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Review
Glossary

Bayes’ rule: Specifies that the probability of variable s (having observed x) is

the normalized product of the likelihood and prior: p sjxð Þ ¼ p x jsð Þp sð Þ=p xð Þ.
Intuitively, this can be interpreted as follows: one’s current knowledge about

an unknown variable, s, is a combination of one’s previous knowledge and

one’s new data x.

Bayesian inference: Statistical inference of an unknown variable using Bayes’

rule.

Graphical model: A graph-based representation of the statistical relationship

between random variables [48]. For an example see Figure 1a. Each node

represents a random variable and each arrow represents the statistical

dependency of one variable on another.

Heavy-tailed distributions: There are different definitions for heavy-tailed

distributions. In line with the literature reviewed here, we define heavy-tailed

distribution as a probability distribution whose tails are fatter than those of a

normal distribution. Heavy-tailed distributions therefore include Laplacian,

mixture of two Gaussians, and Student t distributions.

Likelihood: A conditional probability p x jsð Þ describing the probability of

obtaining a certain observation x, provided a given event occurs or a source s

exists. It specifies knowledge about how the data are generated.

Maximum likelihood estimation: For a given dataset, and assuming a

probability distribution model, the maximum likelihood estimation chooses

parameter values that maximize the likelihood of obtaining the dataset given

the model.

Posterior: The probability of a random scene/source/event s, after taking into

account the observation x. Posterior probability is also a conditional

probability ( p sjxð Þ) and is derived using Bayes’ rule.
Until recently, the question of how the brain performs
causal inference has been studied primarily in the con-
text of cognitive reasoning. However, this problem is at
least equally crucial in perceptual processing. At any
given moment, the perceptual system receives multiple
sensory signals within and across modalities and, for
example, has to determine the source of each of these
signals. Recently, a growing number of studies from
various fields of cognitive science have started to
address this question and have converged to very
similar computational models. Therefore, it seems that
a common computational strategy, which is highly con-
sistent with a normative model of causal inference, is
exploited by the perceptual system in a variety of
domains.

Traditional contexts for studying causal inference
The process of inferring whether or not an event A is
caused by another event B is often referred to as causal
inference [1]. Causal inference has been studied within
fields as diverse as philosophy [2], statistics [1,3], machine
learning [4–9] and psychology [10–12]. However, the ques-
tion of how humans perform causal inference has been
traditionally studied in the context of reasoning and cogni-
tion. For example, it has been extensively studied how the
causal relationships between diseases and the factors that
cause them are inferred by human subjects [11,12]. Here
we argue that causal inference is also an important pro-
blem in perceptual processing. The perceptual system has
to solve the problem of causal inference at any given
moment in one or more processes. In addition, correct
causal inference is arguably crucial to the survival of the
organism as incorrect inference can for example lead to the
misidentification and mislocalization of a predator or a
prey, as described below.

Defining causal inference
Every system that makes an estimate about unobserved
variables based on observed variables performs inference.
For example, in all three models depicted in Figure 1 one
can perform inference about hidden variables (white
nodes) based on observed variables (blue nodes). Themodel
in panel (a) is an example of systems in which inference
about a variable s can be performed using two or more
observations (x1 and x2). The inference process in this
scenario amounts to cue integration [13]. For example, if
s is the direction of a sound source, it can give rise to two
cues: interaural level difference (x1) and interaural
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temporal difference (x2). In this type of scenario, there is
only one cause for the observations, and the goal of infer-
ence is to quantify the value of the cause based on the two
observations. Therefore, this process does not determine
whether or not x1 and x2 were caused by s (i.e. causal
inference) but what the parameters of the cause are. The
model in panel (b) is an example of systems in which two or
more sources can influence the value of an observed vari-
able [14,15]. In these systems, inference can bemade about
unobserved variables (e.g. s1: reflectivity of a surface, and
s2: illuminant) using measurement on observed variables
(e.g. x: lightness of a surface). Although there are now two
sources/causes that influence x, the inference process still
does not determine whether s1 or s2 caused x but to what
degree each contributed to the value of x. In contrast to (a)
and (b), the system depicted in panel (c) makes inference
about whether s1 or s2 caused x. In this scenario, there are
two qualitatively different and mutually exclusive causes
(e.g. dark surface vs. shadow) possible for the observed
variable x (e.g. dark image region), and the inference
process chooses between the two. We refer to this process
as ‘causal inference.’ We, henceforth, refer to such infer-
ence problems that involve choosing between distinct and
mutually exclusive causal structures as causal inference,
and focus on studies of this form of inference.
Prior: A probability distribution, p(s), representing the prior knowledge or

expectation about the hidden variable s.
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Figure 1. Three graphical models (see Glossary) corresponding to three different

classes of inference. Observed and hidden variables are denoted by blue and white

nodes, respectively. The black arrows represent the direction of generative

process, and white arrows represent the direction of inference. (a) An example

of a generative model where one source (s) can give rise to two or more observed

variables (x1 and x2). For example, if s is the direction of a sound source, it can give

rise to two cues: interaural level difference (x1) and interaural temporal difference

