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ABSTRACT

In this paper, we derive a general formulation of support
vector machines for classification and regression respectively.
Le loss function is proposed as a patch ofL1 andL2 soft
margin loss functions for classifier, while soft insensitive
loss function is introduced as the generalization of popular
loss functions for regression. The introduction of the two
loss functions results in a general formulation for support
vector machines.

1. INTRODUCTION

As computationally powerful tools for supervised learning,
support vector machines (SVMs) are widely used in clas-
sification and regression problems [10]. Let us suppose
that a data setD = {(xi, yi)|i = 1, . . . , n} is given for
training, where the input vectorxi ∈ Rd andyi is the tar-
get value. SVMs take the idea to map these input vectors
into a high dimensional reproducing kernel Hilbert space
(RKHS), where a linear machine is constructed by mini-
mizing a regularized functional. The linear machine takes
the form off(x) = 〈w · φ(x)〉 + b, whereφ(·) is the map-
ping function,b is known as the bias, and the dot product
〈φ(x) ·φ(x′)〉 is also the reproducing kernelK(x, x′) in the
RKHS. The regularized functional is usually defined as

R(w, b) = C ·
n∑

i=1

`
(
yi, f(xi)

)
+

1
2
‖w‖2 (1)

where the regularization parameterC > 0, the norm ofw in
the RKHS is the stabilizer and

∑n
i=1 `

(
yi, f(xi)

)
is empiri-

cal loss term. In standard SVMs, the regularized functional
(1) can be minimized by solving a convex quadratic pro-
gramming optimization problem that guarantees a unique
global minimum solution.

Various loss functions can be used in SVMs that results
in quadratic programming. In SVMs for classification [1],
hard margin,L1 soft margin andL2 soft margin loss func-
tions are widely used. For regression, a lot of common loss
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functions have been discussed in [9], such as Laplacian, Hu-
ber’s,ε-insensitive and Gaussian etc.

In this paper, we generalize these popular loss functions
and put forward new loss functions for classification and re-
gression respectively. The two new loss functions areC1

smooth. By introducing these loss functions in the regular-
ized functional of classical SVMs in place of popular loss
functions, we derive a general formulation for SVMs.

2. SUPPORT VECTOR CLASSIFIER

In classical SVMs for binary classification (SVC) in which
the target valuesyi ∈ {−1, +1}, the hard margin loss func-
tion is defined as

`h(yx · fx) =
{

0 if yx · fx ≥ +1;
+∞ otherwise.

(2)

The hard margin loss function is suitable for noise-free data
sets. For other general cases, a soft margin loss function is
popularly used in classical SVC, which is defined as

`ρ(yx · fx) =





0 if yx · fx ≥ +1;
1
ρ

(1− yx · fx)ρ otherwise,

(3)
whereρ is a positive integer. The minimization of the regu-
larized functional (1) with the soft margin (3) as loss func-
tion leads to a convex programming problem for any posi-
tive integerρ; for L1 (ρ = 1) or L2 (ρ = 2) soft margin, it
is also a convex quadratic programming problem.

2.1. Le Loss Function

We generalize theL1 andL2 soft margin loss functions as
theLe soft margin loss function, which is defined as

`e(yx·fx) =





0 if yx · fx > 1;
(1− yx · fx)2

4ε
if 1 ≥ yx · fx ≥ 1− 2ε;

(1− yx · fx)− ε otherwise,
(4)

where the parameterε > 0.
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Figure 1: Graphs of soft margin loss functions, whereε is
set at 1.

From their definitions and Figure 1, we find that theLe

soft margin approaches toL1 soft margin as the parameter
ε → 0. Letε be fixed at some large value, theLe soft margin
approaches theL2 soft margin for all practical purposes.

2.2. Optimization Problem

The minimization problem in SVC (1) with theLe soft mar-
gin loss function can be rewritten as the following equiv-
alent optimization problem by introducing slack variables
ξi ≥ 1− yi ·

(〈w · φ(xi)〉+ b
) ∀i, which we refer to as the

primal problem

min
w,b,ξ

R(w, b, ξ) = C ·
n∑

i=1

ψe

(
ξi

)
+

1
2
‖w‖2 (5)

subject to

{
yi ·

(〈w · φ(xi)〉+ b
) ≥ 1− ξi, ∀i

ξi ≥ 0, ∀i (6)

where

ψe(ξ) =





ξ2

4ε
if ξ ∈ [0, 2ε];

ξ − ε if ξ ∈ (2ε, +∞).
(7)

