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N —
An Interaction Measure

@ A random vector (Xi,...,X,) ~ F taking values in the product space
Xy X X Xy FeEM! = MY Ay x - x &)

o Write Fjyj,..;, for the marginal FX"1X"2~~-X" of the subvector
(X,-l, .. ,X,-n,).
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An Interaction Measure

@ A random vector (Xi,...,X,) ~ F taking values in the product space
Xy X X Xy FeEM! = MY Ay x - x &)

o Write Fjyj,..;, for the marginal FX;IX;2~~-X; of the subvector
(X,-l, .. ,X,-n,).

Definition (Bahadur (1961); Lancaster (1969))

Interaction measure is a signed measure AF that vanishes whenever F can
be factorised in a non-trivial way as a product of its (possibly multivariate)
marginal distributions.
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N —
An Interaction Measure

@ A random vector (Xi,...,X,) ~ F taking values in the product space
Xy X X Xy FeEM! = MY Ay x - x &)

o Write Fjyj,..;, for the marginal FX;IX;2~~-X; of the subvector
(X,-l, .. ,X,-n,).

Definition (Bahadur (1961); Lancaster (1969))

Interaction measure is a signed measure AF that vanishes whenever F can
be factorised in a non-trivial way as a product of its (possibly multivariate)
marginal distributions.

n=2: AF = F12—F1F2.
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@ Possible non-trivial factorizations:
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@ Possible non-trivial factorizations:

o Fip3 = F1F,F; (total independence)
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@ Possible non-trivial factorizations:

Fi23 = F1 F>F5 (total independence)

Fio3 = F1oF3, i.e., X3 1L (X17X2) and X1, X5 dependent
F123 = F13F2, i.e., X2 A (X17X3) and X1,X3 dependent
F123 = F23F1, i.e., X1 A (X27X3) and X27X3 dependent
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@ Possible non-trivial factorizations:

Fi23 = F1 F>F5 (total independence)

Fio3 = F1oF3, i.e., X3 1L (X17X2) and X1, X, dependent
F123 = F13F2, i.e., X2 A (X17X3) and X1,X3 dependent
F123 = F23F1, i.e., X1 AL (X27X3) and X27X3 dependent

@ pairwise independence (X1 1L X5 and X 1L X3 and X7 AL X3) does
not imply any of the above

o X1, X "% Bern(1/2), X3 = Xy ¥ Xo.
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N —
Lancaster interaction

e Lancaster interaction measure (Lancaster, 1969) is a formal product:

n

AF = J[(Fr=F),

i=1

where Hj"lzl F* is understood as the joint measure F;
subvector (X;

i 1,'2._,',1,0{: the

Xi).

1900y
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N —
Lancaster interaction

e Lancaster interaction measure (Lancaster, 1969) is a formal product:

n
AF = J[(Fr=F),
i=1

where Hj"lzl F,-;f is understood as the joint measure Fj ;, ;i of the
subvector (Xj,,...,X;,).
e n=23:
AF = Fip3 — FioF3 — Fo3F1 — Fi3Fo + 2F FoF3.

e Any factorization possible =— A;F =0
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Lancaster interaction

e Lancaster interaction measure (Lancaster, 1969) is a formal product:

n
AF = J[(Fr=F),
i=1

where HJ"/:1 F,-;f is understood as the joint measure Fj ;, ;i of the
subvector (Xj,,...,X;,).

e n=23:

AF = Fip3 — FioF3 — Fo3F1 — Fi3Fo + 2F FoF3.
o Any factorization possible — A;F =0

] Example: X3 A (Xl,X2) - X3 A X]_, X3 A X2, i.e., F123 = F12F3
= Fa3 = Fof3, Fi3=F1F3
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Lancaster interaction (2)

@ n > 4: Lancaster interaction fails to capture all factorizations: does
not necessarily vanish for (X1, Xa) 1L (X3, Xa)

AF = (Ff—F)(F; —F)(F3 — F3)(Fy — Fa),
= (Fi2— F1F2) (F3a — F3F4).
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N
Lancaster interaction (2)

@ n > 4: Lancaster interaction fails to capture all factorizations: does
not necessarily vanish for (X1, Xa) 1L (X3, Xa)

AF = (Ff—F)(F —F2)(F5 = F3)(Ff — F),
= (Fi2— F1F2) (F3s — F3F4).

