A well known downside of these algorithm is their sensitivity to outliers in the data. Thus, there
is a need to define robust cumulants which are relatively insensitive to outliers but retain most of the convenient properties that moments and cumulants enjoy. This will be the
topic of this paper.

2 MOMENTS AND CUMULANTS
A formal definition of the relation between moments and
cumulants to all orders can be given in terms the characteristic function (or moment generating function) of a probability distribution,
Ψ(t) = E[eixt ] =

∞
X
1
µn (it)n
n!
n=0

(3)

where the last expression follows by Taylor expanding the
exponential. The cumulants can now be defined by

on an extensive body of literature [5][6] to compute robust
estimates of location and scale.

∞
X
1
κn (it)n = ln Ψ(t)
n!
n=0

As will become apparent in the following, a convenient
choice for the robust moments is given by the following
expression,

(4)

where we expand the right hand side in powers of (it) and
match terms at all orders.
The generalization of the above to the multivariate case is
straightforward. Moments are defined as expectations of
monomials,
µi1 ,...,im = E[xi1 ....xim ]
(5)
and the cumulants are again defined through the characteristic function (see Eq.7), where in addition to the univariate
cumulants we now also have cross-cumulants.
From the definition of the cumulants in terms of the moments we can derive a number of interesting properties,
which we will state below. It will be our objective to conserve most of these properties when we define the robust
cumulants.
Lemma 1 The following properties are true for cumulants:

Definition 1 The robust moments are given by:
¸
·
φ(αx)
(α)
α ≥ 1 (6)
µi1 ...in = E (αxi1 ) . . . (αxin )
φ(x)
where φ(x) is the multivariate standard normal density.
=
The decaying factor is thus given by φ(αx)
φ(x)
αd exp(− 12 (α2 − 1)xT x), where d is the dimension of the
space. In the limit α → 1 we obtain the usual definition of
moments.
In order to preserve most of the desirable properties that
cumulants obey, we will use the same definition to relate
moments to cumulants as in the classical case,
Definition 2 The robust cumulants are defined by:
∞ X
M
X

...

n=0 i1 =1

I. For a Gaussian density, all cumulants higher than second order vanish.
II. For independent random variables,
cumulants vanish.

all cross-

III. All cumulants transform multi-linearly with respect to
affine transformations.
IV. All cumulants higher than first order are invariant
with respect to translations.
The proofs of these statements can for instance be found in
[9] and are very similar to the proofs for the robust cumulants which we will present in the next section.

3 ROBUST MOMENTS AND
CUMULANTS
In this section we will define robust moments and cumulants by introducing an isotropic decay factor which downweights outliers. With this decay factor we will have introduced a preferred location and scale. We therefore make
the following important assumption: The probability density function has zero-mean and unit-variance (or covariance equal to the identity in the multivariate case). This
can always be achieved by a linear transformation of the
random variables. Analogously, data will need to be centered and sphered. One may worry that these preprocessing
steps are non-robust operations. Fortunately, we can rely
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ln(

∞
X

M
X

m=0 j1 =1

M
X
1 (α)
κ
(iti ) . . . (itin ) =
n! i1 ...in 1
i =1
n

...

M
X
1 (α)
µ
(itj1 ) . . . (itjm ))
m! j1 ...jm
j =1

(7)

m

The right hand side can again be defined as the logarithm
of the moment generating function for robust moments,
¸
·
φ(αx)
(8)
Ψ(α) (t) = E exp(iαxT t)
φ(x)
The explicit relation between robust moments and cumulants up to fourth order is given in appendix A.
With the above definitions we can now state some important properties for the robust cumulants. Since we assume
zero-mean and unit-variance we cannot expect the cumulants to be invariant with respect to translation and scalings. However, we will prove that the following properties
are still valid,
Theorem 1 The following properties are true for robust
cumulants:
I. For a standard Gaussian density, all robust cumulants
higher than second order vanish.
II. For independent random variables, robust crosscumulants vanish.
III. All robust cumulants transform multi-linearly with respect to rotations.

Proof: I: For a standard Gaussian we can compute the moment generating function analytically giving Ψ(α) (t) =
(α)
− 12 tT t, implying that κi1 i2 = δi1 i2 and all other cumulants vanish.
II: We note that if the variables {xi } are independent,
Ψ(α) (t) factorizes into a product of expectations which the
logarithm turns into a sum, each term only depending on
one ti . Since cross cumulants on the left hand side of Eq.7
are precisely those terms which contain distinct ti , they
must be zero.
III: From Eq.6 we see that since the decay factor is
isotropic, robust moments still transform multi-linearly
with respect to rotations. If we rotate both the moments
and t in the right-hand side of Eq.7, it remains invariant.
To ensure that the left-hand side of Eq.7 remains invariant we infer that the robust cumulants must also transform
multi-linearly with respect to rotations,
(α)

(α)

κi1 ...in → Oi1 j1 . . . Oin jn κj1 ...jn ,
This concludes the proof.

OOT = OT O = I
(9)

£

4 ROBUST GRAM-CHARLIER AND
EDGEWORTH EXPANSIONS
Assuming we have computed robust cumulants (or equivalently robust moments) up to a given order, can we combine them to provide us with an estimate of the probability
density function? For the classical case it is long known
that the Gram-Charlier and Edgeworth expansions are two
possibilities [8]. In this section we will show that these expansions can be generalized to the robust case as well. To
keep things simple, we will discuss the univariate case here.
Multivariate generalizations are relatively straightforward.
Both robust Gram-Charlier and Edgeworth expansions will
be defined as series expansions in the scaled Hermite polynomials Hn (αx).
p(x) =

∞
X

c(α)
n Hn (αx)φ(x) with

(10)

n=0

c(α)
n

1
=
n!

Z

∞

p(x)Hn (αx)φ−1 (x) dνα

(11)

−∞

where we have defined the measure dνα = φ(αx) dx and
used the following generalized orthogonality relation,
Z ∞
Hn (αx)Hm (αx) dνα = n! δnm
(12)

given by the following theorem1 ,
Theorem 2 The series expansion of a density p(x) in terms
of its robust cumulants is given by

(α)

We may also express the above series expansion directly in
terms of the robust cumulants. The explicit expression is
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φ(x) (P∞
e n=0
φ(αx)

with

(α)
κ̃(α)
n = κn − δn,2

n
dn
1 (α)
n! κ̃n (−1) d(αx)n

)

φ(αx) (13)
(14)

Proof: see appendix B.
To find an explicit expression up to a certain order in the
robust cumulants, one expands the exponential and uses
dn
(−1)n dx
n φ(x) = Hn (x)φ(x) to convert derivatives into
Hermite polynomials.
Analogous to the classical literature we will talk about a
(α)
Gram-Charlier expansion when we expand in cn and an
(α)
Edgeworth expansion when we expand in κn . Their only
difference is therefore in their convention to break the series off after a finite number of terms.
When α = 1 the Hermite expansions discussed in this section will be normalized, even when only a finite number of
terms is taken
P into account. This holds since H0 = 1 and
c0 = 1/N n 1 = 1, while all higher order polynomials
are orthogonal to “1”. When generalizing to robust cumulants this however no longer holds true. To correct this we
will add an extra term to the expansion,
pR (x) = {

R
X

c(α)
n Hn (αx) + ψ(x)}φ(x),

(15)

n=0

The correction factor can be computed by a Gram-Schmidt
procedure resulting in,
R
X

R

X
φ(x)
−
an Hn (αx)).
φ(αx) n=0
n=0
(16)
n
2
2 δ
for
k
∈
{0,
1,
2,
3,
...}
(α
−
1)
with an = (n−1)!!
n,2k
n!
and (n−1)!! denotes the double factorial of (n−1) defined
by 1 · 3 · 5...(n − 1). The correction factor is thus orthogonal to all Hermite polynomials Hn (αx) with n = 1..R
under the new measure dνα . We can also show that pR (x)
always integrates to 1 and that when α → 1 the correction
term will reduce to ψ(x) → cR+K HR+K (x) with K = 1
when R is oddR and K = 2 when R is even.
√ Finally we
∞
note that since −∞ φ2 (x)/φ(αx)dx = 1/(α 2 − α2 ) the

ψ(x) = (1 −

1

−∞

When cn is estimated by averaging over samples (Eq.25),
we see that the decay factor φ(αx)
φ(x) will again render them
robust against outliers.

p(x) =

The equivalent result in the multivariate case is,

p(x) =
(

e

n!an c(α)
n )(

P∞

n=0

with

φ(x)
×
φ(αx)
PM

i1 =1 ...

(α)

PM

n
d
1 (α)
in =1 n! κ̃i1 ...in (−1) d(αx)i
1

(α)

κ̃i1 i2 = κi1 i2 − δi1 i2

d
... d(αx)

in

)

φ(αx)
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Figure 1: (a)-Bias as a function of α2 for a generalized Laplacian
with a = 1.5 (super-Gaussian). (b)-Asymptotic variance (solid
line) and inverse Fisher information (dashed line) as a function of
α2 for a = 1.5. (c)-(d) Similar plots for a = 4 (sub-Gaussian)

correction is only normalizable for α2 < 2, which is what
we will assume in the following.

5 CONSISTENCY, ROBUSTNESS, BIAS
AND VARIANCE
In this section we will examine the robustness, bias and
efficiency of our generalized expansion. Many definitions
in this section are taken from [5]. Our analysis will assume
that the data arrive centered and sphered, which allows us
to focus on the analysis of the higher order statistics. For
a thorough study of the robustness properties of first and
second order statistics see [5].
(α)

First we mention that the estimators ĉn [pR ] for the truncated series expansion (Eq.15) are Fisher consistent. This
can be shown by replacing p(x) in Eq.11 with pR (x) and
using orthogonality between ψ(x) and the Hermite polynomials Hn (αx) n = 1..R w.r.t. the measure dνα .
To prove B-robustness we need to define and calculate the
(α)
influence function IF for the estimators ĉn . Intuitively,
the influence function measures the sensitivity of the estimators to adding one more observation at location x,
(α)

(α)

cn [(1 − t)pR + tδx ] − cn [pR ]
.
IF (x) = lim
t→0
t

φ(αx)
1
− c(α)
Hn (αx)
n
φ(x)
n!

(18)

Since for α > 1 this IF is finite everywhere, the result
follows.
£
(α)

Asymptotic variance & inverse Fisher information (a=4)

2.5

0.5
1

2

(b)

Bias for exponential density (a=4)

2

(α)

Theorem 3 The estimates ĉn [pR ] are B-robust for α > 1.

(17)

An estimator is called B-robust if its influence function is
finite everywhere. We will now state the following result.
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Since cumulants are simple functions of the cn up to the
same order, we conclude that cumulants are also B-robust.
It is important to notice that in the classical case (α = 1) the
theorem does not hold, confirming that classical cumulants
are not robust. Analogously one can show that the sensitivity to shifting data-points is also bounded for α > 1.
We now turn to the analysis of bias and variance. It is well
known that the point-wise mean square error can be decomposed into a bias and a variance term,
h
i
(N )
(N )
MSEx (pR (x)) = E (pR (x) − p(x))2 =
h
i
(N )
E (pR (x) − pR (x))2 + (pR (x) − p(x))2
(19)
(N )

where pR is the estimate of pR using a sample of size N .
The expectation E is taken over an infinite number of those
samples. Clearly, the first term represents the variance and
the second the bias which is independent of N . The variance term (V ) may be rewritten in terms of the influence
function,
R
1 X
(α)
2
Σ(c(α)
n , cm )Hn (αx)Hm (αx)φ (x) (20)
N n,m=0
Z ∞
(α)
(α)
Σ(c(α)
,
c
)
=
p(x)IF (x, c(α)
n
m
n )IF (x, cm )dx (21)

V =

−∞

So the variance decreases as 1/N with sample size while
the data independent part is completely determined by
the asymptotic covariance matrix Σ which is expressed in
terms of the influence function.
Finally, by defining the Fisher information as,
¸
·
∂
1
∂
1
(α)
p
(x)
p
(x)
)
=
E
,
c
J(c(α)
R
R
m
n
p(x) ∂c(α)
p(x) ∂c(α)
m
n
p
Z ∞
Hn (αx)Hm (αx)φ(x)2
dx
(22)
=
p(x)
−∞
the well known Cramer-Rao
(α) (α)
(α) (α)
Σ(cn , cm ) ≥ J −1 (cn , cm ).

bound

follows:

In figure 1 we plot the bias and the total variation (trace
of the covariance) as a function of α2 for a super-Gaussian
and a sub-Gaussian density (generalized Laplace density
p ∝ exp(−b|x|a ) with unit variance and a = 1.5 and a = 4
respectively) . The trace of the inverse Fisher information

was also plotted (dashed line). The model included 10 orders in the expansion n = 0, ..., 9 plus the normalization
term ψ(x). All quantities were computed using numerical
integration. We conclude that both bias and efficiency improve when α moves away from the classical case α = 1.

