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What the paper is about

A method for reducing variance of Monte Carlo estimates of the mean
of a function f (x) under x ∼ π, where x ∈ Rd .
Standard mean estimate:

µ̂(f ) :=
1
n

n∑
i=1

f (xi )

converges to population expectation

µ(f ) :=
ˆ

f (x)π(x)dx

with rate OP(n−1/2).
Given a spare training sample, can we do better? Yes, if f is smooth,
π satisfies certain conditions.
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Setting and main claim

Split the data: D0 := {xi}mi=1 , D1 := {xi}ni=m+1. Ratio is
m = O(nγ), optimal choice is γ = 1
Learn a modified function

fD0 := f (x)− f̂D0(x) + µ(f̂D0), µ(fD0) = µ(f ).

where µ(f̂D0) must be analytically computable.
f̂D0(x)− µ(f̂D0) is control functional (with zero expectation under π)
Our estimate of µ(f ) is:

µ̂(D0,D1, f ) :=
1

n −m

n∑
i=m+1

fD0(xi )
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Setting and main claim

Given we can learn f̂D0 with error

ED0

[
σ2(f − f̂D0)

]
= O(m−δ). (1)

(need smoothness asumption on f ). Then

ED0ED1

[
(µ̂(D0,D1, f )− µ(f ))2

]
= O(n−1−δ).

Proof: By construction, E (µ̂(D0,D1, f )) = µ(f ) so

ED1

[
(µ̂(D0,D1, f )− µ(f ))2

]
=

1
n −m

σ2(f − f̂D0).

Thus

ED0ED1

[
|µ̂(D0,D1, f )− µ(f )|2

]
=

1
n −m

ED0

[
σ2(f − f̂D0)

]
.

Then use (1) and (n −m)−1 = O(n−1).
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The Stein way

How to define a function class for f̂Do?

Define:

u(x) := ∇x log π(x) ∇x :=
[
∂/∂x1 . . . ∂/∂xd

]>
.

Given a vector-valued function φ(x) : Rd → Rd , define

ψ(x) :=
d∑

i=1

∂

∂xi
φi (x) +

d∑
i=1

φi (x)
∂

∂xi
log π(x)

= ∇>x φ(x) + φ(x)>u(x).

Assume boundary condition: given n(x) ∈ Rd normal to the boundary,
˛
∂X

π(x)
[
φ(x)>n(x)

]
dS(x) = 0
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The Stein way (cont’d)

Then ˆ
ψ(x)π(x)dx = 0,

exactly the property we want for f̂Do − µ(f̂D0).

Proof: from prev. slide,

ψ(x) = ∇>x φ(x) + φ(x)> (∇x log π(x)) .

Using divergence theorem in (b),
ˆ
ψ(x)π(x)dx

(a)
=

ˆ
∇>x [φ(x)π(x)] dx

(b)
=

˛
∂X

π(x)
[
φ(x)>n(x)

]
dS(x) = 0

using in (a) that
∂

∂xi
log π(x) =

1
π(x)

∂π(x)
∂xi

.
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Stein-modified function class, kernel version

What is a good function class for entries of φ(x) : Rd → Rd?

Consider φ(x) ∈ Hd with inner product

〈
φ(x), φ(x ′)

〉
Hd =

d∑
i=1

〈
φi (x), φi (x ′)

〉
.

Then ψ(x) ∈ H0, a new RKHS with kernel

k0(x , x ′) =
d∑

i=1

∂k(x , x ′)
∂xi∂x ′i

+ ui (x)
∂k(x , x ′)
∂x ′i

+ ui (x ′)
∂k(x , x ′)
∂xi

+ ui (x)ui (x ′)k(x , x ′)

Proof: write as k(x , ·) as the feature map of H, so

k(x , x ′) =
〈
k(x , ·), k(x ′, ·)

〉
H .
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Stein-modified function class, kernel version (cont’d)

Then

ψ(x) =
d∑

i=1

∂

∂xi
φi (x) +

d∑
i=1

φi (x)
∂

∂xi
log π(x)