(x2). The inference would involve combining these two cues to estimate the

direction of sound, i.e. a parameter of the cause not the identity of the cause. (b) An

example of a generative model in which there are two (s1 and s2) or more causes

for a given observed variable (x). For example, the lightness of a surface (x) is

affected by both reflectivity of the surface (s1) and the intensity of the light source

(s2). Although there are two ‘causes’ for the lightness of the surface, the inference

process does not address whether one or the other gave rise to lightness but to

what degree each of them contributed to the lightness. (c) An example of a

generative model that includes two or more ‘models’ or causal structures or

hypotheses (represented by the boxes). In such systems, the inference process

determines the probability of each causal structure. This process is sometimes

referred to as structural inference or model inference. For example, if x represents

a dark image region, it is either caused by a dark surface (s1) or by a shadow (s2).

Hidden variable C determines which scenario/model gave rise to the dark image

region. In this case, the inference process determines whether x was caused by s1

or s2. We refer to this type of inference as causal inference.
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Causal inference as a core problem in perception
Many of the problems that the human perceptual system
has to solve almost continuously involve causal inference.
A clear example of causal inference in perception is audi-
tory scene analysis. In nature, there are almost always
multiple sounds that reach our ears at any given moment.
For example, while walking in the forest, we might sim-
ultaneously hear the chirps of a bird, the sound of a stream
of water, our own footsteps, the wind blowing and so on.
The ears receive a complex wave that is the sum ofmultiple
complex sound waves from different sources. To make
sense of the events and objects in the environment, the
auditory system has to infer which sound components were
caused by the same source and should be combined and
which components were caused by different sources and
should be segregated.

Similarly, many basic perceptual functions in vision
involve causal inference. An obvious example here is
grouping (in the service of object formation) and segmenta-
tion. Given the ubiquity of occlusion and other kinds of
noise in visual scenes and retinal images, visual infor-
mation is always fragmented and noisy, and the visual
system has to determine which parts of the retinal image
correspond to the same object and should be grouped
together and which parts correspond to different objects
and should not be grouped together. In addition to the
problem of perceptual organization, the visual system has
to solve another type of problem that involves causal
inference. To determine how to interpret some cues,
the system has to infer which kind/class of source gave
rise to the cue. For example, to interpret a motion cue for
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structure, the nervous system has to determine whether
the object is rigid or nonrigid; to interpret the texture cue
for slant it needs to infer whether the texture is isotropic or
homogeneous and so on [16].

These kinds of inference problems exist in all sensory
modalities. However, in addition to these problems within
each modality, there is a prominent problem of causal
inference across sensory modalities. At any given moment,
an individual typically receives multiple sensory signals
from the differentmodalities and needs to determinewhich
of these signals originated from the same object and should
be combined and which originated from different objects
and should not be bound together. For example, when
walking in the forest, the nervous system has to infer that
the odor of dampness, the sound, and the image of the
stream correspond to the same object (stream), the odor of a
flower and the image of the flower correspond to the same
object, the sound of chirp is caused by a bird, and not any
other possible combination of signals and sources. This
problem can be challenging even in the simplest scenario
with only one visual stimulus and one auditory stimulus.
For example, when hearing the roar of a lion while seeing a
furry object in the foliage, the perceptual system needs to
infer whether these signals are caused by the same animal,
or different animals (a second occluded lion could be mak-
ing the roar). We will return to this simple scenario of one
visual stimulus (xV) and one auditory stimulus (xA) in our
discussion of models of causal inference later.

The problem of perceptual organization has been stu-
died extensively within each sensory modality, although
not explicitly in the framework of causal inference. The
problem of multisensory causal inference has not been
studied until recently, but there has been a surge of in-
terest in this question over the past few years. Below, we
discuss some recent models of human perception in these
domains. We start with a discussion of multisensory pro-
cessing because this area provides perhaps the most
unequivocal examples of causal inference in perception.