Histogram of sound data
450

number of samples in bin
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6 INDEPENDENT COMPONENTS
ANALYSIS

I(O) =

200
150
100

(23)

n=1 i=1
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Figure 2: Histogram of sound-data (5000 samples).
(α)

(α)

where κ̃i...i only differ from the usual κi...i in second or(α)
(α)
der, κ̃ii = κii − 1. These cumulants are defined on the
0
rotated axis ei = OT ei .
We will now state a number of properties that show the
validity of I(O) as a contrast function for ICA,
Theorem 4 The following properties are true for I(O):
i. I(O) is maximal if the probability distribution on the
corresponding axis factors into an independent product of marginal distributions.
ii. I(O) is minimal (i.e. 0) if the marginal distributions
on the corresponding axis are Gaussian.
Proof: To prove (i) we note that the following expression
is scalar (i.e. invariant) w.r.t. rotations2 ,
X (α)
(κ̃i1 ...in )2 = constant
∀n
(24)
i1 ...in

We now note that this expression can be split into two
terms: a sum over the “diagonal terms” where i1 =
i2 = . . . = in and a sum over all the remaining crosscumulant terms. When all directions are independent all
cross-cumulants must vanish by property II of theorem 1.
This minimizes the second term (since it’s non-negative).
Hence, by the fact the sum of these terms is constant, the
first term, which equals I(O), must be maximal for independent directions.
To prove (ii) we invoke property I of theorem 1 that
for Gaussian random variables all cumulants κ̃ must
vanish. £
By the above theorem we see that I(O) simultaneously
searches for independent directions and non-Gaussian directions. Observe however, that for practical reasons we
have ignored cumulants of order higher than R. Hence,
there will certainly be more than one distribution which
2

wn ≥ 0,

250

0
−10

We propose to use the robust Edgeworth and GramCharlier expansions discussed in this paper instead of the
classical ones. As we will show in the experiments below,
it is safe to include robust cumulants to very high order in
these expansions (we have gone up to order 20), which at a
moderate computational cost will have a significant impact
on the accuracy of our estimates of the marginal distributions. We note that the derivation of the contrast function in e.g. [4] crucially depends on properties I,II and III
from theorem 1. This makes our robust cumulants the ideal
candidates to replace the classical ones. Instead of going
through this derivation we will argue for a novel contrast
function that represents a slight generalization of the one
proposed in [4],
(α)
wn (κ̃i...i )2

300

50

Although robust moments and cumulants can potentially
find applications in a broad range of scientific disciplines,
we will illustrate their usefulness by showing how they can
be employed to improve algorithms for independent components analysis (ICA). The objective in ICA is to find a
new basis for which the data distribution factorizes into a
product of independent one-dimensional marginal distributions. To achieve this, one first removes first and second order statistics from the data by shifting the sample
mean to the origin and sphering the sample covariance to
be the identity matrix. These operations render the data decorrelated but higher order dependencies may still remain.
It can be shown [2] that if an independent basis exists, it
must be a rotation away from the basis in which the data is
de-correlated, i.e. xica = Oxdecor where O is a rotation.
One approach to find O is to propose a contrast function
that, when maximized, returns a basis onto which the data
distribution is a product of independent marginal distributions. Various contrast functions have been proposed, e.g.
the neg-entropy [4] and the mutual information [1]. All
contrast functions share the property that they depend on
the marginal distributions which need to be estimated from
the data. Naturally, the Edgeworth expansion [4, 3] and the
Gram-Charlier expansion [1] have been proposed for this
purpose. This turns these contrast functions into functions
of moments or cumulants. However, to obtain reliable estimates one needs to include cumulants of up to fourth order.
It has been observed frequently that in the presence of outliers these cumulants often become unreliable (e.g. [7]).

R X
M
X
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For vectors this reduces to the statement that an inner product
is scalar. To prove the general case we use OT O = I for every
index separately.
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Figure 3: (a)-Expansion coefficients for classical Gram-Charlier

Figure 4: Top row: Generalized Laplace distributions with (a)

expansion (α = 1). (b)-Density estimate for α = 1 after four
orders. The negative tails signal the onset of a diverging series.
(c)-Decreasing expansion coefficients for α = 1.8. (f)-Density
estimate after 10 orders for α = 1.8.

a = 1, (b) a = 4. Bottom row: Mixture of Gaussians with (c)
µ = 0.3, c = 3, d = 0 and (d) µ = 0.5, c = 3, d = 2.

maximizes I(O) (for instance distributions which only differ in the statistics of order higher than R). Good objective
functions are discriminative in the sense that there are only
few (relevant) densities that maximize it. We can influence
the ability of I(O) to discriminate by changing the weighting factors wn . Doing this allows for a more directed search
towards predefined qualities, e.g. a search for high kurtosis
directions would imply a large w4 .
A straightforward strategy to maximize I(O) is gradient
ascent while at every iteration projecting the solution back
onto the manifold of rotations (e.g. see [10]). A more efficient technique which exploits the tensorial property of
cumulants (i.e. property III of theorem 1) was proposed in
[3]. This technique, called Jacobi-optimization, iteratively
solves two dimensional sub-problems analytically.

7 EXPERIMENTS
The following set of experiments focus on density estimates based on the Gram-Charlier expansion (Eq.10)
where we replace Eq.11 with a sample estimate,
ĉn(α) =

N
1 1 X φ(αxA )
Hn (αxA )
φ(xA )
N n!

(25)

A=1

The reason we focus on this task is that we can demonstrate
robustness by showing that low order robust statistics are
always dominant over higher order robust statistics, even
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for heavy tailed distributions. Yet at the same time they
carry the relevant information of the probability density, i.e.
they combine into an accurate estimate of it. This exercise
is also relevant for cumulant based algorithms for independent components analysis because they rely on the fact that
the Gram-Charlier or Edgeworth expansions describe the
source distributions well.
Sound Data
We downloaded recordings from music CD’s 3 and extracted 5000 samples from it. The histogram is shown in
figure 2. Due to the presence of outliers we expect the classical expansion to break down. This can be observed from
figure (3a) where the coefficients increase with the order of
the expansion. In figure (3b) we see that the density estimate has become negative in the tails after 4 orders, which
is an indication that the series has become unstable. In figures (3c,d) we see that for the robust expansion at α = 1.8
the coefficients decrease with order and the estimate of the
density is very accurate after 10 orders.
Synthetic Data
In this experiment we sampled 5000 data-points from two
generalized Laplace densities p ∝ exp(−b|x|a ) (figures
4a,b) and from two mixtures of two Gaussians parameterized as
pmog (x) = µaφ(ax + b) + c(1 − µ)φ(cx + d) (figures
4c,d). These include super-Gaussian distributions (figures
3

http://sweat.cs.unm.edu/bap/demos.html
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Figure 6: L2 -distance as a function of the order of the expansion
for (a) α2 = 1 and (b) α2 = 1.9 for the generalized Laplace PDF
with a = 1.
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Figure 5: Top row: total L2 distance between true and estimated

densities as function of α2 for generalized Laplace density with
(a) a = 1, (b) a = 4. Bottom row: same as top row for the
mixture of Gaussians distributions with (c) µ = 0.3, c = 3, d = 0
and (d) µ = 0.5, c = 3. The corresponding densities are shown
in figure 4. Dashed line indicates the best estimate over all orders.

4a,c), a sub-Gaussian density (figures 4b) and an asymmetric density (figures 4d). We plot the total L2 distance between the estimate and the true density as we vary α (figures 5a,b,c,d). Shown is the best estimate over all orders orders (dashed line) and the final estimate after 20 orders. In
both cases it is observed that the best estimates are obtained
around α2 ≈ 2 (but recall that α2 < 2, see section 4. We
also plot the L2 distance between true and estimated density as a function of the order of the expansion for α2 = 1
and α2 = 1.9 (a = 1) in figures (6a,b). Clearly, the robust
expansion converges while the classical expansion is unstable. Finally, in figure 7 we compare the best estimated
PDFs for the general Laplace density at a = 1 with α2 = 1
(a) and α2 = 1.9 (b).
The general conclusion from these experiments is that in
all cases (super- or sub-Gaussian PDF, symmetric or asymmetric PDF) we find that the quality (in L2 -norm) of the
estimated densities improves considerably when we use the
robust series expansion with a setting of α2 close to (but
smaller than) 2. This effect is more pronounced for superGaussian densities than for sub-Gaussian densities.

cumulants invariance w.r.t. translations was lost and the
class of transformations under which they transform multilinearly was reduced from affine to orthogonal (i.e. rotations). However, all other cumulant properties were conveniently preserved. We argue that by first centering and
sphering the data (using robust techniques described in the
literature [5]), multi-linearity w.r.t. orthogonal transformations is all we need, which could make the trade-off with
improved robustness properties worthwhile.
There is two well-known limitations of cumulants that one
needs to be aware of. Firstly, they are less useful as statistics characterizing the PDF if the mass is located far away
from the mean. Secondly, the number of cumulants grows
exponentially fast with the dimensionality of the problem.
With these reservations in mind, many interesting problems
remain, even in high dimensions, that are well described by
cumulants of low dimensional marginal distributions, as the
ICA example has illustrated.
The sensitivity to outliers can be tuned with the parameter
α2 ∈ [1, 2). Our experiments have shown that if one includes many orders in the expansion, optimal performance
was obtained when α2 was close to (but smaller than) 2.
Although unmistakeably some information is ignored by
weighting down the impact of outliers, the experiments indicated that the relevant information to estimate the PDF
was mostly preserved. In future experiments we hope to
show that this phenomenon is also reflected in improved
performance of ICA algorithms based on robust cumulants.

A ROBUST MOMENTS AND
CUMULANTS TO 4’TH ORDER

8 DISCUSSION
In this paper we have proposed robust alternatives to higher
order moments and cumulants. In order to arrive at robust
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This appendix contains the definition of the cumulants in
terms of the moments and vice versa for general α. We
have not denoted α explicitely in the following for nota-
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Figure 7: Best estimates for the generalized Laplace density at
a = 1. In (a) we plot the best classical estimate which is found
after four orders of Hermite polynomials are taken into account
(i.e. H0 (x), ..., H4 (x)). For higher orders, the series becomes
unstable and the calculation of the expansion coefficients is too
sensitive to sample fluctuations. The best estimate from the robust
expansion is depicted in (b). In that case the best estimate is found
when all orders are taken into account, i.e. 20.

tional convenience.
µ1
µ2
µ1
− ( )2
κ2 =
µ0
µ0
µ0
µ1 3
µ1 µ2
µ3
− 3 2 + 2( )
κ3 =
µ0
µ0
µ0
µ1
µ2 µ2
µ1 µ3
µ2 2
µ4
− 3( ) − 4 2 + 12 1 3 − 6( )4
κ4 =
µ0
µ0
µ0
µ0
µ0
µ2
µ1
2
κ0
= κ2 + κ1
= κ1
µ0 = e
µ0
µ0
µ3
= κ3 + 3κ2 κ1 + κ31
µ0
µ4
= κ4 + 4κ3 κ1 + 3κ22 + 6κ2 κ21 + κ41
µ0

κ0 = ln µ0

κ1 =

Next, we use the relation between the cumulants and the
moments (Eq.7) to write,
Z ∞
P∞
n
1 (α)
αφ(x) 1
e−iαxt e n=0 n! κn (it) dt.
p(x) =
φ(αx) 2π −∞
(29)
(α)
(α)
By defining κ̃n = κn − δn,2 we can separate a factor
φ(t) (Gaussian) inside the integral,
Z ∞
P∞
n
1 (α)
αφ(x) 1
√
e−iαxt e n=0 n! κ̃n (it) φ(t) dt.
p(x) =
φ(αx) 2π −∞
(30)
Finally, we will need the result
√
dn
2π
−1
n
φ(αx).
(31)
(−1)n
F [(it) φ(t)] =
d(αx)n
α
If we expand the exponential containing the cumulants in a
Taylor series, and do the inverse Fourier transform on every
term separately, after which we combine the terms again in
an exponential, we find the desired result (Eq.14).
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1992) produce maximum margin non-linear separating hypersurfaces by simply replacing the dot products by a Mercer kernel K(xi , xj ).

We develop a fast online kernel algorithm for
classification which can be viewed as an improvement over the one suggested by (Crammer,
Kandola and Singer, 2004), titled ”Online Classificaton on a Budget”. In that previous work,
the authors introduced an on-the-fly compression
of the number of examples used in the prediction
function using the size of the margin as a quality measure. Although displaying impressive results on relatively noise-free data we show how
their algorithm is susceptible in noisy problems.
Utilizing a new quality measure for an included
example, namely the error induced on a selected
subset of the training data, we gain improved
compression rates and insensitivity to noise over
the existing approach. Our method is also extendable to the batch training mode case.

