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1. Introduction

There are an estimated 1.7 million Americans living with limb loss; further, spinal cord
injuries afflict 250,000 Americans [1]. Many patients lose their jobs and their quality of life
plummets. Fortunately there have been significant advancements in the design of prosthetic
limbs in the last few decades. A noteworthy achievement is the direct integration of a
prosthetic device with the brain, termed a neuroprosthesis device. An electrode is implanted
in the brain of the patient which records the electrical activity of the neurons associated
with motor movement and controls the prosthetic device. These have been successfully
implemented for simple upper limb movements [2]. However, efficient and cost-effective
lower limb prosthetic devices have not yet appeared on the market. Investigating passive
dynamic walking determines the extent to which the natural human gait depends on passive
dynamics. More efficient prosthetic models can be developed from these principles. A
thorough mathematical investigation of passive dynamic walking is necessary to replicate the
stability of the human locomotor system. This requires an understanding of the physical basis
of walking and an understanding of the biological processes underlying motor movement.

The first model investigated was a passive walking model based on a double pendulum
which exhibits a single stable periodic solution. The robustness of this solution was inves-
tigated as the angle of incline and the weights of the feet were varied. Continuation of the
solution was also performed as the incline angle and mass distribution were continuously
varied.

The second model investigated was a passive walking model with rockers on its feet, which
rolled without slipping on the surface. McGeer terms it the ”walking wheel” [5]. This model’s
regions of stability were much larger than those of the simple pendulum model.

2. Simplest Walker

The simplest walking structure that can be produced is an inverted pendulum. The
pendulum has a stance leg and a swing leg: the stance leg is the leg attached to the ground
during the step and the swing leg is the moving leg during the step. The foot of the stance
leg cannot move during the step – this is equivalent to applying infinite friction to the foot.



Figure 1. Garcia’s Simplest Walker [4]

This system is rigorously investigated by Garcia [4]. Garcia places the walker on a slope
with angle γ. The angle θ denotes the angle from the perpendicular of the slope to the stance
leg. The angle φ is the angle between the two legs. Using these generalized coordinates,
Garcia computes the Lagrangian of the system:

L = T − U
where T is the kinetic energy of the system and U is the potential energy. From the La-
grangian, the equations of motion can be derived:
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which, for the system in question, gives:

where β is the ratio of the leg mass to the hip mass. These equations describe the motion
of the walker when the leg is swinging. The swing leg hits the ground at φ = 2θ, the
symmetric configuration. When the swing leg hits the ground, a matrix transformation
must be employed in order to conserve angular momentum about the stance foot and to
re-orient the leg angles:
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There is a decrease in the magnitude of angular velocity because the amount of inertia
about the pivot point increases immediately after the step is taken. This transformation is
called the ”heelstrike” by Garcia.

2.1. Initial Conditions for Periodicity. In order to attain a stable walking pattern (or
periodic cycles), the system must obey the boundary conditions:

θf = −θi
φf = −φi
φf = 2θf

θ̇i = θ̇f cos(2θi)

φ̇i = φ̇f (1− cos(2θi)) cos(2θi)

Garcia solves for the initial conditions which satisfy these relations analytically. First, he
simplifies the system by allowing the feet mass to be zero (thus, β = 0). The equations of
motion become

θ̈(t)− sin(θ(t)− γ) = 0

θ̈(t)− φ̈(t) + θ̇(t)2 sinφ(t)− cos(θ(t)− γ) sinφ(t) = 0.

Next, he writes the differential equations as a Taylor series expansion about γ = 0. Then,
to the order of 2/3 in γ, Garcia approximates the initial conditions for periodic solutions.

Instead of solving for the initial conditions analytically, I solved the boundary value
problem numerically using XPPAUT. XPPAUT implements the shooting method of solving
boundary value problems. This method reduces the boundary value problem to an initial
value problem and numerically computes the roots.



Figure 2. Numerical Solutions to BVP and Garcia’s Solutions

Figure 3. Stability of Initial Conditions from BVP



In the figure above, stability is defined as taking 20 or more steps. The figure illustrates
that the analytical solutions to the boundary value problem are stable on a larger region of
γ than the numerical solutions. Thus, I have only investigated Garcia’s analytically derived
initial conditons.

