RobULA: Efficient Sampling for Robust Bayesian Inference

Kush Bhatia! Yi-An Ma! AncaD.Dragan! Michael I. Jordan?! Peter L. Bartlett?!

Abstract

We study the problem of robustly estimating the
posterior distribution for the setting where ob-
served data can be contaminated with potentially
adversarial outliers. We propose RobULA, a ro-
bust variant of the Unadjusted Langevin Algo-
rithm (ULA), and provide a finite-sample anal-
ysis of its sampling distribution. The key to
our approach is combining a gradient-based sam-
pling approach with a robust mean gradient es-
timator. In particular, we show that after 7' =
@(d/aacc) iterations, we can sample from pr
such that dist(pz, p*) < eacc + O(€), where €
is the fraction of corruptions.

1. Introduction

Robustness has raised considerable interest both in
the Bayesian (DF61; BMP"94) and frequentist con-
text (Tuk60; Hub64; Hub73a) since being introduced by
George Box in 1953 (Box53). It captures the insensitiv-
ity of inferential procedures to the presence of outliers in
collected observations and misspecifications in the mod-
elling assumptions. The Bayesian approach has focused on
capturing the complete behavior of observed data (includ-
ing the anomalies) through robust model and prior assump-
tions. The frequentist approach, on the other hand, devel-
ops robust estimators to identify and guard against outliers
in the observations. We refer the reader to (Hubl1, Chap
15) for a comprehensive discussion.

The focus on model robustness in Bayesian statis-
tics is implemented via sensitivity studies to under-
stand effects of misspecification of the prior distribu-
tion (BMP*94; MSLD17) and its propagation towards the
posterior (Hub73b). However, Augustus Kong (Kon87)
deemed a complete Bayesian approach via explicitly for-
mulating model misspecifications infeasible in its full gen-
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erality, by showing that it is computationally expensive to
propagate beliefs even in finite spaces. In light of this, most
existing approaches have been unable to provide a finite-
sample Bayesian robustness theory. Huber goes on to ask
“Why there is no finite sample Bayesian robustness the-
ory?” (Hubl1, Section 15.7).

This paper attempts to address this issue by providing a for-
mal framework for studying Bayesian robustness theory as
well as proposing a robust inferential procedure with finite-
sample guarantees. In order to overcome issues of compu-
tational infeasibility, we take a different approach from the
full Bayesian procedure and refrain from modelling outlier
distributions explicitly. Instead, we posit that the collected
data contains a small fraction of observations which are not
explained by the modelling assumptions. This corruption
model, often termed an e-contamination model, was first
coined by Huber in 1964 (Hub64) and has been the subject
of recent study of computationally efficient robust estima-
tion in the frequentist setup (DKK*16; LRV16; PSBR18)
(Such a model was also sought for in the Bayesian context
by Thomas Richardson in (Jor11, Point 5)).

Given data corrupted in this way, our goal is to sample from
the clean posterior distribution p*: the posterior distribu-
tion conditioning only on the clean data. Our key idea
is to leverage a well-established robust mean estimation
approach in the context of gradient-based sampling tech-
niques: by computing robust mean gradients, we gener-
ate samples robustly. We propose a Markov Chain Monte
Carlo (MCMC) algorithm called RobULA which is a ro-
bust variant of the Unadjusted Langevin Algorithm (ULA).
The ULA algorithm and its variants have been used for
efficient large-scale Bayesian posterior sampling (WT11)
and their convergence analysis has been a recent topic of
interest (Dall7; CB18; DCWY18); see Section 2.2 for a
detailed overview. Informally, our main result shows that
after T = O(d/eacc) iterations of RobULA, the iterate 67
has a distribution pz such that dist(pr, p*) < eacc + O(e),
where e is the fraction of corrupted points in the dataset.
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2. Related Work
2.1. Robust Statistical Procedures

There has been a huge line of work underlying the study
of robust estimation procedures and outlier detection in
statistics (Hub73a; Box53; DF61). In the frequentist pa-
rameter estimation setting, the most commonly studied cor-
ruption model is the Huber’s e-contamination model. Un-
der the adversarial setup, many recent works are devoted
to developing computationally efficient problem dependent
estimators for mean estimation (LRV16; DKK*16) and
linear regression (KKM18; BJK15; BJKK17; SBRJ19) as
well as for general risk minimization problems (PSBR18S;
DKK™18). The most relevant to our setup are (PSBR18)
and (DKK*18) which utilize the robust mean estimators of
(LRV16; DKKT16) to robustify gradient based procedures
for providing guarantees for empirical risk minimization.

