
Physica D 239 (2010) 477–484
Contents lists available at ScienceDirect

Physica D

journal homepage: www.elsevier.com/locate/physd

Optimizing chemotaxis by measuring unbound–bound transitions
Duncan Mortimer a, Peter Dayan d, Kevin Burrage b,e, Geoffrey J. Goodhill a,c,∗
a Queensland Brain Institute, The University of Queensland, St. Lucia, QLD 4072, Australia
b Institute for Molecular Bioscience, The University of Queensland, St. Lucia, QLD 4072, Australia
c School of Mathematics and Physics, The University of Queensland, St. Lucia, QLD 4072, Australia
d Gatsby Computational Neuroscience Unit, UCL, London, UK
e COMLAB, University of Oxford, Oxford, UK

a r t i c l e i n f o

Article history:
Available online 23 September 2009

Keywords:
Axon guidance
Bayesian model
Growth cone

a b s t r a c t

The development of the nervous system requires nerve fibres to be guided accurately over long distances
in order to make correct connections between neurons. Molecular gradients help to direct these
growing fibres, by a process known as chemotaxis. However, this requires the accurate measurement of
concentration differences by chemoreceptors. Here, we ask how the signals from a set of chemoreceptors
interactingwith a concentration gradient can best be used to determine the direction of this gradient. Prior
models of chemotaxis have typically assumed that the chemoreceptors produce signals reflecting just the
time-averaged binding state of those receptors. In this article, we show that in fact the optimal chemotaxis
performance can be achieved when, in addition, each receptor also signals the number of unbound-to-
bound transitions it experienceswithin the observation period. Furthermore,we show that this leads to an
effective halving of the observation period required for a given level of performance.We also demonstrate
that the degradation in performance observed to occur at high concentrations experimentally is likely
to result not from noise intrinsic to receptor binding, but rather from noise in subsequent downstream
signalling.

© 2009 Elsevier B.V. All rights reserved.
1. Introduction

The human nervous system is an incredibly complex struc-
ture: roughly 1011 neuronal cells, each ‘wired’ to on the order of
103–104 others. Furthermore, this structure constructs itself dur-
ing development. Understanding how this is achieved is crucial
for improving the treatment and diagnosis of neurological disor-
ders, for developing our knowledge of biological computation in
general, and perhaps for improving engineering techniques [1,2].
Wiring the nervous system requires the precise guidance of nerve
fibres (axons) to make connections with their appropriate partner
cells [3–6]. Steering a growing axon is the principal responsibil-
ity of the growth cone — a complex structure forming the tip of
the axon, which has both sensory and motor functions [7]. Growth
cones respond to chemical, electrical and mechanical cues in their
immediate environment and transduce these into directed axonal
growth [5].
Extracellular chemical gradients form an important class of

such guidance cues [5]. To respond to a chemical gradient, a growth
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cone must be able to estimate how the external concentration
varies across its spatial extent [8]. However, as with any sensory
process, making such an estimate is subject to noise that
potentially obscures any systematic concentration variation due to
an external gradient [9–16]. More specifically, two critical issues
that limit the accuracy with which the gradient can be estimated
are as follows. The first is spatial uncertainty: a growth cone
probes its environment with specialized chemoreceptors, which
transduce external cues into intracellular signals — however, the
position of a receptor on the surface of the growth cone must
be estimated from the signals it produces, reducing its reliability.
The second critical issue is temporal uncertainty associated with
stochastic binding and unbinding of receptors. In other work, we
have considered the effects of spatial uncertainty [17]; here, we
focus on the temporal issues.
The influence of noise on chemotaxis has been studied in

a number of situations other than the guidance of axons. In
particular, the slime-moldDictyosteliumdiscoideum and leukocytes
have been the subject of theoretical attention along these lines for
a number of years [9,14,15,18–20]. A common assumption in these
studies is that it is the time-averaged occupancy of receptors that
is the relevant signal used by the cell to estimate the concentration.
However, whether this is in fact the optimum information for
receptors to ‘pass on’ for effective gradient detection has not been
established.

http://www.elsevier.com/locate/physd
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In this article, we explicitlymodel ligand–receptor binding over
time, and determine the quantities of most value to a growth
cone to extract from its receptors. We find that, in contrast to the
typical assumption of receptor occupancy made in the literature,
gradient direction can be better measured by estimating the
length of time for which a receptor remains unbound, on average,
before becoming bound: a calculation requiring more information
from the receptors than simply their time-averaged occupancy. In
particular, we show that when the chemoreceptors report how
often they transition from unbound to bound, as well as their
time-averaged binding state, the observation time is effectively
doubled. These results give new insight into how fundamental
physical limits constrain the ability of growth cones, and other
small sensors, to measure external chemical gradients.