Neither the Generalized Portrait nor the Support Vector
Machines (SVM) are online algorithms. A set of training
examples must be gathered (and stored in memory) prior
to running the algorithm. Several authors have proposed
online Perceptron variants that feature both the margin and
kernel properties. Example of such algorithms include the
Relaxed Online Maximum Margin Algorithm (ROMMA)
(Li and Long, 2002), the Approximate Maximal Margin
Classification Algorithms (ALMA) (Gentile, 2001), and
the Margin Infused Relaxed Algorihm (MIRA) (Crammer
and Singer, 2003).
The computational requirements 1 of kernel algorithms are
closely related to the sparsity of the linear combination
defining the separating hyper-surface. Each iteration of
most Perceptron variants considers a single example and
decides whether to insert it into the linear combination. The
Budget Perceptron (Crammer, Kandola and Singer, 2004)
achieves greater sparsity by also trying to remove some of
the examples already present in the linear combination.

1 Introduction
Rosenblatt’s Perceptron (Rosenblatt, 1957) efficiently constructs a hyperplane separating labeled examples (x i , yi ) ∈
Ên × {−1, +1}. Memory requirements are minimal because the Perceptron is an online algorithm: each iteration
considers a single example and updates a candidate hyperplane accordingly. Yet it globally converges to a separating
hyperplane if such a hyperplane exists.
The Perceptron returns an arbitrary separating hyperplane
regardless of the minimal distance, or margin, between the
hyperplane and the examples. In contrast, the Generalized Portrait algorithm (Vapnik and Lerner, 1963) explictly
seeks an hyperplane with maximal margins.
All the above methods produce a hyperplane whose normal
vector is expressed as a linear combination of examples.
Both training and recognition can be carried out with the
only knowledge of the dot products x i xj between examples. Support Vector Machines (Boser, Guyon and Vapnik,
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This discussion only applies to the case where all examples
can be separated by a hyperplane or a hypersurface, that
is to say in the absence of noise. Support Vector Machines
use Soft Margins (Cortes and Vapnik, 1995) to handle noisy
examples at the expense of sparsity. Even in the case where
the training examples can be separated, using Soft Margins
often improves the test error. Noisy data sharply degrades
the performance of all the Perceptron variants discussed
above.
We propose a variant of the Perceptron algorithm that addresses this problem by removing examples from the linear combination on the basis of a direct measurement of
the training error in the spirit of Kernel Matching Pursuit
(KMP) (Vincent and Bengio, 2000). We show that this algorithm has good performance on both noisy and non-noisy
data.
1

and sometimes the generalization properties

2 Learning on a Budget

Input: Margin β > 0, Cache Limit p.

Figure 1 shows the Budget Perceptron algorithm (Crammer, Kandola and Singer, 2004). Like Rosenblatt’s Perceptron, this algorithm ensures that the hyperplane normal
wt can always be expressed as a linear combination of the
examples in set Ct :

αi xi .
(1)
wt =
i∈Ct

Whereas Rosenblatt’s Perceptron updates the hyperplane
normal wt whenever the current example (x t , yt ) is misclassified, the Budget Perceptron updates the normal whenever the margin is smaller than a predefined parameter
β > 0, that is to say whenever y t (xt · wt ) < β.
Choosing a large β ensures that the hyperplane will eventually become close to the maximal margin hyperplane. This
also increases the likelihood that an arbitrary example will
become part of the expansion (1) and make the final solution less sparse.
The Budget Perceptron addresses this problem with a removal process. Whenever the number of expansion examples exceeds a predefined threshold p, the removal process
excludes one example from the expansion. More specifically, the removal process (steps 1a–1c, figure 1) simulates
the removal of each example and eventually selects the example i that, when removed, remains recognized with the
largest margin:
i = arg max{yj (wt−1 − αj yj xj ) · xj }
j∈Ct

The justification for such a strategy is that the Perceptron
algorithm only adds examples to the cache when they are
errors. Early on in the training, examples may be added
because the decision rule learnt thus far is relatively inaccurate, however later on these examples may be well classified as the direction of the hyperplane has changed considerably. The standard Perceptron algorithm does not have
any removal procedure.
Several variants of this algorithms can be derived by changing the update formula (figure 2) or by replacing the dot
products by suitable kernel functions. The maximum size
of the expansion can be fixed or variable (Crammer, Kandola and Singer, 2004). Essentially, to adapt to the variable case one removes all examples that violate y j (wt−1 −
αj yjxj )·xj < β on each iteration. For simplicity however,
in the remainder of the paper we will present algorithms in
the simplest linear setup with Perceptron update and fixed
sized cache, and leave such variants to the reader.
Experimental results (Crammer, Kandola and Singer, 2004)
demonstrate that the Budget Perceptron performs extremely well on relatively noiseless problems. However, it
degrades quickly on noisy problems. Suppose for instance
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Initialize: Set ∀t αt = 0, w0 = 0, C0 = ∅
Loop: For t = 1, . . . , T
– Get a new instance xt ∈ Ên , yt = ±1.
– Predict ŷt = sign(yt (xt · wt−1 ))
– If yt (xt · wt−1 ) ≤ β update:
1. If |Ct | = p remove one example:
a Find i = arg max{yj (wt−1 − αj yj xj ) · xj }
j∈Ct

b Update wt−1 ← wt−1 − αi yi xi .
c Remove Ct−1 ← Ct−1 \ {i}.
2. Insert Ct ← Ct−1 ∪ {t}.
3. Set αt = 1.
4. Compute wt ← wt−1 + αt yt xt .
Output: H(x) = sign(wT · x).

Figure 1: The Budget Perceptron algorithm (Crammer,
Kandola and Singer, 2004).
that we randomly flip the labels of a small proportion η of
both the training and test examples. The misclassification
rate of the best hyperplane is at least η. Such misclassified examples accumulate into the Budget Perceptron expansion because only examples which are classified well
are removed. Mislabeled examples reverse the direction of
the normal wt , and poor performance follows.
Complexity Assuming we use an RBF kernel, the insertion step requires O(pn) operations where p is the cache
size and n is the input dimensionality. The deletion step
requires O(p) operations, assuming all kernel calculations
are cached. Note that the latter cost is only incurred for
margin errors when the cache is full.
Perceptron (Rosenblatt, 1957)
αt = 1

MIRA (Crammer and Singer, 2003)
««
„
−yi (w · xi )
αt = min 1, max 0,
xi · xi
„

No-Bias-SVM (Kecman, Vogt and Huang, 2003) β = 1
««
„
„
1 − yi (w · xi )
αt = min C, max 0,
xi · xi

Figure 2: Update Rules for Various Algorithms. These
can be used to replace step 3 in figure 1 or 3.

3 Learning on a Tighter Budget

Input: Margin β > 0, Cache Limit p.
Initialize: Set ∀t αt = 0, w0 = 0, C0 = ∅.

The Budget Perceptron removal process simulates the removal of each example and eventually selects the example that remains recognized with the largest margin. This
margin can be viewed as an indirect estimate of the impact
of the removal on the overall performance of the hyperplane. Thus, to improve the Budget algorithm we propose
to replace this indirect estimate by a direct evaluation of the
misclassification rate. We term this algorithm the Tighter
Budget Perceptron. The idea is simply to replace the measure of margin
i = arg max{yj (wt−1 − αj yj xj ) · xj }
j∈Ct

Loop: For t = 1, . . . , T
–
–
–
–

(2)

with the overall error rate on all currently seen examples:
i = arg min {
j∈Ct

t


L(yk , sign((wt−1 − αj yj xj ) · xk )}.

k=1

Get a new instance xt ∈ Ên , yt = ±1.
Predict ŷt = sign(yt (xt · wt−1 )).
Get a new label yt .
If yt (xt · wt−1 ) ≤ β update:
1. If |Ct | = p remove one example:
a Find i = arg minj∈Ct
t
{ k=1 L(yk , sign((wt−1 − αj yj xj ) ·
xk )}.
b Update wt−1 ← wt−1 − αi yi xi
c Remove Ct−1 ← Ct−1 \ {i}.
2. Insert Ct ← Ct−1 ∪ {t}.
3. Set αt = 1.
4. Compute wt ← wt−1 + αt yt xt .

Output: H(x) = sign(wT · x).

Intuitively, if an example is well classified (has a large margin) then not only will it be correctly classified when it is
removed as in equation (2) but also all other examples will
still be well classified as well. On the other hand, if an example is an outlier then its contribution to the expansion of
w is likely to classify points incorrectly. Therefore when
removing an example from the cache one is likely to either
remove noise points or well-classified points first. Apart
from when the kernel matrix has very low rank we do indeed observe this behaviour, e.g. in figure 8.

can be computed efficiently if the kernel matrix can be fit
into memory (the algorithm is given in (Vincent and Bengio, 2000)), but is expensive for large datasets. The basic
algorithm, on the other hand does not perform well for classification, as shown in figure 8.

Compared to the original Budget Perceptron, this removal
rule is more expensive to compute, now it requires O(t(p +
n)) operations (see section 2). Therefore in section 3.2 we
discuss ways of approximating this computation whilst still
retaining its desirable properties. First, however we discuss the relationship between this algorithm and existing
approaches.

Note that we could adapt our algorithm’s addition step to
also be based on training error. However, using the Perceptron rule, an example is only added to the cache if it is an
error, making it more efficient to compute. Note that variants of KMP have also been introduced that incorporate a
deletion as well as an insertion step (Nair, Choudhury and
Keane, 2002).

3.1 Relation to Other Algorithms

Condense and Multi-edit Condense and multi-edit (Devijver and Kittler, 1982) are editing algorithms to ”sparsify” k-NN. Condense removes examples that are far from
the decision boundary. The Perceptron and the SVM already have their own ”condense” step as such points typically have αi = 0. The Budget Perceptron is an attempt to
make the condense step of the Perceptron more aggressive.
Multi-edit attempts to remove all the examples that are on
the wrong side of the Bayes decision boundary. One is
then left with learning a decision rule with non-overlapping
classes with the same Bayes decision boundary as before,
but with Bayes risk equal to zero. Note that neither the Perceptron nor the SVM (with soft margin) perform this step 2 ,
and all incorrectly classified examples become support vec-

Kernel Matching Pursuit The idea of kernel matching
pursuit (KMP)
(Vincent and Bengio, 2000) is to build a
predictor w = i αi xi greedily by adding one example at
a time, until a pre-chosen cache size p is found. The example to add is chosen by searching for the example which
gives the largest decrease in error rate, usually in terms of
squared loss, but other choices of loss function are possible.
While this procedure is for batch learning, and not online
learning, clearly this criteria for addition is the same as our
criteria for deletion.
There are various variants of KMP, two of them called
basic- and backfitting- are described in figure 4. Basic
adapts only a single α i in the insertion step, whereas backfitting adjusts all αi of previously chosen points. The latter
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Figure 3: The Tighter Budget Perceptron algorithm.

2

An algorithm designed to combine the multi-edit step into
SVMs is developed in (Bakır, Bottou and Weston, 2004).

Input: Qt−1 , xt , s

Input: Cache Limit p.

– Qt ← Qt−1 ∪ xt .
– If |Qt | > q
1. i = arg maxi∈Qt−1 si
2. Qt ← Qt \ xi

Initialize: Set ∀t αt = 0, w0 = 0, C0 = ∅.
Loop: For t = 1, . . . , p
– Choose (k, α) =
arg min

α, j=1...m

m
X

(yj − (wt + αxj ) · xi )2 .