The work on robustness in the Bayesian framework has
mostly focussed on developing robust models and priors.
An important line of work has focussed on the sensitivity
of the posterior distribution to various choices of the pri-
ors (BMP194; MSLD17; MD18) which suggest the use of
non-informative priors. These methods are orthogonal to
the ones considered in the paper and do not aim to robustify
inferential procedures against corruptions in the observed
dataset.

2.2. Sampling Methods

There have been various zeroth-order (BRS93; LS93;
MT+96) and first order methods (RT196; Erm75; Nt11)
proposed for sampling from distributions over continu-
ous spaces; our focus in this paper is on the overdamped
Langevin MCMC which was first proposed by (Erm75) in
the context of molecular dynamics applications. Its non-
asymptotic convergence (in total variation distance) was
first studied by (Dall7) for log-smooth and log-strongly
concave distributions. Cheng and Bartlett (CB18) then ex-
tended the analysis to obtain similar convergence result
with the error measured in KL-divergence.

3. Problem Setup

Bayesian models are used in statistics to capture uncer-
tainty around the unknown model parameters § € R
Given access to a dataset D = {z1,22,..., 2, } consist-
ing of n data points, bayesian modelling typically requires
the specification of: a) Prior Distribution, pg(f|«), on the
model parameters 6 with « denoting the set of hyperparam-
eters and b) Likelihood, p(z|6), which describes the likeli-
hood of a datapoint z being sampled from the model de-
scribed by 6. Given these distributions, the posterior dis-
tribution over the parameters, p(6|D, «), is then computed

Algorithm 1: RobULA: Robust
Langevin Algorithm

Unadjusted

Input: Dataset D, step-size sequence 7, initial
covariance scaling 3, timesteps I, prior
distribution py(6|a), hyperparameters «,
likelihood function p(z|@), corruption level e

Sample 6y ~ N (0, B1,)

fork=1,...,Tdo

Let gi(0k—1,n) := —log(p(2i|Ok—1,4)) V i
VUy = RobGrad({Vg; (0x 1)}, €, d)
ka = Gk—lﬂl — nk(n . VU@
=V 1og(po(Ok—1,la)) + /208
Output: Iterates {0}

as:

n
p(0|D, ) o py(6]a) - [ [ p(z:16) -
i=1
One important goal of Bayesian inference is to generate a
sequence of samples {#;}~_; such that the distribution of
0, is close to the true posterior distribution p(8|D, ).

We consider the e-contamination model introduced by Hu-
ber in (Hub64) and let the collection of n datapoints D be
sampled such that each z; is sampled from the following
mixture distribution:

s~ (1— )P +eq, (1)

where P denotes the true underlying sampling distribution
while () is any arbitrary distribution. A Dataset D drawn
from such a mixture distribution has each data point z; ad-
versarially corrupted with probability e. We denote by D,
the subset of datapoints in D sampled from the true distri-
bution P and similarly by D,, the subset of data sampled
from ). Given datapoints D = D, U D,, the likelihood
function p(z|6) and the prior py(f|a), the objective of Ro-
bust Bayesian Inference is to obtain sample parameters 6°
from the clean posterior distribution p(f|D,., ) given by
p(0|De, @) x pg(Ola) - [L;ep, (2i]0).

We now proceed to present our algorithm, RobULA, for
robustly generating the sequence of samples {05}/, and
provide theoretical guarantees on its convergence proper-
ties. The main idea is to use gradient-based iterative sam-
pling methods, and leverage a robust mean estimation pro-
cedure to compute a robust estimate of the gradient at each
iteration.

4. RobULA: Robust Unadjusted Langevin
Algorithm

In this section, we introduce our proposed algorithm, Rob-
ULA (Algorithm 1), for the robust posterior inference prob-
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lem defined in Section 3, which is a simple modification of
the ULA algorithm. In the sequel, we first briefly introduce
ULA and robust gradient estimation and then proceed to
describe RobULA.