2. A general one-dimensional model for gradient sensing

We imagine that the growth cone senses its environment
through a collection of spatially distributed ‘‘measurement de-
vices’’. For example, these might represent chemoreceptors or
clusters of chemoreceptors. Each of these devices interacts with its
local environment – described entirely by the local average con-
centration of guidance cue, C – and produces an observation O
with probability P(O|C). Suppose the growth cone has a collection
of such devices, located at positions Er = (x1, x2, . . . , xn), and is
immersed in a concentration field with spatial variation C(x) =
C(0) × (1 + µx); then the joint probability of making the set of
observations EO = (O1,O2, . . . ,On) is

P(EO|C(0), µ) =
∏
i

P(Oi|C(0)× (1+ µxi)). (1)

Here, µ is the relative change in concentration across the spatial
extent of the growth cone.
Assuming shallow gradients (i.e. small µ), and expressing

the concentration in dimensionless units, replacing C(0) with
γ = C(0)/Kd (when we explicitly consider chemoreceptors, we
measure the concentration inmultiples of the receptor dissociation
constant Kd), we can approximate this with

P(EO|γ , µ) = P(EO|γ ) exp

[∑
i

log P(Oi|γ × (1+ µxi))

]
(2)

≈ P(EO|γ )

[
1+ µ

∑
i

xiγ
d
dγ
log P(Oi|γ )

]
. (3)

Applying Bayes rule and marginalizing over γ , we have

P(µ|EO) ∝ P(µ)+ µP(µ)
∑
i

xiγ
d
dγ
log P(Oi|γ ), (4)

where, to simplify the discussion, we have assumed that the
growth cone’s posterior uncertainty concerning γ is negligible.
By obtaining an expression for P(Oi|γ ), we can therefore find

P(µ|EO), the posterior probability that the gradient strength is µ
given the observations EO. In the case where P(µ) is symmetric
about 0, the growth cone can decide between turning left or right
by comparing

χ(EO) =
∑
i

xiγ
d
dγ
log P(Oi|γ ) (5)

to zero: ifχ is greater than zero then the gradientmost likely points
right,while ifχ is less than zero, itmost likely points left.Wedefine
χi as the coefficient of xi in this sum; i.e.,

χi = γ
d
dγ
log P(Oi|γ ). (6)
3. Gradient sensing with complete information about receptor
binding

We now derive an expression for the probability of observing a
particular sequence of receptor binding states given a particular
background concentration. We then substitute this into our
formula for optimal gradient detection, Eq. (5), and give an intuitive
explanation for the results.
We model receptor binding as a continuous time, two-state

Markov process: one state represents the receptor in its bound
configuration, while the other represents the receptor in its
unbound configuration. The transition rates between the states are
denoted r− (for the transition from a bound state to an unbound
state) and r+ = Ck+ (for a transition from an unbound to a bound
state). Here, C is the local concentration of ligand at the receptor.
Following the Michaelis–Menten model of receptor dynamics, the
dissociation constant of the receptor is Kd = r−/k+. Writing γ =
C/Kd for the dimensionless concentration obtained by scaling C by
Kd, we can also express the unbound-to-bound transition rate as
r+ = γ r−.
As illustrated in Fig. 1, each observation Oi consists of a

function bi(t), describing the binding state of the ith receptor
for each time t during the interval for which the growth cone is
making its observation, [0, T ]. Since the transitions are assumed
to be instantaneous, specifying b(t) is equivalent to specifying a
sequence of times Et at which a receptor changes binding states,
along with the initial state of the receptor b ≡ b(t = 0); thus
each observation can be described by the pair (Et, b), where Et is of
some arbitrary length n. For example, Et may be of length n = 0,
describing the case in which no transitions occur in the interval
[0, T ]. For ease of presentation, we will simply refer to Et and n in
the following, it being understood that neither are fixed quantities.
To obtain an expression for P(Et, b|γ , T ) – the probability of

observing binding state transitions at times Et with initial binding
state b, over a time T at background concentration γ – we find
P(Et|γ , T , b), the probability of observing a series of transition times
Et within a time T assuming that the receptor began in a state b, and
then multiply by the probability of observing the receptor in state
b at time t = 0:

P(Et, b|γ , T ) = P(Et|γ , T , b)P(b|γ ). (7)

The likelihood of observing a particular trajectory of binding
states b(t) ≡ {b, (t1, . . . , tn)} over a period of time T , given
background concentration γ , can be obtained approximately by
dividing [0, T ] into small intervals of length δt , which are small
enough that the probability of more than one transition occurring
within one interval is negligible:

δtnP(t1, t2, . . . , tn|γ , b, T )
≈ exp(−r0t1)r0δt × exp(−r1(t2 − t1))r1δt
× exp(−rn−1(tn − tn−1))rn−1δt exp(−rn(T − tn)), (8)

where rm represents the appropriate transition rate for the mth
transition; i.e.,

rm =
{
γ r− ifm+ b is even
r− ifm+ b is odd. (9)

Dividing both sides by δtn and taking the limit as δt goes to zero,
we obtain the exact result:

P(Et|γ , b, T ) = r0r1 . . . rn−1
× exp(−r0t1 − r1(t2 − t1)− · · · − rn(T − tn))

= rnbu− (γ r−)nub exp(−r−Tb − γ r−Tu), (10)

where nbu and nub are the number of bound-to-unbound and
unbound-to-bound transitions, respectively, and Tb and Tu are the



D. Mortimer et al. / Physica D 239 (2010) 477–484 479
Fig. 1. A one-dimensional framework for gradient sensing. Receptors are located at positions x1 , x2 , . . ., xN , measured relative to the central axis of the growth cone (for
clarity, only five are shown in the figure). The growth cone is immersed in a time-invariant concentration gradient C(x) = C(0)× (1+µx) (shown in green). The state of the
receptors changeswith time between unbound and bound, as described by bi(t) (the initial state of the receptors, as illustrated on the schematized growth cone, corresponds
to bi(t0)). The growth cone must use information gathered from its receptors about their state over a period of time T to make a decision as to whether the gradient points
left or right. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
total times spent bound and unbound (i.e., Tu+ Tb = T ). From this,
we can see that, for any Et , P(Et|γ , b, T ) is entirely determined by
the time the receptor spent unbound Tu, and the total number of
transitions n, since we can write nub and nbu as functions of n and
b:

nub =
{
bn/2c n even
bn/2c + 1− b n odd (11)

nbu =
{
bn/2c n even
bn/2c + b n odd (12)

where, for any real number x, bxc is the largest integer less than or
equal to x.
Thus, it is economical to use P(Tu, n|γ , T , b), rather than

P(b(t)|γ , T , b) in future calculations. In order to obtain
P(Tu, n|γ , T , b) from P(Et|γ , T , b), we must account for the infi-
nite number of possible Et which yield the same n and Tu. Writing
Et = (t1, . . . , tn), we have that

P(Tu, n|γ , b, T ) =
∑

{Et|Tu(Et,b)=Tu}

P(Et|γ , T , b)

= P(Et|γ , T , b)V (Tu, n; T , b)

= rnbu− (γ r−)nub exp(−r−Tb − γ r−Tu)V (Tu, n; T , b), (13)

where V (Tu, n; T , b) denotes the ‘volume’ taken up by vectors Et for
which n(Et) = n and Tu(Et, b) = Tu.
This volume is given by

V (Tu, n; T , b)

=

∫ T

0
dt1

∫ T

t1
dt2 . . .

∫ T

tn−1
dtnδ(Tu(t1, . . . , tn)− Tu)

=

(∫ Tu

0
ds1 . . .

∫ Tu

snu−1
dsnu1

)(∫ Tb

0
dq1 . . .

∫ Tb

qnb−1
dqnb1

)

=
T nuu
nu!
T nbb
nb!
, (14)

where nu and nb are the number of ‘‘free’’ transitions fromunbound
to bound and bound to unbound, respectively:

nu =
{
bn/2c n odd
bn/2c − b n even (15)
nb =
{
bn/2c n odd
bn/2c − 1+ b n even. (16)

By ‘‘free’’ transition, we mean those transitions for which we have
no constraints concerning the time within the interval [0, T ] at
which they occur. For example, if only one transition occurs (n =
1), then there are no free transitions, as this transition must occur
in such a way that the total time the receptor spends unbound is
Tu.
Substituting into our expression for P(Tu, n|γ , b, T ), we have

P(Tu, n|γ , b, T ) =
(γ r2
−
TuTb)bn/2c

bn/2c!2
exp(−γ r−Tu − r−Tb)

×

γ
1−b n odd
bn/2c

T bu T
1−b
b

n even and n 6= 0. (17)

For n = 0, we have

P(Tu, n|γ , b, T ) = b exp(−r−T )δ(Tu)+ (1− b) exp(−γ r−T )δ(Tb)

=
(γ r2
−
TuTb)bn/2c

bn/2c!2
exp (−γ r−Tu − r−Tb) (bδ (Tu)

+ (1− b) δ (Tb)) , (18)

where δ(Tu) and δ(Tb) are Dirac delta functions, so∫
I
δ(x)dx =

{
0 if 0 6∈ I
1 if 0 ∈ I. (19)

Assuming that the growth cone’s receptors are at equilibrium
at the beginning of the measurement period, and hence that
P(b|γ ) = γ b/(1 + γ ), then writing P(Tu, n, b|γ , T ) = P(Tu, n|γ ,
b, T )P(b|γ ), we obtain

