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Abstract

Biophysically accurate multi-compartmental models of individual neurones have significantly advanced
our understanding of the input-output function of single cells. These models depend on a large number
of parameters which are difficult to estimate. In practise, they are often hand tuned to match measured
physiological behaviors, thus raising questions of identifiability and interpretability. We propose a statistical
approach to the automatic estimation of various biologically relevant parameters, including 1) the distribu-
tion of channel densities; 2) the spatiotemporal pattern of synaptic input; and 3) axial resistances across
extended dendrites. Recent experimental advances, notably in voltage-sensitive imaging, motivate us to
assume access to: a) the spatiotemporal voltage signal in the dendrite, and b) an approximate description
of the channel kinetics of interest. We show here that, given a) and b), the parameters 1)-3) can be inferred
simultaneously by nonnegative linear regression; that this optimization problem possesses a unique solution
and is guaranteed to converge despite the large number of parameters and their complex nonlinear interac-
tion; and that standard optimization algorithms efficiently reach this optimum with modest computational
and data requirements. We demonstrate that the method leads to accurate estimations on a wide variety of
challenging model data sets that include up to ~ 10? parameters (roughly two orders of magnitude more
than previously feasible), and describe how the method gives insights into the functional interaction of
groups of channels.

Keywords: biophysical, voltage-dye, channel density, compartmental

1 Introduction

Recent electrophysiological investigations have yielded an ever deeper insight into dendritic computation
and dynamics, shedding light on fundamental issues such as the interaction of synaptic inputs in active
dendrites (Roth and H&usser, 2001), the role of shunting inhibition (Borg-Graham et al., 1998), backprop-
agating action potentials (Stuart and Sakmann, 1994; Larkum et al., 1999; Roth and Hé&usser, 2001) and
active dendritic channels (Reyes, 2001; Frick et al., 2001; Magee and Johnston, 1995; Magee, 1998). These
experimental results have been supplemented by accurate, detailed biophysical models of single neurones
which have allowed us to probe the computational purposes of such features and to address specific ques-
tions about the neural input-output (IO) function (Koch, 1999; Koch and Segev, 2000; Fellous et al., 2003;
Poirazi et al., 2003b; London and Hé&usser, 2005; Wolfart et al., 2005). Here, we would like to capitalize
on the advances in voltage dye imaging (Baker et al., 2005; Djurisic and Zecevic, 2005) and propose a sim-
ple statistical method for automatically building large, detailed compartmental models of single neurones,
circumventing some of the traditional complexities in building these models “by hand”.

Our knowledge about the input to individual cells and about the relevant part of the output of the cell
is at present still insufficient to allow direct inference of the neural IO function. However, the knowledge
that passive properties of neurons are accurately described by the cable equation (Jack et al., 1975; Bhalla
and Bower, 1993; Baldi et al., 1998; Dayan and Abbott, 2001; Bell and Craciun, 2003) represents very rich
information that can significantly constrain our search for the true neural IO function. Our approach to
estimating neural properties from data will therefore consist in postulating a model class (a large, detailed
compartmental model) which approximates the cable equations to arbitrary precision and then seeking to
constrain the parameters in the model by data.

Typically, there is a major trade off between realism and tractability when constructing large compartmen-
tal models: the more biophysically accurate and interpretable the model, the harder the computational task
of setting the model’s parameters becomes, as the number of (nonlinearly interacting) parameters increases
(into the thousands in biophysically accurate compartmental models, although this number is reduced sig-
nificantly using experimentally supported heuristics (Schaefer et al., 2003b; Poirazi et al., 2003a)). The
challenging nature of this high-dimensional, simultaneous parameter estimation problem is well-known (for
example Prinz et al., 2003) and to a large extent due to highly nonlinear objective functions (eg the percent-
age of correctly-predicted spike times (Bhalla and Bower, 1993; Jolivet et al., 2004; Keren et al., 2005)) and
the abundance of non-global optima in the large parameter space (Vanier and Bower, 1999; Goldman et al.,
2001).

