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Abstract

We identify Simplicity Bias (SB) —the tendency
of standard training procedures such as Stochastic
Gradient Descent (SGD) to find simple models—
as a unifying explanation for the nonrobustness
of neural networks in out-of-distribution (OOD)
and adversarial settings. To systematically under-
stand the effect of SB on robustness, we introduce
a collection of piecewise-linear and image-based
datasets that (a) naturally incorporate a precise no-
tion of simplicity and (b) capture the subtleties of
neural networks trained on real datasets. Through
theory and experiments on these datasets, we
show that SB of SGD and variants is extreme:
neural networks tend to rely exclusively on the
simplest feature and remain invariant to all predic-
tive complex features. Consequently, the extreme
nature of SB explains why seemingly benign dis-
tribution shifts and small adversarial perturbations
significantly degrade model performance.

1. Introduction

Several works have proposed Simplicity Bias (SB)—the
tendency of standard training procedures such as Stochastic
Gradient Descent (SGD) to find simple models—to justify
why neural networks generalize well (Arpit et al.| [2017;
Nakkiran et al.| 2019; |Valle-Perez et al., [2019). However,
the precise notion of simplicity remains vague. Further-
more, previous settings (Soudry et al.l 2018; |Gunasekar
et al., [2018) that use SB to justify why neural networks
generalize well do not simultaneously capture the brittle-
ness of neural networks—a widely observed phenomenon
in practice (Szegedy et al., 2013;Jo & Bengio, 2017).

Our goal is to formally understand and probe the simplic-
ity bias (SB) of neural networks in a setting that is rich
enough to capture real-world problems and, at the same
time, amenable to theoretical analysis & controlled exper-
iments. Our starting point is the observation that on real-
world datasets, there are several distinct ways to discrimi-
nate between labels (e.g., by inferring shape, color etc. in
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image classification) that define decision boundaries of vary-
ing complexity. For example, in the image classification
task of white swans vs. black bears, i) a linear-like (simple)
classifier that only looks at color, as well as ii) a nonlinear
(complex) classifier that infers shape, would both have per-
fect predictive power. To systematically understand SB, we
design synthetic and image-based datasets wherein different
coordinates / blocks define decision boundaries of varying
complexity. We refer to each coordinate / block as a feature
and define a precise notion of feature simplicity based on
the simplicity of the corresponding decision boundary.

Proposed dataset. Figure|l illustrates a stylized version
of the proposed synthetic dataset with two features, ¢; and
@2, that can perfectly predict the label with 100% accuracy,
but differ in simplicity. The simplicity of a feature is pre-
cisely determined by the minimum number of linear pieces
in the deci sion boundary that achieves optimal classifica-
tion accuracy using that feature. For example, in Figure|[T,
the simple feature ¢; requires a linear decision boundary
to perfectly predict the label, whereas complex feature ¢o
requires four linear pieces. Along similar lines, we also
introduce a collection of image-based datasets in which
each image concatenates MNIST images (simple feature)
and CIFAR-10 images (complex feature). The proposed
datasets, which incorporate features of varying predictive
power and simplicity, allow us to systematically investigate
and measure SB in trained neural networks.

Observations from new dataset. The ideal decision
boundary that achieves high accuracy and robustness relies
on all features to obtain a large margin (minimum distance
from any point to decision boundary). For example, the
orange decision boundary in Figure|l|that learns ¢; and ¢
attains 100% accuracy and is more robust to perturbations
than the linear boundary because of larger margin. Given
the expressive power of neural networks, one might expect
that a network trained on the dataset in Figure [T would re-
sult in the larger-margin orange piecewise-linear boundary.
However, we find quite the opposite: trained neural net-
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works have a linear boundary. Surprisingly, neural networks
exclusively learn the simpler feature ¢; and remain com-
pletely invariant to ¢o. More generally, we observe that SB
is extreme: models fully ignore complex predictive features
in the presence of simple predictive features.

Implications of extreme SB. Theoretical analysis and con-
trolled experiments on the proposed synthetic and image-
based datasets reveal two major pitfalls of extreme SB:

(i) Lack of robustness: Neural networks (NNs) exclusively
latch on to the simplest feature (e.g., background) at the
expense of very small margin and completely ignore com-
plex predictive features (e.g., semantics of the object).
In Section E, we show that this phenomenon (a) results
in susceptibility to small adversarial perturbations and spu-
rious correlations and (b) explains the existence of data-
agnostic and model-agnostic universal adversarial perturba-
tions (Moosavi-Dezfooli et al., 2017) observed in practice.
(i) Lack of reliable confidence estimates: Ideally, a net-
work should have high confidence only if all predictive
features agree in their prediction. However, due to extreme
SB, models have high confidence even if all complex predic-
tive features are swapped across classes, thereby resulting
in inaccurate, high-confidence estimates (Guo et al.,2017).

Comparison to related work: Multiple works in literature
(a) differentially characterize learned features and desired
features—statistical regularities vs. high-level concepts (Jo
& Bengio, |2017)), syntactic cues vs. semantic meaning (Mc+
Coy et al.||2019), robust vs. non-robust features (Ilyas et al.|
2019)—and (b) posit that the mismatch between these fea-
tures results in non-robustness. Our work instead probes
why neural networks prefer one set of features over another
and unifies the aforementioned disparate feature characteri-
zations through the lens of feature simplicity.

2. Preliminaries: Setup and Metrics

Setting and metrics: We focus on binary classification.
Given samples D = {(z;,y;)}?, from distribution D over
R? x {-1, 1}, the goal is to learn a scoring function s(z) :
R? — R (such as logits), and an associated classifier f :
R? — {~1,1} defined as f(x) = 2h(z)-1 where h(z) =
1{softmax(s(z)) < 0.5}. In addition to standard and §-
robust accuracies widely studied in literature, we introduce
two metrics that quantitatively capture the extent to which
a model relies on different input coordinates (or features).

Let .S denote some subset of coordinates [d] and D’ denote
the S-randomized distribution, which is obtained as follows:
given D7, the marginal distribution of .S, D’ independently
samples ((z°, %), y) ~ D and % ~ D and then outputs
(%, 2%5),y). In 55’ the coordinates in S are rendered

independent of the label y. The two metrics are as follows.
Definition 1 (Randomized accuracy). Given data distribu-

tion D, and subset of coordinates S C [d], the S-randomized
accuracy of a classifier f is given by: Exs []l{f(w)zy}].
Definition 2 (Randomized AUC). Given distribution D and

Accuracy AUC Logits

S-Randomized 0.5 0.5
S¢-Randomized standard accuracy standard AUC

randomly shuffled
essentially identical

Table 1: If the randomized metrics of a model are as above,
then the model relies exclusively on S and is invariant to S¢.

coordinates subset .S C [d], S-randomized AUC of f is the

- C =8
area under the precision-recall curve of distribution D .

Our experiments use {S, S¢ }-randomized metrics—
accuracy, AUC, logits—to establish that f depends exclu-
sively on some features S and remains invariant to the rest
S¢. First, if (a) S-randomized accuracy and AUC equal 0.5
and (b) S-randomized logit distribution is a random shuffling
of the original distribution (i.e., logits in the original distri-
bution are randomly shuffled across true positives and true
negatives), then f depends exclusively on S. Conversely, if
(a) S°-randomized accuracy and AUC are equal to standard
accuracy and AUC and (b) S®-randomized logit distribution
is essentially identical to the original distribution, then f is
invariant to S¢. Tablell| summarizes these observations.

2.1. Datasets

One-dimensional Building Blocks: We use two one-
dimensional data blocks, linear and k-slabs, as shown in the
top row of Figure[2] In linear blocks, positive and negative
examples are uniformly distributed in [0.1, 1] and [-1, -0.1]
respectively. In k-slab blocks, positive and negative exam-
ples are placed in k alternating, well-separated intervals.

