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.
What the paper is about

@ A method for reducing variance of Monte Carlo estimates of the mean
of a function f(x) under x ~ 7, where x € R¥.

@ Standard mean estimate:
1 n
AF) =53 F(x)
i=1
converges to population expectation

wu(f) ::/f(x)ﬂ'(x)dx

with rate Op(n~1/?).
@ Given a spare training sample, can we do better? Yes, if f is smooth,
7 satisfies certain conditions.
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Setting and main claim

o Split the data: Do := {x;};Z; , D1 := {xi};_,,41- Ratiois
m = O(n"), optimal choice is v =1

@ Learn a modified function

fpo = F(x) = Fpg(x) + u(fp,).  ia(fpo) = n(f).

where ,U,(?DO) must be analytically computable.
o fp,(x) — pu(fp,) is control functional (with zero expectation under )

@ Our estimate of u(f) is:

(Do, D1, f) = Z fpo (xi)
i=m+1
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.
Setting and main claim

Given we can learn ?Do with error
Ep, |0%(F — Fo,)| = O(m™). (1)
(need smoothness asumption on f). Then

EpoEp, |(A(Do, D1, f) = u(f))’] = O(n~).
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Setting and main claim
Given we can learn ?Do with error

Ep, |0%(F — Fo,)| = O(m™).
(need smoothness asumption on f). Then

EpoEp, |(A(Do, D1, f) = u(f))’] = O(n~).

Proof: By construction, E ({i(Do, D1, f)) = u(f) so

. 1 >
Ep, | (Do, D1, f) = u(F)?| = ——0(F = Tn,).
Thus
~ 1 N
EEp, [|i(Do, D1, f) = u()P] = ———Ep, [0%(F — ny)] -
@ Then use (1) and (n— m)~! = O(n7?1).
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.
The Stein way

How to define a function class for fp,?
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.
The Stein way

How to define a function class for fp,?
Define:

u(x) = Vilogm(x)  Vi:=[0/0x ... 8)oxq ]

Given a vector-valued function ¢(x) : RY — RY, define

d

9
¥(x) :Zai +Z¢: —IogTr (x)
= XT o(x) + ¢(x )TU(X)-

Assume boundary condition: given n(x) € RY normal to the boundary,
) [0007 ()] d(x) =
ox
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|
The Stein way (cont'd)

/1/) m(x)dx =0,

exactly the property we want for fp, — 1u(fp,).

Then
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|
The Stein way (cont'd)

/1/) m(x)dx =0,

exactly the property we want for fp, — 1u(fp,).
Proof: from prev. slide,

Then

b(x) = Vio(x) + o(x)" (Vi logm(x)).

Using divergence theorem in (b),

[ o0amaax @ [ VT pptml ek @ § 7o) 6007 n0] ds) = 0

using in (a) that

a—)qlogﬂ(x) = 00 o
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|
Stein-modified function class, kernel version

What is a good function class for entries of ¢(x) : RY — R9?
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Stein-modified function class, kernel version

What is a good function class for entries of ¢(x) : RY — R9?
Consider ¢(x) € HY with inner product

d
(B(x), 0(x))pa = > ($i(x), $i(X)) -
i=1
Then ¢(x) € Ho, a new RKHS with kernel

d
Ok(x,x") L\ Ok(x,x") o Ok(x,X')
oo ) T T Ty

ko(x,x") =

+ ui(x)ui(x" ) k(x, x")
Proof: write as k(x, ) as the feature map of #, so

k(x,x") = <k(x, ), k(X' )>H .
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|
Stein-modified function class, kernel version (cont'd)

Then
d
W(x) :Zax (><)+Z¢, |og7r X)
i—1 i Xj
J )
= <¢"8 )+ k(x, )aXilogw(x)>,
i=1 ———
ui(x)
Thus
ko(x,x") = zd: <8k(x )+ k(x, - )ui(x) ik(x' )+ k(X' -)u-(x’)>
0% _i:1 ox; P T Ox! ’ P )

Only need 7 up to normalizing constant to compute kernel.
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Stein-modified function class, kernel version (cont'd)

Under boundary conditions

04 = k(x, x")m(x")n(x")dS(x")
oxX

0= ) Vik(x,x') " n(x")r(x')dS(x")

we have

/ ko(x, x")m(x")dx" = 0.
X
Recall for all RHKS functions in H,,

¢
P(x) € {Z ajko(x,x;) : L€ N}

so as required, u(y(x)) = 0.
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Regression problem for z?po

Define Hy := C @ Ho, where C are constant functions. l.e. f € H when
f=1v+cand ¢ € Hp.

1l = 19l + llelle = N1l +lel-

Then regression problem is

i=1

. 1 Z
fp, := argmin { — F(x) —g(x))? + A 2
oy = argmi {mZ( (xi) — g(x1)) IIgllm}
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Regression problem for z?po

Define Hy := C @ Ho, where C are constant functions. l.e. f € H when
f=1v+cand ¢ € Hp.

1Fllg = 10l + llelle = 14l + lel-
Then regression problem is

Fpo 1= argmin {rln > (F(x) — g(xi)* + A ||g||i+}

geEH+ i=1
From Sun and Wu (2009),

Ep, |o2(F ~ Tp,)| = O(m™/%)

o if f € Hy (i.e. true f is smooth)
0 sup,cy ki(x,x) < 00, A = O(m~1/?)
Thus
Ep,Ep, [\ﬁ(Do,Dl, f)— /,L(f)|2} = 0(n"7/%).
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An application: GP regression, marginalized
hyperparameters

GP regression:

P B lyxox']) = [ QY Iy xox” 6)r(6)do.
£(6)

@ Integral over 7 unavailable in closed form.

e Each evaluation of E([Y*|y, x, x*, 6]) is expensive,
E([Y*ly,x,x*,6]) = Con (Cy + 021) "y,

(Cn); = R(xi, %) and (Cun); = k(x*, x;).
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An application: GP regression, marginalized

hyperparameters
n=>50 n=75 n=100
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