4.1. Unadjusted Langevin Algorithm

In this section, we describe the Unadjusted Langevin Algo-
rithm (ULA), for sampling from probability distributions
over continuous spaces R?. Focusing on the space of pa-
rameters, we first rewrite the posterior distribution as:

p*(0) :=p(0|D, ) x exp (log(pe(Ga)) - Zm(@) ,

where g;(0) := —log(p(z;|0)) is the negative log-
likelihood corresponding to the " datapoint. We fur-
ther denote f(60; D) = >, 9i(0) — log(pe(0|c)) so that
exp (— f(0;D)). The ULA can then be used to sample from
such posteriors using the updates:

Ort1,m = Ok — M1V f (Ok.0: D) + /206418011, (2)

where 1 and &, are respectively the step-size sequence
and independent Gaussian noise.

The Markov chain in Equation (2) is the Euler discretiza-
tion of a continuous-time diffusion process {6; } ;> known
as the Langevin diffusion. The stochastic differential equa-
tion governing the Langevin diffusion is given by

d6; = —Vf(0;D)dt +V2dB;, t>0, (3)

where { B, };>¢ represents the d-dimensional brownian mo-
tion. Denoting the distribution of 8y, ,, by pi ,,, Cheng and
Bartlett (CB18) showed that KL(px,, || p*) < e after
t = @(g) steps for functions f which are smooth and
strongly-convex, i.e., the iterates of the ULA algorithm
converge in distribution to the true sampling distribution
p(0|D, ).

4.2. Robust Gradient Estimation

Algorithm 2 describes the robust gradient estimation pro-
cedure based on the robust mean estimator of Lai et
al. (LRV16). It takes as input the gradients of the nega-
tive log-likelihoods Vg;(#) and outputs an estimate of the
robust mean of the gradient vectors (@Ue in Algorithm 1),
assuming a fraction e of them are arbitrarily corrupted. At
a high level, Algorithm 2 works as follows: it projects the
datapoints onto the top d/2 principal components of the
sample covariance matrix, removes datapoints which are
guaranteed to be outliers and then recursively calls itself
restricted to the d/2-dimensional subspace. Algorithm 1
then scales this gradient estimate by the number of samples
n, to obtain a robust estimate of gradients of the sum of the
sample likelihoods Y7 | Vg;(6).

Note that the model described in Section 3 assumes that
each datapoint z is sampled i.i.d. from the mixture distri-
bution (1 — €)P + e) where P represents the true sam-
pling distribution and @) can be any arbitrary distribution.
An application of the Hoeffding bound for Bernoulli ran-
dom variables shows that with probability at least 1 — 6,
the fraction of corrupted points €, in the sampled dataset
D satisty,

e—”ilog(é) Senge—&-”zlog(;). 4)

N————
For the remainder of the paper, we condition on this
high probability event and state our results assuming this
event holds. Following the proof strategy of (LRV16)
and (PSBR18), we derive a bound on the estimation er-
ror of the true average log-likelihood gradient, that is,

H@Ug — ﬁ > iep. Vgi(ﬁ)‘ , uniformly for any value of
the iterate 6 in the following lemma. We let VUy =
D] 2iep, Vi(0) denote the true value of this average
log-likelihood gradient.

Lemma 1 (Robust Gradient Estimation) Let P denote
the uniform distribution over D. and Py denote the cor-
responding distribution over V g;(0) with mean given by
VUy, covariance ¥y and fourth moment constant given by
Cy. There exists a positive constant Cy > 0 for which the
robust mean estimator when instantiated with the contami-
nation level vy := € + ey, with probability 1 — 9, returns an
estimate V' Uy such that for all § € RY, we have that,

IVUy — VUp|l2 < C1Cf \/~log(d)[[So]l -

RobULA Algorithm. The proposed RobULA is a sim-
ple modification of the ULA algorithm, described in Sec-
tion 4.1, where in each iteration instead of using the com-
plete set of datapoints for computing the gradient, we con-
truct a robust estimator of the gradient and update the pa-
rameter using this estimate. This robust estimator ensures
that the outlier datapoints do not exert too much influence
on the gradient and allow RobULA to obtain samples from
a distribution close to the clean posterior distribution.

