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Motivation: non-parametric regression

@ Given: {(x;, yi)}", training samples (x; € X, y; € R).
@ Assumption: (X;, i) e p,
@ Goal: f: X — R, which predicts "well” on future inputs.

@ Objective function: mean square prediction error, i.e.

JI) =E[f(X)- YP— min . (1)

f: measurable

@ Optimal solution (theoretical): regression function

F(x) = E[Y|X = x]. )
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Motivation: ridge regressor

@ Regularized M-estimators:

@ data-dependent loss + regularization.

@ example: least-squares loss + squared Hilbert norm.
@ Our focus:

@ function class = RKHS: 3 = H(K).
@ kernel ridge regression:

feH

N

- 1

f=argmin STIFx) — yilP + AllfI3 (A>0). (3
i=1
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Motivation: analytical solution

@ Explicit solution:
A N
()= aiK(-,x), (4)
i=1

where

K =[K(x:,x)] e RVN o= (K+AND 'y e RV, (5)
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Motivation: analytical solution

@ Explicit solution:
A N
()= aiK(-,x), (4)
i=1

where
K =[K(x:,x)] e RVN o= (K+AND 'y e RV, (5)

@ Slight problem:

@ scales terribly,
o time complexity: O (N®).
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Motivation: approximations

@ Low-rank methods:

@ Examples: incomplete Cholesky, Nystrém approximation.
@ Prediction error guarantees: hardly studied.

@ Early stopping methods:

o Early stopping ~ regularization.
o Examples: gradient descent, conjugate gradient.

@ Time complexity: O (d?N), O (tN?).
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Motivation: current approach

@ Decomposition-based technique:
@ randomly partition the N samples: m equal sized subsets
(Si). A
@ independent ridge regressors: f; (i =1,...,m).
@ average the obtained predictors:

PR 1
o Bi=argmin e >0 100 =y P+ AN
1 fex I(X:y)esf

rl
3=

li

@ Time complexity: © (m (%)3) =0 (Na).

m
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Algorithm: f

@ Sub-problems: use \; as if we had N samples.
@ Under-regularization: each estimate has

o small bias, but
@ the variance blows up!

@ Average:

@ reduces variance enough,
@ minimax optimality: for certain kernel classes.
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® (X,K), (X,Y)~P, X ~Px, n="1 =4 of blocks.
@ Sk : L3(Px) — H = H(K), id = Si : H — L2(Px)

Sk(F)(x) = /x K(x,x)dPx(X'), Tk —idoSk. (6)

@ Tk: compact, positive, self-adjoint operator (if H is
separable, [[Kz |2, | == [y K(x,x)dPx(x) < o).
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® (X,K), (X,Y)~P, X ~Px, n="1 =4 of blocks.
@ Sk : L3(Px) — H = H(K), id = Si : H — L2(Px)

Sk(F)(x) = /x K(x,x)dPx(X'), Tk —idoSk. (6)

@ Tk: compact, positive, self-adjoint operator (if H is
separable, [[Kz |2, | == [y K(x,x)dPx(x) < o).

spectral theorem
SPETTE O™, 3 countable

@ {¢;} ONS (eigenvectors) C L?(Py),
@ u; eigenvalues (> 0, — 0).

® Wlog.: ¢; € H.
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Mercer theorem: K « {(¢/, 1)}

@ If X is compact metric, K is continuous, then

K(u,v) = ZM/¢/ u)g;(v). (7)

j=1

@ Note (Tk conditions):
@ (X, K) conditions = K: bounded.
@ X: compact metric = separable.
@ X: separable, K: continuous} = 3 = H(K): separable.
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Some notations

© [|hlly = [1hll @y = \/ Jx PP(X)P(x).
@ Our bound on the MSE E [H? — f*Hﬂ is formulated in

terms of
o0 o0 1 o0
r(K) =3 _ms AN =D 5 Ba= 3w (@
j=1 j=1 + W J=d+1
@ Intuition:

o tr(K): "size" of the kernel operator (Tk).

o v(\): "effective dimensionality" of Tx w.r.t. L2(Px).

@ (4: tail decay of the eigenvalues of Tk (d > 0 —free
parameter). 5y = tr(K).
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Assumptions: tail behaviour of ¢;-s, bounded variance

@ A: 3k > 2, p < cosuchthat E [¢;(X)%K] < p? (j=1,2,...).
o A:

@ dp < oo such that sup,c [¢j(U)| < p (j=1,2,...).