Simplicity of Building Blocks: Linear classifiers can attain
the optimal (Bayes) accuracy of 1 on the linear block. For
k-slabs, however, (k-1)-piecewise linear classifiers are re-
quired to obtain the optimal accuracy of 1. Consequently,
the building blocks have a natural notion of simplicity: min-
imum number of pieces required by a piecewise linear clas-
stfier to attain optimal accuracy. With this notion, the linear
block is simpler than k-slab blocks when k£ > 2, and k-slab
blocks are simpler than /-slab blocks when k < /.

Multi-dimensional Synthetic Datasets: We use two d-

dimensional datasets, as shown in Figure |Z, wherein each

coordinate corresponds to one of two building blocks.

e LMS-k: Linear and multiple k-slabs; the first coordinate
is a linear block and the remaining d—1 coordinates are
independent k-slab blocks.

* MS— (5, 7): 5-slab and multiple 7-slab blocks; the first
coordinate is a 5-slab block and the remaining d—1 coordi-
nates are independent 7-slab blocks, as shown in Figure[2]

‘We now describe the LSN (linear, 3-slab & noise) dataset,
a stylized version of LMS—-k that is amenable to theoreti-
cal analysis. In LSN, conditioned on the label y, the first
and second coordinates of x are singleton linear and 3-slab
blocks: linear and 3-slab blocks have support on {-1,1}
and {-1,0, 1} respectively. The remaining coordinates are
standard gaussians and not predictive of the label. Note
that (a) all synthetic data comprise features of equal predic-



Simplicity Bias and the Robustness of Neural Networks

Linear 5-Slab
: ' : ' oL T T TN T,
1.0 0.5 0.0 05 10 -1.0 -0.5 0.0 05 1.0
LMS-5 MS-(5,7) MNIST-CIFAR

* - ™ ™ oy
S S N | - Z
O . S [ ] [ ] =
Qa e
< I cum . .
A N R P
B _— 2
I - . . LI
- - O omm

Linear Coordinate 5-Slab Coordinate Class -1 Image

Figure 2: (Synthetic & Image-based Datasets) One-
dimensional linear and k-slab blocks (top row) are used
to construct two multi-dimensional datasets (bottom row):
LMS-5 (Linear & Multiple 5-Slabs) and MS— (5, 7) (5-
Slab and Multiple 7-Slabs). The MNIST-CIFAR data
vertically concatenates MNIST and CIFAR images.

tive power but varying simplicity and (b) the d-dim. data
(d = 50 by default) can be perfectly classified.

MNIST-CIFAR Data: The MNIST-CIFAR dataset con-
sists of two classes: images in class -1 and class 1 are
vertical concatenations of MNIST digit zero & CIFAR-10
automobile and MNIST digit one & CIFAR-10 truck im-
ages respectively, as shown in Figure 2. The training and
test datasets comprise 50,000 and 10,000 images of size
3 x 64 x 32. The MNIST-CIFAR dataset mirrors the
structure in the synthetic LMS—-k dataset— the MNIST and
CIFAR blocks correspond to the simpler linear and more
complex k-slab blocks in LMS—k respectively.

3. Extreme SB Leads to Non-Robustness

We first establish the extreme nature of SB. If all features
have full predictive power, NNs rely exclusively on the sim-
plest feature S and remain invariant to all complex features
S€. Then, we explain why extreme SB results in poor OOD
performance and adversarial vulnerability

3.1. Neural networks provably exhibit Simplicity Bias
Theorem 1 proves that one-hidden-layer ReLU NN trained
with mini-batch gradient descent (GD) on the L.SN dataset
(described in Section provably learns a classifier that
exclusively relies on the “simple" linear coordinate, thus
exhibiting simplicity bias at the cost of margin. That is, the
model does not learn the larger-margin classifier that relies
on the linear and slab coordinates (recall Figure [T). The
proof of Theorem 1 is presented in the appendix.

Theorem 1. Let f(z) = Zlevj ~ReLU(Z;i=1 W5 ;%;)
denote a one-hidden-layer neural network with k hidden
units and ReLU activations. Set v; = +1/vk wp. 1/2
Vj € [k]. Let {(z*,y*)}™, denote i.i.d. samples from LSN
where m € [cd?,d"/c] for some o > 2. Then, given d >
Q(Vklogk) and initial w;; ~ N (0, Wg“d)’ after O(1)
iterations, mini-batch gradient descent (over w) with hinge
loss, constant step size, mini-batch size ©(m), satisfies:

o Test error is at most 1 Jpoly(d)

* The learned weights of hidden units w;; satisfy:

i = 2 (1= 22) +0 ()

Linear Coordinate

1 1
=0 ——), aill=0 ——
| ( N d) lwsea s | ( e d)

3-Slab Coordinate

d-2 Noise Coordinates

with probability > 1 — 1#@)' ¢ is a universal constant.

Remarks: First, we see that the trained model essentially
relies only on the linear coordinate w,;—SGD sets the value
of w1 j roughly €(1/d) larger than the slab coordinates ws;
that do not change much from their initial value. Second, the
initialization we use is widely studied in the deep learning
theory (Mei et al., 2018;|Woodworth et al., [2020) as it better

reflects practical performance of NNs (Chizat et al., [2019).
3.2. Simplicity Bias (SB) is extreme in practice

Now, we show that the SB of SGD-trained NNs is ex-
treme. We validate the extreme nature of SB on datasets
with features of varying simplicity: LMS-5, MS— (5, 7),
MNIST-CIFAR. Recall that we S & S¢ to denote the sim-
ple and (relatively) complex features in each dataset: linear
& 5-slab in LMS-5, 5-slab & 7-slab in MS- (5, 7), and
MNIST & CIFAR blocks in MNIST-CIFAR.

On LMS-5 and MS— (5, 7) datas, we consistently observe
that fully-connected (FCNs) trained with SGD exclusively
rely on the simplest feature S to attain standard accuracy and
AUC of 1.0 but exhibit invariance to all complex features S€.
Consequently, as shown in Figure[3(a), the S-randomized
AUC is 0.5 as FCNs exclusively rely on S. Surprisingly, how-
ever, S¢-randomized AUC of all models on both datasets
equals 1.0; arbitrarily perturbing S¢ coordinates has no im-
pact on the class logits or predictions. The two-dimensional
projections of FCN decision boundaries in Figure [3{c) show
that our notion of simplicity extends beyond linearity and
aligns with the preference of NNs: linear is simpler than 5-
slab, which is simpler than 7-slab. Note that the sample size
does not present any obstacles in learning complex features
S€ to achieve perfect accuracy—in fact, if the simplest fea-
ture S is removed from datasets, SGD-trained models indeed
rely on complex features in S¢ to attain perfect accuracy.

Similarly, experiments on MNIST-CIFAR data show that
models such as GoogLeNet (Szegedy et al., 2015) exhibit
extreme SB as well. Figure [3(c) shows that randomizing
the simpler MNIST block degrades AUC to 0.5 (random
chance) and randomly shuffles the logit distribution across
true positives and true negatives. However, randomizing the
CIFAR block does not alter AUC or logits, even though the
CIFAR block alone is almost fully predictive of its label;
GoogLeNet attains 95% accuracy on the corresponding CI-
FAR binary classification task. In the Appendix, we show
that our results hold across architectures, activation func-
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Figure 3: (a) {S, S¢ }-randomized AUC vs. number of complex features, (b) FCN decision boundaries projected onto
S & the most influential coordinate in S¢, and (c) Standard & {S, S¢ }-randomized GoogLeNet logits of true positives
collectively demonstrate that neural networks in practice exhibit extreme SB. Subplot (d) visualizes ¢ Universal Adversarial
Perturbations (UAPs) that significantly degrades model performance by almost fully utilizing its perturbation budget to attack

S alone: 99.6% for linear in LMS-5, 99.9% for 5-slab in MS—

tions & optimizers and are robust to ¢» decay & dropout.
3.3. Extreme SB leads to Non-Robustness

Poor OOD performance: Given that NNs tend to rely on
spurious features (McCoy et al.,2019;/Oakden-Rayner et al.}
2019), validation accuracies of state-of-the-art models on
well-studied tasks provide a false sense of security; even
benign distributional changes to the data can nullify model
performance. This phenomenon, though counter-intuitive,
can be easily explained through the lens of extreme SB.
Specifically, we hypothesize that spurious features are sim-
ple. When combined with extreme SB, explains the out-
sized impact of spurious features. For example, Figure[3(c)
shows that simply perturbing the simplest (and potentially
spurious in practice) feature S drops the AUC of trained neu-
ral networks to 0.5, thereby nullifying model performance.
However, randomizing all complex features S¢ has no effect
on the models; S°-randomized and original logits essentially
overlap, even though S° and S have equal predictive power.
Our results also indicate that approaches (Hendrycks & Gim-
pel, 2016} |Liang et al.,[2017) that aim to detect distribution
shifts based on model logits or softmax probabilities may
themselves fail due to extreme SB.