Output: Qt

i=1

– Insert Ct ← Ct−1 ∪ {t}.
– Basic-KMP:
Set wt ← wt−1 + αxk .
Backfitting-KMP:

Set wt ←
αi xi where {αi } =

Figure 5: Algorithm for maintaining a fixed cache size q
of relevant examples for estimating the training error. The
idea is to maintain a count s i of the number of times the
prediction changes label for example i. One then retains
the examples which change labels most often.

i∈Ct

arg min
{αi }

m
X
j=1

yj −

X

αi xi · xj )

!2

i∈Ct

in the cache to delete which results in the minimal loss over
all t observations:

Output: H(x) = sign(wT · x).

i = arg min {
Figure 4: The Basic and Backfitting Kernel Matching Pursuit (KMP) Algorithms (Vincent and Bengio, 2000).
tors with αi > 0. Combining condense and multi-edit together one only tries to keep the correctly classified examples close to the decision boundary. The Tighter Budget
Perceptron is also an approximate way of trying to achieve
these two goals, as previously discussed.
Regularization One could also view the Tighter Budget
Perceptron as an approximation of minimizing a regularized objective of the form
1 
L(yi , f (xi )) + γ||α||0 .
m
where operator || · || 0 is defined as counting the number
of nonzero coefficients. That is to say, the fixed sized
cache chosen acts a regularizer to reduce the capacity of the
set of functions implementable by the Perceptron rule, the
goal of which is to minimize the classification loss. This
means that for noisy problems, with a reduced cache size
one should see improved generalization error compared to
a standard Perceptron using the Tighter Budget Perceptron,
and we indeed find experimentally that this is the case.
3.2 Making the per-time-step complexity bounded by
a constant independent of t
An important requirement of online algorithms is that their
per-time-step complexity should be bounded by a constant
independent of t (t being the time-step index), for it is assumed that samples arrive at a constant rate. The algorithm
in figure 3 grows linearly in the time, t, because of the computation in step 1(a), that is when we choose the example
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j∈Ct

t


L(yk , sign((wt−1 − αj yj xj ) · xk )}.

k=1

(Note that this extra computational expense is only invoked
when xt is a margin error, which if the problem has a low
error rate, is only on a small fraction of the iterations.) Nevertheless, it is possible to consider approximations to this
equation to make the algorithm independent of t.
We could simply reduce the measure of loss to only the
fixed p examples in the cache:

L(yk , sign((wt−1 − αj yj xj ) · xk )}.
i = arg min {
j∈Ct

k∈Ct

(3)
While this is faster to compute, it may be suboptimal as we
wish to have an estimator of the loss that is as unbiased as
possible, and the points that are selected in the cache are a
biased sample. However, they do have the advantage that
many of them may be close to the decision surface.
A more unbiased sample could be chosen simply by picking a fixed number of randomly chosen examples, say q
examples, where we choose q in advance. We define this
subset as Qt , where |Qt | = min(q, t) which is taken from
the t available examples until the cache is filled. Then we
compute:

L(yk , sign((wt−1 − αj yj xj ) · xk )}.
i = arg min {
j∈Ct

k∈Qt

(4)
The problem with this strategy is that many of these examples may be either very easy to classify or always mislabeled (noise) so this could be wastful.
We therefore suggest a secondary caching scheme to
choose the q examples with which we estimate the error.
We wish to keep the examples that are most likely to change

label as these are most likely to give us information about
the performance of the classifier. If an example is well
classified it will not change label easily when the classifier changes slightly. Likewise, if an example is an outlier
it will be consisently incorrectly classified. In fact the number of examples that are relevant in this context should be
relatively small. We therefore keep a count s i of the number of times example x i has changed label, divided by the
amount of time it has been in the cache. If this value is
small then we can consider removing this point from the
secondary cache. When we receive a new observation at x t
at time t we thus perform the update given in figure 5 in the
case that xt is a margin error.
Complexity The last variant of the Tighter Budget Perceptron has a deletion step cost of O(pq + qn) operations,
where p is the cache size, q is the secondary cache size, and
n is the input dimensionality. This should be compared to
O(p) for the Budget Perceptron, where clearly the deletion
step is still less expensive.
In the case of relatively noise free problems with a reasonable cache size p, the deletion step occurs infrequently: by
the time the cache becomes full, the perceptron performs
well enough to make margin errors rare. The insertion step
then dominates the computational cost. In the case of noisy
problems, the cheaper deletion step of the Budget Perceptron performs too poorly to be considered a valid alternative. Moreover, as we shall see experimentally, the Tighter
Budget Perceptron can achieve the same test error as the
Budget Perceptron for smaller cache size p.

4 Experiments
4.1 2D Experiments - Online mode
Figure 6 shows a 2D classification problem of 1000 points
from two classes separated by a very small margin. We
show the decision rule found after one epoch of Perceptron, Budget Perceptron and Tighter Budget Perceptron
training, using a linear kernel. Both Budget Perceptrons
variants produce sparser solutions than the Perceptron, although the Budget Perceptron provides slightly less accurate solutions, even for larger cache sizes. Figure 7 shows a
similar dataset, but with overlapping classes. The Perceptron algorithm will fail to converge with multiple epochs in
this case. After one epoch a decision rule is obtained with a
relatively large number of SVs. Most examples which are
on the wrong side of the Bayes decision rule are SVs. 3
The Budget Perceptron fails to alleviate this problem. Although one can reduce the cache size to force more sparsity,
the decision rule obtained is highly inaccurate. This is due
to noise points which are far from the decision boundary
3
Note that support vector machines, not shown, also suffer
from a similar deficiency in terms of sparsity - all incorrectly classified examples are SVs.
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Perceptron (16 SVs)

Tighter Budget Ptron (5 SVs)

Budget Perceptron (5 SVs)

Budget Perceptron (10 SVs)

Figure 6: Separable Toy Data in Online Mode. The Budget Perceptron of (Crammer, Kandola and Singer, 2004)
and our Tighter Budget Perceptron provide sparser solutions than the Perceptron algorithm, however the Budget
Perceptron seems sometimes to provide slightly worse solutions.
being the last vectors to be removed from the cache, as can
be seen in the example with a cache size of 50.
4.2 2D Experiments - Batch mode
Figure 8 shows a 2D binary classification problem with the
decision surface found by the Tighter Budget Perceptron,
Budget Perceptron, Perceptron, SVM, and two flavors of
KMP when using the same Gaussian kernel. For the online algorithms we ran multiple epochs over the dataset
until convergence. This example gives a simple demonstration of how the Budget and Tighter Budget Perceptrons
can achieve a greater level of sparsity than the Perceptron,
whilst choosing examples that are close to the margin, in
constrast to the KMP algorithm.
Where possible in the fixed cache algorithms, we fixed the
cache sizes to 10 SVs (examples highlighted with squares),
as a trained SVM uses this number. The Perceptron is not
as sparse as SVM, and uses 19 SVs. However both the
Budget Perceptron and the Tighter Budget Perceptron still
separate the data with 10 SVs. The Perceptron required 14
epochs to converge, the Tighter Budget Perceptron required
22, the Budget Perceptron required 26 (however, we had to
decrease the width of the Gaussian kernel for the last algorithm as it did not converge for larger widths). BackfittingKMP provides as good sparsity as SVM. Basic-KMP does
not give zero error even after 400 iterations, and by this
time has used 37 SVs (it cycles around the same SVs many
times). Note that all the algorithms except KMP choose

Perceptron (103 SVs)

Tighter Budget Ptron (5 SVs)

Budget Perceptron (5 SVs)

Budget Perceptron (50 SVs)

Figure 7: Noisy Toy Data in Online Mode. The Perceptron and Budget Perceptron (independent of cache size)
fail when problems contain noise, as demonstrated by a
simple 2D problem with Gaussian noise in one dimension.
The Tighter Budget Perceptron, however, finds a separation
very close to the Bayes rule.

Perceptron (19 SVs)

Tighter Budget Ptron (10 SVs)

Budget Perceptron (10 SVs)

basic-KMP (37 SVs)

backfitting-KMP (10 SVs)

SVM (10 SVs)

Figure 8: Nonlinear Toy Data in Batch Mode. We compare various algorithms on a simple nonlinear dataset following (Vincent and Bengio, 2000). See the text for more
explanation.

SVs close to the margin.
4.3 Benchmark Datasets
We conducted experiments on three well-known datasets:
the US Postal Service (USPS) Database, Waveform and
Banana4 . A summary of the datasets is given in Table 1.
For all three cases (USPS,Waveform,Banana) we chose an
RBF kernel, the width values were taken from (Vapnik,
1998) and (Rätsch, Onoda and Müller, 2001), and are chosen to be optimal for SVMs, the latter two by cross validation. We used the same widths for all other algorithms,
despite that these may be suboptimal in these cases. For
USPS we considered the two class problem of separating
digit zero from the rest. We also constructed a second experiment by corrupting USPS with label noise. We randomly flipped the labels of 10% of the data in the training
set to observe the performance effects on the algorithms
tested (for SVMs, we report the test error with the optimal
value of C chosen on the test set, in this case, C = 10).
We tested the Tighter Budget Perceptron, Budget Perceptron and Perceptron in an online setting by only allowing
one pass through the training data. Obviously this puts
these algorithms at a disadvantage compared to batch algorithms such as SVMs which can look at training points
multiple times. Nevertheless, we compare with SVMs as
4

USPS is available at ftp://ftp.kyb.tuebingen.
mpg.de/pub/bs/data. Waveform and Banana are available
at http://mlg.anu.edu.au/˜raetsch/data/.
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our gold standard measure of performance. The results are
given in figures 9-12. In all cases for the Perceptron variants we use β = 0 and for the Tighter Budget Perceptron
we employ the algorithm given in figure 3 without the computational efficiency techniques given in section 3.2. We
show the test error against different fixed cache sizes p resulting in p support vectors. We report averages over 5 runs
for USPS and 10 runs for Waveform and Banana. The error bars indicate the maximum and minimum values over
all runs.
The results show the Tighter Budget Perceptron yielding
similar test error performance to the SVM but with considerably less SVs. The Budget Perceptron fares less well with

Name
USPS
Waveform
Banana

Inputs
256
21
2

Train
7329
4000
4000

Test
2000
1000
1300

σ
128
3.16
0.7

C
1000
1
316

Table 1: Datasets used in the experiments. The hyperparameters are for an SVM with RBF kernel, taken from
(Vapnik, 1998) and (Rätsch, Onoda and Müller, 2001).
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Figure 11: Waveform Dataset.
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SVM
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Figure 9: USPS Digit 0 vs Rest.
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55

148
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400
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800
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Figure 10: USPS Digit 0 vs Rest + 10% noise.

Figure 12: Banana Dataset.

the test error degrading considerably faster for decreasing
cache size compared to the Tighter Budget Perceptron, particularly on the noisy problems. Note that if the cache
size is large enough both the Budget and Tighter Budget
Perceptrons converge to the Perceptron solution, hence the
two curves meet at their furthest point. However, while the
test error immediately degrades for the Budget Perceptron,
for the Tighter Budget Perceptron the test error in fact improves over the Perceptron test error in both the noisy problems. This should be expected as the standard Perceptron
cannot deal with overlapping classes.
In figure 9 we also show the Tighter Budget Perceptron
with (up to) 10 epochs on USPS (typically the algorithm
converges before 10 epochs). The performance is similar to
only 1 epoch for small cache sizes. For larger cache sizes,
clearly the maximum cache size converges to the same performance of a Perceptron with 10 epochs, which in this
case gives slightly better performance than any cache size
possible with 1 epoch.
4.4 Faster Error Computation
In this section we explore the error evaluation cache strategies described previously in section 3.2. We compared the
following strategies to evaluate error rates: (i) using all
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points so far seen, (ii) using only the support vectors in the
cache, i.e. equation (3), (iii) using a random cache of size
q, i.e. equation (4), and (iv) using a cache of size q of the
examples that flip label most often, i.e. figure 5.
Figure 13 compares these methods on the USPS dataset for
fixed cache size of support vectors p = 35 and p = 85. The
results are averaged over 40 runs (the error bars show the
standard error).
We compare different amounts of evaluation vectors q. The
results show that considerable computational speedup can
be gained by any of the methods compared to keeping all
training vectors. Keeping a cache of examples that change
label most often performs better than a random cache for
small cache sizes. Using the support vectors themselves
also performs better than the random strategy for the same
cache size. This makes sense as support vectors themselves are likely to be examples that can change label easily,
making it similar to the cache of examples that most often
change label. Nevertheless, it can be worthwhile to have a
small number of support vectors for fast evaluation, but a
larger set of error evaluation vectors when an error is encountered. We suggest to choose q and p such that a cache
of the qp kernel calculations fits in memory at all times.
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5 Summary
We have introduced a sparse online algorithm that is a variant of the Perceptron. It attempts to deal with some of
the computational issues of using kernel algorithms in an
online setting by restricting the number of SVs one can
use. It also allows methods such as the Perceptron to deal
with overlapping classes and noise. It can be considered
as an improvement over the Budget Perceptron of (Crammer, Kandola and Singer, 2004) because it is empirically
sparser than that method for the same error rate, and can
handles noisy problems while that method cannot. Our
method tends to keep only points that are close to the margin and that lie on the correct side of the Bayes decision
rule. This occurs because other examples are less useful
for describing a decision rule with low error rate, which is
the quality measure we use for inclusion in to the cache.
However, the cost of this is that quality measure used
to evaluate training points is more expensive to compute
than for the Budget Perceptron (and in this sense the
name ”Tighter Budget Perceptron” is slightly misleading).
However, we believe there exist various approximations to
speed up this method whilst retaining its useful properties.
We explored some strategies in this vein by introducing a
small secondary cache of evaluation vectors with positive
results. Future work should investigate further ways to improve on this, some first suggestions being to only look at
a subset of points to remove on each iteration, or to remove
the worst n points every n iterations.
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1 INTRODUCTION

between variables combined with causality inference rules
[Pearl, 2000; Spirtes et al., 2000]. The main problem of
constraint-based algorithms is their inefficiency and
inaccuracy (due to the curse-of-dimensionality) in
performing conditional independence (CI) tests for large
condition sets. Most constraint-based algorithms, such as
Inductive Causation (IC) [Pearl, 2000], PC [Spirtes et al.,
2000] and Three Phase Dependency Analysis (TPDA),
[Cheng et al., 1997], construct a directed acyclic graph
(DAG) in two consecutive stages. First is learning
associations between variables for constructing an
undirected structure. This requires an exponentially
growing number of CI tests with the number of nodes,
which can be reduced to polynomial by fixing the number
of parents (PC algorithm) or using the values computed in
the CI test and some strong assumptions (TPDA
algorithm). These assumptions however may not be valid
in all situations. Another flaw of the TPDA algorithm is
ignoring the curse-of-dimensionality in CI tests by not
limiting the size of the condition set. The second stage in
most constraint-based algorithms is causality inference
performed in two consecutive steps: finding and directing
V-structures and inductively directing additional edges
[Pearl, 2000]. Causality inference, and especially the
induction step, is unstable, i.e., small errors in the input to
the stage yield large errors at its output [Spirtes et al.,
2000]. Thus, the algorithms increase stability by
separating the two stages trying in the first stage to
minimize erroneous decisions about d-separation caused
by invalid threshold selection or poor estimation due to
the curse-of-dimensionality.

