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ABSTRACT functions have been discussed in [9], such as Laplacian, Hu-

In this paper, we derive a general formulation of support P€r's,e-insensitive and Gaussian etc.

vector machines for classification and regression respectively. !N this paper, we generalize these popular loss functions
L. loss function is proposed as a patchlof and L soft and put forward new loss functions for classification and re-

margin loss functions for classifier, while soft insensitive 9ression respectively. The two new loss functions @te
loss function is introduced as the generalization of popular STooth. By introducing these loss functions in the regular-
loss functions for regression. The introduction of the two i2ed functional of classical SVMs in place of popular loss
loss functions results in a general formulation for support functions, we derive a general formulation for SVMs.
vector machines.

2. SUPPORT VECTOR CLASSIFIER

1. INTRODUCTION
In classical SVMs for binary classification (SVC) in which

As computationally powerful tools for supervised learning, the target values; € {—1,+1}, the hard margin loss func-
support vector machines (SVMs) are widely used in clas- tion is defined as
sification and regression problems [10]. Let us suppose

that a data seD = {(z;,y;)|i = 1,...,n} is given for (Yo - fo) = {
training, where the input vectar; € R¢ andy; is the tar-

get value. SVMs take the idea to map these input vectorsThe hard margin loss function is suitable for noise-free data
into a high dimensional reproducing kernel Hilbert space sets. For other general cases, a soft margin loss function is
(RKHS), where a linear machine is constructed by mini- popularly used in classical SVC, which is defined as

mizing a regularized functional. The linear machine takes

0 if Yo fo2=+1
+o00  otherwise.

)

the form of f(z) = (w - ¢(z)) + b, whereg(-) is the map- 0 if Yoo fo =+
ping function,b is known as the bias, and the dot product  £o(Yz - f2) = 1 (1 —ys - fo)? otherwise,

(¢p(x) - ¢(x")) is also the reproducing kerné&l(z, ') in the

RKHS. The regularized functional is usually defined as ®3)

wherep is a positive integer. The minimization of the regu-
- 1 larized functional (1) with the soft margin (3) as loss func-
R(w,b)=C"- ZE(%, flai) + 5”“’“2 @) tion leads to a convex programming problem for any posi-
=t tive integerp; for L1 (p = 1) or Ly (p = 2) soft margin, it
where the regularization parametér> 0, the norm ofw in is also a convex quadratic programming problem.
the RKHS is the stabilizer angl"_, ¢(y;, f(z;)) is empiri-
cal loss term. In standard SVMs, the regularized functional 2.1. 1., Loss Function
(1) can be minimized by solving a convex quadratic pro- ) ] )
gramming optimization problem that guarantees a unique V& generalize thé, and L, soft margin loss functions as
global minimum solution. the L. soft margin loss function, which is defined as
Various loss functions can be used in SVMs that results 0 ) )
. K . e i Zf Yoz f’I‘ > 1;
in quadratic programming. In SVMs for classification [1], (1= go - fo)?
hard margin,L; soft margin andL, soft margin loss func-  £e(Yo-fz) = Yo' Jz if 1>y.-fo>1-2¢
tions are widely used. For regression, a lot of common loss (1—y, _efm) — ¢ otherwise,
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problem would be:

Soft Margin Loss Functions in SVC

e Lw,b &) = S wel(&) + HIwlP = iy &
T Y ] = ai (i (W) +b) — 1+ &)
L \ i =1

6 \\ L, soft i (8)

o v il The KKT conditions for theorimal problem (5) require
4\\\\\ \\\ ] W:Zyi'ai'¢($i) )

3 s L, soft margin \ _ i=1

: R ’ Sviai=0 (10)
. Le soft margin " N =1

a € K .
oF C- 7[:95(5 ) =o; + Y Vi (11)
A Based on the definition af.(-) given in (7) and the con-

straint condition (11), an equality constraint on Lagrange
Figure 1: Graphs of soft margin loss functions, wheis multipliers can be explicitly written as
setat 1. ¢ )
C-st=ai+y if 0<& <2

C=a;+v if & >2e Vi (12)

From their definitions and Figure 1, we find that the If we collect all terms involving; in the Lagrangian (8), we
soft margin approaches b, soft margin as the parameter getT; = Cy.(&;) — (a; + ;)& Using (7) and (12) we can
e — 0. Lete be fixed at some large value, the soft margin rewrite T; as
approaches thé, soft margin for all practical purposes. €

T { —Slatm) if §e0,2e);

(13)
—Ce if &€ (2 +00).