=
d∑

i=1

〈
φi ,

∂

∂xi
k(x , ·) + k(x , ·) ∂

∂xi
log π(x)︸ ︷︷ ︸
ui (x)

〉
,

Thus

k0(x , x ′) =
d∑

i=1

〈
∂

∂xi
k(x , ·) + k(x , ·)ui (x),

∂

∂x ′i
k(x ′, ·) + k(x ′, ·)ui (x ′)

〉
H

Only need π up to normalizing constant to compute kernel.
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Stein-modified function class, kernel version (cont’d)

Under boundary conditions

0d =

˛
∂X

k(x , x ′)π(x ′)n(x ′)dS(x ′)

0 =

˛
∂X
∇xk(x , x ′)>n(x ′)π(x ′)dS(x ′)

we have ˆ
X

k0(x , x ′)π(x ′)dx ′ = 0.

Recall for all RHKS functions in Ho ,

ψ(x) ∈
{∑̀

i=1

αik0(x , xi ) : ` ∈ N

}

so as required, µ(ψ(x)) = 0.
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Regression problem for f̂D0

Define H+ := C ⊕H0, where C are constant functions. I.e. f ∈ H+ when
f = ψ + c and ψ ∈ H0.

‖f ‖H := ‖ψ‖H0
+ ‖c‖C = ‖ψ‖H0

+ |c | .
Then regression problem is

f̂D0 := argmin
g∈H+

{
1
m

m∑
i=1

(f (xi )− g(xi ))
2 + λ ‖g‖2H+

}

From Sun and Wu (2009),

ED0

[
σ2(f − f̂D0)

]
= O(m−1/6)

if f ∈ H+ (i.e. true f is smooth)
supx∈X k+(x , x) <∞, λ = O(m−1/2)

Thus
ED0ED1

[
|µ̂(D0,D1, f )− µ(f )|2

]
= O(n−7/6).
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An application: GP regression, marginalized
hyperparameters

GP regression:

Ŷ ∗ := E([Y ∗|y, x, x∗]) =
ˆ

E([Y ∗|y, x, x∗, θ])︸ ︷︷ ︸
f (θ)

π(θ)dθ,

Integral over π unavailable in closed form.
Each evaluation of E([Y ∗|y, x, x∗, θ]) is expensive,

E([Y ∗|y, x, x∗, θ]) = C∗,N
(
CN + σ2I

)−1 y,

(CN)ij = K(xi , xj) and (C∗N)i = k(x∗, xi ).
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An application: GP regression, marginalized
hyperparameters
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Figure 4: Marginalisation of hyper-parameters in hierarchical models. [Here we display the
sampling standard deviation of Monte Carlo estimators for the posterior predictive mean
E[Y⇤|y] in the SARCOS robot arm example, computed over 10 independent realisations.
Each point, representing one Monte Carlo integration problem, is represented by a cross.]

hyper-parameters ↵1 = 0.1, ↵2 = 1, the latter reflecting the fact that the training data were
standardised. The estimator standard deviations were estimated in this way for all 4,449
test samples and the full results are shown in Fig. 4. Note that each test sample corresponds
to a di↵erent function f and thus these results are quite objective, encompassing thousands
of di↵erent Monte Carlo integration problems. Results show that, for the vast majority of
integration problems, CF achieves a lower estimator variance compared with both the arith-
metic mean estimator and ZV control variates. Here the cost of post-processing the Monte
Carlo samples (using either ZV control variates or CF) is negligible in comparison to the
cost of evaluating the function f , even once. Indeed, CF requires that we invert a n ⇥ n
matrix once, where n is no larger than N 0 in this example.

In the supplement we investigate an extension that draws design points D0 using RQMC.
Results show that CFs+RQMC outperforms RQMC alone.

3.2 Normalising constants for non-linear ODE models

Our second application concerns the estimation of normalising constants for non-linear ODE
models (e.g. Calderhead and Girolami, 2009). Recent empirical investigations recommend

16
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