Causal inference in multisensory perception
Until recently, models of multisensory perception, and cue
combination at large, all assumed that different signals are
all caused by the same source [17–19], and they modeled
how the nervous system would combine the different cues
for estimating a physical property under this condition of
assumed unity (single cause, C = 1). Therefore, these
models did not consider the general condition in which
multiple sensory signals (e.g. auditory or visual signals)
can have multiple causes (e.g. multiple lions). For simpli-
city, we will focus our discussion henceforth on a situation
with two sensory signals, xV and xA (Figure 1b). Although
the majority of previous models (e.g. [20,21]) have used
maximum likelihood estimation (see Glossary) to model
cue integration, we frame the discussion in terms of Baye-
sian decision theory [5,13,22] because it is a more general
framework, not disregarding priors (see Glossary) and
decision strategy (Box 1). Under the assumption of a
common cause, the estimate of the source ŝC¼1 is obtained
by a weighted average of the estimate of eachmodality and
the prior, provided that the signals are normally distrib-
uted. (Maximum likelihood estimation disregards the prior



Box 1. Decision-making strategy

An important component of perceptual processing is the decision

strategy. The same sensory abilities in the same individual can

result in very different patterns of behavior in different tasks or even

in the same task but under different pay-off conditions. The reason

for this is that the sensory estimates are chosen so as to maximize a

certain utility, for example to help with a successful grasp of an

object, or to identify correctly who is speaking, or to determine

correctly from where the voice is coming regardless of the speaker’s

identity and so on. Bayesian decision theory provides a normative

framework for how optimal decisions would be chosen for an

observer who uses previously acquired knowledge about the

environment (i.e. prior). Bayesian inference provides an inferred

distribution of the possible values over a hidden variable s (i.e. the

posterior distribution; see Glossary). Which decision to make or

action to take strongly depends on the task at hand. The best

decision is one that maximizes the utility or equivalently, minimizes

the cost/loss L(s) for the given task. Typical loss functions in

modeling human behavior include the squared error cost function

LðŝÞ ¼ ðŝ� sÞ2 or the ‘all or nothing’ cost function LðŝÞ ¼ 1� dðŝ� sÞ.
Choosing the mean and the max of the posterior distribution of s

minimizes these loss functions, respectively.

When dealing with a hierarchical model such as the HCI model,

further options become possible, for example does the cost function

also become dependent on the causal structure C, i.e. L = L(s,C) as

opposed to L(s)? In the version of HCI proposed by Körding et al.

[28], C is an irrelevant variable to the observer (i.e. L = L(s)) and thus

it is marginalized. This strategy is known as model averaging,

LðsÞ ¼
P

C Lðs;CÞ (see Figure 2c caption). However, if subjects are

explicitly asked to report their perceived causal structure (e.g. was

there 1 or 2 sources, see [49]), or for whatever reason the correct

decision about causal inference is important in and of itself, then the

correct choice of causal structure can enter into the utility function,

i.e. L = L(s,C). This will result in a strategy that would choose the

most likely causal structure, and choose the estimate of sources

strictly according to the most likely structure C. This strategy is

known as model selection (c = argmin(L(C, s))). Box 2. Causal inference in action

Causal inference is not confined to cognitive and perceptual

processing; it seems to also play an important role in processes

relevant to action. For example, in deciding to correct motor errors,

the motor system has to first determine the source of the error (e.g.

the deviation from the target in reaching). In many motor tasks, the

errors can stem from a variety of sources. Some of these sources are

related to the nervous system whereas others are not. The motor

system should correct for all errors that are due to the motor system

itself, but ignore unstructured errors that are due to, for example

stochasticity in the environment. In a recent study by Wei and Körding

[50], the participants received visual feedback after reaching for a

target in a virtual environment. The magnitude of the error conveyed

by feedback was manipulated from trial to trial. They found a

nonlinear relation between the magnitude of error and the degree

of subsequent correction in motor behavior observed, with the largest

correction occurring for medium error range. This nonlinear behavior

was explained well by a model similar to the HCI model (see text) that

tries to infer the source of error. If the error is large (relative to the

variability in motor behavior) then it does not get attributed to the

motor system, and is instead attributed to an external source (such as

an experimenter); if the error is small, then the error is attributed to the

motor system but the degree of necessary correction is small

accordingly. The largest correction occurs for the largest size error

that can still be attributed to the motor system. This behavior is highly

similar to the nonlinear relationship between cue interaction and

degree of discrepancy between the signals as discussed in the text

(also see Figure 3a, right). In a related study, Berniker and Körding [51]

examined motor adaptation using a more general model that

explicitly assumed a changing environment and a motor system that

undergoes physiological changes (such as fatigue etc.). In such a

paradigm, the nervous system has to infer which errors are due to the

changing properties of the world and which are due to changes in the

motor system over time. A similar causal inference model was shown

to account well for the behavior of subjects in several studies in which

participants’ movements are perturbed through external means.
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resulting in a weighted average of the two sensory esti-
mates.)