Here we present a simple approach to estimating single neuron properties, which is both computation-
ally tractable and biophysically detailed. Our goal is to simultaneously infer, for each compartment of a
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large multi-compartmental model, 1) the concentration of membrane channels, 2) intercompartmental con-
ductances, 3) the time-varying synaptic conductances and 4) other parameters such as the channel reversal
potential, the membrane capacitance and the noise level. To achieve this demanding goal we must make
several assumptions; in particular, we assume 1) observability of the spatiotemporal voltage signal at several
(many) positions on the dendritic tree (eg by voltage-sensitive imaging methods (Antic et al., 1999; Baker
et al., 2005; Djurisic and Zecevic, 2005)) and 2) a good understanding of the kinetics of the channels for
which we wish to determine the densities.

The key insight of the proposed method is the linear relationship between dynamic functions of the
observed voltage (such as the channel open probabilities) and the transmembrane currents, both of which
are readily computed once the transmembrane voltage is known (see also Morse et al. (2001); Wood et al.
(2004)). The estimation of the parameters of proportionality between these can therefore be recast into
a simple nonnegative linear regression problem. The linear relationship is of great value. First, it implies
a unique, global optimum. Second, finding this optimum is an extremely well-studied problem for which
powerful computational tools are readily available (Press et al., 1992; Boyd and Vanderberghe, 2004). In
this paper we will give examples of the method’s performance on an extensive set of model data and plan to
apply this method to in vitro recordings in the future.

Several subtleties, both of a computational and physiological nature, are worth noting. First, due to
the large numbers of parameters, the optimization problem, although convex, is nevertheless very high-
dimensional (we will here infer ~ 10* parameters simultaneously, which is roughly two orders of magnitude
more than previously feasible); luckily, certain decomposition methods apply which allow us to break the
problem into many smaller, tractable subproblems (Platt, 1998). In addition, it turns out that the problem
of estimating the time-varying synaptic input to a given compartment is underconstrained: since we will
be inferring several temporal series of conductance values (one for each type of synapse impinging on any
particular compartment) given a voltage trace of the same length, the ratio of data to unknown variables will
be less than one. Similar issues arise when attempting to determine the relative densities of channels with
very similar kinetics and reversal potentials. We discuss regularization strategies which have proven effective
for controlling these problems (including methods for providing confidence intervals around our estimates).
We will also show how the present method naturally reveals information not only about individual, but also
about groups of channels and their joint effect on a neuron’s behavior.

We have previously reported the main ideas in short form (Ahrens et al., 2006). The aim of the present
extended version is to a) report the methods in intuitive detail to allow efficient implementation; b) extend
the scope and scale of both the methods and the simulations and c¢) provide an in-depth analysis of their
performance.

2 Methods

2.1 Basic setup

Biophysically accurate models of individual neurons are typically formulated as compartmental models — a
set of first-order coupled differential equations that form an arbitrarily accurate spatially discrete approxi-
mation to the standard cable equations (Dayan and Abbott, 2001). Modelling the cell under investigation in
this discretized manner, the voltage V,,(¢) in compartment x can be described by:

C, T (Z currentsz> + noise,, = (; az,sz,:E(t)> + Lo (t) + 0u Nt )

Here the products a; ,J; ,(t) represent the time-varying membrane and axial currents while I, (¢) is an exter-
nally injected (electrode) current and NV, . is current noise which is scaled by ¢,. Dropping the subscript x
for notational clarity when possible, the terms a;.J;(t) will come to represent three types of currents in each
compartment (see also figure 1)

e Axial currents due to voltage mismatch in adjacent compartments,
Iintercompanmental(t) = .f.%y(vy (t) - V:P (t))
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Figure 1: Setup. The neuron is represented, as usual, as a set of compartments (boxes), each of which
has its own voltage V, and its own set of channel densities contributing Ic,anneis- They are linked by in-
tercompartmental conductances f, , (contributing Iinercompartmental) and receive synaptic input (contributing

