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Abstract

In this paper, we propose a unified non-quadratic
loss function for regression known as soft
insensitive loss function (SILF). SILF is a
flexible model and possesses most of the
desirable characteristics of popular non-quadratic
loss functions, such as Laplacian, Huber’s and
Vapnik’s €-insensitive loss function. We
describe the properties of SILF and illustrate our
assumption on the underlying noise model in
detail. Moreover, the introduction of SILF in
regression makes it possible to apply Bayesian
techniques on Support Vector methods.
Experimental results on simulated and real-world
datasets indicate the feasibility of the approach.

1. Introduction

In regression problems, different choices of loss functions
arise from various assumptions about the distribution of
the noise in measurement. The most common loss
function is the quadratic function corresponding to a
Gaussian noise model with zero mean, and a standard
deviation that does not depend on the inputs. The
Gaussian loss function is used popularly as it has nice
analytical properties. However, one of the potential
difficulties of the standard quadratic loss function is that it
receives the large contributions from outliers that have
particularly large errors. If there are long tails on the
distributions then the solution can be dominated by a very
small number of outliers. Techniques that attempt to solve
this problem are referred to as robust statistics (Huber,
1972). Several non-quadratic loss functions have been
introduced to reduce the sensitivity to the outliers, such as
the Laplacian loss function and the Huber’s loss function.

The e-insensitive loss function (ILF) was proposed by
Vapnik in Support Vector machines (SVM) for regression
(SVR) (Vapnik, 1995). SVR involves the solution of a
convex quadratic programming optimization problem.
The advantages of SVR are: global minimum solution,
fast training speed and sparseness in sample selection.
The performance of SVR crucially depends on the shape

of the kernel function and other hyperparameters that
represent the characteristics of the noise distributions in
the training data. Typically, Bayesian methods are
regarded as suitable tools to determine these
hyperparameters. However, these methods are difficult to
use in SVR due to the lack of smoothness of ILF.

In the literature on Bayesian interpretations of Support
Vector classifier, Platt (1999) gave a probabilistic
explanation on the outputs, Kwok (1999) built up an
evidence framework, and Sollich (2001) proposed
Bayesian methods with evidence and error bar. Tipping
(2000) put forward relevance vector machine, an
alternative Bayesian treatment to SVM. In this paper, we
propose a unified framework for popular non-quadratic
regression loss functions. This is done using a novel loss
function known as soft insensitive loss function (SILF).
SILF possesses most of the virtues in popular non-
quadratic loss functions such as insensitivity to the
outliers, differentiability and sparseness in sample
selection etc. In addition, the introduction of SILF in
regression makes it possible to apply Bayesian techniques
on Support Vector methods, while preserving their
individual advantages.

The paper is organized as follows: we first review the
popular non-quadratic loss functions and put forward the
SILF and its properties in section 2; then we introduce the
SILF into likelihood function in the Bayesian framework
to tackle regression problems, and discuss hyperparameter
inference in section 3; and we show the results of
numerical experiments to verify the approach in section 4.

2. A Unified Non-quadratic Loss Function

2.1 Non-quadratic Loss Functions

Suppose that a set of training data D has been collected by
randomly sampling a function f, defined on R’. As the
measurements are always corrupted by additive noise,
each training sample can be represented as

yi=fx)+ 4 i=1,...n (1
where the &; are independent random variables with a
given distribution. Our goal is to infer the function f, or an



estimate of it, from the finite data set D. In the Bayesian
approach, we regard that the function f as the realization
of a random field with a known prior probability. Then
the posterior probability of f given the data D can be
written as follows:

P(f D)0 P(D|)P(f) 2)
where P(D | f ) is the conditional probability of the data D
given the function f and P(f) is the priori probability of
the random field £ The probability P(D| f ), also known
as likelihood, is essentially a model of the noise, and, if
the additive noise &; is i.i.d. random variable with
probability distribution P(,), it can be written as:

P(P11)= PO =) N =[P (3)
Furthermore, we ﬂéually assume that these noise random
variables possess identical probability distribution, and

that the conditional distribution P(y— f|f ) can be
written in the form

P(y=f()|f)Dexp(-C () (4)
where /([) is called the loss function and C is a parameter
greater than zero. Thus, our assumption about the noise
distribution will completely determine the form of the loss
function.
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Figure 1. Graphs of non-quadratic loss functions along with
Gaussian loss function.