Adversarial Vulnerability: Consider a O(v/d)-margin
classifier f* that attains 100% accuracy on the LMS-5
dataset by taking an average of the linear classifier on the
linear coordinate and d—1 piecewise-linear classifiers, one
for every 5-slab coordinate. Given the large margin, f* also
attains robustness to O(v/d)-norm ¢, adversarial perturba-
tions; attacks must perturb §2(d) coordinates to flip model
predictions. However, due to extreme SB, even large SGD-
trained NNs exclusively rely on the simplest feature S and
do not learn robust and large-margin classifiers such as f*.

(5,7) and 99.3% for MNIST pixels in MNIST-CIFAR.

Consequently, perturbations with norm O(1) suffice to nul-
lify model performance. We validate this hypothesis in Fig-
ure E(d), where FCNs, CNNs and GRUs (Cho et al., [2014)
trained on LMS-5 & MS—- (5, 7) and DenseNet121 (Huang
et al., 2016) trained on MNIST-CIFAR are vulnerable
to small data-agnostic universal adversarial perturbations
(UAPs) that target the simplest feature S. For exam-
ple, Figure [3(d) shows that the ¢/, UAP of DenseNet121
on MNIST-CIFAR only attacks a few pixels in the sim-
pler MNIST block and does not perturb the CIFAR block.
Extreme SB also explains why data-agnostic UAPs of one
model transfer well to another: the notion of simplicity
is consistent across models; Figure E(d) shows that FCNs,
CNNs and GRUSs trained on LMS-5 and MS— (5, 7) essen-
tially learn the same UAP. Furthermore, invariance to com-
plex features S¢ (e.g., CIFAR block in MNIST-CIFAR)
due to extreme SB explains why “natural" (Hendrycks et al.|
2019) and “semantic” perturbations (Bhattad et al., [2020)
modify the true image class but not the model predictions.

4. Conclusion

We investigated Simplicity Bias (SB) in SGD-trained neural
networks (NNs) using synthetic and image-based datasets
that (a) incorporate a precise notion of feature simplicity,
(b) are amenable to theoretical analysis and (c) capture sub-
tleties of trained NN in practice. We made two key contri-
butions. First, we showed that one-hidden-layer ReLU NNs
provably exhibit SB. Second, we empirically demonstrated
that extreme SB in practice can result in brittle neural net-
works. Our results collectively motivate the need for novel
algorithmic approaches aimed at avoiding the pitfalls of
extreme SB, which we identify as a unifying explanation
for poor OOD performance and adversarial vulnerability.
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The supplementary material is organized as follows. We first discuss additional related work and provide
experiment details in Appendix[A]and Appendix [B|respectively. In Appendix|[C| we provide additional
experiments to further validate the extreme nature of Simplicity Bias (SB). Then, we provide the proof of
Theorem 1 in Appendix D.



A Additional Related Work

In this section, we provide a more thorough discussion of relevant work related to the implicit bias of SGD,
margin-based generalization bounds, adversarial robustness, and out-of-distribution (OOD) examples.

Implicit bias of stochastic gradient descent : Brutzkus et al. [5] shows that neural networks trained
with SGD provably generalize on linearly separable data. Recent works [[35} 20] also analyze the limiting
direction of gradient descent on logistic regression with linearly separable and non-separable data
respectively; Gunasekar et al. [[i5] proves similar results for linear convolutional networks. Empirical
findings [28, [26] provide further evidence to suggest that neural networks trained using SGD generalize
well because SGD learns models of increasing complexity over time. A few recent works have investigated
the implicit bias of SGD on non-linearly separable data for linear classifiers [20] and infinite width
two layer NNs [I8], in both cases showing convergence to maximum margin classifiers in appropriate
spaces. As discussed previously, we believe that this implicit bias of SGD (towards simplicity) can in
fact be a challenge for learning robust large-margin classifiers as it is naturally biased towards simple,
small-margin and feature-impoverished classifiers at the cost of feature-dense, large-margin classifiers.
Our result in Theorem D.1 exhibits this phenomenon issue in a stylized setting.

Margin-based generalization bounds: Building up on the classical work of [2], recent works try to
obtain tighter generalization bounds for neural networks in terms of normalized margin [3} |29, 11, [13].
Here, margin is defined as the difference in the probability of the true label and the largest probability
of the incorrect labels. While these bounds seem to capture generalization of neural networks at a
coarse level, it has been argued [27] that these approaches may be incapable of fully explaining the
generalization ability of neural networks. Furthermore, it is unclear if the notion of model complexity
used in these works, based on Lipschitz constant, captures generalization ability accurately. In any case,
our results suggest that due to extreme simplicity bias (SB), even if a formulation captures both margin
and model complexity accurately, current optimization techniques may not be able to find the optimal
solution in terms of generalization and robustness, as they are strongly biased towards small-margin
classifiers that exclusively rely on the simplest features.

Adversarial Defenses: Neural networks trained using standard procedures such as SGD are extremely
vulnerable [14] to e-bound adversarial attacks such as FGSM [14], PGD [25]], CW [7], and Momentum [10];
Unrestricted attacks [4}[12] can significantly degrade model performance as well. Defense strategies based
on heuristics such as feature squeezing [42]], denoising [[41]], encoding [6], specialized nonlinearities [[43]]
and distillation [[30] have had limited success against stronger attacks [1]. On the other hand, standard
adversarial training [25] and its variants such as [44] are fairly effective on datasets such as MNIST,
CIFAR-10 and CIFAR-100. However, on larger datasets such as ImageNet, these methods have
limited success [34]]; recent attempts [40} [34] that make adversarial training faster do not improve
robustness either.

Detecting OOD Examples: Neural networks trained using standard training procedures tend to rely
on low-level features and spurious correlations and hence exhibit brittleness to benign distributional
changes to the data. Recent works thus aim to detect OOD examples using generative models [31],
statistical tests [[32]], and model confidence scores [18] 23} 22]. Our experiments in Section 3 that validate
extreme SB in practice also show that detectors that directly or indirectly rely on model scores to detect
OOD examples may not work well as SGD-trained neural networks can exhibit complete invariance to
predictive-but-complex features.



B Experiment Details

In this section, we provide additional details on the datasets, models, optimization methods and training
hyperparameters used in the paper.

One-dimensional Building Blocks: We first describe the data generation process underlying each
building block: linear and k-slab.

Linear(~y, B): The linear block is parameterized by the effective margin v and width B. The distribution
first samples a label y € {-1,1} uniformly at random, and then given y, x is sampled as follows:
x =y(By+ (B — Bv)-U(0, 1), where U(0, 1) is the uniform distribution on [0, 1].