I s;maptic) .

e Currents due to synaptic input (ligand-gated channels) at time ¢’
Tsynaptic, v (t) = ws (t')gs(, ') (Es — V(1))

e Transmembrane currents due to active (voltage-dependent) or passive channels,
Ichannels(t) = gcgc(t) (EC - V(t))

where E, and E. are the synapse and channel reversal potentials respectively!, g,(¢,') is the conductance
time course that synapse s would have contributed if it had been activ ated at time ¢’ and similarly g.(¢) is
the time course of channel ¢’s conductance. The main insight in this paper is that the total transmembrane
current C% is linear in the “current shapes” J;(t) and that the proportionality constants a; can be inferred
by linear regression if we have access to the J;(¢). For each of the three current types mentioned above, the
proportionality constants represent biophysically highly relevant variables whose estimation has been the
object of extensive research. Amongst others, the parameters we will infer will include

e the intercompartmental conductances f, ,
o the overall strength of the presynaptic input at time ¢, w;(t)
e the channel densities g,

The second key point in this paper is that knowledge of the voltage trace (V'(¢)) and the channel kinetics
(9s(t,¢') and g.(t)) together also grant us access to both the current shapes .J;(¢) and the total transmembrane
currents C%, and therefore permit us to accurately estimate the parameters we are interested in.

Clearly, any recording that gives us access to V. (t) gives us direct access to % via a differentiation. Such
scenarios include voltage-dye recordings for large, electrotonically extensive cells and whole-cell patch clamp
recordings for electrotonically compact cells. In electrotonically compact cells, voltage-clamp recordings
grant us direct access to the transmembrane current, relieving us from the need to differentiate the data
V(t). Let us now show that voltage recordings also give us access to the J;(¢) (assuming knowledge of the
kinetics) and allow us to estimate the parameters a; efficiently.

1For clarity, we will present the technique assuming the reversal potentials E and the membrane capacitance C' are known, but it is
possible to relax these assumptions and infer both F and, if current is injected intracellularly, C, cf appendix A.
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2.2 Special case: single-compartment, passive neuron
We illustrate the procedure for a single compartment with only a leak channel?, which is described by

% = gu(BL ~ V(1) + N () @
Assuming also that we know V(¢) (and momentarily also E; and C, though this is readily relaxed, cf.
appendix A), we can evaluate both the terms J(¢) = (EL — V(t)), which here is just the driving force, and
the total transmembrane current C%Y. g, is now the unknown scaling factor that relates .J.(t) to the total
transmembrane current. We would like to set it such that the difference between the total transmembrane
current observed and the sum of the currents on the RHS of equation 2 match as closely as possible:

dv (t) 2 .
gL = argminz (C— —g(Er — V(t))) = argmin ||V — g J7|?
gL 5 dt gL

where argmin, h(z) stands for the value of z which achieves the minimum of some function h(z). In

the present case, this is unique. We note that this choice of §; corresponds to the maximum-likelihood
(ML) estimate under Gaussian white noise N(¢). For notational clarity we are, without loss of generality,
neglecting the capacitance in vectorised formulations (cf. also appendix A).

2.3 Definition of Current shapes; Vector parametrization

More generally, knowledge of kinetics gives us access to J(¢) when we condition on (ie assume knowledge
of) the voltage trace. We will illustrate this for active conductances, in which the kinetics are voltage-
dependent, and for synapses, in which the kinetics are voltage-independent but where the parametrization
is somewhat more complex.