Most algorithms for Bayesian network (BN) structure
learning are either search-and-score based [Heckerman,
1995; Friedman et al., 1997] in which the structure
achieving the highest score given the data is pursued or
constraint-based in which the structure is learned from
constraints derived from statistical tests of independence

We propose a constraint-based algorithm that recursively
tests conditional independencies with condition sets of
increasing orders, directs edges for each order and
identifies autonomous sub-structures complying with the
Markov property (i.e., the sub-structure includes all node
parents). By considering directed rather than undirected

Abstract
We propose a constraint-based algorithm for
Bayesian network structure learning called
recursive autonomy identification (RAI). The
RAI algorithm learns the structure by recursive
application of conditional independence (CI)
tests of increasing orders, edge direction and
structure decomposition into autonomous substructures. In comparison to other constraintbased algorithms d-separating structures and then
directing the resulted undirected graph, the RAI
algorithm combines the two processes from the
outset and along the procedure. Learning using
the RAI algorithm renders smaller condition sets
thus requires a smaller number of high order CI
tests. This reduces complexity and run-time as
well as increases accuracy since diminishing the
curse-of-dimensionality. When evaluated on
synthetic and "real-world" databases as well as
the ALARM network, the RAI algorithm shows
better structural correctness, run-time reduction
along with accuracy improvement compared to
popular constraint-based structure learning
algorithms. Accuracy improvement is also
demonstrated when compared to a common
search-and-score structure learning algorithm.
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edges, the RAI avoids unnecessary CI tests and performs
tests using smaller condition sets. Repeated for
autonomies decomposed recursively from the graph both
mechanisms reduce computational and time complexities,
database queries and errors of subsequent iterations.
Using smaller condition sets, the RAI algorithm also
improves accuracy since diminishing the curse-ofdimensionality. After providing some preliminaries in
Section 2 we introduce the RAI algorithm in Section 3
and present its experimental evaluation in Section 4
before concluding the paper in Section 5.

2 PRELIMINARIES
A BN B(G,Θ) consists of a structure (graph) G and a set
of probabilities Θ quantifying the graph. G(V,E) consists
of V, a set of nodes representing domain variables, and E
a set of edges connecting the nodes. Pap(X,G), Adj(X,G)
and Ch(X,G) are respectively the sets of potential parents,
adjacent nodes and children of node X in a partially
directed graph G, Pap(X,G)=Adj(X,G)\Ch(X,G).
Similarly, Pa(X,G) and Desc(X,G) are the sets of parents
and descendants of X in G. We indicate that X and Y are
independent given a set of nodes S using X || Y|S and
make use of the notion of d-separation [Pearl, 2000]. We
also define d-separation resolution evaluating dseparation for different values of the maximal number of
nodes in the condition set, an exogenous cause to a graph
and an autonomous sub-structure.

3 RECURSIVE AUTONOMY
IDENTIFICATION
Starting from a complete graph and proceeding from low
to high graph d-separation resolution, the RAI algorithm
uncovers the correct pattern (i.e., a family of structures
Markov equivalent to the true underlying structure) by
recursive (1) test of CI between nodes and removal of
edges related to independencies (thinning), (2) edge
direction according to inferred causality rules and (3)
graph decomposition into autonomous sub-structures.
CI testing of order n between X and Y is performed by
thresholding a criterion, such as the χ2 goodness of fit
[Spirtes et al., 2000] or conditional mutual information
[Cheng et al., 1997]. The criterion measures dependence
conditioned on a set of n nodes from the parents of X or Y
determined by the Markov property [Pearl, 2000], e.g., if
X is directed into Y only Y's parents are included in the
set.
Directing edges is conducted according to causality rules
[Pearl, 2000] by identifying intransitive triplets of nodes
(V-structures), i.e., non-adjacent parents having a
common child, directing the relevant edges, and applying
additional rules to further direct edges until no more
edges can be directed (the inductive step).

Definition 1: The d-separation resolution between any
pair of non-adjacent nodes is the size of the smallest
condition set that d-separates the two nodes.

Decomposition into autonomous sub-structures reveals
the structure hierarchy and allows performing a fewer CI
tests conditioned on a large number of potential parents
thereby reducing complexity. The RAI algorithm
identifies ancestor and descendant sub-structures, the
latter are autonomous given nodes of the former.

Definition 2: The d-separation resolution of a graph is the
highest d-separation resolution in the graph.

3.1 THE RAI ALGORITHM

Definition 3: Y is an exogenous cause to G(V,E) if Y∉V
and ∀X∈V, Y∈Pa(X) or Y∉Adj(X) [Pearl, 2000].
Definition 4: A sub-structure GA(VA,EA) in G(V,E) s.t
VA⊂V, EA⊂E is autonomous given a set of exogenous
nodes Vex to GA if ∀X∈VA, Pa(X,G)⊂{VA∪Vex}. If Vex
is empty, we say the sub-structure is autonomous.
We define sub-structure autonomy in the sense that the
sub-structure holds the Markov property for its nodes.
Given a structure G, any two non-adjacent nodes in an
autonomous sub-structure GA are d-separated given nodes
either included in the sub-structure or exogenous causes
to it. This notion is elaborated in Section 3.3.
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Iteration of the RAI algorithm starts with knowledge
produced in the previous iteration and the current dseparation resolution, n. Previous knowledge includes
Gstart, a structure having d-separation resolution of n-1 and
Gex, a set of structures having each possible exogenous
causes to Gstart. In the first iteration, n = 0, Gstart(V,E) is a
complete graph and Gex=∅.
Given a structure Gstart having d-separation resolution n-1,
the RAI algorithm seeks independencies between adjacent
nodes conditioned on sets of size n, resulting in a
structure having d-separation resolution of n. After
directing edges, the algorithm decomposes the structure
into ancestor and descendent autonomous sub-structures
in order to reduce complexity of successive stages. A
descendant sub-structure is established by identifying the
lowest topological order nodes (either a single node or a

Main function Gout = RAI(n,Gstart,Gex)
Exit condition
If all nodes in Gstart have less than n-1
potential parents exit.
A. Thinning the link between Gex and Gstart and
directing Gstart
1. For every node Y in Gstart and its parent X in Gex,
if ∃S⊂{Pap(Y,Gex)\X∪Pap(Y,Gstart)} and |S|=n s.t
X || Y|S, then remove the edge between X and Y.
2. Direct the edges using causality inference rules.
B. Thinning, directing and decomposing Gstart.
1. For every node Y and its potential parent X, both
in Gstart, if ∃S⊂{Pap(Y,Gex)∪Pap(Y,Gstart)\X}and
|S|=n s.t X || Y|S, then remove the edge between
X and Y.
2. Direct the edges using causality inference rules.
3. Group the nodes having the lowest topological
order into a descendant sub-structure GD.
4. Remove GD from Gstart temporarily, and define
the resulting unconnected structures as ancestor
sub-structures GA1,…, GAk.
C. Ancestor sub-structure decomposition
for i = 1 to k, call RAI(n+1,GAi,Gex)

(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

Figure 2: Learning an example structure. a) The true
underlying structure and structures learned by the RAI
algorithm in stages (see Figure 1) b) B1, c) B2, d) B4, e)
C, f) D and A1, g) D and A2 and h) D and B1 (the
resulting structure)

D. Descendant sub-structure decomposition
1. Define GD_ex={GA1,…,GAk,Gex} as the exogenous
structure to GD.
2. Call RAI(n+1,GD,GD_ex)

RAI(0,G({X1…X7}),{})
1
3

6
12

Figure 1: The RAI algorithm

2
RAI(1,G({X1}),{})

7
RAI(1,G({X3,X4,X5}),{})

several nodes having the same lowest order). This
structure is autonomous given ancestor sub-structures
composed of nodes of higher order. In order to consider a
smaller number of parents for each node of the
descendent sub-structure, the algorithm recursively learns
ancestor sub-structures and only then their descendant
sub-structure. Note that this latter structure may consist of
a several non-connected sub-structures. Figures 1-3 show
respectively the RAI algorithm, a manifesting example
and the algorithm execution order for this example.
Figure 2a shows the true underlying structure. Initially,
Gstart is the complete graph and Gex is empty so stage A is
skipped. At stage B1, any pair of nodes is CI tested given
an empty condition set (marginal independence) yielding
the removal of the edges between node 1 and nodes 3, 4
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5

4

RAI(2,G({X3,X4,X5}),{})

RAI(1,G({X2,X6,X7}),G({X1,X3,X4,X5}))

11

10

9

8

RAI(2,G({X2}),G({X1,X4}))

RAI(2,G({X6,X7}),G({X2}))

Figure 3: The execution order of the RAI algorithm for
the structure of Figure 2. Recursive calls of stages C and
D are marked with a double and single arrow,
respectively.

and 5 (Figure 2b). The causal relations inferred at stage
B2 are shown in Figure 2c. The nodes having the lowest
topological order (2, 6, 7) are grouped into a descendant
sub-structure GD (stage B3) while the remaining nodes
form two unconnected ancestor sub-structure, GA1 and
GA2 (stage B4) (Figure 2d). At stage C the algorithm is
called recursively for each of the ancestor sub-structures
with n=1, Gstart=GAi and Gex=∅. Since sub-structure GA1
contains a single node, the exit condition for the structure
is satisfied. While calling Gstart=GA2, stage A is skipped
and stage B1 identifies that X4 || X5|X3 thus removes edge
X4⎯X5. No causal relations are identified so the nodes
have equal topological order and they are grouped to from
a descendant sub-structure. The recursive call for this substructure with n=2 is returned immediately since the exit
condition is satisfied (Figure 2e). Moving to stage D, the
RAI is called with n=1, Gstart=GD and Gex={GA1,GA2}.
Then, in stage A1 relations (X1 || {X6,X7}|X2), (X4 ||
{X6,X7}|X2) and ({X3,X5} || {X2,X6,X7}|X4) are identified
and the corresponding edges are removed (Figure 2f). At
stage A2 node X2 is identified as a parent of X6 and X7
(Figure 2g). Stage B1 identifies the relation (X2 || X7|X6)
and stage B2 identifies X6 as a parent of X7 (Figure 2h).
Further recursive calls are returned and the resulting
partially directed structure represents a family of Markov
equivalent structures of the true structure.
3.2 MINIMALITY, STABILITY & COMPLEXITY
Minimality A structure having a higher d-separation
resolution entails a fewer dependencies and thus is
simpler and preferred to a structure having a lower dseparation resolution [Pearl, 2000]. By increasing the
resolution, the RAI algorithm moves from a complete
structure having maximal dependency relations between
variables to structures having less (or equal) dependencies
than previous structures ending in a structure having no
edges between conditionally independent nodes, i.e., a
minimal structure.
Stability is measured by the number of errors in the output
structure due to CI test errors, which are the only source
of errors. CI test errors are the result of unnecessary large
condition set leading to the curse-of-dimensionality or
choosing an inaccurate condition set due to partial
information (e.g., undirected edges). Although as a
recursive algorithm the RAI might be unstable, errors are
practically less likely to occur since the algorithm utilizes
more information (e.g., edge direction and graph
decomposition) from previous iterations to choose
smaller, informative condition sets for performing the
tests.
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Complexity CI tests are the major contribution to
complexity (run-time) [Cheng and Greiner, 1999]. In the
worst case, the RAI algorithm will not direct any edges
nor decompose the structure thus identify the entire
structure as a descendant sub-structure calling stage D
iteratively while skipping most other stages. Then, the
execution of the algorithm will be similar to that of the
PC algorithm and the complexity will be bounded by that
of the PC algorithm. Given the maximal number of
possible parents k and the number of nodes n, the number
of CI tests is bounded by [Spirtes et al., 2000]
2
⎛ n ⎞ k ⎛ n − 1⎞ n ( n − 1)
2⎜ ⎟ ⋅ ∑⎜
.
⎟≤
(k − 1)!
⎝ 2 ⎠ i =0 ⎝ i ⎠
k −1

This worst case scenario rarely occurs in “real-world”
applications requiring structures having colliders.
3.3 CORRECTNESS
Proposition: If the input data to the RAI algorithm is
faithful to a DAG, G, having any d-separation resolution,
then it yields the correct pattern, Gout.
Proof: (by induction, ignoring notions common to the
RAI and PC algorithms which are proved in [Spirtes et
al., 2000])
Base case: If the input data to the RAI algorithm is
faithful to a DAG with d-separation resolution 0, then it
yields the correct pattern Gout.
Since Gstart is a complete graph, the algorithm tests in
stage B marginal independence between pairs of nodes
and then direct edges. Thus, the resulting structure
contains only edges between marginally dependent nodes,
therefore having d-separation resolution of 0. From the
decomposition stages, B3 and B4, based on the
topological order identified from the partially directed
structure, it follows that every edge from a node X in an
ancestor sub-structure to a node Z in the descendant substructure is directed, X→Z. Also, there is no edge
connecting one ancestor sub-structure to another ancestor
sub-structure. Thus, every ancestor sub-structure contains
all the potential parents of its nodes, i.e., it is autonomous.
Lemma 1: If the given data entails X || Y|S and X,Y are
members of an autonomous sub-structure GA(VA,EA),
then ∃S’ such that S’⊂VA and X || Y|S’.
Lemma 2: In a DAG, if X and Y are non-adjacent and X
is not a descendant of Y then X and Y are d-separated
given Pa(Y) (proved in [Spirtes et al., 2000]).