Slab(~, B, k): The k-slab block is parameterized by effective margin ~, width B, and number of slabs
k. We use k € {3,5,7} in our paper. The width of each slab, wy, = 2B(1 — (k= 1)) /k, in the k-slab block
is chosen such that the farthest points are at —B and B. For example, given label y € {-1,1} and
random sign z € {-1, 1} sampled unif. at random, we can sample z from a 3-slab block as follows:

. z(3ws - U(0,1)) ify =-1
z(3ws 4+ 2By + w3 - U(0,1)) ify=+1

For k-slab blocks with k € {5, 7}, the probability of sampling from the two slabs (one on each side)
that are farthest away from the origin are 1/4 and 1/8 respectively to ensure that the variance of
instances in positive and negative classes, z and x_, are equal.

Datasets: We now outline the default hyperparameters for generating the synthetic datasets used
in the paper, provide additional details on the LSN dataset, and introduce multiple variants of the
MNIST-CIFAR dataset (i.e., with different class pairs).

Synthetic Dataset Hyperparameters: Recall that we use four d-dimensional synthetic datasets—LMS-
k, LMS-k, MS-(5,7), and MS-5—wherein each coordinate corresponds to one of the building
blocks described above. Unless mentioned otherwise, for all four datasets, we set the effective margin
parameter v = 0.1, width parameter B = 1, and noise parameter p = 0.2 in all blocks/coordinates.
Also recall that each dataset comprises at most one “simple" feature S and multiple independent
complex features S¢. In our experiments, all datasets have sample sizes that are large enough for all
models considered in the paper to learn complex features S¢ and attain optimal test accuracy, even
in the absence of S; we use sample sizes of 50000 for LMS-5 and MS-5 and 100000 for LMS-7 and
MS-(5,7) datasets.

LSN Dataset: Recall that the LSN dataset (described in Section 2) is a stylized version of the LMS-k
that is amenable to theoretical analysis. In LSN, conditioned on the label y, the first and second
coordinates of z are singleton linear and 3-slab blocks: linear and 3-slab blocks have support on {-1, 1}
and {-1,0, 1} respectively. The remaining coordinates are standard gaussians and not predictive of
the label. Each data point (z;, ;) € R% x {—1,1} can be sampled as follows:

yi = +1, wp. 1/2, & =+1, wp. 1/2,

Til = Y (Linear coordinate),

i+ 1
Tio = (yl ; >€z' (Slab coordinate),
T 3:d ™~ N(0,14-2) (d-2 Noise coordinates).



e Additional MNIST-CIFAR Datasets: We now introduce three MNIST-CIFAR datasets, each with
different MNIST and CIFAR10 classes. Recall that images in the MNIST-CIFAR datasets are
concatenations of MNIST and CIFAR10 images. We introduce additional variants of the MNIST-
CIFAR using different class pairs to show that our results in the paper are robust to the exact choice
of pairs:

Class -1 Class +1
MNIST CIFAR10 MNIST CIFAR10

MNIST-CIFAR:A Digit0 Automobile Digit 1 Truck
MNIST-CIFAR:B Digit1l Automobile Digit 4 Truck
MNIST-CIFAR:C Digit0  Airplane Digit 1 Ship

Datasets

Table 1: Three MNIST-CIFAR datasets. We use MNIST-CIFAR:A in the paper. In MNIST-CIFAR:B,
we use different MNIST classes: digits 1 and 4. In MNIST-CIFAR: C, we use different CIFAR10O classes:
airplane and ship. Our results in Section 3 hold on all three MNIST-CIFAR datasets.

Models: Here, we briefly describe the models (and its abbreviations) used in the paper. We use
fully-connected (FCNs), convolutional (CNNs), and sequential neural networks (GRUs [9]) on synthetic
datasets. Abbreviations (w, d)-FCN denotes FCN with width w and depth d, (f, k, d)-CNN denotes d-layer
CNNs with f filters of size k x k in each layer with and (A, [, d)-GRU denotes d-layer d-layer GRU with input
dimensionality / and hidden state dimensionality . On MNIST-CIFAR, we train MobileNetV2 [33],
GoogLeNet [37], ResNetso [16] and DenseNeti21 [19].

Training Procedures: Unless mentioned otherwise, we use the following hyperparameters for standard
training and adversarial training on synthetic and MNIST-CIFAR data:

» Standard Training: On synthetic datasets, we use Stochastic Gradient Descent (SGD) with (fixed)
learning rate 0.1 and batch size 256, and /5 regularization 5 - 10~7. On MNIST-CIFAR datasets, we
use SGD with initial learning rate 0.05 with decay factor of 0.2 every 30 epochs, momentum 0.9 and /5
regularization 5 - 107°. We do not use data augmentation. We run all models for at most 500 epochs
and stop early if the training loss goes below 1073,

* Adversarial Training: We use the same SGD hyperparameters (as described above) on synthetic and
MNIST-CIFAR datasets. We use Projected Gradient Descent (PGD) Adversarial Training [25] to
adversarially train models. We use learning rate 0.1 and 40 iterations to generate {2 & ¢/, perturbations




C Additional Results on the Extreme Nature of Simplicity Bias (SB)

Recall that Section 3 of the paper establishes the extreme nature of SB: If all features have full predictive
power, NNs rely exclusively on the simplest feature S and remain invariant to all complex features S°—in
Section 3 of the paper. Now, we further validate the extreme nature of SB across model architectures,
datasets, optimizers, activation functions and regularization.

C.1 Effect of Model Architecture

In this section, we supplement our results in Section 3 of the paper by showing that extreme simplicity
bias (SB) persists across several model architectures and on synthetic as well as image-based datasets.

Dataset Set S Set S¢ Model Randomized AUC
Set S Set S¢
(100,1)-FCN 050  1.00
(100,2) -FCN 049  1.00
. (32,7,1)-CNN 050  1.00
LMS-5 L 5-Slab
rhear a%s  (32,7,2)-CNN 050  1.00

(100,10,1)-GRU  0.51 1.00
(100,10,2)-GRU  0.50 1.00

(100,1)-FCN 0.50 1.00

(100,1)-FCN 0.50 1.00

~ _ _ (32,7,1)-CNN 0.50 1.00
MS-(5,7) 5-Slab 7-Slabs (32,7,2)-CNN 0.50 1.00

(100,10,1)-GRU  0.50 1.00
(100,10,2)-GRU  0.50 1.00

MobileNetV2 0.52 1.00

MNIST-CIFAR:A  MNIST CIFAR GoogleNet 0.51 1.00
block block ResNet50 0.50 1.00

DenseNetl121 0.52 1.00

Table 2: Extreme SB across models trained on synthetic and image-based datasets show that all models
exclusively rely on the simplest feature S and remain completely invariant to all complex features S¢

In Table 2, we present {S,5¢ }-Randomized AUCs for FCNs, CNNs and GRUs with depth {1,2} trained
on LMS and MS-(5,7) datasets and state-of-the-art CNNs trained on MNIST-CIFAR:A. While the S¢-
randomized AUC equals 1.00 (perfect classification), we see that the S-randomized AUCs are approximately
0.5 for all models. This is because all models essentially only rely on the simplest feature S and remain
invariant to all complex features S¢, even though all features have equal predictive power.

C.2 Effect of MNIST-CIFAR Class Pairs

In this section, we supplement our results on MNIST-CIFAR (in Section 3) in order to show that
extreme SB observed in MobileNetV2 [33], GoogLeNet [37], ResNetso [16]] and DenseNet121 [19]] does not
depend on the exact choice of MNIST and CIFAR1O class pairs used to construct the MNIST-CIFAR
datasets. To do so, we evaluate the MNIST-randomized and CIFAR10-randomized metrics of the
aforementioned models on three datasets—-MNIST-CIFAR:A, MNIST-CIFAR:B, MNIST-CIFAR:C—
described in Appendix [B.