Voltage-gated conductances

For the active conductances, knowledge of the membrane voltage and the channel ¢’s kinetics gives direct
access to the current shape J.(¢) of that channel. The shape of a channel’s current contribution, the “current
shape”, is given by the product of that channel’s open fraction g.(¢) (which is a function of past voltage and
time only) and the driving force E. — V(¢):

Je(t) = ge(t)(Ee = V(1))

The open fraction g.(¢) is computed straightforwardly once the voltage and the kinetics are known. Assume
for example a Hodgkin-Huxley Na*t channel whose open fraction is g.(t) = m(t)3h(t) (Hodgkin and Huxley,
1952). Both m(t) and h(t) are given by equations of the type

Tm(V)dd—Ttn = Mmoo (V) — mf(t) 3)

where V (t) enters as a forcing term through m, (V'), which together with 7,,, completely defines the kinetics
of the channel. Given V' (¢) and knowledge of m., and 7, (the channel kinetics), we can directly compute
m(t) and h(t), and thus g.(t) and therefore the current shape J.(¢) that channel may contribute. (Note
that in typical modelling studies V' (¢) and the channel variables m(t) and h(t) are evolved together as a set
of coupled differential equations, but that knowledge of V' (¢) here decouples these equations.) The total
discretized channel current is given by summing over the N, distinct channels present in the membrane,

N. N.
[Ichannels} t _ |J3_Zl Ighannels] t _ ; J.(t)ge = [Jg]t , 4

2 We will henceforth use the term “channels” to refer to “channel types”, not to individual channels.
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Figure 2: Illustration of the procedure when only access to the voltage is granted. On gray background:
data. Deterministic functions of the data are in solid gray boxes. Inferred parameters are in dashed box.
Top Voltage trace (only observed data). Gray boxes Current shapes J(t) for channels and synapses (in mV
as the proportionality constant is in mS/cm?) to be weighted and summed to match “fi—‘t’. Each of the current
shapes is a deterministic function of the voltage V' (¢) and the (known) kinetics. The top three panels in the
left gray box show the channel current shapes J.(t) for Hodgkin-Huxley Na®, K™ and leak channels. The
lower two panels show the current shapes due to input spikes at various times, each drawn in a different
shade of gray. At discretization level T, there are T such possible contributions for each synapse, one for
each time at which a spike could have occurred. Here one excitatory (eg glutamatergic) and one inhibitory
(eg GABAergic) synapse is shown.
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Figure 3: Illustration of the procedure applied to voltage clamp scenarios, when access to both voltage
and current is granted. On gray background: data. Deterministic functions of the data are in solid gray
box. Inferred parameters are in dashed box. Top Voltage trace. Gray box Current shapes (in mV as the
proportionality constant is in mS/cm?) to be weighted and summed to match the derivative of the voltage

plus the injected current. The three panels in the left gray box show respectively the Hodgkin-Huxley Na™,
K™, leak current shapes.
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and we can again identify each column of the channel shape matrix J. with the current shape J.(¢) that a
particular channel can contribute. Each component of g is the corresponding proportionality constant g,
the membrane density of channel c.

Figure 2 illustrates this setting. The top panel in gray shows the voltage trace V'(¢), the only observed
data here. From it, we derive, in a deterministic fashion, the current shapes on the left and the derivative
of the voltage on the right (in gray boxes). % now has to be matched by a weighted sum of the current
shapes. The weights correspond to the parameters being inferred (in dashed black box) and are constrained
to be positive. The case for synaptic inputs w(t¢) will be elucidated shortly.

Figure 3, on the other hand, illustrates the case when a voltage is imposed by voltage clamp. We then
have experimental access to both the voltage and the transmembrane current. The voltage is still used to
derive the current shapes deterministically. These are then weighted and summed to reproduce the negative

of the current injected through the electrode, rather than the derivative of the voltage.

Ligand-gated conductances

For the synaptic conductances, assuming eg AMPA-like synaptic Kinetics, ie instantaneous rise and fast, ex-
ponential decay, turns the time-varying synaptic conductance g4(¢) into a convolution of the synaptic input
ws(t):

t
dgs _ _gs(t) + U}S(t) or gs(t) _ / dt’ws(t’) e—(t—t/)/TS. (5)
dt Ts
More generally, for synapses with slower rise kinetics (e.g., NMDA), we would convolve the input signal
ws(t) with an elementary conductance waveform possessing a correspondingly slower rise time, such as an
alpha function (cf. also § 3.2.3).