2.2. Optimization Problem

- . €
The minimization problem in SVC (1) with the, soft mar- Thus thet; can be eliminated if we sdt = _5(0‘1' +7:)°
gin loss function can be rewritten as the following equiv- @nd introduce the additional constrairts< «; + 7; <
alent optimization problem by introducing slack variables C'- Then thedual problem can be stated as a maximization
&E>1—y; - (<W p(xi)) + b) Vi, which we refer to asthe  Problem in terms of the positive dual variablesand-;:

primal problem n
maxR Zal——z az—i—%

mmeb€ o Zw" &)+ 7HWH2 ©) _*iia i oy (o) - pw5))

=1 1=1
subject to (14)
subject to

yi - ((W-p(x;)) +b) > 1-&, Vi ©) n
& =0, Vi Oéi20,71‘2070S04i+%SC,WandZai'inO-
i=1
where (15)
It is noted thatR(c,v) < R(e,0) for any o and~ sat-

e isfying (15). Hence the maximization of (14) ovex,~)
Ye(§) = de if € €0,2€; () can be found as maximizirg(c«, 0) over0 < o; < C and
§—e€ if €€ (2+00). S a;-y;i = 0. Therefore, thelual problem can be finally
simplified as

Standard Lagrangian techniques [4] are used to derive n n
the dual problem. Leta; > 0 and~; > 0 be the cor- min — - 2
i Yi Yy xl; Zj az CYZ
responding Lagrange multipliers for the inequalities in the <« 2 ; ; 7 i) Z ;
primal problem (6), and then the Lagrangian for grémal (16)



subjecttol < a; < C,Viand)"! | a; - y; = 0. With the subject tol; < &; < w;, Vi and) ! ;& = 0 where
equality (9), the linear classifier can be obtained from the [; = 0, u; = C; wheny; = +1 andl; = —C;, u; = 0
solution of (16) a5 (z) = > i, a;-y; - K (x;,x)+bwhere  wheny, = —1. As to the algorithm design for the solu-

b can be easily obtained as a byproduct in the solution. Intion, matrix-based quadratic programming techniques that
most of the cases, only some of the Lagrange multipliers, use the “chunking” idea can be employed here. Popular
«;, differ from zero at the optimal solution. They define SMO algorithms [7, 5] could be easily adapted for the solu-

the support vectors (SVs) of the problem. More exactly,

the training sampleéz;, y;) associated withy; satisfying

0 < «a; < C are called off-bound SVs, the samples with
= C are called on-bound SVs, and the samples with

a; = 0 are called non-SVs.

2.3. Discussion

The above formulation (16) is a general framework for clas-

sical SVC. There are three special cases of the formulation:

1. L, soft margin: the formulation is just the SVC using
L, soft margin if we set = 0.

. Hard margin: when we set= 0 and keepC' large
enough to prevent ang; from reaching the upper
boundC, the solution of this formulation is identical
to the standard SVC with hard margin loss function.

. Lo soft margin: when we seg equal to the regu-

larization parameter in SVC with, soft margin, and
keepC large enough to prevent any from reaching
the upper bound at the optimal solution, the solution
will be same as that of the standard SVC withsoft
margin loss function.

tion. For a program design and source code, refer to [2].

3. SUPPORT VECTOR REGRESSION

A lot of loss functions for support vector regression (SVR)
have been discusses in [9] that leads to a general optimiza-
tion problem. There are four popular loss functions widely
used for regression problems. They are

1. Laplacian loss functioné;(9) = |4].

2. Huber’s loss function:

& if ol <2e
otherwise.

f 6 — 4e
@ ={
e-insensitive loss function:

|0] — e otherwise.
Gaussian loss functiorty (§) = 1

4. 152,

We introduce another loss function as the generalization of
these popular loss functions.

3.1. Soft Insensitive Loss Function

In practice, such as on unbalanced data sets, we wouldThe loss function known as soft insensitive loss function

like to use different regularization parametérs andC_

for the samples with positive label and negative label sepa-
ratelyl As an extremely general case, we can use different

regularization parameter; for every sampléz;, y;). Itis
straightforward to obtain the genedilal problem as

1 n n n n

(17)
subjecttd) < o; < C;,Viand)y_ ;" | a;-y; = 0. Obviously,
the dual problems (17) is a constrained convex quadratic
programming problem. Denotir®) = [y1 a1, Y2, - - ., Yn s,
P =[-y1,—y2,...,—y,)T and@ = K + A whereA is
an x n diagonal matrix withA;; = 26 and K is the ker-
nel matrix with K,; = K(x;, z;), (17) can be written in a
general form as

K(z;,x5)—

1
min §aTQoz + PTa (18)

1The ratio betwee®',. andC'_ is usually fixed ats % where
N is the number of samples with positive label dlvid is the number of

samples with negative label.

Ct _

(SILF) is defined as:

6l —e  if 16> (1+P)e
lep(0) = WA 5 (14 B)e > |6] > (1 - H)e
0 if 16l < (1—B)e

(19)
where0 < 8 < 1 ande > 0. There is a profile of SILF as
shown in Figure 2. The properties of SILF are entirely con-
trolled by two parameterg; ande. For a fixede, SILF ap-
proaches the-ILF as3 — 0; on the other hand, &% — 1,
it approaches the Huber’s loss function. In addition, SILF
becomes the Laplacian loss functioneas> 0. Hold ¢ fixed
at some large value and I8t— 1, the SILF approach the
quadratic loss function for all practical purposes. The ap-
plication of SILF in Bayesian SVR has been discussed in

3].