@ Assumption A’ = Assumption A:

E [¢;(X)*] <E [3253 |¢,-(u)|ﬂ <E[p*] =0 (9)

@ B: f* € H. Jo > 0 such that Vx € X: E[Y — f*(x)]? < o2.
@ Notation+:

b(n, d, k) = max [\/max(k, log(d)), max(k, log(d)) .

11
nz-«
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Main result (C: universal constant)

If f* € H, assumptions A and B hold, then

- 12 1202~(\
E[|7- |2 < <s+m> M+ 2

<;211‘\]{ T1(d) + T2(d) + T3(d)},

8p* ||1*1% tr(K)Bq

T1(d) = 3 ,
4|2, + 202 /) 120%tr(K
To(d) = I IIg{m o°/ <Md+1+ p A( )/Bd>’

2 )\ K " 20-2 4 f* 2
Ta(d) = | obn. a2 g <1+m+% .
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Main result: intuition

@ "Simplified" form:

E([[7 - r|l3] :o< w +%>

. ——
squared bias variance

@ For 3 kernel families, this is "correct” (idea):

o For large enough d and small enough m: Ta(d) < 2().
o Ti(d), T»(d): either 0, or smaller then the others.

o \= V(A fixed point equation = \*. Rate: 'V(A ),
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Consequence-1 (finite rank kernel; example:

linear/polynomial)

%, A(or A') and B. If

ES
|
IS

m<c N (A), m< CL (A")
T r2prezlogez(r) 7 ~ r2p*log(N) 7
then
- 2 olr
E[[f-ls) =0 (%) (10)
Moreover, (10) is minimax-optimal: 3¢’ > 0
inf sup E[lfe - 18] > o dl. 1)
fe f=eByc(1)={fe3t:|fll5<1} N
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Consequence-2 (polynomially decaying eigenvalues;

example: Sobolev; C: universal constant)

Assumption: p; < G2 (j=1,2,...),v > 5, A= —5—, A (or
A) and B. If [c = ¢(v)]

(k—4)v—k kK—2 2v—1
N~ 2o+ Nzv+1 €(0,1)
m<c| ——5— A , M C———F— A s
= <p4k |ng(N)> ( ) p4 IOg(N) ( )

then
_ o 2V+1 ( 1)
B[ -5 =0 (<N> ) . (12)

Moreover, (12) is minimax-optimal.
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Consequence-3 (exponentially decaying eigenvalues;

example: RBF; ¢; > 0)

Assumption: A = 1, 1 < cye=%" | A(or A)and B, A = 1. If

Nk==2 N
< A), <c—5— (A),
" e () W m= ey
then
E[lF-r]Z] = o0 <027V'°;\9,(N)) . (13)

Moreover, (13) is minimax-optimal.
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Theorem: decomposition trick

E|[7 | = E |- Ef +EA -
=E[[[F— B[] + |EMA - [ + 28 [(F - B[, B[ - )

E{

LZ(P)]

m 2

1 ~ ~
—>_(h—E[f])

] + [[E[A -

i=1 2
< mam 3= i =0]] + e -
= g ]+ et = 2 s

~ ~ 2
using f* € J¢, E[f] = arg min;q E [Hf, - fM and (H: Hilbert)

m 2

>_h
i=1 H
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m
<m_||hl% , E[f] = E[f],E (rnd, const) = (E[rnd], const)
i=1



@ Goal: conditional expectation approximation.
@ Tool: kernel ridge regression «+ O (N3) time.

@ Studied algorithm: simple, parallelizable.
@ Result:

o MSE bound.
o Explicit rates + minimax optimality for 3 (kernel, ) classes.
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Thank you for the attention!
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Operator property: definitions

A T : H — H(ilbert) bounded linear operator is
@ positive: (Ta,a)y > 0 (Va € H).
@ self-adjoint: T = T*.
@ compact: T(Bg) is compact, By ={ue H: ||jully < 1}.
@ example: finite rank operator.
@ alternative definition: closure of finite rank operators (in
operator norm).
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Sobolev space

@ X C RY: bounded domain. p € [1,c], [a| = X2, a;.
@ Weak derivative of u (extension of the integration by part
formula): D*u.

@ WMP(X) :={u e LP(X) : Du € LP(X), |a] < m}.
@ Example: W'*°(/) = Lipschitz functions on interval /.
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