P(Tu, n, b|γ , T ) =
exp(−γ r−Tu − r−Tb)

1+ γ
γ b(γ r2

−
TuTb)bn/2c

bn/2c!2

×


bδ(Tu)+ (1− b)δ(Tb) n = 0
γ 1−b n odd
bn/2c

T bu T
1−b
b

n even and n 6= 0.
(20)
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We can now use this to determine χ in Eq. (5), given Oi = {n(i),
T (i)u , b(i)}:

χi = γ
d
dγ
log P(T (i)u , n

(i), b(i)|γ , T )

= bn(i)/2c + b(i) −
γ

1+ γ
− γ r−T (i)u +

{
1− b(i) if n(i) odd
0 if n(i) even.

(21)

Since nub is just bn/2c if n is even, or bn/2c + 1− b if n is odd, this
is just

χi = b(i) −
γ

1+ γ
+ n(i)ub − γ r−T

(i)
u . (22)

This expression can be decomposed into two terms. The first
characterizes the information provided by the initial state of the
receptor:

χ
(i)
init = b

(i)
−

γ

1+ γ
. (23)

The second term corresponds to information obtained by
following the receptor’s state over time:

χ
(i)
t = n

(i)
ub − γ r−T

(i)
u . (24)

This term is essentially equivalent to comparing an estimate of
the local concentration at the ith receptor to an estimate of the
concentration at the center of the growth cone. More specifically,
given nub complete bound–unbound–bound sequences of total
time Tu, we could estimate the local concentration γi by noting that
the expected time tu for the ith unbound receptor to become bound
is 1/(r−γi), and hence γ̂i = 1/(r−tu). Given T

(i)
u and n

(i)
ub , an obvious

estimate of tu is T
(i)
u /n

(i)
ub , and this gives us γ̂i = n(i)ub/(r−T

(i)
u ).

We assumed that the growth cone has accurate knowledge of the
average background concentration γ , so Eq. (24) is just

χ
(i)
t = r−T

(i)
u ×

(
γ̂i − γ

)
. (25)

If there was no gradient (µ = 0), we would expect χ (i)t to be zero
on average, as any systematic deviation in γi from γ is a result of a
non-zero µ.
Finally, substituting Eq. (22) into Eq. (5), we find that the growth

cone’s optimal strategy is to compare

χ =
∑
i

xi ×
(
b(i) −

γ

1+ γ
+ n(i)ub − γ r−T

(i)
u

)
(26)

with zero. This is the main result of this section.

4. Gradient sensing with time-averaged occupancy

Wenow focus on the case inwhich the growth cone knows only
the average occupancy f of each receptor, where f = Tb/T . Hence,
we need an expression for P(Tb|γ , T ) independent of the initial
binding state and the number of state-changes. We can obtain this
by marginalizing over b and n in (20):

P(Tb|γ , T ) =
∑
b

∑
n

P(Tb, n, b|γ , T )

=

∑
n

(γ r2
−
TuTb)bn/2c

bn/2c!2
exp(−γ r−Tu − r−Tb)

1+ γ

×


γ δ(Tu)+ δ(Tb) n = 0
2r−γ n odd

bn/2c
(
γ

Tu
+
1
Tb

)
n even and n 6= 0
=
exp(−γ r−Tu − r−Tb)

1+ γ

×

(
γ δ(Tu)+ δ(Tb)+ 2r−γ

∞∑
l=0

(γ r2
−
TuTb)l

l!2

+

(
γ

Tu
+
1
Tb

) ∞∑
l=0

l(γ r2
−
TuTb)l

l!2

)
. (27)

This can be expressed more succinctly by making use of the series
expansion for integer-order modified Bessel functions [21],

Iν(x) =
(
1
2
x
)ν ∞∑

k=0

(x2/4)k

k!Γ (ν + k+ 1)
, (28)

leading to

P(Tb|γ , T ) =
exp(−γ r−Tu − r−Tb)

1+ γ

×

(
γ δ(Tu)+ δ(Tb)+ 2r−γ I0

(
2
√
γ r2−TuTb

)
+

√
γ r2−TuTb

(
γ

Tu
+
1
Tb

)
I1

(
2
√
γ r2−TuTb

))
. (29)

We can now determine the probability of observing an average
occupancy f by recasting Eq. (29) in dimensionless units (with
Tb → Tb/T = f and Tu → (T − Tb)/T = 1− f , and τ = r−T ):

P(f |γ , τ ) =
τ exp (−τ(γ (1− f )+ f ))

1+ γ

×

(
1
τ
δ(f )+

γ

τ
δ(1− f )+ 2γ I0

(
2τ
√
γ f (1− f )