A model that did allow independent sources as well as a
common source for two sensory signals was proposed by
Shams et al. [23]. This Bayesian model accounted for
auditory–visual interactions ranging from fusion to partial
integration and segregation in a numerosity judgment
task. In this model, two sources, sA and sV, were allowed,
and the joint prior probability of the two sources (i.e. p(sA,
sV)) captured the interaction/binding between the two
modalities, and resulted in the full spectrum of inter-
actions. Similar models that did not assume a single cause
and used joint priors to characterize the interaction be-
tween twomodalities were later shown to account for other
perceptual tasks. Bresciani et al. [24] and Rowland et al.
[25] used a Gaussian ridge (in contrast to the nonpara-
metric joint prior used by Shams et al. [23]) to capture the
binding between two modalities accounting for auditory-
haptic interactions in a numerosity judgment task and in a
cats’ spatial localization task, respectively. Roach et al.
used a mixture of two parametric components in their joint
prior to capture the interactions between hearing and
vision in a rate judgment task [26]. A three-dimensional
Gaussian prior capturing the interaction among three
modalities was used by Wozny et al. to account for audi-
tory–visual–tactile numerosity judgments [27].

Körding et al. [28] demonstrated that a hierarchical
Bayesian model that explicitly performs causal inference
accounts well for the auditory–visual spatial judgments of
observers. By showing that priors are encoded indepen-
dently of the likelihoods in this task, Beierholm et al. [29]
provided further evidence that the human nervous system
could indeed be performing Bayesian causal inference in
this task (see [22] for a discussion of tests of Bayesian
inference as amodel of perceptual process). This model has
also been shown to explain within-modality and cross-
modality oddity detection in a unified fashion [30]. The
same causal inference framework has also recently been
used to make predictions about the optimal time window of
auditory–visual integration [31]. Patterns of human motor
adaptation have also been shown to be consistent with
predictions of this type of causal inference model (Box 2).

This model, which we will henceforth refer to as Hier-
archical Causal Inference (HCI) model (Figure 1c), per-
forms causal inference explicitly by computing the
probability of each possible causal structure (single cause
vs. independent causes). As a simple example of multi-
sensory perception, let us assume that there is a visual
signal xV (e.g. neural representation of the image of a lion)
and an auditory signal xA (e.g. neural representation of the
roar of a lion) being processed by the nervous system.
These two signals could have been caused by the same
object, s = sA = sV (e.g. lion 1) or they might have been
caused by two independent objects, sV and sA (e.g. lion 1
and lion 2). The probability of these two signals having a
common cause (C = 1) can be calculated using Bayes’ Rule
427
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(see Glossary), and depends essentially on how similar the
sensations xV and xA are to each other, and the prior
expectation of a common cause. It has been recently shown
that altering the prior expectation of a common cause (i.e.
p(C = 1)) can strongly affect the degree of integration of two
signals [32]. If the goal of the nervous system is tominimize
amean squared error cost function of the visual or auditory
estimates (Box 1), then the optimal estimate of the
source(s) transpires to be aweighted average of the optimal
estimate for the scenario of common cause, and the optimal
estimate for the scenario of independent causes. This is a
surprisingly intuitive result: When the causal structure of
the stimuli is not known (i.e. in general), the physical
property of interest (in this example, the location of
stimuli) is estimated by taking into account the estimates
of both causal structures, eachweighted by their respective
probability (Figure 1c).

Model inference in unisensory perception
Yuille, Bülthoff and colleagues [13,33] were the first to
point out that the perceptual system is faced with a model
inference problem. They made the observation that the
visual system makes specific assumptions in relation to
subclasses of objects/surfaces in interpreting many visual
cues. For example, the motion cue for extracting structure
is interpreted differently depending on whether the object
is rigid or nonrigid, and the shading cue for shape is
interpreted differently depending on whether the object
has a lambertian or specular reflectance. Yuille and col-
leagues proposed that different assumptions about objects
compete in finding the best explanation of the retinal
image [13,33]. They showed that competitive priors in a
Bayesian Decision Theory framework can characterize this
process well. In this competitive prior model, the prior
distribution is a mixture of different priors, each corre-
sponding to a subclass of the object property relevant to the
interpretation of a cue (e.g. rigid vs. nonrigid for motion
cue; or lambertian vs. specular for shading cue, etc.).
Estimating the object property would involve selecting
the model (e.g. lambertian vs. specular) that would best
explain the sensory data. This is the case even if the task of
the observer is only to estimate the property of interest
(shape or depth, etc.) and not to explicitly estimate the
object class (lambertian vs. specular).