4.3. Convergence Analysis

In this section, we look at the convergence guarantee for
the proposed algorithm RobULA. For ease of notation,
we denote by f(6;D) = >, p 9i(0) — log(pe(f]cr)) and
similarly the clean and corrupted versions of the function
f(8;D.) and f(6;D,) by replacing the dataset appropri-
ately. The objective of the robust bayesian posterior infer-
ence problem is them to obtain samples from the clean pos-
terior distribution given by p*(0|D, ) x exp (—f(6; D..)).
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For clarity of exposition, we drop the dependence of the
posterior distribution on the dataset D as well as the hyper-
parameters « and denote by f(0) := f(0;D.).

We now proceed to state the assumptions that we require
the function f(6) to satisy:

Assumption 1 (Lipschitz smoothness). The function f(6)
is L-Lipschitz smooth and its Hessian exists for all § € R%.
Thatis, |[V£(0) — V)| < L||§ —v|, V,v € R? and
V2 £(0) exists V0 € R9.

Assumption 2 (Strong convexity). The function f(6) is
m-strongly convex for all # € R? That is, ml =<
V2£(6), V0 € RY . We further denote the condition num-
ber of the function f as kK = L/m.

The assumptions of Lipschitz smoothness and strong con-
vexity are standard in both sampling and optimization lit-
erature. In addition to the assumptions, we define the av-
erage Lipschitz constant L = L/n and the average strong
convexity of f as m = m/n. With this setup in place, we
now state our main theorem concerning the convergence
guarantees for RobULA.

Theorem 2 (Main Result) Letr p*(6) o exp(—f(0))
where [ satisfies Assumptions 1 and 2. Further, assume
that the gradient estimates V f () satisfy

HVf(ka) _ W(ekm)H2 < n2eCr |||, log d
1Zolly < Csa H9 - éHQ +Cs2,

where Yg is the covariance of uniform distribution on
Vgi(0) induced by the clean dataset D., 0 satisfies

VF(0) = 0 and € is the fraction of corrupted points.
Then the iterates of RobULA, when initialized with 0y ~

N (07 %Id) (with corresponding density py) and step-size
n < ﬁ (h := nn), satisfy:

Qe—nﬁzkn

Wg(pkmp*) < —

. C
KL(po || p*) + —5¢€logd
nm m
——

(1) (I11)
T4 4 T2
+C {I—elongrL d h2+4€—§h
m4 m2n

m3n

(IIT)

where piy represents the distribution of the iterate 0y, for any
_ 2
m

e ———.
- 40302,1 logd

Discussion. A few comments are in order. First observe
that the error term consists of three different components:
a) term (I) comprises an exponentially decaying depen-
dence (with the number of time-steps ¢) on the initial error

KL(po || p*(#)), b) term (II) captures the dependence on
the fraction of corrupted points e and vanishes as € goes to
0, and, ¢) term (III) is a discretization error term.

For any given accuracy €5, if the step-size and the number
of iterations satisfy:

€acc 1 KL(po || p*)
= —_— d T= — I —_
n=0 (nﬁLd) an © <m77 8 ( MEacc ’

then the error in convergence can be bounded as

N - /€
Wg(pT,mp ) < €acc + O (ﬁ) .

As we show in Appendix B, for typical problems like
Bayesian linear regression and Bayesian mean estimation,
the average strong convexity parameter m scales indepen-
dent of the sample size n. This implies that the resulting er-
ror can be bounded by e5¢c + (7)(6) While the accuracy can
be selected to arbitrarily small values which would result in
a corresponding increase in the number of timesteps, there
is a bias term depending on the contamination level O(e)
which cannot be reduced by either increasing the sample
size or by increasing the number of iterations. This is
consistent with several results in the frequentist estimation
setup (BJK15; DKK*16; LRV16; PSBR18) which show
that such inconsistency is a result of the adversarial corrup-
tions and in general cannot be avoided.

5. Conclusion and Future Work

We study the problem of robustness to adversarial outliers
in the Bayesian framework and propose RobULA, which
is a robust extension of the classical Unadjusted Langevin
Algorithm MCMC algorithm. We obtain non-asymptotic
convergence guarantees for RobULA. We identify multi-
ple directions for future work. On the statistical side, it
would be interesting to extend the robustness guarantees
of RobULA for statistical models which do not fall under
the ambit of current assumptions, for example, non-convex
likelihood functions. On the computational side, an impor-
tant question to understand is whether one can accelerate
the convergence of RobULA in the presence of outliers.
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