@ Interaction measure valid for all n was constructed by Streitberg
(1990):

AF = Z )™= (] — 1)1 F
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|
Partitions, partial order, operations

e Write [n] = {1,...,n}.
e Partition 7 of [n] is a set of non-empty pairwise disjoint subsets
(blocks) of [n], the union of which is equal to [n].

e Example: {{1,3},{2},{4}}, shorthand 13|2|4, is a partition of [4]
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|
Partitions, partial order, operations

e Write [n] = {1,...,n}.

e Partition 7 of [n] is a set of non-empty pairwise disjoint subsets
(blocks) of [n], the union of which is equal to [n].

e Example: {{1,3},{2},{4}}, shorthand 13|2|4, is a partition of [4]

@ Alternatively, an equivalence relation R;: (i,j) € Ry < i,j belong to
the same block of 7

e Example: R13\2|4 = {(17 1)7 (272)7 (373)7 (474)7 (173)7 (37 1)}
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|
Partitions, partial order, operations

e Write [n] = {1,...,n}.

e Partition 7 of [n] is a set of non-empty pairwise disjoint subsets
(blocks) of [n], the union of which is equal to [n].

e Example: {{1,3},{2},{4}}, shorthand 13|2|4, is a partition of [4]

@ Alternatively, an equivalence relation R;: (i,j) € Ry < i,j belong to
the same block of 7

o Example: Ri3ps = {(1,1),(2,2),(3,3),(4,4),(1,3),(3,1)}
e Partial order: 7 < 7 (7 finer than 7) iff R, C R,
@ meet: T AT < R NR;, join: 7V 7+ (R URz)
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|
Partitions, partial order, operations

e Write [n] = {1,...,n}.

e Partition 7 of [n] is a set of non-empty pairwise disjoint subsets
(blocks) of [n], the union of which is equal to [n].

e Example: {{1,3},{2},{4}}, shorthand 13|2|4, is a partition of [4]

Alternatively, an equivalence relation R;: (i,j) € Ry < i,j belong to
the same block of 7

Example: Rl3\2|4 = {(17 1)7 (27 2)7 (37 3)7 (47 4)7 (17 3)7 (37 1)}
Partial order: 7 < 7 (7 finer than 7) iff R, C R,
meet: 7 AT <> R N R, join: 7V 7 (R URz)

meet refines: 7 A~ < 7, join coarsens: TV y >
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N
Partitions and interactions (2)

@ The set of all partitions: P(n) forms a lattice

1234
[ ]

14/231/234 124/3 13/24 123/4 134/2-12/34
L ] [ ] [ ] [ ] ] L ] [
L ] L] L ] [ L [ ]

1234140213 1/24/3 13/2/4 12/3/41/2/34

1/2/314
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N
Partitions and interactions (2)

@ The set of all partitions: P(n) forms a lattice

1234
[ ]

14/231/234 124/3 13/24 123/4 134/2-12/34
L ] [ ] [ ] [ ] ] L ] [
L ] L] L ] [ L [ ]

1234140213 1/24/3 13/2/4 12/3/41/2/34

1/2/314

@ The finest partition 0 := 1|2|-- - |n. The coarsest partition:
1:=12.---n
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Partition operator

e Given a partition m = my|mp|. .. |m,, the associated partition operator
on M! is given by Jr : F = Fr, with Fr = []7_; Fr;, where Fr is the
marginal distribution of the subvector (X; : i € 7).

] Example: J13‘2|4F = F13F2F4, JIF =F

Proposition
JT o J7r = JTAT J
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Interaction operator

Definition

Let 7 € P(n). A measure F € M! is said to be 7-decomposable if there
exists v < 7 such that J,F = F. A T-interaction operator is a linear

combination
A= Z a(m, 7)Jx

™

that vanishes for all 7-decomposable measures.
(decomposable=1-decomposable)

@ Original definition recovered for 7 = 1.

o F ist-decomposable iff J.F = F and at least one of its marginals F,
is itself decomposable.
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.
A property of coefficients

e A; is a valid 7-interaction operator iff A.J,F =0 VF, Vy < 7. Now,

0 = A J,
= Z a(m,7)Jrdy

s

= Z a(m, 7)Jrny

™

=Y 0ey [ Z 2(71',7')] Jo

T TAY=0
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.
A property of coefficients

e A; is a valid 7-interaction operator iff A.J,F =0 VF, Vy < 7. Now,

0 = A J,
= Z a(m,7)Jrdy

s

= Z a(m, 7)Jrny

™

=Y 0ey [ Z 2(71',7')] Jo

T TAY=0

e Thus, > a(m,7) =0, forall 0 <~ < 7.

T TN\Y=0
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-
Incidence algebra on a lattice

[y

, P true

e A bit of notation: Iverson bracket {P} =
0, P false
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-
Incidence algebra on a lattice

1, P true

e A bit of notation: Iverson bracket {P} =
0, P false

o Incidence algebra /s on the lattice S: setof all maps g: S xS — R,
st. g(m,7)#Oonlyifmr <7

o Convolution in Is: (g * h)(m,7) =3_, g(m,7)h(y,7)

@ Special elements in /s: identity 0(7,7) = {m = 7}, and the zeta
function ((m,7) = {m < 7}.

@ The MGobius function p is the inverse of the zeta function, i.e.,
pxC=Cxp=>9.
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Main Lemma

Lemma

There exists a unique a € Is such that a(w,7) =1 for all m € S and
Z{ﬂ'/\’y =o}ta(m,7) = 0,

forall 7 € S and all 0 <~ < 7. Moreover, a = y is the Mébius function in
Is.
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N
Proof of the Main Lemma (1)

By definition,
6(m,7m) =22, C(muly,7) = A7 < v < 7hu(m, v)C(v, 7). Therefore,

1=6(m,7m) = Y {7 <v<mhu(m)C(y, )

g
p(m, w)¢(m, m)
(m,m).