Recently, Knill has developed a model that achieves
roust integration using model inference [34]. Robust integ-
ration refers to integration of cues in a manner in which a
cue that is deemed to be unreliable/irrelevant does not get
combined with other cues for the estimation of an environ-
mental variable [35]. As with Yuille’s model, this model is a
Bayesian mixture model [16,36]. In one study, Knill inves-
tigated slant perception from figure compression cues and
binocular disparity cues [34]. The figure compression cue
for the type of stimuli used in the experiment (ellipses) is
only informative if the object is a circle. Therefore, the
weight of the compression (aspect ratio) cue for slant
estimation depends on whether the object is a circle or
an ellipse. The observers use the compression cue primar-
ily when it is not in large conflict with the stereoscopic
cue. When the conflict between the two estimates is large,
the objects seem to be interpreted as ellipses and the
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compression cue is down-weighted and the stereoscopic
cue dominates. Knill [34] showed that this and other
patterns of behavior in this task are captured by a mixture
model that assumes objects are either circular or ellipsoid.
This Bayesian model assigns a greater weight to the model
with the higher probability (which depends on the prior
probability of the two models, as well as the sensory
evidence for the model, as determined by the consistency
with the other cue). Knill also showed that the human
perception of planar orientation from texture cue is quali-
tatively consistent with this type of mixture model [16]. A
further development in this line of research is to expand on
the possible relations between the sources. For example, in
vision, occlusion specifies that one object has a depth larger
than another, a relation that can be inferred with a variant
of HCI [37].

Model inference has recently been shown to account for
motion direction perception in multiple tasks [38]. Obser-
vers’ responses in a coarse discrimination task (left or right
of a reference) as well as a subsequent response on amotion
direction identification task were predicted well by a Baye-
sian model that computed the probability of each hypoth-
esis (left vs. right) and estimated the direction of motion
based on the more likely hypothesis.

The types of model inference discussed above can be
thought of as causal inference, if we consider these
mutually exclusive classes of objects (rigid vs. nonrigid,
circle vs. ellipse, leftward vs. rightward movement) as
causes for the sensory signal. Moreover, as we will discuss
in a following section, this type of model inference is closely
related computationally to the types of causal inference
performed by the models of multisensory perception we
discussed earlier.

Heavy-tailed distributions and causal inference
Another class of models that are computationally highly
similar to the causal inference models discussed above is
models utilizing heavy-tailed distributions (see Glossary).
Some recent studies have suggested that heavy-tailed
distributions explain human behavior in certain percep-
tual tasks better than commonly assumed Gaussian distri-
butions. In a study of human motion perception, Stocker
and Simoncelli [39] estimated the shape of a prior distri-
bution from observers’ judgments of speed, and found that
the distribution had a tail that was heavier than that of a
Gaussian distribution. More recently, Lu et al. [40] have
shown that heavy-tailed distributions for slowness and
smoothness priors can explain observers’ perception of
direction of coherent motion better than Gaussian priors.
A heavy-tailed prior for motion allows the perceptual
system to effectively ignore the prior if the visual data
are highly discordant with the prior bias for slowness and
smoothness of motion. Heavy-tailed likelihood or prior
distributions have also been shown to be able to account
for robust integration of visual cues [34,41,42] or postural
cues [43].

What all of these tasks have in common is that they all
involve a causal inference problem. For example, in the
motion perception task, the perceptual system has to
decide whether the two (or more) patches of local motion
belong to the same object, and thus should be subjected to



Box 3. Causal inference in animal navigation

Studies of navigation in animals have indicated that most animals

can exploit multiple sources of information (cues) for navigation.

One source of information is called path integration, and refers to

the ability to keep track of distance and direction of path traversed.