Inductive case: Suppose that the RAI algorithm yields the
correct pattern given data faithful to a DAG having dseparation resolution n. Then, given data faithful to a
DAG having d-separation resolution n+1 the RAI
algorithm yields the correct pattern.
After achieving d-separation resolution of n in an
autonomous sub-structure, G(n), a recursive call with n+1
is made. The exit condition is not satisfied in case an edge
exists in G(n) and does not exist in the true structure Gt.
Suppose an edge EXY=(X→Y) exists, such that EXY∈G(n)
and EXY∉Gt, then the smallest condition set required to
identify the independency between the nodes is SXY, such
that |SXY| ≥ n+1. Thus, it follows from Lemma 2 that
either |Pa(X)| ≥ n+1 or |Pa(Y)|≥n+1 and the exit condition
is not satisfied. Every pair of connected nodes is tested for
independence in stage B1 using condition sets of size n+1
and the corresponding edges are removed resulting in a
sub-structure having d-separation resolution of n+1.
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An autonomous sub-structure contains all potential
parents (either sub-structure nodes or exogenous causes)
of each of its nodes. Thus, from Lemma 2, if X and Y are
independent given a set of nodes (i.e., d-separated in the
true underlying graph), then they are d-separated given
PaP(X) or PaP(Y) which are contained in the autonomous
sub-structure. Thus, every ancestor sub-structure can be
processed independently by recursive calls of the
algorithm. The recursive call of the descendant substructure regards the ancestor sub-structure nodes as
exogenous causes. The data does not entail any higher
order conditional independencies and no more edges are
removed.

30

20

10

0

Figure 4: (a) The number of CI tests required by the RAI
and PC algorithms for increasing orders averaged over all
possible structures having five nodes. (b) CI test reduction
by the RAI algorithm compared to the PC algorithm

The correctness of edge directing is discussed in [Pearl,
2000; Spirtes et al., 2000].

prediction accuracy is preferred over the likelihood in
evaluating performance, as the likelihood ignores the
importance of the class variable [Friedman et al., 1997].
Structural correctness was evaluated in recovering the
ALARM network in comparison to the TPDA and PC
algorithms. BN implementation was aided by the Bayes
net toolbox (BNT) [Murphy, 2001] and BNT structure
learning package [Leray and Francois, 2004].

4 EXPERIMENTS AND RESULTS

4.1 A SYNTHETIC PROBLEM

The RAI algorithm was experimentally compared to the
PC and TPDA algorithms, two popular constraint-based
structure learning algorithms reported frequently as
having good performance [Ramsey et al., 2002]. For
simplicity, no speeding-up heuristic techniques [Spirtes et
al., 2000] were applied to either algorithm, and the RAI
algorithm employed only V-structure identification
deferring the inductive step after forming the structure.

All 29,281 possible structures having five nodes were
learned by the PC and RAI algorithms. Since the true
structure is known, the actual CI relationships could be
inputted to the algorithms. Figure 4a shows the
complexity, evaluated using the averaged number of CI
tests over all possible structures, of the algorithms for
increasing orders (condition sets). Figure 4b illustrates the
percentage of CI tests reduced by the RAI algorithm in
comparison to the PC algorithm.

The complexity and prediction accuracy of the RAI
algorithm were compared to those of the PC and TPDA
algorithms using a synthetic problem and fifteen “realworld” databases of the UCI Repository [Murphy and
Aha, 1994]. Interested mainly in classification, the

433

4.2 “REAL-WORLD” DATA
A several databases of the UCI Repository were
employed in order to evaluate prediction accuracy. When
needed, continuous variables were discretized using the

Table 2. Mean (std) prediction accuracy of the RAI
algorithm in comparison to the PC algorithm and “other”
classifiers reported in [Friedman et al., 1997] (F) and
[Cheng and Greiner, 1999] (TPDA algorithm) (C), as well
as the cut (%) of CI test run-time using the RAI algorithm
in comparison to the PC algorithm

Table 1. The average number (percentage) of CI tests
reduced by the RAI algorithm compared to the PC
algorithm for different orders
Database
shuttle (s)
car
corral
mofn
3,7,10
tic-tac-toe
led7
breast
vote
flare C
wine
cmc
crx
zoo
australian
iris

0
0
(0)
0
(0)
0
(0)
0
(0)
0
(0)
0
(0)
0
(0)
0
(0)
0
(0)
0
(0)
0
(0)
0
(0)
0
(0)
0
(0)
0
(0)

1
1.4
(0.7)
16
(100)
22.4
(100)
17
(100)
53.2
(27.1)
46.2
(45.7)
107.2
(54.8)
24.2
(21.9)
16
(39.6)
25.8
(41.0)
10.2
(10.9)
8.8
(49.6)
82
(27.8)
3.8
(34.4)
2
(40)

CI test order
2
3
95.8
117.6
(43.8) (49.3)
11.2
3.2
(100)
(100)
26
3.6
(100)
(100)
4
(100)
56.6
1.8
(48.6) (51.4)
105
140
(100)
(100)
35
(99.1)
17.2
6.4
(98.1) (100)
3
(100)
44.2
40.6
(67.6) (82.4)
8
(32.5)
365.8
(29.6)

1033.4
(27.7)

4
83.6
(56.0)

Database

105
(100)
1
(100)
19
(96.7)

1928.6
(25.6)

MLC++ library [Kohavi et al., 1994]. Variable A14 of the
“shuttle-small (s)” database was ignored by the
discretization function of MLC++ and thus omitted from
the experiments. “flare1” and “flare2” were merged to
form the “flare C” database where the class node is the
number of “C-class” flares. All databases were analyzed
using a CV5 experiment except the large “shuttle” and
“mofn 3-7-10” databases which were analyzed using a
hold-out experiment. CI tests were carried out using the
χ2 test [Spirtes et al., 2000] with thresholds chosen for
each algorithm and database in order to maximize the
prediction accuracy on a validation set selected from the
training set. If a several thresholds were suitable, the
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shuttle (s)

runtime
cut (%)
38.94

PC
accuracy
(%)
98.40

RAI
accuracy
(%)
99.22

car

91.10

corral

87.94

mofn
3,7,10
tic-tactoe
led7

67.70

85.07
(1.83)
84.53
(15.45)
81.45

92.94
(1.06)
98.52
(3.31)
93.16

breast

71.87

vote

46.06

flare C

20.38

wine

29.11

cmc

14.22

crx

25.25

zoo

13.63

australian

6.05

iris

19.10

74.74
(1.48)
73.31
(1.80)
95.46
(2.04)
95.64
(1.87)
84.30
(2.54)
85.44
(7.79)
50.92
(2.33)
86.38
(2.63)
88.95
(8.79)
85.51
(0.52)
96.00
(4.35)

75.57
(1.93)
73.59
(1.56)
96.49
(1.61)
95.87
(1.71)
84.30
(2.54)
87.07
(5.88)
51.12
(3.16)
86.38
(2.63)
88.95
(8.79)
85.51
(0.52)
93.33
(2.36)

36.52
91.74

other
99.17(F)
86.11(C)
97.60(F)
85.94(F)

96.92(F)
94.94(F)
95.17(C)
82.74(F)
82.27(C)

85.60(F)

86.23(F)
94.00(F)

chosen threshold was that leading to the fewest CI tests.
Parameter learning was performed using sequential
Bayesian updating with Dirichlet priors of unit hyperparameters [Heckerman, 1995].
Complexity was measured by the number of CI tests
employed and the corresponding run-time. Table 1 shows
the average number and percentage of CI tests reduced by
the RAI algorithm compared to the PC algorithm for

different orders. A 100% cut in CI tests for a specific
order means that the RAI does not need any CI tests for
this order. Empty cells mean that no CI tests of this order
are required. Both Table 1 and Table 2, depicting the cut
in run-time due to the RAI algorithm, demonstrate that the
RAI algorithm outperforms the PC algorithm in all cases.
Prediction Accuracies of the RAI and PC algorithms for
the experimented databases are summarized in Table 2.
On ten of the fifteen databases the RAI algorithm
improves accuracy on the PC algorithm, on four keeps
accuracy intact and on the remaining “iris” database
deteriorates accuracy. Examination of the “iris” database
reveals discrepancy between the results of CI tests of
orders 0 and 1 violating the Markov property. Three
nodes are found marginally dependent on each other
whereas nodes of each pair of this triplet are found
independent given the third node. The prediction accuracy
is also compared in Table 2 to that of the TPDA algorithm
[Cheng and Greiner, 1999] and a BN learned by a searchand-score method using the minimum description length
criterion [Friedman et al., 1997].
4.3 LEARNING THE ALARM NETWORK
Recovering the correct structure was evaluated using the
ALARM network [Beinlich et al., 1989], which is widely
accepted as a benchmark for evaluating structure learning
algorithms. The RAI algorithm was compared to the PC
and TPDA (PowerConstructor [Cheng, 1998]) algorithms
using ten randomly generated databases each containing
10,000 cases. Since the TPDA algorithm had used the
conditional mutual information CI test, we employed this
test also here. For comparison, we selected the TPDA
threshold of 0.003 [Cheng et al., 1997] for testing also the
RAI algorithm and a threshold of 0.002 for the PC
algorithm providing better accuracy for this algorithm
than using a threshold of 0.003.
Structural correctness for the algorithms was evaluated
using two types of errors due to extra edges (EE;
commission) and missing edges (ME; omission) (Table
3). The PC and RAI algorithms achieved the smallest
errors of extra and missing edges, respectively. The total
structural error (Table 4) accounting for both errors was
evaluated using

ErrorT = EE 2 + ME 2 .
The RAI algorithm yielded structures with the smallest
total structural error of all algorithms which was validated
using a t-test with 1% significance level. Others structural
errors (e.g., edge reversal) were not recorded though we
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Table 3. Extra edge (EE) and missing edge (ME) errors
(%) when learning the ALARM network in 10 trials using
the TPDA, PC and RAI algorithms
Trial
1
2
3
4
5
6
7
8
9
10

TPDA
EE
ME
0.48
8.70
0.32
4.35
0.32
4.35
0.32
6.52
0.48
8.70
0.48
8.70
0.48
8.70
0.16
2.17
0.16
2.17
0.48
8.70

PC
EE
0.16
0
0
0.16
0
0.16
0.32
0.16
0.16
0.32

ME
2.17
6.52
4.35
4.35
2.17
4.35
0
2.17
4.35
4.35

RAI
EE
ME
0.97
0
0.65
2.17
0.65
2.17
0.32
0
0.65
0
0.48
0
0.65
0
0.81
2.17
0.81
2.17
0.65
0

mean

0.37

6.30

0.15

3.48

0.66

0.87

(std)

(0.13)

(2.80)

(0.12)

(1.83)

(0.18)

(1.12)

Table 4. The total structural error (%) in 10 trials of the
ALARM network learned using the TPDA, PC and RAI
algorithms
Trial
1
2
3
4
5
6
7
8
9
10

TPDA
8.71
4.36
4.36
6.53
8.71
8.71
8.71
2.18
2.18
8.71

PC
2.18
6.52
4.35
4.35
2.17
4.35
0.32
2.17
4.35
4.36

RAI
0.97
2.27
2.27
0.32
0.65
0.48
0.65
2.32
2.32
0.65

mean

6.32

3.51

1.29

(std)

(2.80)

(1.77)

(0.88)

expect the RAI algorithm to dominate both algorithms
due to its enhanced mechanism of directing edges.
Complexity The average reduction in CI tests achieved by
the RAI algorithm compared to the PC algorithm for the
ALARM network is presented in Figure 5. The RAI
algorithm avoids completely the use of CI tests of order 4
and 5 and almost completely CI tests of order 3, and it
reduces the use of CI tests of order 2 by more than 83%.
However, there is almost no reduction in CI tests of order
1 which are most of the tests. The total CI test run-time

structures as well as higher prediction accuracy compared
to other constraint-based algorithms.
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Abstract

of latent topics. Latent Dirichlet allocation (LDA) [3]
generalizes PLSI by treating the topic mixture parameters (i.e. a multinomial over topics) as variables drawn
from a Dirichlet distribution. Its Bayesian treatment
avoids overfitting and the model is generalizable to
new data (the latter is problematic for PLSI). However, the parametric Dirichlet distribution can be a
limitation in applications which exhibit a richer structure. As an illustration, consider Fig. 1 (a) that shows
the empirical distribution of three topics. We see that
the probability that all three topics are present in a
document (corresponding to the center of the plot) is
near zero. In contrast, a Dirichlet distribution fitted to
the data (Fig. 1 (b)) would predict the highest probability density for exactly that case. The reason is the
limiting expressiveness of a simple Dirichlet distribution.