Standard Lagrangian techniques [4] are used to derive
the dual problem. Letαi ≥ 0 and γi ≥ 0 be the cor-
responding Lagrange multipliers for the inequalities in the
primal problem (6), and then the Lagrangian for theprimal

problem would be:

L(w, b, ξ) = C ·∑n
i=1 ψe

(
ξi

)
+ 1

2‖w‖2 −
∑n

i=1 γi · ξi

−
n∑

i=1

αi ·
(
yi · (〈w · φ(xi)〉+ b)− 1 + ξi

)

(8)
The KKT conditions for theprimal problem (5) require

w =
n∑

i=1

yi · αi · φ(xi) (9)

n∑

i=1

yi · αi = 0 (10)

C · ∂ψe(ξi)
∂ξi

= αi + γi ∀i (11)

Based on the definition ofψe(·) given in (7) and the con-
straint condition (11), an equality constraint on Lagrange
multipliers can be explicitly written as

C · ξi

2ε = αi + γi if 0 ≤ ξi ≤ 2ε
C = αi + γi if ξi > 2ε ∀i (12)

If we collect all terms involvingξi in the Lagrangian (8), we
getTi = Cψe(ξi)− (αi + γi)ξi. Using (7) and (12) we can
rewriteTi as

Ti =

{
− ε

C
(αi + γi)2 if ξ ∈ [0, 2ε];

−Cε if ξ ∈ (2ε, +∞).
(13)

Thus theξi can be eliminated if we setTi = − ε

C
(αi + γi)2

and introduce the additional constraints0 ≤ αi + γi ≤
C. Then thedual problem can be stated as a maximization
problem in terms of the positive dual variablesαi andγi:

max
α,γ

R(α, γ) =
n∑

i=1

αi − ε

C

n∑

i=1

(αi + γi)2

−1
2

n∑

i=1

n∑

i=1

αi · yi · αj · yj · 〈φ(xi) · φ(xj)〉
(14)

subject to

αi ≥ 0, γi ≥ 0, 0 ≤ αi + γi ≤ C, ∀i and
n∑

i=1

αi · yi = 0.

(15)
It is noted thatR(α, γ) ≤ R(α, 0) for any α andγ sat-
isfying (15). Hence the maximization of (14) over(α, γ)
can be found as maximizingR(α, 0) over0 ≤ αi ≤ C and∑n

i=1 αi ·yi = 0. Therefore, thedualproblem can be finally
simplified as

min
α

1
2

n∑

i=1

n∑

i=1

αi ·yi ·αj ·yj ·K(xi, xj)−
n∑

i=1

αi+
ε

C

n∑

i=1

α2
i

(16)



subject to0 ≤ αi ≤ C, ∀i and
∑n

i=1 αi · yi = 0. With the
equality (9), the linear classifier can be obtained from the
solution of (16) asf(x) =

∑n
i=1 αi ·yi ·K(xi, x)+b where

b can be easily obtained as a byproduct in the solution. In
most of the cases, only some of the Lagrange multipliers,
αi, differ from zero at the optimal solution. They define
the support vectors (SVs) of the problem. More exactly,
the training samples(xi, yi) associated withαi satisfying
0 < αi < C are called off-bound SVs, the samples with
αi = C are called on-bound SVs, and the samples with
αi = 0 are called non-SVs.

2.3. Discussion

The above formulation (16) is a general framework for clas-
sical SVC. There are three special cases of the formulation:

1. L1 soft margin: the formulation is just the SVC using
L1 soft margin if we setε = 0.

2. Hard margin: when we setε = 0 and keepC large
enough to prevent anyαi from reaching the upper
boundC, the solution of this formulation is identical
to the standard SVC with hard margin loss function.

3. L2 soft margin: when we set
C

2ε
equal to the regu-

larization parameter in SVC withL2 soft margin, and
keepC large enough to prevent anyαi from reaching
the upper bound at the optimal solution, the solution
will be same as that of the standard SVC withL2 soft
margin loss function.