LAPLACIAN LOSS FUNCTION

If we assume that the additive noise is Laplacian noise,
then the loss function is

(0)=|d (5)

which is also called as the L, loss function.
HUBER’S LOSS FUNCTION
Huber’s loss function (Huber, 1972) is defined as

Ly if |9]<2¢

4&

|0]-¢
where € > 0.
€-INSENSITIVE LOSS FUNCTION

The e-insensitive loss function (ILF) was introduced by
Vapnik (1995), which is defined as

z(o'):{rdl_g v 19]< e

otherwise )
where € > 0.

/(6)= (6)

otherwise

From their definitions and Figure 1, we notice that
Huber’s loss function and é€-insensitive loss function
become the Laplacian loss function when €=0. Huber’s
loss function can be thought of as a mixture between
Gaussian and Laplacian loss functions. Laplacian and &-
insensitive loss functions are non-smooth. Based on these
observations, we blend their features together and propose
a novel loss function, namely soft insensitive loss
function (SILF).

2.2 Soft Insensitive Loss Function

The SILF can be seen as a unified loss function of the
above-mentioned non-quadratic loss functions. It is
defined as:

-0-¢& it O0A . =(-o,~(1+p)e)
(3+(1-Pe)} . —r_ —(1-
T if JDAM* —[ (1+IB)E, (1 ﬁ)f]

lep(0) = 0 it o004, =(-(1- B)e,(1- B)e)
o-(1-pe)? .
L—%ZggL if 504, =[(1-pB)& 1+ B)e]
o-¢ if 00A. =((1+ B)&,+w)
where 0 <B<1,e>0. (8)
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Figure 2. Graph of soft insensitive loss function (solid line) and
corresponding noise density function (dot line). p=0.5, €=0.5
and C=2 in noise model.

The properties of SILF are entirely controlled by two
parameters, (3 and €. For a fixed €, SILF approaches the &-
insensitive loss function as 3 —-0; on the other hand, as
B -1, it approaches the Huber’s robust loss function. In
addition, SILF becomes the Laplacian loss function as
€-0.

2.2.1 DERIVATIVES

Derivatives of the loss function are needed in Bayesian
methods. The first order derivative of SILF can be written
as

-1 if 304,

o+U=P¢  » snon ..
s 0) 20[;‘E if JDAM 9
90 5—(-p)e lf - ©)

2 B¢ M

1 if S04,

where 0 <f3<1,e>0.



It is easy to see that the function is not twice
differentiable, but the second order derivative exists
almost everywhere:

0% (o 1
5,/3’( ): 2 e

2
00 0 otherwise
where 0 <f3<1,£>0.

if 604,04, (10)

2.2.2 NOISE DENSITY FUNCTION

The density function of the additive noise in measurement
corresponding to the choice of SILF is

e el e o)
b (11)
where  Z, = [exp-C11, ,(0)) o

It is possible to evaluate the integral and write Z as:

Z, =2(1-Be+2, /B—grerf(1/Cﬂ£)+ %exp(— cpe)  (12)
where erf(x)= i}exp(— 1? )dt
T o

2.3 A General Noise Model

Pontil, Mukherjee & Girosi (1998) has shown that the use
of Vapnik’s €-insensitive loss function is equivalent to a
model of additive and Gaussian noise, where the variance
and mean of the Gaussian are i.i.d. random variables. We
now derive the noise model corresponding to SILF we
proposed.