This paper describes nonparametric Bayesian
treatments for analyzing records containing
occurrences of items. The introduced model
retains the strength of previous approaches
that explore the latent factors of each record
(e.g. topics of documents), and further uncovers the clustering structure of records, which
reflects the statistical dependencies of the latent factors. The nonparametric model induced by a Dirichlet process (DP) flexibly
adapts model complexity to reveal the clustering structure of the data. To avoid the
problems of dealing with infinite dimensions,
we further replace the DP prior by a simpler
alternative, namely Dirichlet-multinomial allocation (DMA), which maintains the main
modelling properties of the DP. Instead of relying on Markov chain Monte Carlo (MCMC)
for inference, this paper applies efficient variational inference based on DMA. The proposed approach yields encouraging empirical
results on both a toy problem and text data.
The results show that the proposed algorithm
uncovers not only the latent factors, but also
the clustering structure.

1

Introduction

We consider the problem of modelling a large corpus of
high-dimensional discrete records. Our assumption is
that a record can be modelled by latent factors which
account for the co-occurrence of items in a record. To
ground the discussion, in the following we will identify records with documents, latent factors with (latent) topics and items with words. Probabilistic latent semantic indexing (PLSI) [7] was one of the first
approaches that provided a probabilistic approach towards modelling text documents as being composed
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This paper employs a more general nonparametric
Bayesian approach to explore not only latent topics
and their probabilities, but also complex dependencies between latent topics which might, for example,
be expressed as a complex clustering structure. The
key innovation is to replace the parametric Dirichlet
prior distribution in LDA by a flexible nonparametric distribution G(·) that is a sample generated from
a Dirichlet process (DP) or its finite approximation,
Dirichlet-multinomial allocation (DMA). The Dirichlet distribution of LDA becomes the base distribution
for the Dirichlet process. In this Dirichlet enhanced
model, the posterior distribution of the topic mixture
for a new document converges to a flexible mixture
model in which both mixture weights and mixture parameters can be learned from the data. Thus the a
posteriori distribution is able to represent the distribution of topics more truthfully. After convergence of the
learning procedure, typically only a few components
with non-negligible weights remain; thus the model is
able to naturally output clusters of documents.
Nonparametric Bayesian modelling has attracted considerable attentions from the learning community

butions
wd,n |zd,n ; β ∼ Mult(zd,n , β)
zd,n |θd ∼ Mult(θd ).

(a)

(b)

Figure 1: Consider a 2-dimensional simplex representing 3 topics (recall that the probabilities have to sum
to one): (a) We see the probability distribution of
topics in documents which forms a ring-like distribution. Dark color indicates low density; (b) The 3dimensional Dirichlet distribution that maximizes the
likelihood of samples.

(e.g. [1, 13, 2, 15, 17, 16]). A potential problem with
this class of models is that inference typically relies on
MCMC approximations, which might be prohibitively
slow in dealing with the large collection of documents
in our setting. Instead, we tackle the problem by a
less expensive variational mean-field inference based
on the DMA model. The resultant updates turn out to
be quite interpretable. Finally we observed very good
empirical performance of the proposed algorithm in
both toy data and textual document, especially in the
latter case, where meaningful clusters are discovered.
This paper is organized as follows. The next section
introduces Dirichlet enhanced latent semantic analysis. In Section 3 we present inference and learning
algorithms based on a variational approximation. Section 4 presents experimental results using a toy data
set and two document data sets. In Section 5 we
present conclusions.

(1)
(2)

wd,n is generated given its latent topic zd,n , which
takes value {1, . . P
. , k}. β is a k × |V | multinomial parameter matrix,
j βi,j = 1, where βz,wd,n specifies
the probability of generating word wd,n given topic
z. θd denotes the parameters of a multinomial distribution ofPdocument d over topics for wd , satisfying
k
θd,i ≥ 0, i=1 θd,i = 1.
In the LDA model, θd is generated from a kdimensional Dirichlet distribution G0 (θ) = Dir(θ|λ)
with parameter λ ∈ Rk×1 . In our Dirichlet enhanced
model, we assume that θd is generated from distribution G(θ), which itself is a random sample generated
from a Dirichlet process (DP) [5]
G|G0 , α0 ∼ DP(G0 , α0 ),

(3)

where nonnegative scalar α0 is the precision parameter, and G0 (θ) is the base distribution, which is identical to the Dirichlet distribution. It turns out that the
distribution G(θ) sampled from a DP can be written
as
∞
X
G(·) =
πl δθl∗ (·)
(4)
l=1

P∞

where πl ≥ 0, l πl = 1, δθ (·) are point mass distributions concentrated at θ, and θl∗ are countably infinite variables i.i.d. sampled from G0 [14]. The probability weights πl are solely depending on α0 via a stickbreaking process, which is defined in the next subsection. The generative model summarized by Fig. 2(a)
is conditioned on (k × |V | + k + 1) parameters, i.e. β,
λ and α0 .
Finally the likelihood of the collection D is given by

2

Dirichlet Enhanced Latent Semantic
Analysis

Z 
D Z
Y
LDP (D|α0 , λ, β) =
p(G; α0 , λ)
G

Following the notation in [3], we consider a corpus
D containing D documents. Each document d is
a sequence of Nd words that is denoted by wd =
{wd,1 , . . . , wd,Nd }, where wd,n is a variable for the n-th
word in wd and denotes the index of the corresponding
word in a vocabulary V . Note that a same word may
occur several times in the sequence wd .
2.1

The Proposed Model

Nd
Y
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d=1

θd

 
p(wd,n |zd,n ; β)p(zd,n |θd ) dθd dG.

n=1 zd,n =1

(5)
In short, G is sampled once for the whole corpus D, θd
is sampled once for each document d, and topic zd,n
sampled once for the n-th word wd,n in d.
2.2

We assume that each document is a mixture of k latent
topics and words in each document are generated by
repeatedly sampling topics and words using the distri-

k
X


p(θd |G)

Stick Breaking and Dirichlet Enhancing

The representation of a sample from the DP-prior in
Eq. (4) is generated in the stick breaking process in
which infinite number of pairs (πl , θl∗ ) are generated.

(a)

(b)

(c)

Figure 2: Plate models for latent semantic analysis. (a) Latent semantic analysis with DP prior; (b) An equivalent
representation, where cd is the indicator variable saying which cluster document d takes on out of the infinite
clusters induced by DP; (c) Latent semantic analysis with a finite approximation of DP (see Sec. 2.3).
θl∗ is sampled independently from G0 and πl is defined
as
l−1
Y
π1 = B 1 , π l = B l
(1 − Bj ),
j=1

where Bl are i.i.d. sampled from Beta distribution
Beta(1, α0 ). Thus, with a small α0 , the first “sticks”
πl will be large with little left for the remaining sticks.
Conversely, if α0 is large, the first sticks πl and all
subsequent sticks will be small and the πl will be more
evenly distributed. In conclusion, the base distribution determines the locations of the point masses and
α0 determines the distribution of probability weights.
The distribution is nonzero at an infinite number of
discrete points. If α0 is selected to be small the amplitudes of only a small number of discrete points will
be significant. Note, that both locations and weights
are not fixed but take on new values each time a new
sample of G is generated. Since E(G) = G0 , initially,
the prior corresponds to the prior used in LDA. With
many documents in the training data set, locations θl∗
which agree with the data will obtain a large weight.
If a small α0 is chosen, parameters will form clusters
whereas if a large α0 , many representative parameters
will result. Thus Dirichlet enhancement serves two
purposes: it increases the flexibility in representing
the posterior distribution of mixing weights and encourages a clustered solution leading to insights into
the document corpus.
The DP prior offers two advantages against usual document clustering methods. First, there is no need to
specify the number of clusters. The finally resulting
clustering structure is constrained by the DP prior,
but also adapted to the empirical observations. Second, the number of clusters is not fixed. Although
the parameter α0 is a control parameter to tune the
tendency for forming clusters, the DP prior allows the
creation of new clusters if the current model cannot
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explain upcoming data very well, which is particularly
suitable for our setting where dictionary is fixed while
documents can be growing.
By applying the stick breaking representation, our
model obtains the equivalent representation in
Fig. 2(b). An infinite number of θl∗ are generated from
the base distribution and the new indicator variable cd
indicates which θl∗ is assigned to document d. If more
than one document is assigned to the same θl∗ , clustering occurs. π = {π1 , . . . , π∞ } is a vector of probability
weights generated from the stick breaking process.
2.3

Dirichlet-Multinomial Allocation (DMA)

Since infinite number of pairs (πl , θl∗ ) are generated in
the stick breaking process, it is usually very difficult to
deal with the unknown distribution G. For inference
there exist Markov chain Monte Carlo (MCMC) methods like Gibbs samplers which directly sample θd using
Pólya urn scheme and avoid the difficulty of sampling
the infinite-dimensional G [4]; in practice, the sampling procedure is very slow and thus impractical for
high dimensional data like text. In Bayesian statistics,
the Dirichlet-multinomial allocation DPN in [6] has often been applied as a finite approximation to DP (see
[6, 9]), which takes on the form
GN =

N
X

πl δθl∗ ,

l=1

where π = {π1 , . . . , πN } is an N -vector of probability weights sampled once from a Dirichlet prior
Dir(α0 /N, . . . , α0 /N ), and θl∗ , l = 1, . . . , N , are
i.i.d. sampled from the base distribution G0 . It has
been shown that the limiting case of DPN is DP
[6, 9, 12], and more importantly DPN demonstrates
similar stick breaking properties and leads to a similar clustering effect [6]. If N is sufficiently large with

respect to our sample size D, DPN gives a good approximation to DP.
Under the DPN model, the plate representation of our
model is illustrated in Fig. 2(c). The likelihood of the
whole collection D is
Z Z
LDPN (D|α0 , λ, β) =
π

D  X
N
Y

θ ∗ d=1

p(wd |θ ∗ , cd ; β)

cd =1


p(cd |π) dP (θ ∗ ; G0 ) dP (π; α0 ) (6)
where cd is the indicator variable saying which unique
value θl∗ document d takes on. The likelihood of document d is therefore written as
p(wd |θ ∗ , cd ; β) =

Nd X
k
Y

p(wd,n |zd,n ; β)p(zd,n |θc∗d ).

n=1 zd,n =1

2.4

Connections to PLSA and LDA

derived, but it turns out to be very slow and inapplicable to high dimensional data like text, since for each
word we have to sample a latent variable z. Therefore
in this section we suggest efficient variational inference.

3.1

Variational Inference

The idea of variational mean-field inference is to
propose a joint distribution Q(π, θ ∗ , c, z) conditioned on some free parameters, and then enforce Q to approximate the a posteriori distributions of interests by minimizing the KL-divergence
DKL (Qkp(π, θ ∗ , c, z|D, α0 , λ, β)) with respect to those
free parameters. We propose a variational distribution
Q over latent variables as the following

Q(π, θ ∗ , c, z|η, γ, ψ, φ) = Q(π|η)·

From the application point of view, PLSA and LDA
both aim to discover the latent dimensions of data
with the emphasis on indexing. The proposed Dirichlet enhanced semantic analysis retains the strengths
of PLSA and LDA, and further explores the clustering structure of data. The model is a generalization
of LDA. If we let α0 → ∞, the model becomes identical to LDA, since the sampled G becomes identical to
the finite Dirichlet base distribution G0 . This extreme
case makes documents mutually independent given G0 ,
since θd are i.i.d. sampled from G0 . If G0 itself is not
sufficiently expressive, the model is not able to capture the dependency between documents. The Dirichlet enhancement elegantly solves this problem. With
a moderate α0 , the model allows G to deviate away
from G0 , giving modelling flexibilities to explore the
richer structure of data. The exchangeability may not
exist within the whole collection, but between groups
of documents with respective atoms θl∗ sampled from
G0 . On the other hand, the increased flexibility does
not lead to overfitting, because inference and learning are done in a Bayesian setting, averaging over the
number of mixture components and the states of the
latent variables.