In practice, such as on unbalanced data sets, we would
like to use different regularization parametersC+ andC−
for the samples with positive label and negative label sepa-
rately.1 As an extremely general case, we can use different
regularization parameterCi for every sample(xi, yi). It is
straightforward to obtain the generaldualproblem as

min
α

1
2

n∑

i=1

n∑

i=1

αi ·yi ·αj ·yj ·K(xi, xj)−
n∑

i=1

αi+
ε

Ci

n∑

i=1

α2
i

(17)
subject to0 ≤ αi ≤ Ci, ∀i and

∑n
i=1 αi·yi = 0. Obviously,

the dual problems (17) is a constrained convex quadratic
programming problem. Denotinĝα = [y1α1, y2α2, . . . , ynαn],
P = [−y1,−y2, . . . ,−yn]T andQ = K + Λ whereΛ is
a n × n diagonal matrix withΛii = 2ε

Ci
andK is the ker-

nel matrix withKij = K(xi, xj), (17) can be written in a
general form as

min
α̂

1
2
α̂T Qα̂ + P T α̂ (18)

1The ratio betweenC+ andC− is usually fixed at
C+
C−

=
N−
N+

, where

N+ is the number of samples with positive label andN− is the number of
samples with negative label.

subject toli ≤ α̂i ≤ ui, ∀i and
∑n

i=1 α̂i = 0 where
li = 0, ui = Ci whenyi = +1 and li = −Ci, ui = 0
whenyi = −1. As to the algorithm design for the solu-
tion, matrix-based quadratic programming techniques that
use the “chunking” idea can be employed here. Popular
SMO algorithms [7, 5] could be easily adapted for the solu-
tion. For a program design and source code, refer to [2].

3. SUPPORT VECTOR REGRESSION

A lot of loss functions for support vector regression (SVR)
have been discusses in [9] that leads to a general optimiza-
tion problem. There are four popular loss functions widely
used for regression problems. They are

1. Laplacian loss function:̀l(δ) = |δ|.
2. Huber’s loss function:

`h(δ) =
{

δ2

4ε if |δ| ≤ 2ε
|δ| − ε otherwise.

3. ε-insensitive loss function:

`ε(δ) =
{

0 if |δ| ≤ ε
|δ| − ε otherwise.

4. Gaussian loss function:̀g(δ) = 1
2δ2.

We introduce another loss function as the generalization of
these popular loss functions.

3.1. Soft Insensitive Loss Function

The loss function known as soft insensitive loss function
(SILF) is defined as:

`ε,β(δ) =





|δ| − ε if |δ| > (1 + β)ε
(|δ|−(1−β)ε)2

4βε if (1 + β)ε ≥ |δ| ≥ (1− β)ε
0 if |δ| < (1− β)ε

(19)
where0 < β ≤ 1 andε > 0. There is a profile of SILF as
shown in Figure 2. The properties of SILF are entirely con-
trolled by two parameters,β andε. For a fixedε, SILF ap-
proaches theε-ILF asβ → 0; on the other hand, asβ → 1,
it approaches the Huber’s loss function. In addition, SILF
becomes the Laplacian loss function asε → 0. Hold ε fixed
at some large value and letβ → 1, the SILF approach the
quadratic loss function for all practical purposes. The ap-
plication of SILF in Bayesian SVR has been discussed in
[3].

3.2. Optimization Problem

We introduce SILF into the regularized functional (1) that
will leads to a quadratic programming problem that could
work as a general framework. As usual, two slack variables
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Figure 2: Graphs of soft insensitive loss functions, where
ε = 0.5 andβ = 0.5.

ξi andξ∗i are introduced asξi ≥ yi−〈w·φ(xi)〉−b−(1−β)ε
andξ∗i ≥ 〈w·φ(xi)〉+b−yi−(1−β)ε ∀i. The minimization
of the regularized functional (1) with SILF as loss function
could be rewritten as the following equivalent optimization
problem, which is usually calledprimal problem:

min
w,b,ξ,ξ∗

R(w, b, ξ, ξ∗) = C

n∑

i=1

(
ψs(ξi)+ψs(ξ∗i )

)
+

1
2
‖w‖2

(20)
subject to





yi − 〈w · φ(xi)〉 − b ≤ (1− β)ε + ξi;
〈w · φ(xi)〉+ b− yi ≤ (1− β)ε + ξ∗i ;
ξi ≥ 0; ξ∗i ≥ 0 ∀i

(21)

where

ψs(ξ) =





ξ2

4βε
if ξ ∈ [0, 2βε];

ξ − βε if ξ ∈ (2βε, +∞).
(22)

Let αi ≥ 0, α∗i ≥ 0, γi ≥ 0 andγ∗i ≥ 0 ∀i be the
corresponding Lagrangian multipliers for the inequalities in
(21). The KKT conditions for theprimal problem require

w =
n∑

i=1

(αi − α∗i ) · φ(xi) (23)

n∑

i=1

(αi − α∗i ) = 0 (24)