If the uncertainties in measurement conditions are taken
into account, it seems reasonable to discard the popular
assumption that noise variables ©; are identically
distributed. Moreover, we assume that the noise variables
0, have probability distributions P; which are Gaussians,
but do not necessarily have zero means and identical
variances. Thus, the noise distributions P; can be assumed
to be

1 (6, -1y
P(d;)= -
l( 1) \/;Ta-[ CXP[ 20_12 } (13)
where 0; denotes standard deviation of the ith sample and
t; denotes mean of the ith sample.

Here, we allow for the fact that the noise could be biased
in this model, and consider o; and ¢ as i.i.d. random
variables to model the uncertainties in measurement.
Therefore, Pi(;) can be interpreted as Pi(d0;,t), the
conditional probability of & given ¢ and ¢ . Then we
compute the marginal of the likelihood (3), integrating
over 0={0y,... Gn} and t={t,..., t,}:

P(D| f)= jdajdxnpm 1)P(o,1) (14)

On the assumptlon that 0 and ¢ are i.i.d. random variables,
we obtain that

Plo.t)= |‘|P( l,,)-nu(am() (15)

where P(0 and A(DQ) denote the density distribution of @
and ¢ respectively. Finally the likelihood (3) can be given

as
HD15)=[] [do a5 o)A o) (16)
where P(é,- \U,v’f,-) is defined as (13).

Suppose that we choose SILF as loss function, then from
(3) and (11), the 1ike1ihood can also be written as:

(D‘ f) ( ) eXp( Cégaﬁ( i_.f(x[))j (17)
where 7, , (y is defined in (8).

Since (16) and (17) are equal, we can easily see that the
loss function can also be expressed in the form as follow:

0. 5(0)= —log jdo— jdz Jﬁaexp —(‘2;2)2]/1(;)#(0—) (18)

-0

where we drop off the subscript i in 0; and #, as they are
identical random variables. Thus, using a loss function
with an integral representation of the form (18) is
equivalent to assuming that the noise is Gaussian, but the
mean and the variance of the noise are random variables
with individual probability density function.

2.3.1 DENSITY FUNCTION OF STANDARD DEVIATION

We derive the density function for 0 in the following. By
rearranging the i+ntegral in (18), we obtain:

e Cesld) = de G(o-1) (19)

where G Idff mo_ﬂ(a)exp[-zxazj (20)

We notice that the function SILF becomes the Laplacian
loss function (5) when € = 0. In this case, the noise
distribution becomes Laplacian distribution:

P(o)= iexp(—CIOD @1

where Zp=2/C. It is also known that this Laplacian
distribution is an unbiased noise distribution, i.e. the
density function of its mean ¢is a delta function at zero
(Pontil et al., 1998). Using this fact and the expression in
(20), (19) can be simplifled as:

e = I\F exp[ 5 ]dJ (22)
Since
wWre ™V = f/] 2 [éxp[—mj Cexp(— xn)dn (23)
0
holds for any x, it follows that by setting 2C?g?* =1/ and
x=C*0%, we get
s 2 [2 _ (o’ _o
e = !; nCexp{ o By do (24)

Comparing (22) with (24), we find that the density
function of the standard deviation is a Rayleigh
distribution of the form:

plo)= CZUeXD[-

czaz] (25)
2

"Such a class of loss function defined by (22) is an
extension of the model discussed by Girosi (1991).



2.3.2 DENSITY DISTRIBUTION OF MEAN

So far, we know G(d)=exp(—C/d|) from (22) and A(?) is a
delta function at zero when € = 0. It remains to obtain the
explicit expression of A(#) for € > 0.