2.2. Classification of Instabilities of Walker. When β = 0, θ is independent of φ. Thus,
we can analyze the phase portrait of θ independently. Recall the equation of motion for θ,

θ̈(t)− sin(θ(t)− γ) = 0,

which gives

Figure 4. Phase Portrait of θ versus θ̇

The trajectory integrated from Garcia’s initial conditions is shown in black. This is the
phase portrait for a simple pendulum. The trajectory in blue is the heteroclinic orbit between
the fixed points of the system. A heteroclinic orbit takes an infinitely long amount of time to
travel between fixed points. The fixed points of the system occur at (γ+nπ, 0) where n ∈ Z.
The fixed points at (γ + 2nπ, 0) are saddle points and the fixed points at (γ + (2n+ 1)π, 0)

are centers. The heteroclinic orbit with θ̇ < 0 and 0 ≤ θ ≤ 2π travels from a center to
a saddle point. It separates the behavior of the system – above the orbit the trajectories
move in circular orbits, below the orbit the trajectories travel in the negative θ direction.
For trajectories to achieve θfinal = −θinitial, they must start below the heteroclinic orbit.
Consequently, this is a minimum requirement for a stable periodic solution of the walker.
The closer the heteroclinic orbit gets to the saddle point, the slower it moves, thus never
actually reaching the saddle point. In general, trajectories move more slowly near the saddle
point. Thus, slight changes in the initial conditions of (θ, θ̇) cause significant changes in the
time course of the trajectory. This has serious implications in the stability of the walker.
θ must synchronize with φ such that a step is taken when θ has returned to the negative

of its original value. From the equations, one can see that the fixed point in the φ − φ̇
phase space depends directly on θ and θ̇. This fixed point is a center. Recall that φ̇final =

cos 2θ(1− cos 2θ)φ̇initial. In this range, cos is not negative and thus the sign of φ̇final should



not differ from the sign of φ̇initial. The movement of the fixed point in the φ − φ̇ phase
space is necessary so that the trajectory does not follow one of the centers and overshoot
the appropriate φ̇ value for periodicity (see Figure 5 for the trajectory). Thus, changes

in the time course of the trajectory in θ − θ̇ phase space can seriously affect the stability
of the system. We classify the instabilities that arise by the trajectories’ relations to the
heteroclinic orbit.

Figure 5. Garcia’s solution for γ = 0.005

2.2.1. Type 1: Trajectory too far from heteroclinic orbit. Walker starts too far from the
heteroclinic orbit and thus moves too quickly in θ − θ̇. The walker takes a shortened step
and then falls forward.



Figure 6. Type 1 Instability: Garcia’s solution in black, perturbed trajectory
in magenta

Figure 7. Type 1 Instability: Walker Freeze Frames

2.2.2. Type 2: Trajectory too close to heteroclinic orbit. Walker starts too close to the hete-
roclinic orbit and thus moves too slowly in θ − θ̇. The fixed point in the φ− φ̇ phase space
is moving too slowly and the trajectory begins to follow a center around the fixed point. φ̇
becomes very large and the walker falls forward.



Figure 8. Type 2 Instability: Garcia’s solution in black, perturbed trajectory
in magenta

Figure 9. Type 2 Instability: Walker Freeze Frames

2.2.3. Type 3 Instability: Trajectory starts on the other side of the heteroclinic orbit. Walker
starts on the other side of the heteroclinic orbit and thus falls over immediately.



Figure 10. Type 3 Instability: Garcia’s solution in black, perturbed trajec-
tory in magenta

Figure 11. Type 3 Instability: Walker Freeze Frames

2.3. Parameter Dependence of the Walker. Now that the instabilities of the walker
have been identified, we can investigate the influence of parameters γ and β on stability. An
investigation of the phase portrait of θ − θ̇ elucidates why increasing γ could cause a loss
of stability in the system. An increase in γ decreases the symmetry of the phase portrait
about the θ̇ axis. Since θ is supposed to return to −θ, a trajectory which fulfills this is not
symmetric about the θ̇ a decrease in symmetry could mean that φ does not hit the phi = 2θ
line at the appropriate location for θfinal = −θinitial. In these figures, the black line denotes
φ = 2θ. When the walker trajectory intersects the line, it takes a step. This is denoted by the
magenta dot. In order to be periodic, the trajectory must take a step when θfinal = −θinitial.
This is denoted by the black dot.



Figure 12. θ − φ phase portrait for γ = {0.005, 0.03}; the symmetric inter-
section is the point (−2θinitial,−φinitial)



Figure 13. Zoom in of Figure 12

As γ increases, the symmetric point on the line diverges from where the trajectory actually
takes a step. We can calculate the distance between the symmetric intersection and the actual
intersection of the trajectory. This distance d is plotted in figure 10.