Discretizing the time series, the convolution in equation 5 can be rewritten as a multiplication with a
convolution matrix

gs = Kw,

which makes the parametrization we use explicit: every point in time ¢’ at which a synapse could be active is
ascribed its own, independent parameter w;(¢'). The conductance time course (for all times t) corresponding
to activating a synapse at time ¢’ is in this case given by g, (t,t') = ©(t — t') e~ (t=)/™ where O(t — t') is the
Heaviside function and zeroes out anything before time ¢’. The respective current shape is then given by

Jt,t) =0t —t)e (B, — V(1)

Synaptic current shapes for inputs at various times are illustrated in figure 2. The total current shape from
one synapse is the weighted sum of the current shapes due to activations of the synapse at different times ¢’

Isyn = Z J(t’ t/)ws (tl)

— _ oy e—(t—t’)/rsw ’
(B, - V(1) > 6t —1) ()

I —
diag(E,—V) =0

Kwg
= diag(Es; — V)Kw;
= sznws (6)

where diag(-) stands for a diagonal matrix with the vector £, — V on the diagonal and implements an
element-wise product of the vectors (E, — V) and Kw,. We can identify the i column of synaptic shape
matrix J,,, with the current shape J;(¢) as corresponding to the i™" component of the vector w,. A synaptic
input at time ¢’ and with weight w,(¢") thus contributes a current of the shape of column ¢’ of J to the right
hand side of equation 1. To sum up, once again, we may write Iy, as a weighted sum of known terms, with
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the weights ws(t) exactly the parameters we seek to estimate. For each spike time, the current shape is, as
before, a function only of the data but not of the parameters we seek to estimate.

At a discretization level that leads to a voltage vector of length T', there are T' parameters to estimate for
each type of synaptic kinetics included. Thus, if there is one synapse per compartment, there are as many
parameters to infer as data points are available. For more synapses per compartment, the data/parameter
ratio is less than one.

The gray box in figure 2 also illustrates how the total synaptic current is made up of the individual current
shapes in a single compartment. In the bottom two plots, current shapes for an excitatory and an inhibitory
synapse are shown. Curves in shades of gray correspond to different times ¢’ of synaptic activity. Thus the
first curve simply looks like an exponential, as the driving force at the times of nonzero conductance right
after such an early synaptic input is constant. However, for an input spike right before the action potential,
the current shape bears the effect of the change in driving force during the action potential. While we here
have only considered voltage-independent synapses, a combination of the channel and synaptic cases can be
used for voltage-dependent (e.g., NMDA) synapses (see also § 3.2.3).

2.4 Inference

Given equations 6 and 4 and a similar equation for the intercompartmental conductances, we can infer
a = {g.,ws, f} by linear regression. To see this, we concatenate all the shape matrices and the parameter
vectors and write:

V = Ja+oN. 7)

where V is a vector of length T with elements V; = (V (¢ + dt) — V (t))/dt, a is a vector containing all the
parameters {g.,ws, f} we want to infer and N; = +/dte, where € is unit variance independent Gaussian
noise. A solution to this linear equation can be written as a constrained optimization:

ayr aurgminHV—J&\H%/U2 :argminHV—Jaﬂg
a a

= argminaTHa+fTa st. a; >0 Vi (8)

where the inequality constraints stem from the nonnegative nature of the parameters (note importantly that
all the parameters we infer are directly biophysically interpretable.) The Hessian H = J7J, while f = 2J7V.

The optimization in equation 8 is jointly quadratic in all the parameters bar o, to which it is indiffer-
ent. There are no nonglobal optima (the Hessian is positive semidefinite) and we can use well-analyzed
quadratic programming methods to find the optimum under the non-negativity constraints, which act as lin-
ear constraints on « here. Furthermore, performing the quadratic minimization in equation 8 is equivalent to
assuming that the noise N (¢) is Gaussian and white and maximising the likelihood of the data given a setting
of the parameters, ie a,;, is the maximum likelihood estimate (MLE) of the parameters under a Gaussian
noise model.