)
+
√
γ f (1− f )

(
1
f
+

γ

1− f

)
I1
(
2τ
√
γ f (1− f )

))
. (30)

In making the change of variables Tb → f , we have multiplied
by T in Eq. (29), and divided by T in δ(Tu) and δ(Tb), so that the
transformed formula is also a probability distribution.
Given Eq. (30), we find γ d

dγ log(P(f |γ , τ )), and approximate
by substituting the first term in the asymptotic expansion of the
Bessel function Iν(x), which is

Iν(x) ≈
ex
√
2πx

. (31)

After some rearrangement, this gives

γ
d
dγ
log P ≈

1
1+ γ

+
1
2

√
γ f −

√
1− f

√
γ f +

√
1− f

+ (
√
γ f (1− f )− γ (1− f ))τ (32)

which holds for large τ
√
γ f (1− f ).

To explore further, we note that, for shallow gradients, fi should
be close to γ

1+γ for large τ , and hence replace fiwith
γ

1+γ +δi. Under
the additional assumptions that δi �

γ

1+γ and δi �
1
1+γ , then for

the ith receptor, Eq. (32) can be approximated by

χi =
1

1+ γ
+
1
2

γ

√
1+ 1+γ

γ
δi −
√
1− (1+ γ )δi

γ

√
1+ 1+γ

γ
δi +
√
1− (1+ γ )δi

+

(√
(1+

1+ γ
γ

δi)(1− (1+ γ )δi)

− (1− (1+ γ )δi)

)
γ

1+ γ
τ
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≈
1
2
+
1
2
δi +

1
2
(1+ γ )δiτ

=
1
2
+
1
2
(1+ (1+ γ ) τ)

(
fi −

γ

1+ γ

)
. (33)

This approximate expression is the main result of this section, and
it shows how the growth cone’s optimal steering decision is re-
lated to the ith receptor’s time-averaged binding state fi, the total
(dimensionless) observation time τ = r−T , and the mean concen-
tration γ .We can compare Eq. (33) to the related expression for the
full-knowledge case (Eq. (22)) by rewriting it in the following form:

χi ≈
1
2

(
1+ fi −

γ

1+ γ
+ r−T

(i)
b + r−γ T

(i)
u

)
− r−γ T (i)u . (34)

The final term in this expression is identical to the final term in Eq.
(22). We hypothesize that the first term estimates n(i)ub; however,
more analysis is required to establish this definitively.

5. Comparing the performance of the full-knowledge and time-
averaged occupancy cases

It may be that, when the growth cone is restricted to knowing
only the time-averaged occupancy of its receptors, its performance
is significantly impaired when compared with the situation in
which it has full knowledge of its receptors’ states; or it could be
that its performance is barely affected. Thus, we now compare the
performance of the two decision mechanisms developed in the
previous sections, described by Eqs. (26) and (33).
We define the sensitivity of a particular strategy χ under

particular gradient conditions (i.e., a single choice of (γ , µ)) as
the probability Pcorrect that the growth cone will choose the correct
gradient direction using the χ strategy under those gradient
conditions. In order to estimate this probability, we apply Monte
Carlo simulation, using Gillespie’s Stochastic Simulation Algorithm
[22] in order to generate sequences of receptor binding states
over time. We then estimate Pcorrect based on the fraction of such
trajectories for which a correct decision would be made.
For each concentration, we generated Ntrajectories = 10 000

receptor binding trajectories each of length τ = 80. For each
trajectory we determined the optimal decision the growth cone
could make at various time-points given its assumed level of
knowledge about the binding states of its receptors. The error bars
shown reflect the standard deviation in the mean for a binomial
distribution with success probability given by the estimated value
of Pcorrect : σ =

√
Pcorrect(1− Pcorrect)/Ntrajectories. In each simulation,

µ = 0.01 (i.e. a 1% gradient), and the growth cone was assigned
200 receptors. Note that while real growth cones probably have
manymore receptors than this, our aim in these simulationswas to
explore the performance of the optimal strategies, not to compare
them to real growth cones. Thus, to reduce the simulation time, we
considered a reduced number of receptors. In any case, because the
model assumes no interactions between receptors, changing the
number of receptors can have only trivial effects on performance
(i.e., performance scales with the square root of the number of
receptors).
Fig. 2A illustrates the gradient sensing performance in the

long time limit (τ � 1) for the full-knowledge and average
occupancy situations. Each curve is for a different value of τ . One
interesting feature of Fig. 2A is that the performance plots of
the full-knowledge and average occupancy situations both have
very similar characteristics — in particular it appears that the
average occupancy performance is essentially identical to the full-
knowledge performance, assuming that half the time was allowed
for observation.
Some intuition for this effect comes from assessing the Fisher

information Iµ in the knowledge about the gradient steepness µ
in the two cases. Expanding the exponential in Eq. (2) to second
order, then substituting the definition of χi from Eq. (6), we obtain
an approximate expression for the Fisher information in µ for the
general case we considered in Section 2:

Iµ = −
〈
∂2

∂µ2
log P(EO|γ , µ)

〉
EO

≈ −

∑
i

〈
x2i γ

2 d
2

dγ 2
log P(Oi|γ )

〉
EO

= −

∑
i

x2i γ
2
〈
d
dγ

χi

γ

〉
EO
. (35)

It is now straightforward to approximate the Fisher information
concerning µ in the full-knowledge and average occupancy
situations. For the full-knowledge case we obtain

Iµ ≈
∑
i

(
〈n(i)ub〉EO + 〈bi〉EO − ρ

2
)

≈ N(ρτ + ρ(1− ρ)), (36)

where we have used 〈bi〉EO ≈ ρ and 〈n
(i)
ub〉 ≈ ρτ (justified below).

Similarly, for the average occupancy case, combining Eqs. (33) and
(35), we obtain

Iµ ≈
1
2

∑
i

(
(1+ τ)〈fi〉EO + (1− ρ)(1+ ρ)

)
≈
N
2
(ρτ + ρ(1− ρ))+

N
2
, (37)

noting that 〈fi〉EO ≈ ρ. When τ is large, we see that roughly twice
the information is available in the full-knowledge case compared
to the average occupancy case, as observed in Fig. 2A.
A second feature of Fig. 2A is that, for each value of τ ,

the gradient sensing performance increases monotonically with
concentration. This contrasts with experimental observations, in
which the performance is typically biphasic, peaked near the
dissociation coefficient of the relevant receptors, as shown in
Fig. 2B. In the case of our simulations, this unrealistic behaviour
occurs because, under the current assumptions of the model, the
growth cone can measure the interval of time for which a receptor
is unbound with perfect accuracy. As a result, as the concentration
increases and the length of time the receptor spends unbound
decreases, the growth cone essentially reaches a limit to sensing
accuracy related to the number of unbound-to-bound transitions
that can occur within the observation period. In other words,
each unbound-to-bound transition constitutes a ‘‘measurement’’
of the local concentration, and each individual measurement has
the same degree of uncertainty associated with it, regardless of
the background concentration, because we have assumed that the
only uncertainty stems from the inherent stochasticity of receptor
binding, not in downstream processing. As a result, the gradient
sensing accuracy is limited by the number of such measurements
that can occur in a given period of time, which is in turn limited by
the time it takes to ‘‘reset’’ the receptor to its unbound state.
This means that the gradient detection performance of the

growth cone should be determined solely by the number of such
measurements that can be made. We can estimate this by noting
that, on average, the time it takes a receptor to make a single mea-
surement, and return to the unbound state, is given by the sum of
the average time it takes the receptor to become bound, 1/γ r−,
and the average time for which it remains bound, 1/r−. In an ob-
servation time T , the number of measurements a single receptor
can make is roughly

nmeas ≈
T

1
γ r−
+

1
r−



482 D. Mortimer et al. / Physica D 239 (2010) 477–484
0.75

0.70

0.65

0.60

0.55

Normalised concentration, 

0.10

0.08

0.06

0.04

0.02

0.00

-0.02

BA
Se

ns
in

g 
pe

rf
or

m
an

ce
, P

co
rr

ec
t

10-2 10-1 100 101 10210-3 103

G
ui

da
nc

e 
R

at
io

0.80

0.50
10-3 10-2 10-1 100 101

NGF Concentration (nM)

10-4 102

Fig. 2. Theoretical and experimental sensitivity curves. A: The solid lines show the theoretically optimal performance when it has full knowledge of its receptors’ dynamics,
while the dashed lines show theperformancewhenonly the time-averaged occupancy of each receptor is known.Note that the time-averaged occupancy performance closely
matches the full-knowledge performance when the observation time is halved. B: Experimentally measured gradient sensing performance (data reproduced from [23]). Rat
pup dorsal root ganglia were exposed to a gradient of nerve growth factor (NGF), allowed to grow for 48 hours, and then imaged. The degree of asymmetry in the resulting
neurite growth was quantified and plotted against concentration (see [23] for details). (For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)
0.75

0.70

0.65

0.60

0.55

0.50

0.45

Se
ns

in
g 

pe
rf

or
m

an
ce

, P
co

rr
ec

t

0.80
full information
time-averaged occupancy

0 5 10 15 20 25 30
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strategies is directly proportional to

√
ρτ at long times. The data from Fig. 2A is

replotted, showing direct proportionality between Pcorrect and
√
ρτ .