Taking Fourier transformation on (19), we get

Flexp(- 1, 4(6)] = () G(w) (26)
From (22), we get G(w)=2C/ (C2 +a)2). Thus, the Fourier
transformation of A(¢) shall be

A= e +a2 el ) 27)

Using the differential property of F(f ‘”)(t))= (i) Flw),
we find that A(?) is:

1 —cr. Lt a9 | - e 5
A@):zc{c%‘“ﬂ)—aﬁ&zc”“ﬂ (28)
1.€. 2 2
_ 1 ad [s,ﬂ(t) _ a'gs,ﬂ(t) ~Cle p(r)
Ale)= E{C M C[ ot ¢ (29)

From the definitions (8) (9) and (10), the density
distribution of mean A(¢) can be written in explicit form
without normalization as follows:

1 if ¢0A,
L _(H=0-BY | -crosle)
_ - E_/;t .
At O 1+2Cﬁ£ [ e ] e it (04,.04,(30)
0 if ¢0A. 04

Finally notice that for the class of loss function, SILF, the
noise distribution (19) can be written as the convolution
between the distribution of the mean A(¢) (30) and the
Laplacian distribution (22):

(1+p)e

| A(t)exp(—C|5—t|)dt (31
~(1+B)e
Equation (31) establishes a representation of the noise
distribution P(d) as a continuous superposition of
Laplacian functions in the interval [-(1+B)e,(1+B)€].

P(0)=

2.4 Discussion

In summary, the noise model for SILF can be interpreted
as Gaussian, but it could be biased, where the standard
deviation and the mean of the Gaussian are i.i.d. random
variables with specific probability distributions stated in
(25) and (30) respectively. Parameter C determines the
distribution of standard deviation entirely, while
parameter € controls main properties of the distribution of
the mean. Huber’s loss function and ILF can be regarded
as special cases of SILF that is wholly controlled by
parameter (3 only. All the three loss functions share the
same distribution of standard deviation O in their noise
model, but the distributions of the mean ¢ are different.
For a fixed €, as B -0, Ay and Ay shrink to points €,
and the distribution becomes delta function at *€. Thus,
the distribution of mean for ILF can be stated as uniform
in the interval (-€,€) and with two delta functions at *€.

On the contrary, as -1, Ay shrinks. When B=1, the
distribution of mean for Huber’s loss function can be

stated as 2 el
1+ L [LJ e tO [— 28,28]
2Ce \2¢ (32)

A@) 0
We find that the conclusions are consistent with the
results given by Pontil et al. (1998). Thus, the general
noise model is an extension of the noise model discussed
by Pontil et al.

3. Bayesian Inference

We introduce the soft insensitive loss function (SILF) into
Bayesian methods to tackle regression problems with the
purpose of integrating Support Vector methods and
standard Bayesian inference in a unified probabilistic
framework, while leaving as much as possible of their
individual advantages intact.

3.1 Bayesian Framework

The Bayesian approach for neural networks specifies a
hierarchical model with a prior distribution over
hyperparameters, and specifies a prior distribution of the
weights relative to the hyperparameters. Then a posterior
distribution over the weights and hyperparameters will be
induced for a given dataset. Neal observed that a Gaussian
prior for hidden-to-output weights results in a Gaussian
process prior for functions as the number of hidden units
goes to infinity (Neal, 1996). Inspired by Neal’s work,
recent work (Williams & Rasmussen, 1996) has extended
the use of Gaussian process prior to higher dimensional
problems that have been traditionally tackled with other
techniques, such as neural networks, decision trees etc,
and good results have been obtained.

We propose Bayesian framework with a Gaussian process
prior on functions as follows. We assume that the
collection of training data is the realization of random
variables f(x;) in Gaussian process indexed by x;. The
Gaussian process can be specified by giving covariance
matrix for any finite set of wvariables {f(x;)} after
normalization. Then, the covariance between the outputs
corresponding to inputs x and x’ is defined as:

Ar)() ={-ézw (s -x, )Zj (33)

where d is the dimensionality of input space, x; denotes
the /th entry of the input vector x, and w; determines the
relevance of the /th input dimension to the prediction of
the output variables, which is usually called Automatic
Relevance Determination (ARD) parameter (Mackay,
1993; Neal, 1996). Note that (33) is also a particular form
of the Gaussian kernel in SVR. In addition, let us suppose
that the additive noise in training data possesses the
distribution given in (11), i.e., we choose the soft
insensitive loss function (SILF) to evaluate the likelihood.
Let us collect the ARD parameters w together with the
parameters, C and €, as 0, the hyperparameter vector. For



the given model, the posterior probability of f can be

derived by Bayes’ theorem:

)= PDLLOrL16) 4)
P(D|6

where P(D| f,6) is the likelihood function of the data set

D, and P(f|6) is a priori probability of the Gaussian

processes f.