Figure 14. γ versus the distance between the symmetric step and actual step
for various β

The relationship between γ and d is exponential. Garcia observes a loss of stability at
γ = 0.0151. Garcia defines stability as periodicity: if the trajectory returns to the same
point after each step, then it has a stable periodic orbit. At this point, d is less than
5×10−6. Garcia thus has a strong definition of periodicity. Although Garcia would consider
a trajectory at γ = 0.0151 as non-periodic, it does not mean that the trajectory would not
walk with those conditions. It could have a multi-cycle solution or a chaotic orbit. Garcia’s
stringent definition rules out these possibilities and thus he observes the basin of attraction
rapidly decrease for increasing γ:



Figure 15. Basin of Attraction for Walker; A = Attractor Region, B = Falls
Backward, F = Falls Forward [3]

I instead use a less strong definition of stability in order to include multi-cycle solutions
or chaotic solutions. I define stable initial conditions as those which produce walking for at
least 20 steps. The trajectories which fall backward immediately are Type 3 instabilities.
The trajectories which fall forward or backward after taking one step are Type 1 and 2
instabilities. The trajectories which fall forward immediately are Type 1 instabilities, with
the exception of the trajectories adjacent to the heteroclinic orbit. The trajectories next to
the heteroclinic orbit which fall forward immediately are moving so slowly in the θ− θ̇ phase
space that the swing leg has time to swing through and return to a position below the stance
leg, allowing the top mass to continue to fall forward.



Figure 16. Poincare Plot of γ = 0.005; black dot denotes Garcia’s solution

Instead of observing a connected region of stable initial conditions for small γ, I observe
a disjointed region of stable initial conditions. This could be due to instabilities introduced
in the step taking: the trajectory satisfies the stepping condition, φ = 2θ, for a small range
of θ and the exactness of this step taking is dependent on the precision in the simulation.
Further, Runge Kutta introduces instabilities into the system. But for this to be a useful
physical system, the system would need to be resistant to these sorts of instabilities because
real physical systems have far more serious sources of instability.



Figure 17. Poincare Plot of γ = 0.045

Even though for small γ my definition of stability causes more instabilities than Garcia’s
definition of stability, for larger γ, where Garcia lacks any stable solutions, many stable
solutions are found. These are multi-cycle or chaotic solutions and occur as frequently as
solutions for smaller γ. However, for sufficiently large γ (γ = 0.075), the stable solutions
cease to exist because the force of gravity on the top mass is too great to allow for a step
to be taken without the walker falling over. Although there are more stable solutions than
Garcia anticipated for large γ, the solutions are not robust – the region of stability is not
connected. This is primarily due to the system’s proximity to a saddle point, which has
significant influence on the time course of the trajectory. Thus, this model has limited
practical applicability.

There are obvious differences between this model and a human model for walking. For
instance, this model has no knee joints and the feet are point masses. In a human model,
the legs would bend and the feet would be more realistically represented as rockers.

3. Rocking Model

The first step towards a more realistic model is the addition of rockers to the feet.



Figure 18. Zoom in of Figure 9

McGeer calls this model the walking wheel [5].

Figure 19. McGeer’s Walking Wheel [5]

In order to derive the equations of motion, McGeer assumes that the equation in θ is
linear in θ̇ and that θ̇ is approximately constant. Then he assumes that φ is a function of cos
and sin in time. However, this is a simplification which is only appropriate for small angles.
Instead of using these equations, I derived the full equations of motion for the system using
the Lagrangian of the system. Shown below are the kinetic energy and the potential energy
for the walker with γ = 0:

T =
1

2
(M+m)(a2+R2+2aR cos θ)θ̇2+

1

2
mL2(φ̇−θ̇)2+mL(R cos(φ−θ)(φ̇θ̇−θ̇2)+a cosφ(θ̇2+φ̇θ̇))

U = (M +m)ga cos θ −mgL cos(φ− θ).



Then, L = T −U . Let β = m/M = 0. We can apply the same principles used on the simple
walker to obtain

θ̈ +
(ga+Raθ̇) sin θ

R2 + a2 + 2Ra cos θ
= 0

φ̈+
(ga+Raθ̇) sin θ

R2 + a2 + 2Ra cos θ

(
1− a

L
cosφ− R

L
cos(φ− θ)

)
+
a

L
θ̇ sinφ− g

L
sin(φ− θ) = 0.

The eigenvalues can be analytically derived. This is no longer a conservative system and the
fixed points are spirals. However, the part that is not imaginary is only slightly negative
(order of 10−4). We cannot define stability as a return to initial conditions like Garcia’s
definition because the system continually loses energy, or is not conservative. Instead, a
stable walking trajectory is one which takes at least twenty steps. Within the space of stable
trajectories, those which do take twenty steps, we can inspect the periodicity by calculating
the norm of the change in initial conditions between the last two steps of each trajectory.
The phase portraits for a stable trajectory are shown below.

Figure 20. Rocker Phase Portrait - actual trajectory in black, (2θ(t), φ̇(t)) in red

These are robust solutions primarily because the walking trajectories are no longer near
a saddle point. First, I will present the ways in which a trajectory can fail to be stable and
then investigate the periodicity of those trajectories deemed stable.