=
r−T

(1+ γ )/γ
= ρτ, (38)

and therefore wewould expect the growth cone’s gradient sensing
performance to be proportional to

√
nmeas =

√
ρτ . Indeed, this is

exactly what we observe in our simulation results for both the full-
knowledge and average occupancy cases, as illustrated in Fig. 3.

6. The effect of downstream noise on gradient sensing

If we included a realistic mechanism for measuring time inter-
vals – such as the production of second messenger molecules at a
rapid, but finite rate – smaller time intervals would be measured
with diminishing accuracy until, eventually, the limiting factor in
determining the sensing accuracy at high concentrations would be
the accuracy towhich small time intervals can bemeasured, rather
than the number of measurements that can be made. To illustrate
this, we estimate the degradation in performance at high concen-
trations, supposing that unbound receptors produce downstream
signals as a Poisson process with rate q.
Denoting the quantity of signalling molecules produced by a
given receptor bym, we have

P(m|TU) =
(qTU)m exp(−qTU)

m!
, (39)

where TU is a random variable defined by

TU ≈
nmeas∑
l=1

tl. (40)

The tl are independent, exponentially distributed randomvariables
with mean (γ r−)−1, and nmeas is the number of ‘‘measurements’’
(i.e. unbound-to-bound transitions) that occur. Since we are
particularly interested in the case where γ is large, wewill assume
that the number of measurements is determined by the time
it takes a receptor–ligand complex to dissociate. Hence, nmeas is
closely approximated by a Poisson random variable with expected
value r−T = τ . We will focus on the limits where both τ and
q〈TU 〉 are large. Under these conditions, the Central Limit Theorem
allows us to assume that P(m|γ , T ) =

∫ T
0 P(m|TU)P(TU |γ , T )dTU

is roughly normally distributed. Thus, to approximate P(m|γ , T ),
we need to find the mean 〈m〉γ ,T and variance 〈m2〉γ ,T − 〈m〉2γ ,T of
m.
In order to calculate the mean and variance of m, we first

calculate the moment generating function form,

Mm(z) =
∞∑
m=0

P(m|γ , T )ezm

=

∫ T

0
dTUP(TU |γ , T )

∞∑
m=0

P(m|TU)ezm

=

∫ T

0
dTUP(TU |γ , T )

∞∑
m=0

1
m!

(
qTUez

)m exp(qTU)
=

∫ T

0
dTUP(TU |γ , T ) exp

(
qTU

(
ez − 1

))
= MTU

(
q
(
ez − 1

))
, (41)

whereMTU is the moment generating function for TU . To calculate
MTU , we use the fact that the probability distribution for a random
variable which is a sum of independent, identically distributed
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(i.i.d.) random variables (i.e., TU =
∑nmeas
i=0 ti, where each of the ti

are i.i.d.) is just the convolution of the distributions of the summed
variables (i.e., P(TU |γ , T , nmeas) = [∗nmeas P(ti|γ )] (TU), where ∗n is
defined recursively by [∗n+1 f (t)] =

∫ t
0 dsf (s)[∗

n f (t − s)]), and
then

MTU (s) =
∫ T

0
dTUP(TU |γ , T )esTU

=

∑
nmeas

P(nmeas|γ , T )
∫ T

0
dTUP(TU |γ , T , n)esTU

=

∑
nmeas

P(nmeas|γ , T )
∫ T

0
dTU

[
∗
nmeas P(ti|γ )

]
(TU)esTU

=

∑
nmeas

P(nmeas|γ , T )
[∫ T

0
dtP(t|γ )est

]nmeas
=

∑
nmeas

P(nmeas|γ , T )Mti(s)
nmeas

=

∑
nmeas

1
nmeas!

(
τMti(s)

)nmeas exp(−τ)
= exp

[
τ
(
Mti(s)− 1

)]
, (42)

wherewe have used the fact that the Laplace transform of a convo-
lution of functions is just the product of the Laplace transform for
each function individually. The moment generating function for ti
can be found by an elementary integration:

Mti(s) =
∫
∞

0
dtP(t|γ )est

=

∫
∞

0
dt(γ r−) exp [(s− γ r−) t]

=
γ r−

γ r− − s
, (43)

and so, combining all of the above, we obtain

Mm(z) = exp
[
τ

(
γ r−

γ r− − q (ez − 1)
− 1

)]
= exp

[
τ

q (ez − 1)
γ r− − q (ez − 1)

]
. (44)

We can easily determine the mean and variance of m from the
moment generating function by noting that, given the moment
generating function of a random variable X , the kth moment is
given by