P(r1D.6

3.1.1 A PRIORI PROBABILITY

P(f|6) is a multivariate Gaussian with zero mean and
covariance matrix as follows:

P(f6) :ZLexp(—%sz*fj (35)

where £ =[r(s) 1) = 16 7, =) ST

and ¥ is the nxn covariance matrix whose ijth entry is
defined in (33).

3.1.2 LIKELIHOOD FUNCTION

We assume that the training data are independently
drawn. The likelihood function for the given dataset D
can then be written as

1 n
PD| f.0)= p [—CZZ& A ,-)j 36
( ) '(Z—Drexp Z ;;(y %) (36)
where Zp is defined in (11).

3.1.3 A POSTERIORI PROBABILITY

The normalizing constant P(D|¢9) in (34) is irrelevant to
the inference of the functions f, but it becomes important
in hyperparameter inference, and it is known as the
evidence of 0 for the model. Based on (35), (36) and
Bayes’ theorem, the posterior probability of f can be
written as:

1 n 1 0,
P(f|D,6) = Z—exp[— CXlep(i = /() -3/ J (37)

N

where Zg =] exp{—Cé(a ﬂ(y,. —f(x,-))—% [Tz f}a{f
Let us define
S(r)= S el 1)+ 31757 (38)

Since P(f |D,€)Dexp(—S(f)) , Maximum A Posteriori
(MAP) estimate of f is therefore the minimizer of the
following optimization problem:

min S(r)= C3 1. o0, = fG0)) #5172 (39)

3.2 Support Vector Methods

For a given O and data set D, we infer what the most
probable value fj» might be in (37) by minimizing the
functional S( f ) To solve the optimization problem (39),
we introduce slack variables & =y, - f(x,)-(1- B)e and
&=f(x)-»-0-Be , and get an equivalent
optimization problem, which is referred to as the primal
problem:

min CE (e )+l )+ 27571 (40)

£EE A

subject to

Vi _f(xi)s (1_18)5"'4(1'

Sb)=yi<(-Ble+ &

£.6 20
where ({F*’ )2 *
e)=1 “age if € 0[0.25]
&0|-pe if &0 D(2pe+)

The primal problem can be solved through the technique
of Lagrange multipliers, which yields the following dual
problem:

n

min W(a,a*)= %(a —a*)r Z(a ‘0'*)_2(0',- —a,*)y,
K i=1

+Z":(ai+a:)(1_18)£+%z”:(aiz+a:2) (41)

i=1
subject to & 0[0,C]

The optimization algorithms to solve the standard SVR
can be adopted to solve the dual problem easily. For more
details, please refer to (Chu, 2001), and the optimal
solution fjp is of the form fi,p= Z[la—a’).

3.3 Hyperparameter Inference

The optimal values of hyperparameters 6 can be inferred
by maximizing the posterior probability P(H|D) in the
second level of inference. Under a given model, the
posterior probability P(9|D) is

D|6)P(6)

plo| p)=2L (42)

A priori on the hyperparameters P(H) is required here. As
we typically have little idea about the suitable values of 6
before training data are available, we assume a flat
distribution for P(6), i.e., P(6) is greatly insensitive to
the values of ©. Therefore, the evidence P(D|6) can be
used to assign a preference to alternative values of the
hyperparameters 0.