3.2. Optimization Problem

We introduce SILF into the regularized functional (1) that
will leads to a quadratic programming problem that could
work as a general framework. As usual, two slack variables



Soft Insensitive Loss Function
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Figure 2: Graphs of soft insensitive loss functions, where

e =0.5andg = 0.5.

& and¢; areintroduced a§ > y; —(w-¢(z;))—b—(1—0)e
and¢l > (w-é(x;))+b—y; —(1—)e ¥i. The minimization

of the regularized functional (1) with SILF as loss function
could be rewritten as the following equivalent optimization
problem, which is usually callegrimal problem:

1
wIingng* R(w,b,&, ) CZ Vs (&) +1s(& )) 5”“’”2
(20)
subject to
yi — (W-d(z)) —b < (1 - Be+ &
(W () +b—y; < (1= Be+&; (21)
&>0; & >0 Vi
where
62
ws(g) _ { rﬁe if €€ [072ﬁ€]§ (22)
E—PBe if €€ (2B¢,+0).

Leto;, > 0, af > 0,7 > 0and~ > 0 Vi be the
corresponding Lagrangian multipliers for the inequalities in
(21). The KKT conditions for th@rimal problem require

w = Z(ai - (z4) (23)
i=1
i:(ai —af)=0 (24)
i=1
C- e (&) =a;+v Vi (25)

9,

Me(&])
239
Based on the definition af, given by (22), the constraint
condition (26) could be explicitly written as equality con-

straints:

C- Vi

=a; +7; (26)

&
) e <& <
o+ i C 266 Zf O_gz _266 (27)
a;+7,=C if & >2Pe
a“—k—i—M‘:C- S;k if 0<&<20e
i 4 266 - > = (28)
of +vi=C if & > 20€

Following the analogous arguments as SVC did in (13),
we can also eliminatg; and{; here. That yields a max-
imization problem in terms of the positivdual variables

w, b€ &

max
oy,o,y”

2 33 (e - i)y — a6l - ()

i=1 i=1
n

=Y (ai+ai)(1 - pBe

(0 + %)% + (o +77)%)

(29)
subjecttoo; > 0,07 > 0,7 > 0,7 > 0,0 <o+ <
C\Vi,0 < af +v; <C,Viand> ! (a; —of) = 0. As
~; andv; only appear in the last term in (29), the functional
(29) is maximal when; = 0 andv; = 0 V4. Thus, thedual
problem can be simplified as

NI

min  R(a, a* — o) K (x4, 2,)

et =1 1= 1
*Z(ai *a?)yﬁZ(aﬁa?)(lfﬂ)e
i=1 =1
Be .
+E; (af +a7?)

(30)
subjecttd) < o; < C,Vi,0 < af < C,Viand)_!" (o —
af) = 0. With the equality (23), the dual form of the re-
gression function can be written gx) S (o —
af)K (x;,x) +b.

3.3. Discussion

Like SILF, thedual problem (30) is a generalization of the
several SVR formulations. More exactly,

1. when we se = 0, (30) becomes the classical SVR
usinge-insensitive loss function;

2. When s = 1, (30) becomes that when the Huber’s
loss function is used.



3. When = 0 ande = 0, (30) becomes that for the
case of the Laplacian loss function.

4. As for the optimization problem (1) using Gaussian
loss function with the variance?, that is equivalent

to the general SVR (30) witl} = 1 and% = o2
provided that we keep upper bouddlarge enough

to prevent anyw; and«; from reaching the upper
bound at the optimal solution. That is also the case of

least-square support vector machines. As for a SMO
algorithm design, refer to [6].

Thedualproblem (30) is also a constrained convex quadratic
programming problem. Let us denote

a=lag,...,an,—al, ..., —ax]T,
P:[_yl+(1_ﬂ)€7"'a_yn+(1_ﬁ)€a
—y1— (1= B)e, .o, —yn — (1= B)e]"
[ K+ 2T K
@= K K+ 21

whereK is the kernel matrix withij-entry K (z;, =), (30)
can be rewritten as
1
min 5dTQd +PTa (31)
subject tal; < a; < u;, Vi and>.>", &; = 0 wherel; = 0,

u;, =Cforl <i<nandl; =—-C,u; =0forn+1<
1 < 2n.

4. CONCLUSION

In this paper, we introduce two loss functions as the gen-
eralization of popular loss functions for SVC and SVR re-
spectively. The dual problem of SVMs arising from the in-
troduction of the two loss functions could be used as a gen-
eral formulation for SVMs. The optimization problems in
SVMs with popular loss functions could be obtained as the
special cases in the general formulation we derived. As a
byproduct, the general formulation also provides a frame-
work that facilitates the algorithm implementation.
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