MNIST-CIFAR:A AUCs MNIST-CIFAR:B AUCs MNIST-CIFAR:C AUCs

Model CIFAR1O MNIST CIFAR1O MNIST CIFAR1O MNIST
Standard  Randomized Randomized Standard Randomized Randomized Standard  Randomized Randomized
MobileNetV2 1.00+0.00 1.004+0.00 0.53 +0.01 1.00+0.00 1.00+0.00 0.53 +0.02 1.00+0.00 1.00+0.00 0.50 £+ 0.01
GooglLeNet 1.00+£0.00 1.00+£0.00 0.52+0.02 1.00£0.00 1.00£0.00 0.50£0.01 1.00+£0.00 1.00+£0.00 0.53=£0.01
ResNet50 1.00+0.00 1.00+0.00 0.50+0.01 1.00£0.00 1.00+0.00 0.51+0.01 1.00 £0.00 1.00+0.00  0.50 £ 0.03
DenseNet121 1.00+£0.00 1.00£0.00 0.53+0.02 1.00+0.00 1.00+0.00 0.52+0.01 1.00+0.00 1.00+0.00 0.54 +0.01

Table 3: (Extreme SB in three MNIST-CIFAR datasets) Standard and randomized AUCs of four state-of-
the-art CNNs trained on three MNIST-CIFAR datasets. The AUC values collectively indicate that all
models exclusively rely on the MNIST block.

TableEpresents the standard, MNIST-randomized and CIFAR10-randomized AUC values of MobileNetV2,
GoogLeNet, ResNet50 and DenseNet121 on three MNIST-CIFAR datasets. We observe that randomizing
over the simpler MNIST block is sufficient to fully degrade the predictive power of all models; for instance,
randomizing the MNIST block drops the AUC values of ResNet50 from 1.0 to 0.5 (i.e., equivalent
to random classifier). However, randomizing the CIFAR10 block has no effect—standard AUC and
CIFAR10-randomized AUCs equal 1.0. In stark contrast, an ideal classifier that relies on MNIST as well
as CIFAR10 would attain non-trivial AUC even when the MNIST block is randomized.

C.3 Effect of Optimizers and Activation Functions

Now, we study the effect of activation function and optimizer on extreme SB. That is, can the usage
of different activation functions and optimizer encourage trained neural networks to rely on complex
features S¢ in addition to the simplest feature S?

Table |4| presents the S-randomized AUCs of (100, 2)-FCNs with multiple activation functions—ReLU,
Leaky ReLU [24]], PReLU [17], and Tanh—trained on LMS-7 and MS-(5,7) datasets using multiple
commonly-used optimizers: SGD, Adam [21],and RMSProp [38]]. We observe that for all combinations
of activations and optimizers, trained FCNs still only rely on simplest feature S; S-randomized and
S¢randomized AUCs are approximately 0.50 and 1.0 respectively for all optimizers and activation
functions. Therefore, in addition to SGD, commonly used first-order optimization methods such as Adam
and RMSProp cannot jointly learn large-margin classifiers that rely on learn slab-structured features in
the presence of a noisy linear structure.

To summarize, the experiment in Appendix|C.2 shows that simply altering the choice of optimizer and
activation function does not have any effect on extreme SB. Similar to the experiments in Section 3 of
the paper, all models exclusively rely on simplest feature S and remain invariant to complex features S°.

Activation LMS-7 MS-(5,7)
Function SGD Adam RMSProp SGD Adam RMSProp
ReLU 0.499 +0.001  0.497 +0.003 0.502 +0.004  0.499 +0.003 0.499 +0.004 0.496 =+ 0.004
Leaky ReLU 0.501 £ 0.001 0.497 +0.003 0.501 +0.005  0.499 4 0.005 0.498 +0.002 0.498 + 0.005
PReLU  0.500+0.004 0.500 +0.003 0.501+0.004  0.501 +0.004 0.496 + 0.003 0.499 =+ 0.002
Tanh 0.495 4+ 0.001 0.502 +0.004 0.495+0.004  0.498 +0.004 0.499 +0.004 0.498 =+ 0.002

Table 4: (Effect of activation function and optimizers) (100, 2)-FCNs with multiple activation functions—
RelU, Leaky RelLU [24]], PRelLU [17], and Tanh—trained on LMS-5 data using common first-order
optimization methods—SGD, Adam [21], and RMSProp [38]—exhibit extreme SB.



Standard AUC S-Randomized AUC S¢-Randomized AUC
A=10"2 A=10""* A=10"2 A=10""* A=10"2 A=10"*

0.00 1.00 £0.00 1.00 £ 0.00 0.50 £ 0.00 0.50+0.01 1.00 £0.00 1.00 =+ 0.00
(100,1)-FCN 0.05 1.00 £0.00 1.00 = 0.00 0.50 £ 0.00 0.50 £ 0.00 1.00£0.00 1.00 =+ 0.00
0.10 1.00 £0.00 1.00 £ 0.00 0.50 £ 0.00 0.50 £ 0.00 1.00£0.00 1.00 % 0.00

Model Dropout

0.00 1.00 £0.00 1.00 £ 0.00 0.50 £ 0.00 0.50 4+ 0.00 1.00 £0.00 1.00 =+ 0.00
(100,2)-FCN 0.05 1.00 £0.00 1.00 £ 0.00 0.50 £ 0.00 0.50 £ 0.00 1.00£0.00 1.00 =+ 0.00
0.10 1.00 £0.00 1.00 £ 0.00 0.50 £ 0.00 0.50 £ 0.00 1.00£0.00 1.00 %+ 0.00

Table 5: Dropout and /5 regularization have no effect on extreme SB of FCNs trained on LMS-7 datasets.
The standard and {S,S¢ }-randomized AUC values of (100,1)-FCNs and (100,2)-FCNs collectively
indicate that the models still exclusively latch on to S (linear block) and remain invariant to S¢ (7-slab
blocks).

C.4 Effect of /; Regularization and Dropout

In this section, we use SGD-trained FCNs trained on LMS-7 data to examine the extent to which Dropout
[36]] and ¢ regularization alters the extreme nature of SB. Specifically, we use Dropout probability
parameter {0.0,0.05,0.10} and ¢» regularization parameters {0.01,0.001} when training FCNs with
width 100 and depth {1,2} on LMS-7 data using SGD. In Table |5, we show the standard and S°-
randomized AUCs equal 1.00 (perfect classification), whereas the S-randomized AUCs are approximately
0.5 for all models. Applying Dropout while reducing the amount of ¢/ regularization has negligible effect
on the extreme nature of SB observed in the synthetic or image-based datasets.



D Proof of Theorem 1

In this section, we first re-introduce the data distribution and theorem. Then, we describe the proof
sketch and notation, before moving on to the proof.

Linear-Slab-Noise (LSN) data: The LSN dataset is a stylized version of LMS—k that is amenable to
theoretical analysis. In LSN, conditioned on the label y, the first and second coordinates of x are singleton
linear and 3-slab blocks: linear and 3-slab blocks have support on {-1,1} and {-1,0, 1} respectively.
The remaining coordinates are standard gaussians and not predictive of the label. Each data point
(z5,v;) € R x {~1,1} from LSN can be sampled as follows:

y; = £1, wp. 1/2, & =41, wp. 1/2,

Til1 = Yi (Linear coordinate),

i+ 1
Tig = (yl ; )&' (Slab coordinate),
T 3.4 ~ N(0,Iq_2) (d-2 Noise coordinates).

Then, according to Theorem 1 (restated below), NNs trained with standard mini-batch gradient descent
(GD) on the LSN dataset provably learns a classifier that exclusively relies on the “simple" linear coordinate,
thus exhibiting simplicity bias at the cost of margin.