The evidence can be calculated by an explicit formula
after using a Laplacian approximation at fy, and then
hyperparameter inference may be done by gradient-based
optimization methods. Whether this approximation is
good or not will depend on the problem we are solving.
Maximization of the evidence is only useful if such a
Laplacian approximation gives a good summary of the
distribution. In other cases, Monte Carlo algorithm can be
applied to tackle the integral instead of evidence
approximation.

We can get the evidence by an integral over all f*:

P(D|6)=[P(D| [.6)P(f |O)df (43)
Using the definitions for the prior probability and
likelihood in (35), (36) and S(f) in (38), the evidence can
be written as

P(D|6)=2;"(Z,) " [exp[-S(f)ar (44)



The marginalization can be calculated analytically by
considering the Taylor expansion of S(f) around its
minimum S(fy»), and retaining terms up to second order.
Since the first order derivative with respect with f at the
most probable point f,p is zero, S( f ) can also be written

()0t 2 -l EUN o)

oRf ' Smp (4 5)

where 6257(1[) =1+ CIN
off’

and A is a diagonal matrix whose iith entry is 1/(2p¢) if
yi—flx) O Ay=[D ;, otherwise zero.

In calculating the integral, we notice that, due to the
sparseness of /A only a sub-matrix of X plays role in the
determinant |7+ CZA|.? Let us denote Ty as the sub-matrix
of ¥ obtained by deleting all the rows and columns
corresponding to points y; — fix;)) O Ay«[A . Then the
negative log of the evidence (44) can be written as
-InP(D|6) =S(fMP)+%1nI+2L’B€D:M +nlnZ,  (46)

where Zp is defined in (11).

Using (46), the gradients of the negative log of the
evidence, —InP(D|6) with respect to the hyperparameters
can be easily derived (Chu, 2001). Then the standard
gradient-based optimization methods, such as BFGS
algorithm, can be applied to update these hyperparameters
towards a minimum of -InP(D|6) . Notice that the
inversion of the sparse matrix Xy is required in calculating
gradients with respect to kernel parameters in an iterative
mode for hyperparameter inference. In large-scale
learning tasks, the size of the matrix could be large, and
then the computation of the matrix inverse will be the
most time-consuming step. Since [ is the pivotal
parameter to determine the size of X2y in training, we
adjust B separately, just to prevent the size of Xy from
heavily shrinking but fix its value while updating other
hyperparameters.

4. Numerical Experiments

We start this section with a simple example of regression
estimation task where regression function is defined by
one-dimensional sinc function. Then we consider
estimating multidimensional regression functions for
robot arm problem and a real-life problem, Boston
housing.

The initial values for the hyperparameters are randomly
generated in a certain region. Since we do not have
enough knowledge about which dimensions in inputs are
relevant to the prediction of output variables, we assume
that the relevance is equal. To prevent the scalar in input
dimensions from impairing this assumption, we normalize
the input variables, and then set the same initial value for

2The determinant comes from det(Z) in Z; multiplying
det(Z+CN) in [ exp[-S(f)]df , where I is the identity matrix.

all ARD parameters w. This value is randomly chosen in
the interval [0.5,1]. The noise information is unavailable
either, so we randomly choose initial values from [0.5,2]
for C, and [0.05,0.2] for €. The computer we used for
these numerical experiments is PIII 450 PC and the
operating system is windows 2000.

4.1 The sinc data

The function sinc(x)=[x|'sinjx| is commonly used to
illustrate SVR (Vapnik, 1995). Training and testing
dataset are obtained by uniformly sampling 100 data
points from the interval [—10,10] respectively; the targets
are corrupted by noise with normal distribution. We set
the standard deviation 0 of the additive noise at different
levels and make a comparison of the inference results.