Another cue that many animals are able to exploit is landmarks. It

has been shown that rats, hamsters, honeybees and spiders are able

to use both of these cues for navigation [52], and when the

discrepancy between the two cues is small, a bigger weight is given

to the landmark cue than path integration [53–55]. However, when

the conflict between the two cues is large (90 or 180 degrees), the

landmark cue seems to be ignored, and rats and hamsters seem to

rely entirely on the path integration cue [54,56]. The dominance of

the landmark cue in low-conflict conditions suggests that it is more

reliable. Therefore, it seems odd that in conditions of large conflict

the navigation system would switch to the less reliable cue and veto

the more reliable cue. It has been proposed [52] that a sparse

landmark cue is precise (and hence reliable), however ambiguous,

because some landmarks (such as trees) are not unique, or some

landmarks can move. To the contrary, the path integration cue is not

very precise (and hence not very reliable), however, neither is it

ambiguous. The navigation system of these animals seems to be

involved in a process of causal inference, deciding whether the

landmark cue corresponds to the target or to another location. If the

landmark cue is consistent with another cue (path integration), it

pushes the inference in favor of a common cause, and then the two

cues get integrated (and the higher reliability of the landmark cue

would result in a higher weight for it in the combination). If,

however, the landmark cue is in large conflict with the path

integration cue, it is inferred to correspond to another location,

and does not get integrated with the path integration cue. In other

words, the mixed prior model (either the same target or different

targets) together with the narrow landmark likelihoods and the

broad path integration likelihoods would predict exactly the kind of

behavior that is observed in these animals. Note that there is a very

strong parallel between this scheme of cue combination and the

human multisensory integration [28] and robust integration in

vision [34] described in the text.

Figure 2. Different causal structures and their respective optimal estimates of

location of an auditory source. The red curve represents auditory likelihood

distribution p xAjsAð Þ and the blue curve represents the visual likelihood p xV jsVð Þ.
Here, for the sake of simplicity, we assume that the prior is uniform (i.e.

uninformative), and both auditory and visual likelihoods have a normal

distribution. (a) If the audio and visual signals xA and xV are assumed to have been

caused by separate sources (C = 2), the signals should be kept separate. Thus, the

best estimate of location of sound is only based on the auditory signal. The optimal

estimate of location of sound ŝA;C¼2 is therefore the mean of the auditory likelihood.

(b) If the two signals are assumed to have been caused by the same object (C = 1), the

two sensory signals should be combined by multiplying the two likelihoods that

results in the brown distribution. Therefore, the optimal estimate of the location of

sound ŝA;C¼1 is the mean of this combination distribution. (c) In general, the observer

does not know the causal structure of events in the environment, and only has access

to the sensory signals; therefore there is uncertainty about the cause of the signals. In

this case, the optimal estimate of the location of sound, ŝA, is a weighted average of

the estimates corresponding to the two causal structures, the mean of the brown and

the mean of the red distributions, each weighted by their respective probability

ŝA ¼ p C ¼ 1jxA; xVð ÞŝA;C¼1 þ p C ¼ 2jxA; xVð ÞŝA;C¼2.
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the constraint of smoothness prior, or whether they belong
to two different objects and thus can have completely
different speeds and directions. In the cue combination
tasks, the nervous system has to determine whether the
two cues originate from the same object, and thus should be
integrated, or whether they correspond to different objects
and should not be integrated. The heavy-tailed prior or
likelihood distributions in effect serve as mixture models
allowing two different regimes, a unity regime represented
by the narrow peak, and the independence regime
represented by the wide tails. Therefore, models utilizing
heavy-tailed distributions can be considered to be
implicitly performing causal inference (Box 3).

Comparing different models
We now briefly discuss how the various models discussed
so far relate to each other to examine computational sim-
ilarities and differences across these models. The HCI
model and Knill’s mixture model are mathematically
almost equivalent (Figure 3a). The main conceptual differ-
ence between the two models is that the HCI model infers
whether the two sensory signals are caused by one or two
objects, whereas in Knill’s model it is assumed that the
two sensory signals are caused by a single source, and
an inference is made about the class (circle vs. ellipse)
of the object. Hospedales et al.’s model [30] is the same
as HCI.
Yuille et al.’s competitive prior model [13,33] and
Stocker and Simoncelli’s [38] compute the probability of
each hypothesis the same way as the models mentioned
above. The main difference between Yuille et al.’s and
Stocker and Simoncelli’s models versus Knill’s and the
HCI models is in the loss function that results in a model
selection scheme in the former as opposed to model aver-
aging in the latter (Box 1).