N
Y

Q(θl∗ |γl )

l=1

D
Y

Q(cd |ψd )

Nd
D Y
Y

Q(zd,n |φd,n )

d=1 n=1

d=1

(7)

where η, γ, ψ, φ are variational parameters, each tailoring the variational a posteriori distribution to each
latent variable. In particular, η specifies an N dimensional Dirichlet distribution for π, γl specifies
a k-dimensional Dirichlet distribution for distinct θl∗ ,
ψd specifies an N -dimensional multinomial for the indicator cd of document d, and φd,n specifies a kdimensional multinomial over latent topics for word
wd,n . It turns out that the minimization of the KLdivergence is equivalent to the maximization of a
lower bound of the ln p(D|α0 , λ, β) derived by applying Jensen’s inequality [10]. Please see the Appendix
for details of the derivation. The lower bound is then
given as

LQ (D) =

Nd
D X
X

EQ [ln p(wd,n |zd,n , β)p(zd,n |θ ∗ , cd )]

d=1 n=1

3

Inference and Learning

+ EQ [ln p(π|α0 )] +

D
X

EQ [ln p(cd |π)]

(8)

d=1

In this section we consider model inference and
learning based on the DPN model.
As seen
from Fig. 2(c), the inference needs to calculate the
a posteriori joint distribution of latent variables
p(π, θ ∗ , c, z|D, α0 , λ, β), which requires to compute
Eq. (6). This integral is however analytically infeasible. A straightforward Gibbs sampling method can be
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+

N
X

EQ [ln p(θl∗ |G0 )] − EQ [ln Q(π, θ ∗ , c, z)].

l=1

The optimum is found setting the partial derivatives
with respect to each variational parameter to be zero,

which gives rise to the following updates

φd,n,i ∝ βi,wd,n exp

N
nX

k
X

o
ψd,l Ψ(γl,i ) − Ψ(
γl,j )
j=1

l=1

ψd,l ∝ exp

X
k h

k
X

Ψ(γl,i ) − Ψ(

i=1

γl,j )

j=1
N
X

+ Ψ(ηl ) − Ψ(

Nd
X


ηj )

(9)
i

parts of L in Eq. (8) involving α0 and λ:
α0 
L[α0 ] = ln Γ(α0 ) − N ln Γ
N
N
N
X
X


α0
− 1)
+(
Ψ(ηl ) − Ψ(
ηj ) ,
N
j=1
l=1

L[λ] =

φd,n,i

N n
X

k
k
X
X
ln Γ(
λi ) −
ln Γ(λi )
i=1

l=1

n=1

+

(10)

Nd
D X
X

ψd,l φd,n,i + λi

(11)

d=1 n=1

ηl =

D
X

ψd,l +

d=1

α0
N

(12)

3.2

Parameter Estimation

Following the empirical Bayesian framework, we can
estimate the hyper parameters α0 , λ, and β by iteratively maximizing the lower bound LQ both with respect to the variational parameters (as described by
Eq. (9)-Eq. (12)) and the model parameters, holding
the remaining parameters fixed. This iterative procedure is also referred to as variational EM [10]. It is
easy to derive the update for β:

βi,j ∝

Nd
D X
X

φd,n,i δj (wd,n )

(13)

d=1 n=1

where δj (wd,n ) = 1 if wd,n = j, and 0 otherwise. For
the remaining parameters, let’s first write down the
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j=1

Estimates for α0 and λ are found by maximization of
these objective functions using standard methods like
Newton-Raphson method as suggested in [3].

4
4.1

where Ψ(·) is the digamma function, the first derivative of the log Gamma function. Some details of the
derivation of these formula can be found in Appendix.
We find that the updates are quite interpretable. For
example, in Eq. (9) φd,n,i is the a posteriori probability
of latent topic i given one word wd,n . It is determined
both by the corresponding entry in the β matrix that
can be seen as a likelihood term, and by the possibility that document d selects topic i, i.e., the prior
term. Here the prior is itself a weighted average of
different θl∗ s to which d is assigned. In Eq. (12) ηl
is the a posteriori weight of πl , and turns out to be
the tradeoff between empirical responses at θl∗ and the
prior specified by α0 . Finally since the parameters are
coupled, the variational inference is done by iteratively
performing Eq. (9) to Eq. (12) until convergence.

i=1

k
X

o
(λi − 1) Ψ(γl,i ) − Ψ(
γl,j ) .

i=1

j=1

γl,i =

k
X

Empirical Study
Toy Data

We first apply the model on a toy problem with
k = 5 latent topics and a dictionary containing 200
words. The assumed probabilities of generating words
from topics, i.e. the parameters β, are illustrated in
Fig. 3(d), in which each colored line corresponds to a
topic and assigns non-zero probabilities to a subset of
words. For each run we generate data with the following steps: (1) one cluster number M is chosen between
5 and 12; (2) generate M document clusters, each of
which is defined by a combination of topics; (3) generate each document d, d = 1, . . . , 100, by first randomly
selecting a cluster and then generating 40 words according to the corresponding topic combinations. For
DPN we select N = 100 and we aim to examine the
performance for discovering the latent topics and the
document clustering structure.
In Fig. 3(a)-(c) we illustrate the process of clustering
documents over EM iterations with a run containing
6 document clusters. In Fig. 3(a), we show the initial
random assignment ψd,l of each document d to a cluster l. After one EM step documents begin to accumulate to a reduced number of clusters (Fig. 3(b)), and
converge to exactly 6 clusters after 5 steps (Fig. 3(c)).
The learned word distribution of topics β is shown in
Fig. 3(e) and is very similar to the true distribution.
By varying M , the true number of document clusters,
we examine if our model can find the correct M . To determine the number of clusters, we run the variational
inference and obtain for each document a weight vector
ψd,l of clusters. Then each document takes the cluster
with largest weight as its assignment, and we calculate
the cluster number as the number of non-empty clusters. For each setting of M from 5 to 12, we randomize
the data for 20 trials and obtain the curve in Fig. 3(f)

(a)

(b)

(c)

(d )

(e)

(f )

Figure 3: Experimental results for the toy problem. (a)-(c) show the document-cluster assignments ψd,l over the
variational inference for a run with 6 document clusters: (a) Initial random assignments; (b) Assignments after
one iteration; (c) Assignments after five iterations (final). The multinomial parameter matrix β of true values
and estimated values are given in (d) and (e), respectively. Each line gives the probabilities of generating the
200 words, with wave mountains for high probabilities. (f) shows the learned number of clusters with respect to
the true number with mean and error bar.
which shows the average performance and the variance. In 37% of the runs we get perfect results, and
in another 43% runs the learned values only deviate
from the truth by one. However, we also find that the
model tends to get slightly fewer than M clusters when
M is large. The reason might be that, only 100 documents are not sufficient for learning a large number
M of clusters.

comparison results with different number k of latent
topics. Our model outperforms LDA and PLSI in all
the runs, which indicates that the flexibility introduced
by DP enhancement does not produce overfitting and
results in a better generalization performance.

4.3
4.2

Clustering

Document Modelling

We compare the proposed model with PLSI and LDA
on two text data sets. The first one is a subset of
the Reuters-21578 data set which contains 3000 documents and 20334 words. The second one is taken from
the 20-newsgroup data set and has 2000 documents
with 8014 words. The comparison metric is perplexity,
conventionally used in language modelling. For a test
document set, it is formally defined as
!
X
Perplexity(Dtest ) = exp − ln p(Dtest )/
|wd | .
d

We follow the formula in [3] to calculate the perplexity
for PLSI. In our algorithm N is set to be the number
of training documents. Fig. 4(a) and (b) show the
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In our last experiment we demonstrate that our approach is suitable to find relevant document clusters.
We select four categories, autos, motorcycles, baseball
and hockey from the 20-newsgroups data set with 446
documents in each topic. Fig. 4(c) illustrates one clustering result, in which we set topic number k = 5 and
found 6 document clusters. In the figure the documents are indexed according to their true category
labels, so we can clearly see that the result is quite
meaningful. Documents from one category show similar membership to the learned clusters, and different
categories can be distinguished very easily. The first
two categories are not clearly separated because they
are both talking about vehicles and share many terms,
while the rest of the categories, baseball and hockey,
are ideally detected.

(a)

(b)

(c)

Figure 4: (a) and (b): Perplexity results on Reuters-21578 and 20-newsgroups for DELSA, PLSI and LDA; (c):
Clustering result on 20-newsgroups dataset.

5

Conclusions and Future Work

This paper proposes a Dirichlet enhanced latent semantic analysis model for analyzing co-occurrence
data like text, which retains the strength of previous
approaches to find latent topics, and further introduces
additional modelling flexibilities to uncover the clustering structure of data. For inference and learning, we
adopt a variational mean-field approximation based on
a finite alternative of DP. Experiments are performed
on a toy data set and two text data sets. The experiments show that our model can discover both the
latent semantics and meaningful clustering structures.
In addition to our approach, alternative methods for
approximate inference in DP have been proposed using expectation propagation (EP) [11] or variational
methods [16, 2]. Our approach is most similar to the
work of Blei and Jordan [2] who applied mean-field approximation for the inference in DP based on a truncated DP (TDP). Their approach was formulated in
context of general exponential-family mixture models
[2]. Conceptually, DPN appears to be simpler than
TDP in the sense that the a posteriori of G is a symmetric Dirichlet while TDP ends up with a generalized
Dirichlet (see [8]). In another sense, TDP seems to be
a tighter approximation to DP. Future work will include a comparison of the various DP approximations.
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The other terms can be derived as follows:
Nd
D X
X
d=1 n=1
Nd X
D X
k X
N
X

l=1

D
X

EQ [ln p(cd |π)] =

ln p(D|α0 , λ, β)
Z Z XX
= ln
p(D, Ξ|α0 , λ, β)dθ ∗ dπ
θ∗

π

c

Z Z

d=1

d=1 l=1

N
X

N 
X

EQ [ln p(θl∗ |G0 )] =

l=1

θ∗

π

Z Z

c

θ∗

c

Z Z
−
θ∗

Q(Ξ)

z

XX

≥

j=1
k
X

ln Γ(

+

k
X

λi ) −

i=1

l=1

k
X

ln Γ(λi )

i=1


k
X


(λi − 1) Ψ(γl,i ) − Ψ(
γl,j ) ,

i=1

j=1

N
N
X
X
EQ [ln Q(π, θ ∗ , c, z)] = ln Γ(
ηl ) −
ln Γ(ηl )
l=1

+

N
X

l=1

N
X


(ηl − 1) Ψ(ηl ) − Ψ(
ηj )
j=1

N 
X

k
k
X
X
ln Γ(
γl,i ) −
ln Γ(γl,i )
i=1

l=1

+

k
X

D X
N
X
d=1 l=1

i=1


k
X


(γl,i − 1) Ψ(γl,i ) − Ψ(
γl,j )

i=1

+

dθ ∗ dπ

Q(Ξ) ln p(D, Ξ|α0 , λ, β)dθ ∗ dπ

z

XX
c

N
X


ψd,l Ψ(ηl ) − Ψ(
ηj ) ,

ψd,l ln ψd,l +

j=1
Nd X
D X
k
X

φd,n,i ln φd,n,i .

d=1 n=1 i=1

z

X X Q(Ξ)p(D, Ξ|α0 , λ, β)

= ln

Q(Ξ) ln Q(Ξ)dθ ∗ dπ

z

= EQ [ln p(D, Ξ|α0 , λ, β)] − EQ [ln Q(Ξ)],
which results in Eq. (8).
To write out each term in Eq. (8) explicitly, we have,
for the first term,

d=1 n=1

D X
N
X

l=1

To simplify the notation, we denote Ξ for all the latent variables {π, θ ∗ , c, z}. With the variational form
Eq. (7), we apply Jensen’s inequality to the likelihood
Eq. (6) and obtain

Nd
D X
X

j=1

α0
EQ [ln p(π|α0 )] = ln Γ(α0 ) − N ln Γ( )
N
N
N
α
X
X


0
+
−1
Ψ(ηl ) − Ψ(
ηj ) ,
N
j=1

Appendix

π

k
X


ψd,l φd,n,i Ψ(γl,i ) − Ψ(
γl,j ) ,

d=1 n=1 i=1 l=1

+

π

EQ [ln p(zd,n |θ ∗ , cd )] =

EQ [ln p(wd,n |zd,n , β)] =

Nd X
D X
k
X

φd,n,i ln βi,ν ,

d=1 n=1 i=1

where ν is the index of word wd,n .
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Differentiating the lower bound with respect to different latent variables gives the variational E-step in
Eq. (9) to Eq. (12). M-step can also be obtained by
considering the lower bound with respect to β, λ and
α0 .
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