Table 1. Training results on sinc datasets at different noise level
o with a fixed 3=0.3. ASE denotes the average squared error on
the testing dataset.

o C £x10 w —InPpe ASE

0 3647 0.0335 6.81 -44272  2.9x10®
0.1 6.052 53361 5.65 -48.59 0.010983
0.2 3.698 6.8955 6.57 18.34 0.049409
03 1926 63703 5.52 36.78 0.106605

We find that C and € changed greatly according to the
noise level. ARD parameter w is mainly determined by
the input distribution. At the same time, the training
machine becomes less confident on the hyperparameter
settings.® ASE is approximately equal to noise variance 0°.

Table 2. Training results on sinc dataset with noise standard
deviation 0 = 0.1 at different 3. SVy denotes the number of
support vectors in Ay«lA \j; AAE is the average absolute error on
the test dataset.

B C €10 w —InPpe SVm AAE  ASExio
.005 9.01 112 3.01 -31.5 7 .0830 1.071
0.01 5.57 858 386 -40.0 8 .0816 1.048
0.05 850 151 6.70 -46.1 11 .0819 1.101
0.1 6.63 166 5.09 -50.6 10 .0820 1.102
03 6.05 534 565 -48.6 18 .0834 1.098
05 598 389 532 473 25 0835 1.099
07 563 260 546 -483 22 0839 1.113
1.0 578 389 497 -484 37 0832 1.094

The choice of (3 has little influence on the training results
except SVy, the size of matrix Zy. The result verified our

3*Constant term ndh2 in —InP(D|B) (46) is excluded from the
results in tables.



analysis that parameter (3 controls the sparseness in
training, and the training results are insensitive to its value
in the region where the matrix %\, has not become heavily
shrunk.

E 5 [ 5 10 10 5 [ 5 10

Figure 3. Graphs of part results in table 1. Left: clean
training dataset, 0 = 0; right: 0 = 0.3. B is fixed at 0.3.

4.2 Robot Arm

The task in the robot arm problem is to learn the mapping
from joint angles to position for an imaginary “robot
arm”. There are two real input variables, x; and X,
representing joint angles, and two real target values, y;
and y,, representing the resulting arm position in
rectangular coordinates. The actual relationship between
inputs and targets is as follows:

» = 2.0cos x; +1.3c0s(x1 +x2)
¥, =2.0sinx, +1.3sin(x1 +x2) (47)
The dataset of robot arm problem contains 600 input-
target pairs, which were randomly generated by picking
x; uniformly from the ranges [-1.932, -0.453] and
[+0.453, +1.932], and x, uniformly from the ranges
[0.534, 3.142]. Targets are contaminated by independent
Gaussian noise of standard deviation 0.05. The first 200
examples in the dataset are used as training set in all
cases; the second 200 examples used as testing set 1 and
the last 200 as testing set 2.*

Table 3. Results of training on the first 200 examples with a
fixed $=0.3, and other hyperparameters are randomly initialized.

y C €x10° wi Wy _lnPD\H
y; 28326 02116 0.8079 0.2388  -399.70
yo, 29423  0.1912  0.7764  0.2040 -471.24

Since the distribution of input points and the additive
noise are same for two targets, it is reasonable that they
possess almost same hyperparameter settings. UNIT TIME
that the CPU needs to evaluate the evidence and all the
gradients once is about 11.19 seconds, and ToTaL TIME for
the whole training is usually about 627.39 seconds, which
is mainly determined by the evaluation times required in
the optimization package.

“The dataset of robot arm problem generated by Mackay is
available at http://wol.ra.phy.cam.ac.uk/mackay/bigback/dat/.

Table 4. Test results with hyperparameter settings stated in table
3. AsN s the average squared additive noise, AAN is the average
absolute additive noise.’

