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.
Computing Expectations of functions

given (X,B,P), f : X = R, compute: Zgp = /f(x)dP(X)

e marginal distributions, posterior moments, Bayes risk
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.
Computing Expectations of functions

given (X,B,P), f : X = R, compute: Zgp = /f(x)dP(x)

e marginal distributions, posterior moments, Bayes risk

e Monte Carlo: (xJ-)J'-’:1 e %27:1 f(x)).

o Law of large numbers: |1 Zf:l f(xj) — Zr.p| = (’)P(%)_

n

o Often: exact sampling impossible or impractical
e Sample inexactly: convergence and rates may or may not suffer
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Computing Expectations of Functions

given (X,B,P), f : X — R, compute: Zgp = /f(x)dP(x)

e marginal distributions, posterior moments, Bayes risk

e Quasi Monte Carlo: Deterministic sequence x = (XJ)anl and
weights w = (Wj)J'.’:lwhich are an (approximate) solution of:

n
arg min d(P,Z w;dx; )
(x,w) —
J_
for some discrepancy d, suited for the assumption f € F c AR,

@ potentially results in better rates
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|
Herding

@ Let k be a kernel on X, with an RKHS H,. Kernel herding is a Quasi
Monte Carlo with w; = 1/n, and discrepancy d given by the MMD:

1 o 1<
FYk(P7 ; z;(sxj') = ||UkPp — nz;k(axj) )
J= J=

He

where pp is the kernel mean embedding of P, and

Pp = % 1'-7:1 k(-,x;) is the kernel mean embedding of the empirical

2
measure P = i1 (5Xj,

up = Exopk(-,x).
o Recall that for f € Hy, (f, up)y, = [ F(x)dP(x).
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-
Herding (2)

@ Herding's objective: arg miny

pp = 5 S ko),
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-
Herding (2)

@ Herding's objective: arg miny

pp = 5 S ko),

e Herding is greedy: already chosen (XJ)J:11

2

Xr

1 r
X, < argmin up—7Zk(-,xj)
j—1

Hi

. 2
= argmin e 5, + QZZkX”)(J Z’upr

i=1 j=1

1 r
= argmax wp(x) — P Z k(xr,x;)
2 =

Nia(xr)
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-
Herding (2)

@ Herding's objective: arg miny

Hp = %er]:l k(.’Xj)H%k

e Herding is greedy: already chosen (XJ)J:11

2

Xr

1 r
X, < argmin up—7Zk(-,xj)
j—1

Hi

. 2
= argmin e 5, + QZZkX”)(J Z’upr

i=1 j=1

1 r
= argmax wp(x) — P Z k(xr,x;)
2 =

Nia(xr)

@ mode-seeking behaviour
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|
Bayesian Quadrature

e Nevermind that f is a given function. Bayesians frequently put priors
on such things?

o f becomes a random function, Zr becomes a random variable induced

by f. Denote f(x) = (f(xj-))f:1

things like RKHS functions, and the priors like Gaussian process priors
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|
Bayesian Quadrature

e Nevermind that f is a given function. Bayesians frequently put priors
on such things?

o f becomes a random function, Zr becomes a random variable induced
by f. Denote f(x) = (f(x}));_,

/ [/ f(x)dP(x)] p(F|f (x))dF
/Uf p(fIf(x }dP(x)

Zg[f|£(x)]
= pup(x)T K H(x)

n

= D w0 (x).

j=t

@ Posterior mean of Z¢|f(x):

E [Z¢|f (x)]

things like RKHS functions, and the priors like Gaussian process priors
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N
Bayesian Quadrature (2)

@ Integration of a known function f evaluated at a finite number of
points — estimation of a smooth, easy to integrate function f,
consistent with values at a finite number of points + integration of f

n

/ F(x)dP(x) ~ / BIFFI0)P(x) = 3 w(x)f(x)

J=1

@ “Smoothness” assumption implied through the Gaussian process
framework

@ w is a deterministic function of x (does not depend on f!)

@ No need for weights to sum up to a probability distribution nor to be
positive...
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Bayesian Quadrature (3)

, <

X  samples — — —target density
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GP variance

expected area

post. over Z
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]
Connection to MMD

e Full posterior of Z¢|f(x), not just the mean,

Var [Ze|F(x)] = Er|Zr— > wi(x)f(x)
j=1
= Ef <f7uP - Wj(x)k(”xf)>
j=1
= |lup =D wi()k(-x)
j=1
Ky He

e Comes from (f, g) ~ N(0, HgH%k)
e No dependence on f(x), just on x
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N
Sequential Bayesian Quadrature (SBQ)

@ Now we have a framework to find “optimal” weights given x.

e Greedy BQ optimization: already chosen (xj-)J'.;l1

Xy < argmin Var [Zf|f(x)]
Xr

r
— argmax | ap() — 3 wik()
j=1

Xr

Bp,, (xr)

= argmaxyip(x) K pup(x).
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Experiments

O  Herding Samples
X SBQ Samples
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]
How does the MMD decrease?

MMD

— — —O(1/N)

i.i.d. sampling
Herding with 1/N weights

10° .
Herding with BQ weights
SBQ with BQ weights
10° 10! 10°
number of samples
. 1 ?
SBQ: O(-L)
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N —
Performance for f in- and out-of-model
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Rates

method ‘ complexity rate guarantee

MCMC O(N)

ergodic theorem

variable
1 law of large numbers

iid. MC O(N) TN
herding O(N?) %ﬁ >-2 %  (Chen et al., 2010; Bach et al., 2012)
unknown approximate submodularity

SBQ O(N3)
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