3.1. Classifications of the Instabilities of the Rocker.



3.1.1. Type 1: Rocker is taking too small of steps. The rocker has decreasing step sizes due
to a decrease in the overall energy of the system. This decrease of step size normalized to
step size is much larger for smaller steps. When the rocker starts with a small θ value and
a larger θ̇ value, the rocker eventually is no longer ”walking” and is instead taking a step
every 0.01 seconds, twice the size of the minimum time step.

Figure 21. Type 1 Instability: Rocker Freeze Frames - stance leg has rocker
on it

Figure 22. Type 1 Instability: Rocker Phase Portrait - actual trajectory in
black, φ(t) = 2θ(t) in red

3.1.2. Type 2: Rocker is taking steps with too much angular velocity. The rocker takes a step
starting with a large θ̇ value. It starts above the major axis of the center in the θ− θ̇ phase
portrait. It then increases in value before decreasing towards zero, which is equivalent to
the top mass falling back slightly then rocking forward. When it does finally rock forward,
φ = 2θ at too early of a θ value (|θ| is too small) for a step to be taken. Thus, the rocker



overshoots and rocks back toward the center, failing to take a step. Larger θ values can
accomodate these larger θ̇ values because the amount of increase in θ is negligible compared
to the overall θ value.

Figure 23. Type 2 Instability: Rocker Freeze Frames - stance leg has rocker
on it

Figure 24. Type 2 Instability: Rocker Phase Portrait - actual trajectory in
black, (2θ(t), φ̇(t)) in red

3.1.3. Type 3: Rocker has too little angular velocity. The trajectory moves too slowly in the
θ − θ̇ phase portrait. Misalignment of the two legs occurs and the trajectory never satisfies
the equation φ = 2θ. Thus, the rocker fails to take a step, rocking backward instead.



Figure 25. Type 3 Instability: Rocker Freeze Frames - stance leg has rocker
on it

Figure 26. Type 3 Instability: θ vs. φ - the trajectory does not intersect the
line φ = 2θ



Figure 27. Type 3 Instability: Rocker Phase Portrait - actual trajectory in
black, (2θ(t), φ̇(t)) in red

3.2. Where do these regions exist in θ-θ̇ space of initial conditions? I ran trajectories
at initial conditions (θ, θ̇, 2θ, θ̇(1− cos(2θ))). Stability is defined as initial conditions which
produce at least 20 steps. The separation between stable and unstable trajectories in the
upper right corner is explained by the Type 2 instability: the angular velocity is too large, so
the trajectory begins to rock backward before going forward. The separation between stable
and unstable trajectories in the lower right corner is explained by the Type 3 instability: the
angular velocity is too small and the θ trajectory is not synchronized with φ, causing the two
limbs to never reach φ = 2θ. In between these two regions is a region of instability caused by
a combination of the two instabilities. These trajectories take multiple steps before failing
to take steps. The trajectories with smaller θ values are less straightforward. There are not
well-defined regions any longer, due in part to numerical instability - the step size is 0.005
s and the angles are less than 0.05 radians. Often the trajectories start at too small of a θ
value and thus fail by taking too small of steps. Other scenarios can arise, however, if the
initial angular velocity is too small or too large.



Figure 28. Stable trajectories in red; type 1 trajectories in blue; type 2 and
3 trajectories in green



Figure 29. Stable trajectories in red; type 1 trajectories in blue; type 2 and
3 trajectories in green



Figure 30. Plot of stable trajectories in initial condition space where ε =
||(θ20,θ̇20,φ20,φ̇20)−(θ19,θ̇19,φ19,φ̇19)||

||(θ20,θ̇20,φ20,φ̇20)||

Although periodic solutions do not exist, we can examine the periodicity of trajectories
which took at least 20 steps. The plot above depicts the variation in ε, where

ε =
||(θ20, θ̇20, φ20, φ̇20)− (θ19, θ̇19, φ19, φ̇19)||

||(θ20, θ̇20, φ20, φ̇20)||
There is a slight variation in ε in the stable region, but it is insignificant. Varying θ does

not influence the value of ε, which means that ε is primarily a consequence of the loss of
energy in the system. This energy loss is due to the friction introduced to permit rocking
without slipping.

4. Conclusions and Future Directions

The model with rockers is a promising direction to discover realistic stable walking trajec-
tories. The simplest walker did not provide robust stability because the point feet could not
control the rocking motion and stabilize it. Adding rockers to the feet allowed the stance
leg (the leg on the ground) to stabilize the motion of the top mass. The rockers change the
phase portrait of the walker. The walker trajectory is no longer near a saddle point in the
θ − θ̇ phase portrait. Thus, slight perturbations in θ or θ̇ do not cause a loss of stability.
To improve the practicality of this model, we would like to add knee joints and compare the
trajectories to biologically relevant models.
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