C · ∂ψe(ξi)
∂ξi

= αi + γi ∀i (25)

C · ∂ψe(ξ∗i )
∂ξ∗i

= α∗i + γ∗i ∀i (26)

Based on the definition ofψs given by (22), the constraint
condition (26) could be explicitly written as equality con-
straints:

αi + γi = C · ξi

2βε
if 0 ≤ ξi ≤ 2βε

αi + γi = C if ξi > 2βε
(27)

α∗i + γ∗i = C · ξ∗i
2βε

if 0 ≤ ξ∗i ≤ 2βε

α∗i + γ∗i = C if ξ∗i > 2βε
(28)

Following the analogous arguments as SVC did in (13),
we can also eliminateξi andξ∗i here. That yields a max-
imization problem in terms of the positivedual variables
w, b, ξ, ξ∗:

max
α,γ,α∗,γ∗

−1
2

n∑

i=1

n∑

i=1

(αi − α∗i )(αj − α∗i )〈φ(xi) · φ(xj)〉

+
n∑

i=1

(αi − α∗i )yi −
n∑

i=1

(αi + α∗i )(1− β)ε

−βε

C

n∑

i=1

(
(αi + γi)2 + (α∗i + γ∗i )2

)

(29)
subject toαi ≥ 0, α∗i ≥ 0, γi ≥ 0, γ∗i ≥ 0, 0 ≤ αi + γi ≤
C, ∀i, 0 ≤ α∗i + γ∗i ≤ C, ∀i and

∑n
i=1(αi − α∗i ) = 0. As

γi andγ∗i only appear in the last term in (29), the functional
(29) is maximal whenγi = 0 andγ∗i = 0 ∀i. Thus, thedual
problem can be simplified as

min
α,α∗

R(α, α∗) =
1
2

n∑

i=1

n∑

i=1

(αi − α∗i )(αj − α∗i )K(xi, xj)

−
n∑

i=1

(αi − α∗i )yi +
n∑

i=1

(αi + α∗i )(1− β)ε

+
βε

C

n∑

i=1

(
α2

i + α∗2i

)

(30)
subject to0 ≤ αi ≤ C, ∀i, 0 ≤ α∗i ≤ C, ∀i and

∑n
i=1(αi−

α∗i ) = 0. With the equality (23), the dual form of the re-
gression function can be written asf(x) =

∑n
i=1(αi −

α∗i )K(xi, xj) + b.

3.3. Discussion

Like SILF, thedual problem (30) is a generalization of the
several SVR formulations. More exactly,

1. when we setβ = 0, (30) becomes the classical SVR
usingε-insensitive loss function;

2. Whenβ = 1, (30) becomes that when the Huber’s
loss function is used.



3. Whenβ = 0 andε = 0, (30) becomes that for the
case of the Laplacian loss function.

4. As for the optimization problem (1) using Gaussian
loss function with the varianceσ2, that is equivalent

to the general SVR (30) withβ = 1 and
2ε

C
= σ2

provided that we keep upper boundC large enough
to prevent anyαi and α∗i from reaching the upper
bound at the optimal solution. That is also the case of
least-square support vector machines. As for a SMO
algorithm design, refer to [6].

Thedualproblem (30) is also a constrained convex quadratic
programming problem. Let us denote

α̂ = [α1, . . . , αn,−α∗1, . . . ,−α∗n]T ,
P = [−y1 + (1− β)ε, . . . ,−yn + (1− β)ε,

−y1 − (1− β)ε, . . . ,−yn − (1− β)ε]T

Q =
[

K + 2βε
C I K

K K + 2βε
C I

]

whereK is the kernel matrix withij-entryK(xi, xj), (30)
can be rewritten as

min
α̂

1
2
α̂T Qα̂ + P T α̂ (31)

subject toli ≤ α̂i ≤ ui, ∀i and
∑2n

i=1 α̂i = 0 whereli = 0,
ui = C for 1 ≤ i ≤ n andli = −C, ui = 0 for n + 1 ≤
i ≤ 2n.

4. CONCLUSION

In this paper, we introduce two loss functions as the gen-
eralization of popular loss functions for SVC and SVR re-
spectively. The dual problem of SVMs arising from the in-
troduction of the two loss functions could be used as a gen-
eral formulation for SVMs. The optimization problems in
SVMs with popular loss functions could be obtained as the
special cases in the general formulation we derived. As a
byproduct, the general formulation also provides a frame-
work that facilitates the algorithm implementation.
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