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Idea: p(y|x) = f(57 x)
Non-Bayesian: logistic regression

Bayesian: probit regression
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Why probit?

e Simple auxiliary variable trick (Albert and Chib)

yi ~ Bern(w;), w; = (I’(xz'Tﬁ)
<~

yi = lz,>0

zi =i B+ €

e; ~ N(0,1)



7 =112 H{<I> @Y {1 - 2l )

The key trlck write each term as the integral of a simpler quantity:

Li(p) = jﬂ /A exp{~ (i — o7 6)/2} dz

A = (_0070)7 Yy =0
’ (0700)7 yl:]-




Auxiliary variables

p(B1Y) o p(B)L(B)
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Auxiliary variables

p(B1Y) o p(B)L(B)

N

= ][ [ oeals1) d

Gibbs sampling: alternate between p(5|z, Y) (Gaussian) and
p(z|53,Y) (Truncated Gaussian)



Auxiliary variables

p(B1Y) o p(B)L(B)

N

= sl dz;
p<ﬂ)ll;[1/141 P(zi; x; B, 1) dz;

Gibbs sampling: alternate between p(5|z, Y) (Gaussian) and
p(z|53,Y) (Truncated Gaussian)

Similar ideas for models involving fancier likelihoods (binomial,
negative binomial etc.)



Auxiliary variable representation for logistic

likelihood?
p(B 1Y) o p(g) - [[ 2R

el S exp(z? )

2

L [ p(6z | Yyiz.



Polya Gamma distribution

The approach is based on a new distribution that we call the
Polya-Gamma class: X ~ PG(b, ¢) if
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Polya Gamma distribution

The approach is based on a new distribution that we call the
Polya-Gamma class: X ~ PG(b, ¢) if

D 1 «—
- 2]; k—1/2 02/(47T2)

9k ”rj Ga(b7 1)

Our basic result is that

(6w)a b ki /OO —wip? /2
N s 2 I{ w
1+ e¥) , € pw) dw,

where k = a — b/2 and w ~ PG(b, 0).



Polya Gamma distribution

e PG(1,0) has laplace transform cosh~'(,/1/2)
e PG(1,0) is infinite sum of exponentials



Polya Gamma distribution

(1,0) has laplace transform cosh='(,/t/2)
PG(1,0) is infinite sum of exponentials
G(b, 0) has laplace transform cosh=b(\/t/2)
PG(b, c): p(w|b, c) x exp(—< ) (w|b,0)
Laplace transform useful to derlve moments

)

Can also be represented as an alternating sign sum of
inverse gaussian densities (later)



Model and Inference

y;: the number of successes

n;: the number of trials

x; = (%1, . . ., Tip): the vector of regressors.
K= (y1 —n1/2,...,yn —nn/2)

Prior: 5 ~ N(b, B)



Model and Inference

* 9;: the number of successes
* n;: the number of trials
* x; = (i1, ..., Tip): the vector of regressors.

L — (yl —n1/2,,yN_nN/2)
* Prior: 8 ~ N(b, B)

The Polya-Gamma method has only two steps:

(wi | B) ~ PG(ni,z; B)
Bly,w) ~ N(mg, V),

where
V, = (XTox 4+ B H!

m, = Vo(XTk+ B7'D)
Q = diag(wy,...,wn).



PG(b,0)

Density of PG(b,0)
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More Gaussian-ish as b increases



PG(1,c)

Density of PG(1,c)
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More like a point mass as c increases



How to sample from PG?

It turns out we can simulate PG random variates exactly, with-
out truncating the infinite sum:

p 1 ¢ 9k
x2 .
272 ; (k—1/2)2 + ¢%/(47?)

We do this using a simple, efficient rejection sampler.
The proposal: exponential, uniform, and normal draws.
Checking for acceptance: roughly like one |G density evaluation.

Acceptance probability: in practice, usually better than 0.9998 ...
and uniformly bounded below at 0.9992.



Rejection sampler

B = {(z,u):0<u< f(z)}

G ={(z,u):0 < u<cg(z)}




Squeeze principle
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Squeeze principle

Given bounds S1(x) < f(x) and Sa(z) > f(x):
l. x ~ gand u ~ U(0, cg(x)) as before.
2. u < Sy(x): accept.
3. u > So(x): reject.
4. u < f(x): accept. If not, reject.
If the bounds are good, we rarely have to evaluate f(x).



Squeeze™

U Axly

X Awis



Squeeze™

U Axiy

X Awis

Implemented in BayesLogit R package



Some interesting extensions

"Efficient Data Augmentation in Dynamic Models for Binary
and Count Data” by Windle et al.

— Extension of this idea to sequences of binary/count data,
where j; (parameter) dynamics are Gaussian

— Conditioned on v;, can run exact sampler for 8’s (forward
filter backward sampling)

Neuroscience (e.g. spike counts)
Network data where connections vary with time
Sports data where probability of win drifts over time



Thanks!