Theorem D.1. Let f(x) = Z?Zl vj - ReLU(L_, w; jx;) denote a one-hidden-layer neural network with
k hidden units and ReLU activations. Set v; = +1/vk w.p. 1/2Vj € [k]. Let {(z',y")}I", denote i.i.d.
samples from LSN where m € [cd?,d™/c] for some a > 2. Then, given d > Q(v/klogk) and initial
wij ~ N(0, m), after O(1) iterations, mini-batch gradient descent (over w) with hinge loss, constant
step size, mini-batch size ©(m), satisfies:

. 1
L] j—
0 — 1 test error is at most ol (d)? and

* The weights of learned hidden units satisfy:

2 c 1
wiil=—4=(1— —— | +0 <> (Linear coordinate)
sl Vk < \/logd> Vdklogd
1
wy il =0 —— (Slab coordinate)
w2, <\/dk logd>
1
wz.qqi|| =0 | — (Noise coordinates)
sl = 0 ()
with probability greater than 1 — m. Note that c is a universal constant.

Proof Sketch Since the number of iterations ¢ = O(1), we partition the dataset into ¢ minibatches each
of size n := m/t samples. This means that each iteration uses a fresh batch of n samples and the ¢
iterations together form a single pass over the data. The overall outline of the proof is as follows. If the

. . < 4 . . . .1 o 1
step size is 7, then for t < , iterations, with probability > 1 poly(d)”
 Lemma [D.3|shows that the hinge loss is “active" (i.e., yf(z) < 1) for all data points in a given

batch.



* Under this condition, we derive closed-form expressions for population gradients in Lemmas[D.s}[D.6

and D.7

* Lemma [D.2| uses the above lemmas to establish precise estimates of the linear, slab and noise
coordinates for all iterations until .

The appendix is organized as follows. Appendix D.1|presents the main lemmas that will directly lead to
Theorem Appendix D.2 derives closed form expressions for population gradients and Appendix[D.3
presents auxiliary lemmas that are useful in the main proofs.

Notation Recall that f(z) = 25:1 vj - ReLU(Y L wijz;) = v"ReLU(WTz) where W € R?** and
v € R*. Note that w; = [w1; wa;, - - wg;) T is the i'® column in W. Let w; and Z; denote the ws.q; and
x3.q,; respectively. Also, let S,, = {(=;, i)}, denote a set of n i.i.d. points randomly sampled from
LSN. For simplicity, we also assume |{i : v; = 1/v&}| = |{i : v; = —1/Vk}| = k/2. We can now define the
loss function as L;(Sy,) = 1/n Y ;" {(z;,y;), where {(z,y) = max(0,1 — y f(x)) denotes the hinge loss.
For notational simplicity, we use X = p 4+ § and | X — u| < J interchangeably. Also let ¢ and ¢ denote
the probability density function and cumulative distribution function of standard normal distribution.

Proof of Theorem|D.1| The proof directly follows from Lemma [D.2]and Lemma|D.3| In Lemma|D.2} we
show that the weights in the linear coordinate are Q(v/d) larger than the weights in the slab and noise
coordinates. Applying Lemma at{ = L%(l — —&o_)| gives the following result:

Vlogd
(@) (@) 2 Cn 1 (@), (@) 1 _(®), (@ 1
) (@) 1— +0 ~ Yand )l = O(———) and ||w;”’| = O(—————

where (a) is due to co(1 + ¢)t < cpe® < cpel = O(1).

The 0 — 1 error of the function f at timestep # is small as well, because we can directly use Lemmato

get Pr(yf(z) < 0) = 2/cq°. Therefore, the 0 — 1 error is at most % = O(d%). [

D.1 Proof by Induction

In this section, we use proof by induction to show that for the first t = O(1/) steps, (1) the hinge loss is
“active" for all data points (Lemma and (2) hidden layer weights in the linear coordinate are Q(+/d)
larger than the hidden layer weights in the slab and noise coordinates (Lemma [D.2)).

Lemma D.2. Let |S,| € [cd?,d*/c| and initialization w;; ~ N(0,1/dk1og? d). Also let & = /4, co = 2 and
cn = 5y/aco(l + ¢)t. Then, forall t < %(1 — e /logd), d > exp((8¢n/n)?), \//1og?(d) > 24Vk/coc and
i € [k], w.p. greater than 1 — O( ), we have:

yif(zi) < 1Y(xi,9i) € Sn €]
wl® — tn2w N 3% 1+0 ;:); @
wi)| < % (3)
a0, < 2t @



Proof. First, we prove that equations (2), (3) & (4) hold at initialization (i.e., ¢ = 0) with high probability.

Using and

2 2
max max |w and maX w; || < wp. 1——
e, may |wij| < NSy ||| fl p 7
Therefore, wy; = (O)Z"Ui + f/OETC) and |woy;| < ?ETC) and ||w;|| < C\Of(lrc) Since equations (2), (3) &
(4) hold at t = 0, we can use Lemma[zto show that the hinge loss is “active" with high probability:
yif(x;) = \/lco@ <1 whend > exp(c?)

Now, we assume that the inductive hypothesis—equations (1), (2), (3) and (4)—is true after every
timestep 7 where 7 € {0, --- ,t}.

We now prove that the inductive hypothesis is true at timestep ¢ + 1, after applying gradient descent using
the (¢ + 1) batch. Since z(1) holds at timestep ¢, we can use the closed-form expression of the gradient
along the linear coordinate (lemmaD.5) to prove that equation (2) holds at timestep ¢ + 1 as well:

Wit = nvi {2+¢<w1i+w2i) +¢<w1ijw2i) _2¢< Wi )} UL log(cd?)

4 ||| ||| ||| d c
(t) 2
1 i /1
—(® @ W] max — (wh(;J)i&m og(cd?)
2 RN RN ] d ¢
(a) tnv; iCO(l‘Fé)t nv; . nu; co(1+¢)t i57lvz‘ log(cd?)
2 Vdklogd 2 2 Vdklogd d c
(®) (t+1)vm-icO(Hé)‘fi,7 co(1+8)" _ (t+ nvi | co(1+8)"(1 +nwi)
2 Vdklogd Vdklogd 2 Vdklogd
(e) (t—‘r 1)’1’]1}1' Co(l +é)t+1
= +
2 Vdklogd

where (a) is via equation (12) in Lemma[D.4] (b) is because 4/1og?(d) > 20/coe /e and (c) is due to nu; < ¢.

Similarly, since equation (1) holds at timestep ¢ (via the inductive hypothesis), we can use the closed-form
expression of the gradient along the slab coordinate (lemma [D.6)) to show that the weights in the slab
(i.e., second) coordinate are small (equation (3)) at timestep ¢ + 1 as well:

Wi = w4 v [¢(w1i + w2i> B (b(wu—wzi)} " 5nv; [log(cd?)

4 ||| ||1Dz'|\ d ¢
¢ 77”2 ¢ 1 w! i 45 5nu;  [log(cd?)
—wf) + D) max — o . )=
it T\ 1| ¢

@ co(l+&)"  muico(L+8)" | nuico(l+8) co(1+¢)ttt
= 4 7 41 + — <+
Vdklogd 2 Vdklogd 2 Vdklogd Vdklogd
where (a) is due to equations (11) in Lemma|[D.4, (3) and 9/1og?(d) > 20/coe! /e

Finally, we can use the closed-form expression of the gradient along the noise coordinate (lemma [D.7)
to prove that the norm of the gradient along the noise coordinates (i.e., coordinates 3 to d) is small
(equation (4)) at timestep ¢ + 1:

U_)Z(tﬂ) :w£t+1)+7711i|: (’LUli:"’lUQi) + (’UJlij’lUQi) _o ('Uilz )} ujj@) i377\mllog(\/5d) 7{11 i6nlvi\uil
4 ||| || [[wi[ /] ||w]| Ved llwill ™ Ved

g1 Go
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We first show that the the first part of the noise gradient, G1, is at most 7v: /2:

nv; w1 + We; W1;—W24 w14
Tl ) e Gar) 2 ()]
Izl ||| ||

W;
C 1 wg) (t) (f) (t) S)wétl) _ n;
4 ||— (|—(t)||) [ (|—(t)| ( |_(t)||2)+exp( ||—(t)||2 )ﬂ -2
i
<1(see eq. 13 in Lemmal|D.4) <2

Next, we show that the £ norm of the second part of the noise gradient, ||Go||, is O(1/v4d):

log(\fd) 677]1)1-\ 1277\%\
Bl| < 3n|v; <

Now, we can use the upper bounds on G; and G» to show that the ¢ norm of the gradient along the noise
gradients is small as well:

(t41) ) 77Uz _ 2olvil @ @y nvig @)y, M
a1 < o)+ Th o] + ~Jed [l@; 71 + 5l H gl
(b) co(1 +¢)t (1 +nv;) (9 (1 + &)t
o flogd - \/Elogd

where (a) is because /1ogd > (24vk/coc)?, (b) is due to equation (4) and (c) is because nv; < ¢é. [

AN

Since equations (2), (3) & (4) hold at timestep ¢ (from Lemma|D.2), we can show that the hinge loss is
positive (i.e., yf(x) < 1) for all data points with high probability as well.