HCI [28] is a hierarchical Bayesian model. By integrat-
ing out the variable C (Figure 2c), the HCI model can be
recast as a special form of the nonhierarchical model of

Shams et al. [23] (pðsA; sV jxA; xVÞ ¼ pðxAjsAÞpðxV jsV ÞpðsA;sV Þ
pðxA;xV Þ

)

where the prior over sources takes the form p(sA,
sV) = p(C = 1)p(s) + p(C = 2)p(sA)p(sV). This formulation
makes the HCI model easy to compare with several other
models that, although not explicitly formulated to study
causal inference, are computationally very similar.

Althoughmore restricted than Shams et al.’s [23] model,
HCI has the advantage that it is more parsimonious (fewer
parameters) and allows for a model selection strategy [42]
(Box 1). Of course, if C is not marginalized, then HCI can in
429
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addition make direct predictions about the judgments of
causal structure.

In the models of multisensory integration presented
in Roach et al. [26] and Sato et al. [44] (Fig. 3b), the choice
of causal structures is not between a single source or
independent sources, but instead between correlated
sources and independent sources. In heavy-tailed models
(Figure 3d,e), the heavy-tailed distribution can be thought
of as a mixture of two distributions, a narrow one and a
wide one, very similar to the prior distributions shown in
Figure 3a,b. In Stocker and Simoncelli [39], Lu et al. [40]
and Dokka et al. [43] it is the prior that is heavy tailed,
whereas in Natarajan et al. [42] and Girshick and Banks
[41] it is the likelihood function that is heavy-tailed. How-
ever, the effect on the posterior function and response
Figure 3. Comparison of different models. The prior distributions for different mode

dimensional prior, we only focus on one dimension (e.g. location of sound), and show t

i.e. a slice from the two dimensional prior. This is shown in the second column. Likeliho

creates the posterior distribution (e.g. p sAjxA; xVð Þ) shown in the fourth column. A

distribution. The relationship between the physical source (e.g. sV) and the perceptual

averaging for each model, blue is model selection (Box 1), dotted line is the response fo

except for those in (c), exhibit a nonlinear response behavior (both red and blue curves):

is not large. In this regime, larger discrepancies result in a larger interaction. However,

interaction goes back to zero. The models listed for each row are qualitatively similar, a

opposed to Gaussian) as one element of the mixed prior. Wozny et al. [27] use a thre

composed of two components. The spike represents one hypothesis (common cause i

another hypothesis (e.g. independent causes or ellipse shape; see text for explanation).

the perceived slant) for sA = 0 (representing a specific location of sound or the slant as co

visual stimulus or the compression cue). As sV gets farther from sA (i.e. zero) the respons

the response goes back to sA again (in effect ignoring sV). (b) The prior is composed of

qualitatively the same as that of models in (a). (c) The prior is a Gaussian ridge, toget

response behavior. (d) The prior is a heavy-tailed distribution. This results in a nonline

speed. The rightmost panel shows response (perceived speed) as a function of true vis

error first increases, and then it decreases as the discrepancy between the two gets too l

is a heavy-tailed distribution, shown in this case in the second column. This likelihood fo

disparity) shown in the third column. The rightmost panel shows perceived slant as a fun

the posterior and response in this model with those of (a), (b) and (d) shows that a heav

thus, the response behavior.
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behavior is the same as can be seen in Figure 3d,e. There-
fore, all of these models represented in Figure 3a,b,d,e are
computationally very similar and produce very similar
quantitative predictions for the estimate of sources as seen
in the last column.

It should be noted that all of these models
(Figure 3a,b,d,e) involve ‘complex’ priors (referring to mix-
ture of priors or unstructured priors). This feature dis-
tinguishes these models from models that use a single
parametric (typically Gaussian) prior distribution. For
example, Bresciani et al. [24] used a Gaussian distribution
(Figure 3c) to model the difference between causes (p(sA,
sV) = N(sA � sV, s)), and Wozny et al. [27] used a multi-
variate Gaussian distribution as prior for three sources
(p sA; sV ; sTð Þ). Because the product of Gaussians is itself a
ls are shown in the leftmost two columns. For simplicity, for models with a 2-

he one dimensional prior for a specific value of the second dimension (e.g. sV = 0),

od functions are shown in the third column. Multiplying the priors and likelihoods

response (e.g. ŝA) is generated by taking the arg-max or mean of the posterior

estimate (e.g. ŝA) is shown in the rightmost column. Red line represents model-

r the independent model (C = 2), dashed line for the full fusion (C = 1). All models,

the sources of information get combined so long as the discrepancy between them

once the discrepancy becomes large, the sources no longer get combined, and the

lthough small differences can exist. For example, Knill [34] uses a log-gaussian (as

e-dimensional Gaussian. (a) These are mixture models with the prior distribution

n [28] and [30]; and circle hypothesis in [34]) and the isotopic Gaussian represent

