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What is herding?

Figure: Herding example: 20 points from Herding vs 20 i.i.d. samples. Contour is
density, red squares are from Herding, purple circles are i.i.d. samples.
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-
What is herding?

Herding in an RKHS F is the following iteration:

Q x741 = argmax (wr, $(x))
xeX

@ wri1=wr + Exup(d(x)) — d(x741)
Recall: mean embedding:

up = EXNP(b(X)
which has the property
Exf(x) = (f,pp) VfeF.

Hence 2nd step is: wri1 = wr + pp — ¢(x741)
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]
What does it do?

Define wy := up.
Then Herding becomes:

X741 = argmax (wr, ¢(x))

xeX
-
= argmax <Wo + Tup — Z d(xt), ¢(X)>
xXeX t—1
T
= argmax <(T + 1)pp — Z B(xt), ¢(X)>
xeX =1
-
= argmax <(T + DE,k(x,x") — Z k(xt,x)>
xeX t=1
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|
What does it do? (2)

Let's say we want to choose x71 greedily to minimize:

T+1
Erq1 = ||up — T7+1 Z ¢
T+1
= E, v k(x,x") — ZE k(x, xt) (T+12tzt;k Xty X¢r).
Keep terms that are a function of x71:
2 < 1
T7+1E <k(x, xT41) + m ; k(xe, x141) + mk(X{-_’_l, Xt+1)
= constant
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.
Why might it be useful?

Given a finite sample estimate pr of p, then for all f € F, by
Cauchy-Schwarz:

B () = Expr )| < 1] it — 15
If x7 ~ pi.i.d., then
litp — 17| = Op(T7Y3).

The claim for Herding:

litp = Hprll = O(T )
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Proof of fast convergence

Assume:

Q (o0 <R.

@ There exists an e-ball around i, contained in M = conv {¢(x)} (this
will cause problems).

If we can show ||w:|| is bounded, then we can show the result.
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Proof of fast convergence

Assume:
Q [¢(x)| <R.

@ There exists an e-ball around i, contained in M = conv {¢(x)} (this
will cause problems).

If we can show ||w:|| is bounded, then we can show the result.

Proof as follows:
@ Show why bounded ||w;|| gives the result we need

@ Show that ||w¢|| is bounded under the e-ball assumption
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Proof that bounded ||w;|| gives fast convergence

Let's say that ||wr|| is bounded. Then

.
lwr | = ||wo+ Tp = D ¢lx)|| < €
t=1
So, dividing by T:
1 T
o — = > o(x)|| < T (ol + ).
t=1
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Proof that ||w;|| bounded:

We will prove there exists a constant C: which satisfies two properties:
Q If flwe]l > C, then [lweyal| < flwel.
Q If |w| < C, then |wesr||* < C2 + (2R)?

Interpretation:

@ The first result guarantees that if ||w;|| exceeds the limit C, it will
shrink until it falls under the limit.

@ The second result guarantees that ||w;|| cannot grow too much in one
time step (straightforward since the update has bounded norm).

The net effect is that [|w:]| < C + 2R for all t.
Note that ||w;|| never coverges!
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|
Proof that if ||wy|| > C, then ||wes1]] < ||wel]

First: express the update in terms of a diference wrt i,
C =M — pp = conv {¢(X) - ,u,p‘x € X}
Then update equations are:

Wepr = we + Eop(0(X)) — d(Xe41)
= W — Ct

where ¢; = argmax (wg, ¢t).
ceC
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Proof if ||we|| > C, then [|wii1]] < ||we]l (2)

2 2 2 2
[Iwel|™ = llwea | = llwe]|” = [lwe — e

=2(wg, ¢r) — [lcel?

= tal 2l { ity i) =l
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N
Proof if ||we|| > C, then [|wii1]] < ||we]l (2)

2 2 2 2
[Iwel|™ = llwea | = llwe]|” = [lwe — e

=2(wg, ¢r) — [lcel?

Wt Ct
=Hqﬂﬂwﬂ<>—wm}
Twell” Teel

Next: since ||¢(x)|| < R, then |||l < R and hence |c|| < 2R. So

2 2 Wt Ct
2= el 2 2 e el { ).

lwe || flce
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Proof if ||w:|| > C, then ||weiq|| < [[wy] (3)

> ?
Is it the case that <IIWtH’ ”Ct”> v* > 07
Reminder:

¢t = argmax (W, Ct)
ceC

C := conv {$(x) — pp|x € X'} .

|.e. can ¢; be chosen in the direction w;?
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Proof if ||w:|| > C, then ||weiq|| < [[wy] (3)

Is it the case that <

> >~*>07
Reminder:

Twell” ||Cr||

¢t = argmax (W, Ct)
ceC

C := conv {$(x) — pp|x € X'} .

|.e. can ¢; be chosen in the direction w;?

Yes, as long as i is in the relative interior of M (the problematic
assumption)
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Proof if ||we]| > C, then [|wep1|| < [|we] (4)

2 2 W Ct
Iwel® ~ lwessl? > 2 e [”Wtu < >_R}

[lwel|™ [l el
> 2|[etl[ Tllwell v* = R]
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Proof if ||we]| > C, then [|wep1|| < [|we] (4)

2 2 W Ct
Iwel® ~ lwessl? > 2 e [”Wtu < >_R}

Iwell” e
> 2|[etl[ Tllwell v* = R]
What if ||we|| > R/~v* =: C? Then

Iwell* = lIwes1 ] > 2]|cell [R — R]
=0

2 2
50 [l we]|” > [[wepa ]|
QED
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|
Proof that if |[we| < C, then |[wea||® < C2 4 (2R)?

Now prove the second result.
Recall C = R/~v*. Then
Iwesa|® = [[we — |
= [[wel|? = 2 (we, ) + |l
2 * 2
< [[wel|” = 2f| e [[[[we [l + llce
R 2

() en

QED
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...and a warning

1 T
Hp — T;aﬁ(n) < T (o]l + R/7Y).

so we need v* > 0 for fast rates.
From Bach, Lacoste-Julien, Obozinski, ICML2012: this never holds for
Mercer kernels.
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Does it work?

092

| f(x)=x, err=T , 1(x)=x? err=T 00
10
B Herding, error on D|
~ —— Herding, error on p
\f\ . —— Random sampling
o

f(x)=x°, err=T 06 ) f(x)=sin(lIxll), err=T~%%2

— Erroron p
] Error on D

Figure: Herding results: empirical mean embeddings computed from 10° samples.
Note that Herding uses fewer samples to get same accuracy.
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