Lemma D.3. Let S,, denote a set of n € [cd?,d*/c] i.i.d. samples from LSN, where o > 2 and ¢ > 1.
Suppose equations (2), (3) & . 4) hold at timestep t. Also let d > exp((%)Q) where ¢, = 5y/aco(1 + ¢).

Then, w.p. greater than 1 — 3 —5, we have:

ey = My O n -
ylf(‘rl)_ 4 i\/@_(tj:l/2)4 \V/(CL'Z,yz)ESn (5)

Proof. We use equations (2), (3) & (4) to obtain simplify the dot product between wgt) & z; and the
indicator 1{ @ x> O} First, we show that the dot product between w( ) and x; is in the band

tnv;
’71)2 ¥ 4 \/W with high probability:
+1
w ;= wlly; + 0 Y+ w2, Dy, + o) B 1 1212,
+ 1 2
2wy +wl) Y 4 J|al"||/Balogd wp. 1- =
tnuiy; | co(l + C) yj +1 co(l+¢)* .
= + P+ €)=k v 8alogd via eq. [2,[3l |4
2 \/Cﬁlogd(y] 2 J) \/Elogd g q [
(©) vy, n 2¢0(1 + é)t n 3vaco(1+¢)F  tnuy; L ©)
2 Vdklogd vklogd 2 Vklogd
= (1 %2/ "5E when d > exp((ZC2 ) @
n
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where (a) is because w@ Ty = Hw ||N(O 1), (b) is via lemma & ¢ > 1, and (c) is because
(y; + & HSJ) < 2. Next, when d > exp((SC")Q), we can simplify ]l{wgt) cxj > 0} as follows:

1, ift=0
0) eafl] 1) Vi ; —
1ow;” -x; >0 < 14 (ty; + /4)—>O <41, ift>0andy;v; >0 <I{t=0Vyv; >0} (8)
0, ift>0and Y;v; < 0

We can now use equations (6) & (8) to show that y; f ® (x;) is in the band /12 + O(1/vlogd) with high
probability:

( "7”7, Cn
y; 9 (x) Zijl ReLU(w; - z;) Zwl]l{t =0Vyv > 0}( )
P P \/klogd
k .
tn Cn (a) ikkmv ift=0
=) Lt=0Vyu > 0}( =+ ) :{ oe . ©)
; 2k~ ky/logd 5(oF £ og), ift>0
tn Cn (b
=14 ® 41
15 oga Y 2)
where (a) is due to [{v; | v; > 0} = |[{v; | v; < 0}| = ¥/2 and (b) follows from ¢~/\/logd < 7/8 when
d > exp((3n/n)?) u

Lemma D.4. If equations (2), (3) & (4) hold at timestep t, d > exp((%)Q) and /10gd > 'k, we have:

1 (wﬁ)nwi)

max —— (10)
s1<lw) @M ||
‘qﬁ(w%l) +w(t)) 3 (b(wﬁ) - wé?)l < 2¢0(1 + &)t )
[l @] lw®]| /1= Vdklogd
(t) (t) (t) i
wy; + Wy Wi, ’ < co(1+¢) (
_ < 12)
o Sigmr) ¢ (aon) | < Vamioga
(t) A\
1 wy,; co(14¢)
- < (13)
||t <|w§t>|) Vdklogd
(t)
Proof. Let g.(x) = 1p(2) and h(z) = max @, 2ol +6) = max ®), Gt +s(x). To prove
etz lbl<lwyy | @71 @ [8<wyy | wiito

Equation @), we show that an upper bound on ||w(")|| is less than a lower bound on arg max, h(z),
which subsequently implies that h(]|w®)||) < max, h(z) because h is an increasing function for all
|x| < argmax, h(x).

First, we find the maximizer «* of h(x) as follows:

-1

(@) e
max h(zr) =max max ¢ o (z) = max ————— when z* |w + 4|
g 2 oty s<hol? w? + 3]

where (a) follows from lemma Next, we lower bound the maximizer z* of h(x):

tnu;  co(1+¢)* co(1+¢)t
w —|—(5>wl)—&-wl)>‘wZ i ‘ +
= ) a1 !+ ) > ol uffl| S | 2 ST ol
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1T
8

(b) , ,
D | e oy
2 8

NV; N,
> t—12‘7>7
_’ / 2 7 4

where (a) follows from the weights in the linear and slab coordinate at timestep ¢ (equations (2) &

(3)) and (b) is because %E‘:; < B when Vd > %. Therefore, arg max, h(z) > nvi/s. We can

use the upper bound on the /5 norm of the gradient along the noise coordinates (equation (4)) and
d > exp(4606 ) to show that ||1I)§t)|| is less than x*:

co(l + é) n;
< — < argmaxh(z
Vdilogd = 4 S ()
From lemma we know that h(x) is an increasing function for all |z| < x*. This implies that
h(|fw”]]) < h(“UHEE) < (1) < h(a*). Therefore, when d > exp((9<")?) and ¢/1ogd > VE, we

Vdk log d
obtain the desired result as follows:

<1
/ 1 gd C()@l d(74cgel )2 logd —

(t) 1
1 ) klogd 1
max ———@ Wi F :h(Hw(t)H) < h( e f °8
¢ N0)
I
Now, we can prove equations (11), (12) and (13) using equation (10) as follows:

0 | 0 ) 0 . () 4 5v (@) 260(1
[o(r ) — o ()| < oful?)]- ma (L) @2l O g,

]| [l ®]] s1<lws?) TN ||| Vdklogd
(t) () (t)
wy; + W, w () 1 wy +6\ @ co(l+¢)t
o= O ’S wy, |- max — : < (15)
o (Figer) — (o) | sl max 2 (||t>||) Viilosd
(t) (t)
1 1 o\ (@ 1
e ( wz ) < max (w“ ;)F ) < ol +0 (16)
L TN T [ PP TR | o | RN TR Vdklogd
where (a) is due to equation (4)). [

D.2 Closed-form Gradient Expressions

In this section, we provide closed-form expressions for gradients along the linear, slab and noise
coordinates: V., L¢(Sp), Vi, L(Sn) and Vg, L(S,,). First, we provide a closed-form expression for
the gradient along the linear coordinate:

Lemma D.5. If n > cd? and y; f (z;) < 1¥(x,1;) € Sy, then w.p. greater than 1 — %:

kuﬁf(gn):_%[2+¢(w1ij—w2i)+¢(w1i—w2i) 2¢< wi; )] i% M

1z ||| [l d c

Proof.