TESTING SET ASNx10*  ASEx10° AAN AAE
SET 1 ONy ONLY 2255 25092 0.0383 0.03929
SET 1 ONy, ONLY 2.787  3.2021 0.0427 0.04602
SET2 ONy | ONLY 2207  2.7751 0.0384 0.04334
SET 2 ON'y ; ONLY 2.173 22717 0.0383 0.03859
SET1oNPOSITION — 5.042 57113 0.0641 0.06711
SET2oNPoOSITION — 4.380  5.0467 0.0597 0.06401

We compare the test error with other implementations,
such as in neural networks, Gaussian approximation by
Mackay (1992) and Monte Carlo by Neal (1996), and
Gaussian processes for regression by Williams &
Rasmussen (1996). The expected test error for guesses
based on knowledge of the true distribution should be
0.005.

Table 5. Average squared error (ASE) of testing on the robot arm
positions comparing with other implementations.

IMPLEMENTATION METHOD ASE

GAUSSIAN APPROXIMATION OF MACKAY

SOLUTION WITH HIGHEST EVIDENCE 0.00573

SOLUTION WITH LOWEST TEST ERROR 0.00557
HYBRID MONTE CARLO WiTH 150 SUPER-TRANSITIONS

LAST 100 POINTS FROM INDIVIDUAL RUNS 0.00554

LAST 100 POINTS FROM THREE RUNS 0.00557
GAUSSIAN PROCESSES OF WILLIAMS 0.00563
TRAINING METHOD PROPOSED IN THIS PAPER 0.005379

4.3 Boston Housing

The data concerns the median price in 1970 of owner-
occupied houses in 506 census tracts within the Boston
metropolitan area. Thirteen attributes pertaining to each
census tract are available for use in prediction.® Following
the method used by Tipping (2000) and Saunders,
Gammerman & Vovk (1998)", the dataset is partitioned
into 481/25 training/testing splits randomly. This
partitioning is carried out 100 times on the data.

>Since the estimate of robot arm position involves two
dimensions in rectangular coordinates, y | and y ,, the test errors
on only one dimension are shown first, and then we calculate the
estimate error on the position.

® The original data is in StatLib, available at URL
http://lib.stat.cmu.edu/datasets/boston.

"In this paper, the validation set, 80 cases in training set, is
used to determine the kernel parameters.




Table 6. The average and standard deviation of ASE, NMSE, AAE
and UNIT TIME, TOTAL TIME in seconds over the 100 trials. B is
fixed at 0.3, and other hyperparameters are randomly initialized.

ASE  NMSE  AAE  UNITTIME TOTAL TIME
Mean  8.03 0.104 1981 111.035  2775.786
Sto 4.11 0.059 0.368 17.906 611.043

Table 7. A comparison with Ridge Regression (Saunders et al.,
1998) and the Relevance Vector Machine (Tipping, 2000).

METHOD KERNEL TYPE ASE
RIDGE REGRESSION POLYNOMIAL 10.44
RIDGE REGRESSION SPLINES 8.51
RIDGE REGRESSION ANOVA SPLINES 7.69
RELEVANCE VECTOR LINEAR SPLINES 7.46
PROPOSED IN THE PAPER GAUSSIAN 8.03

The difference in performance may be due to the random
selection of the training/testing sets and the different
kernel we used.

5. Conclusion

SILF inherits all the virtues of popular non-quadratic loss
functions. The properties of SILF are entirely controlled
by two parameters 3 and €. [3 stands for a tradeoff
between Huber’s loss function and Vapnik’s ILF; €
represents the biasness in noise distribution. The
introduction of SILF into likelihood function for
regression problem opens a way to soundly integrate
Bayesian inference with Support Vector methods in
probabilistic framework. Global minimum is guaranteed
when we determine the MAP point using Support Vector
methods. Then we resort to Laplacian approximation, and
model adaptation can be done by gradient-based
optimization methods on the criterion of the evidence.
Furthermore, sparse matrix in the evidence calculation
accelerates training speed and helps us to tackle relatively
huge dataset. However, when the number of
hyperparameters increases, training process becomes
more likely to be stuck at different local minimum. In
general we can train several times starting from different
initial states, and choose the one with highest evidence as
optimal choice while discarding other candidates. We can
also use these candidates to build up a mixture of experts
to improve the performance.
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