Given {g., gs, f}, the usual MLE for ¢ in turn is readily (and analytically) computed: &,;;, is the root-
mean-square error in the predicted current, 6%,, = 1 S, (V(t) =3, @i Ji(t))?, where the numerator gives the
sum-squared error of our estimate of V(¢) and the denominator normalizes by the length T of the observed
data trace.

2.5 Simulations

All simulations were carried out using MATLAB. Sample code for some of the simulations is available at
http://www.gatsby.ucl.ac.uk/~qhuys/code.html.
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3 Results: applications to model data

In the following we shall explore inference of several combinations of these parameters to test the validity,
efficiency and accuracy of the proposed method. Initially, we will infer maximal channel conductances from
a single or multiple compartments. Then, we will analyse inference of synaptic inputs in a passive membrane
and finally combine inference of synaptic and channel conductances.

3.1 Channel densities g.

For illustrative purposes, let us first analyze the inference of channel densities in a single compartment
when we know the exact channel descriptions. We will then relax this assumption to the case in which
we do not know the identity of the channels present. Finally, we will infer channel densities along a
multicompartmental structure.

3.1.1 Exact knowledge of channel identities and kinetics

Suppose we are given the noiseless voltage trace V(¢) from a single compartment’s response to a current
input I(¢) and know both the dynamics of all ion channels present in that compartment and the input ()
applied to it. We now wish to infer the channel densities g. of these different channels from the voltage
trace. The equation describing this case is

AV
CE = ;gcgc(m t)(EC - V(t)) + I(t) (9)

where E. is a channel’s (known) reversal potential and C' = 1uF/cm?. Given V (t), we know the open
fractions g.(V,t) as these are only a function of ¢ and the past voltage history V(¢')Vt' < ¢, e.g. g.(V,t) =
m(V,t)h3(V,t) with both gates m and h given by solutions to equations of the form of equation 3. The
only unknowns in equation 9 are the g. and the capacitance C. J is now a matrix which has entries J, . =
9.(V,t)(V(t) — E.) and J;; = I(t) and g, is a vector with entries g./C and 1/C. Dropping the subscript c,
the regression is then formulated as follows:

gy =argmin ||V — Jg||>  subjectto g; >0 Vi (10)
g

In this noiseless case the regression provides highly accurate estimates and correctly recovers the true chan-
nel concentrations in the spiking model compartment (C' = 1uF/cm?, gna = 120 mS/cm?, gx = 36 mS/cm?
and gjeax = 3 mS/cm? ; data not shown).

3.1.2 Uncertainty in channel identities and kinetics

We now relax the requirement of exact knowledge of both channel kinetics and identities as we will not
usually have knowledge of the exact kinetics of all channels present in each compartment. Rather than using
only the true kinetics of the compartment’s channels as in the section above, we fit a more powerful model
containing many different channel kinetics (including the true) in the hope that only those channels truly
present in the membrane will be assigned nonzero conductances and that the data will constrain even this
more powerful model. The true channel kinetics included were as before of Hudgkin-Huxley type. To test the
selectivity of the estimation procedure, we fitted additional candidate channels from Poirazi et al. (2003a),
Mainen and Sejnowski (1996) and Safronov et al. (2000) to the same data as used in the previous section.
Figure 4A shows the data, 4B the voltage derivative to be matched by the summed, weighted current shapes.
The inferred densities are shown to match the true ones exactly in figure 4C. The actual nonzero weights by
which the current shapes were multiplied were ainpyt current = 1/C = lem?/uF; ana = gna/C = 120mS/uF;
agx = gx/C = 36mS/uF; ajeak = Gleak/C = 3mS/uE from which the densities are easily derived. Zero or
non-zero densities were inferred for the channels not present during the generation of the voltage trace
(Fig. 4).











































