(¥ -
Vi L(Sn) = - > oy, flay) < Bi{w]z; > 0}y;zy;
=1

n

(a) Y
= nZ lel{w I > —way; — wiel{y; = 1}e;}
J
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R —wiy — we; 1{y; = 1}e;
(:)—sz]l{Zj> W13y — W24 {yj }EJ} whererNN(O,l)

j=1 |||
= -v; {Oil} % Zz: Iy = l}]l{Zj > _wli(QT;—ih)—wzil
=-v; {Oil} (IP(:czj = l)éf’(wu(QlT'U}?ﬁ w%l) + loin via lemma[D.10
I ;
B R T B T
o) ) (S

where (a) is due to y;zq1 = y? = 1 & 1{y;f(z;) <1} = 1 and (b) is due to L{w!z; >k} =
W[wi]|Z; = k}. u

Similarly, we provide a closed-form expression for the gradient along the slab coordinate:
Lemma D.6. If n > cd? and y; f(x;) < 1Y(z;,y:) € Sy, then w.p. greater than 1 — %:

Vo L£p(S2) =~ [¢(“W> (s ta)] y S, flog(ed)

Proof.

Uin
Vw%ﬁfG%)=-7;§:ﬂ{%fﬁw)§]}1{w?@i20}%w%

j=1
Q) VN T
(:) - ]l{UJZTl’j Z —wuyj — 'lUQi]].{yj = 1}€j}]l{yj = 1}€j
n
(-11} . =n
(b) 1 - —wy; — wa;l
o3 Doz et
l j=1 v
Loy wi; + woyl logn .
= —; Z (IP(xgj = l)gb( Tl ) + - > via lemma[D.10]
!
Vi, W1 A W w1 —w; 5v; [log(cd?) 2
=-——o(——) ()= — n>cd
1 I A

oty (] B o)

where (a) is due to yiz = 1{y; = 1}e; & 1{y; f(z;) <1} = 1 and (b) is due to L{w!z; > k} =
[wi]|Z; = k}. u

Next, we provide a closed-form expression for the gradient along the noise coordinates:
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Lemma D.7. Ifn > cd? and y; f(x;) < 1V(x;,y;) € Sy, then w.p. greater than 1 — %:

e ’ ved lwill T Ved
5 V; W14 +w2¢) (wlr’wm) ( w14 )}
= e Ul RN 1Y gt
9=~ * )+ (i) 2
where uf is some unit vector orthogonal to w;.

Proof. Let S C R%2 denote the subspace spanned by w;. Then, for any = € R?%, z = 2 + 2°

S are the orthogonal projections of z onto S and its orthogonal comPlement S-+. We show the
{5 norm of the orthogonal projections of V., £(S,,) onto S and S+ are O(

% &

Vi, Ly(Sn) =
j=1
v "

n
j=1

ua, > 0}y, (af

L
where

.

S ) < e >0

n

- Z]l{w;[xj > O}yj(g’cf

j=1

case 1

case 2

Next, we show that the projection of V5, L¢(S,,) onto S+ (i.e., case 2) has small norm w.p. greater than

1.
1-13:

1V, L£1(S0)* || =[] Zﬂ{wfmjzo}yﬂfw:n%zn{w?

j=1

< |Uz ||ZN

S 4|’UZ|\/>:|: 2|’Ul“
n

where (a) is because xf 175, (b) is via fact

logn (g 6|v;]

S S+
3 > O}ijj I
j=1

Id 2)|l = lvil - ||N(0, *Id 2)l

1

p. 1 ——

~ Ved P n
D.13/and (c) is due to n > cd?. Next, we show that the

norm of the gradient in the direction of w; (i.e., case 1) is close to G w.h.p.:

n

Vi £y(S)® = -2 Y 1{wla; > 0}y,
=1
1 i Wi
(S n{wl > 0fywla) o
n 2 Iz
® (1< —wiy — wo 1{y; = 1}e; ) ViW;
D (2N 1!z > 7
(”Z { T || @] biZi | ;||
Jj=1
{0.£1} 1{i#£0} 7 2 -
(—1) —wli(2l —1)—’102,'1 V;w;
= ) Iemy=INZ; > - Zj) =
zl: n ; ! ! ||| |
[2 ( Wi1 )— (wli +w2i) (wli — wy; 5log n} VW4 via lemma [D.1T
® ® = — ¢ - = .
||| el Izl Vv 4|
= 3lv|log(y/ed) w; 12
— G, + p.1- =
GO T P
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where (a) is because 77 = @25 5 and (b) is because (b) is due to 1{w] z; > k} = 1{||w;||Z; > k}.

3 Tl
Therefore, by combining the results in case 1 and 2, the following holds w.p. greater than 1 — 1—713:

3\vi|log(\/5d) W; :|:6|Ui| 1

vu*,i S, :g_’LZ)Zﬂ: — Uz
(5n) Ved  Tladl < Ve

D.3 Miscellaneous Lemmas

Lemma D.8. Let X; ~ N(0,0%) and 6 € (0,1). Then, max;ep | X;| < a\/2log(%) with probability
greater than 1 — 0,

Proof. Let o denote the probability density function of the standard normal. Also let Z ~ N (0,1). Then,
for ¢t > 1, we have:

00 2 o] (a) 2 t 2
P(|X]|>ot) =P(|Z] > 1) = 2/ zp(z)dr < t/ zp(z) de < t/ ¢(x)dr < So(t) < 20(1)
t t 00
where (a) is because ¢/(z) = -z¢(z). Using union bound with t = |/2log(2) > 14 € (0, 1) gives
the desired result. [

Lemma D.9g. Let ¢ and ¢ denote the cumulative distribution function and the probability density function
of the standard gaussian. Then, for any Z ~ N(0,1) and k € R:

E[1{Z > k}Z] = (k) = exp(-+*}2)

Proof. The expectation E[1{Z > k}Z] can be simplified as follows:

BI{Z > )2] = Pi{Z > B (212 2 = () [ o Bhdo @ - [T ) do = o)

where (a) is due to ¢/ (x) = —zp(z).

|
Lemma D.10. Let b; ~ bernoulli(p) and Z; ~ N'(0,1). Let X; = b1{Z; >k} and X = 13" | X,.
Then:
- logn
Pr(1X = po(—k)| > /20 ) <

n

1
n

Proof. Note that E [X]| = E[X;] = E [b;]E[1{Z; > k}] = pé(—k) and |X;| < 1. Therefore, using

logn
n

Lemma D.11. Let b; ~ bern(p) and Z; ~ N(0,1). Let X; = b;1{Z; > k}Z; and X = 2 37" | X;. Then:

Hoeffding’s inequality with ¢t =

directly gives the result. |
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Proof. Since |X;| = [b;1{Z; > k}Z;| < |Z;|, we have max;c[, |X;| < /4log(n) w.p. at least 1 —
2 via lemma M From lemma M we get E[X;| = E[b;]E[1{Z; > k}Z;] = pp(k). Let A =
]l{|Xi| < /4log(n) Vi € [n] } Given A, we can use Hoeffding’s inequality with t* = \/% logn (and
d = 2/n) to get the desired result, as follows:

P(X ~ pp(k)] < 1) > P(X — po(h)| < ¢ [AP(A) > (1~ 2P > 1

Therefore, X = pp(k) + \/glogn w.p. atleast 1 — 2. [ |

Lemma D.12. Let g : R\{0} — R be defined as g.(z) = * exp(—%). Then, (1) |z| and —|z| are the global

x
maximizger and minimizger respectively, and (2) g monotonically increases from —|z| to |z|.

Proof. Note that g,(z) = 25 exp(—%)( ;—z — 1). Therefore, the critical points of ¢ are |z| and —|z|. Let
S ={t:|t| >|z],t € R/{0}}. Note that ¢, (x) < O forall z € S and ¢,(x) > 0 for all z € S°. Therefore,
(1) and (2) hold. |

Fact D.13. Let X ~ N(0,021,) denote a d-dimensional gaussian vector. Then, from [39], w.p. greater than
1—9:
| X2 < 40Vd + 20
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