The rightmost panel represents the response ŝA (e.g. perceived auditory location or

nveyed by binocular disparity) as a function of the other source, sV (e.g. location of

e gets farther from sA, however when the discrepancy between sV and sA get large,

two components, a Gaussian and a uniform distribution. The response behavior is

her with the Gaussian likelihood, this results in a Gaussian posterior, and a linear

ar response behavior similar to those of (a) and (b). The prior has a mode at zero

ual speed. As the visual sensation gets farther from the expected speed (zero), the

arge. (e) In this model, the prior is uniform, however one of the likelihood functions

r the texture cue is combined with the Gaussian likelihood of another cue (binocular

ction of texture signal, for a disparity cue consistent with zero slant. Comparison of

y-tailed prior and heavy-tailed likelihood have the same effect on the posterior and
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Gaussian, such a scheme leads to a linear combination of
cues and does not predict complete segregation of signals
(Figure 3c). Although in experimental settings a complete
segregation might not occur frequently (these models have
accounted for data very well), in real life with multiple
signals potentially caused by entirely disparate sources the
complete segregation of signals (i.e. no interaction whatso-
ever) might occur more frequently.

Concluding remarks
As described earlier, there are several studies from a
diverse number of cognitive science subfields including
vision science [13,33,34,38], multisensory integration
[23,24,26–30], robotics and machine learning [44,45] that
have proposed very similar computational solutions to the
problem of causal inference. These theories have also been
tested against human behavior showing that the human
perceptual system seems to be endowed with mechanisms
that can perform causal inference in a fashion consistent
with normative models [23,24,26–30,38]. Another note-
worthy aspect of some of these studies is that a common
computational strategy seems to be used in different per-
ceptual domains. For example, Knill [34] and Körding et al.
[28] have independently developed two normative models
to account for perceptual phenomena. These models are
essentially computationally equivalent, and they account
very well for two very different perceptual functions: per-
ception of slant of a surface based on inference about the
shape of the object (type of cause), and perception of space
based on inference about causal structure of the sources of
multisensory stimuli.

The computational strategies used for solving the
causal inference problem in perception could have evol-
utionary roots. In Box 3 we discuss a problem in animal
(rats, hamsters and bees) navigation that remarkably
parallels some problems of causal inference that we dis-
cussed here. A computational strategy similar to the
Box 4. Questions for future research

� How would causal inference work in more complex/realistic

conditions in which the perceptual system has to choose from

many possible causal structures as opposed to two or three?

Would optimal performance become computationally too expen-

sive to achieve by the nervous system? Are there heuristics or

constraints that the nervous system can utilize to achieve optimal

inference in such conditions?

� How do subjective priors (the a priori biases that an observer

exhibits in their responses) compare to objective priors (reflecting

the statistics of the environment)? Are they typically consistent,

that is are subjective priors always ecologically valid?

� What is the loss function employed in perceptual causal

inference? Is it consistent with the loss function(s) used in

cognitive tasks? Are different loss functions used for different

tasks and conditions and if so, why?

� Does unisensory causal inference take place before multisensory

causal inference or vice versa, or do all perceptual causal

inferences occur in parallel?

� How context-dependent is perceptual causal inference? How easy

is it to learn or modify the causal inference process for new

contexts and environments?

� Does causal inference occur explicitly or implicitly in perception in

natural settings (when observers are not probed to report their

perceived causal structure)? Does the nervous system commit to a

certain causal structure at any stage of perceptual processing?
normative solutions discussed here in the context of
human perception seems to be employed by these animals
in solving this problem. On the other hand, a modeling
study has recently shown that causal inference in multi-
sensory perception can arise through reinforcement
learning from interactions with the environment [46].
Indeed, this kind of simple reward-based learning is a
mechanism that is shared across species; therefore, this
computational strategy could also develop as a result of
learning. It has been proposed that norepinephrine med-
iates the inference about causal structure uncertainty
(the identity of a cause) in the brain [47]. However,
further theoretical and experimental research is needed
to unravel the neural mechanisms of causal inference see
also Box 4.

We believe that the fact that different research groups
from different fields of cognitive science have converged on
similar computational models for a diverse set of percep-
tual functions is remarkable, and speaks to the importance
of the causal inference framework for understanding per-
ception.
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