〈Xk〉 =
〈
dk

dzk
ezX
〉∣∣∣∣
s=0

=
dk

dsk
MX (z = 0) (45)

and hence

〈m〉 =
d
dz
exp

[
τ

q (ez − 1)
γ r− − rq (ez − 1)

]∣∣∣∣
z=0

= τ
γ r−qez

(q (ez − 1)− γ r−)2
exp

[
τ

q (ez − 1)
γ r− − q (ez − 1)

]∣∣∣∣
z=0

= τ
γ r−q
γ 2r2−

=
q
r−γ

τ (46)

and (without giving details of the differentiation)

〈m2〉 − 〈m〉2 =
1
γ
qT +

q2T 2

γ 2
+
2q2T 2

r−γ 2
−

(
qT
γ

)2
Fig. 4. The gradient sensing performance degrades at high concentration when
downstream constraints on how accurately the period of time for which a receptor
is unbound can bemeasured are included. The concentration at which performance
is impacted depends on the relative timescales of receptor–ligand interaction,
and downstream signalling. While our methods do not allow us to estimate the
entire sensitivity curve, we might expect performance to behave somewhat like
the product of the low-concentration (in blue) and high-concentration (in red)
estimates. This is shown in green for the case in which downstream signalling
occurs on the same timescale as receptor–ligand interaction. Note that now, the
performance decreases at high concentrations, consistent with experimental data.
(For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)

=
1
γ
qT
(
1+

2q
r−γ

)
=

q
r−γ

τ

(
1+

2q
r−γ

)
. (47)

Assuming that the receptors are distributed symmetrically
around the center of the growth cone, then, for small µ, the
gradient sensing performance should be proportional to the signal-
to-noise ratio:

|d′| =
‖∆〈m〉‖√

2
(
〈m2〉 − 〈m〉2

)
=

µγ ‖d〈m〉/dγ ‖√
2
(
〈m2〉 − 〈m〉2

)
= µ

q
r−γ
τ√

2 q
r−γ
τ
(
1+ 2q

r−γ

)
= µ

√
τ

r−
q γ + 2

. (48)

Thus, the concentration at which gradient sensing performance
begins to decay is determined by the ratio of timescales of receptor
signalling to receptor binding, ε = r−/q. This is illustrated
in Fig. 4, in which the performance at high concentrations is
compared for a range of different ε, with τ = 100. As the rate of
downstreamsignalling increases, the performance ismaintained at
higher concentrations; this is to be expected, as the accuracy with
which a short interval can be estimated by counting the number of
Poisson-distributed events that occur within it is proportional to
the expected number of signalling events within that interval.

7. Discussion

We have introduced a general framework for modelling gra-
dient detection in one dimension, and have applied it specifically
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to the problem of extracting optimal information from individual
chemoreceptors, given their binding states over time. We found
that, for optimal detection of an unchanging external gradient, a
receptor needs to provide two key quantities: the total time spent
unbound within the observation period, and the number of tran-
sitions from unbound to bound occurring within that period. This
contrasts with what is generally assumed in the chemotaxis mod-
elling literature: namely, that a cell or growth cone knows only
the time-averaged binding state of its receptors. We demonstrated
that signalling in this manner effectively decreases the sampling
time by a factor of a half — in other words, when only the time-
averaged binding state is known, half the information available to
the cell is discarded.
By simulating the gradient sensing performance achievable by

these two signalling strategies, we found that the performancewas
monotonically increasing with concentration. This contrasts with
experimental results, where the gradient sensing performance is
biphasic with concentration. We proposed one possible explana-
tion for why the performance might decay at high concentrations:
as the concentration increases, it is increasingly difficult for the
receptor to transmit accurate information about its binding trajec-
tory, leading to a degradation in performance at high concentra-
tions. The concentration at which this decay occurs is determined
by the maximum rate at which downstream signalling molecules
can be produced.
An interesting corollary of this suggestion is that it ought to be

possible to independently manipulate the concentrations at which
the gradient sensitivity initially rises from zero, and falls back to
zero, by varying the ligand–receptor interaction kinetics and rate
of downstream signalling, respectively. We might expect these to
be at least partially decoupled in physical receptors, as presumably
the rate of downstream signalling is primarily determined by the
intracellular domain of the receptor, while the kinetics of ligand
interaction may be primarily determined by the extracellular
domain.
Finally, we note that while we have specifically focussed on

temporal aspects of gradient sensing here, the interface between
temporal and spatial uncertainty might provide a wealth of
interesting problems. Ligand molecules diffuse in the surrounding
medium and can interact with multiple receptors over a period of
time (introducing correlations between adjacent receptors). The
growth conemoves through its environment, and the environment
is itself dynamic: the very quantities the growth cone is trying to
estimate can be changing with time. Somehow, the growth cone
must make reliable and useful decisions and estimates against this
dynamic backdrop.
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