I
=
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N
Proof of the Main Lemma (2)

Let 7 € S and v < 7. Then,
Y ArAy=atu(mr) = Y {v<w}u(r7)
' = Zﬂ:C(%W)u(Fﬁ)
= 57(T%T) =0,

which shows the proof for o = 7.
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N
Proof of the Main Lemma (2)

@ Property shown for the case 0 = v < 7.
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N
Proof of the Main Lemma (2)

@ Property shown for the case 0 = v < 7.

Let o, such that 0 < v < 7, be a maximal element for which the property
has not been shown. Then:

Y Aray=otu(mr) = Y {mAy=o}tulr,7)
>3 {m Ay =0"}u(m,7)

o'>0 w™

= > ArAy=otu(r,7)

™

= Y Ar=zo}u(m,7)
ZC(UJ)M(W,T) =d(o,7) =0.
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N
Proof of the Main Lemma (2)

@ Property shown for the case 0 = v < 7.

Let o, such that 0 < v < 7, be a maximal element for which the property
has not been shown. Then:

Y Aray=otu(mr) = Y {mAy=o}tulr,7)
>3 {m Ay =0"}u(m,7)

o'>0 w™

= > ArAy=otu(r,7)

™

= Y Ar=zo}u(m,7)
ZC(U,W)M(W,T) =d(o,7) =0.

Induction = &
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-
Together

Theorem
Up to multiplicative constant, the T-interaction operator is given by:

A= Z,u(w,T)J,r

@ In particular,

A = Z,U/(WJ-)JW
= > ()" (|| - 1)1

s
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Joint cumulants

@ The joint cumulant k(Xi, ..., Xy,) are defined by the cumulant
generating functiong(t1, ..., tn) = log E[exp (D_7_ i Xi)]
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Joint cumulants

@ The joint cumulant k(Xi, ..., Xy,) are defined by the cumulant
generating functiong(t1, ..., tn) = log E[exp (D_7_ i Xi)]

© Symmetry: K(X1,...,X5) = £(X51), - - -, Xo(n)) for all permutations o
@ Multilinearity:
r(aXi + BY1, ..., Xn) = as(X1,..., Xa) + BE(Y1, ..., Xn)
© Moment property: x(X) = x(Y) iff X and Y have identical moments
up to order n.
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Joint cumulants

@ The joint cumulant k(Xi, ..., Xy,) are defined by the cumulant
generating functiong(t1, ..., tn) = log E[exp (D_7_ i Xi)]

© Symmetry: K(X1,...,X5) = £(X51), - - -, Xo(n)) for all permutations o
@ Multilinearity:
r(aXi + BY1, ..., Xn) = as(X1,..., Xa) + BE(Y1, ..., Xn)
© Moment property: x(X) = x(Y) iff X and Y have identical moments
up to order n.

Fact
(X1, ... Xn) = [x1- xpd AF

Corollary

F is decomposable = r(Xi,...,X,) = 0.
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Summary

@ Recall: the second and third cumulant are exactly the same as the
second and third central moments

Dino Sejdinovic (Gatsby Unit, UCL) Interactions, Partitions, Cumulants May 17, 2013 18 / 18



Summary

@ Recall: the second and third cumulant are exactly the same as the
second and third central moments

e the higher cumulants are neither moments nor central moments, but
some other polynomials of the moments
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Summary

@ Recall: the second and third cumulant are exactly the same as the
second and third central moments

e the higher cumulants are neither moments nor central moments, but
some other polynomials of the moments

o Lancaster definition: joint central moments: [ x; ---x,dA;F
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Summary

@ Recall: the second and third cumulant are exactly the same as the
second and third central moments

e the higher cumulants are neither moments nor central moments, but
some other polynomials of the moments

o Lancaster definition: joint central moments: [ x; ---x,dA;F

@ Streitberg's correction: joint cumulants: fxl < xpd AF
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]
What does this have to do with kernels?

@ Three-variable interaction has a simple kernel statistic (joint “kernel
cumulant” = joint “kernel central moment”):

H/ k(- 31) ® kol x2) ® ka(-, xa)] AL F 2

Hiq@ko@ks
2

B H/ [l;l("xl) @ ka(-, x0) ® /N(a(-,xs)} dF

Hiq ko @ks

:nlz(fqokzoka)++
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]
What does this have to do with kernels?

@ Three-variable interaction has a simple kernel statistic (joint “kernel
cumulant” = joint “kernel central moment”):

H/ k(- 31) ® kol x2) ® ka(-, xa)] AL F 2

Hiy ®ky@ks
2

o~

:H/meﬂ®k@@®g@&ﬂ#

Hiy Rkp @k

1 /e~ .

zﬁ(momom)

n ++

@ But for n > 4, the statistic involves the sum over all partitions of order
n and different combinations of the centering of the kernel matrices

within each summand.
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