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1 Introduction

Dirichlet process mixture models provide a flexible Bayesian framework for estimating a distribution
as an infinite mixture of simpler distributions that could identify latent classes in the data. However
the full exchangeability assumption they employ makes them an unappealing choice for modeling
longitudinal data such as text, audio and video streams that can arrive or accumulate as epochs,
where data points inside the same epoch can be assumed to be fully exchangeable, whereas across
the epochs both the structure (i.e., the number of mixture components) and the parameterizations
of the data distributions can evolve and therefore unexchangeable. Several approaches have been
proposed to introduce temporal dependencies between distinct DPs [1, 2, 3, 4] by utilizing different
representations of DP. Notwithstanding these developments, inference is mainly carried via Gibbs
sampling which poses computational challenges when confronted with large datasets. In this paper
we focus on the Temporal DPM, a framework for introducing temporal dependencies between DPs
that we introduced earlier in [1], and show how to carry out collapsed variational inference in this
model.

2 Temporal Dirichlet Process Mixture Model

The Dirichlet process (DP) is a distribution over distributions [5]. A DP denoted by DP (G0, α) is
parameterized by a base measure G0 and a concentration parameter α. We write G ∼ DP (G0, α)
for a draw of a distribution G from the Dirichlet process. G itself is a distribution over a given
parameter space θ, therefore we can draw parameters θ1:N fromG. Integrating outG, the parameters
θ follow a Polya urn distribution [6], also knows as a Chinese restaurant process (CRP), in which the
previously drawn values of θ have strictly positive probability of being redrawn again, thus making
the underlying probability measure G discrete with probability one. More formally,

θi|θ1:i−1, G0, α ∼
∑

k

nk

i− 1 + α
δ(φk) +

α

i− 1 + α
G0. (1)

where, φ1:k denotes the distinct values among the the parameters θ, and nk is the number of param-
eter θ having value φk. By using theDP at the top of a hierarchical model, one obtains the Dirichlet
process mixture model, DPM [7]. The generative process thus proceeds as follows:

G | α,G0 ∼ DP (α,G0), θn|G ∼ G, xn | θn ∼ F (.|θn), (2)

where F is a given likelihood function parameterized by θ.

Several approached have been proposed to introduce temporal dependencies in DPs [1, 2, 3, 4],
to name a few. Here we focus on the temporal DPM introduced in [1]. The temporal Dirichlet
process mixture model (TDPM) is a framework for modeling complex longitudinal data, in which
the number of mixture components at each time point is unbounded; the components themselves
can retain, die out or emerge over time; and the actual parameterization of each component can also
evolve over time in a Markovian fashion. In TDPM, the random measure G is time-varying, and the
process stipulates that:
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Figure 1: Left, the TDPM and right,the finite fixed-dimensional model construction. The figure
shows a first-Order TDPM to avoid cluttering the display but the text assumes a generic ∆−order
process.
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α+

∑
k

m′
kt,
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k

m′
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l
m′

lt + α
δ(φk) +

α∑
l
m′

lt + α
G0

)
(3)

where {φ1:k} are the collection of unique values of θt:t−∆, and m
′

kt =
∑∆

δ=1 exp
−δ
λ mk,t−δ, where

mkt is the number of parameters in θt,. associated with component k and ∆, λ define the width and
decay factor of the time-decaying kernel. Moreover, the parameterization φk of each component
changes over time in a markovian fashion, i.e.: φkt|φk,t−1 ∼ P (.|φk,t−1). Integrating out the random
measuresG1:T , the parameters θ1:t follows a polya-urn distribution with time-decay, or the recurrent
Chinese restaurant process. More formally:

θti|θt−1:t−∆, θt,1:i−1, G0, α ∝
∑

k

(
m′

kt +mkt

)
δ(φkt) + αG0 (4)

Finally, [1] gives a third construction of the same process using the limit of a finite dynamic mixture
models with K mixtures as shown in Figure 1, whose generative process proceeds as follows: for
each t do,

1. ∀k: Draw φkt ∼ P (.|φk,t−1)
2. Draw πt ∼ Dir(m′

1t + α/K, · · · ,m′
Kt + α/K)

3. ∀i ∈ Nt Draw cti ∼ Multi(πt) , xti ∼ F (.|φcti,t)

where cti is the mixture component associated with data xti. By integrating over the mixing pro-
portion πt, It is quite easy to show the equivalence with the TDPM as k → ∞ (see [1] for more
details).

3 Collapsed Variational Inference

The inference problem is to compute p(c,φ|x). This problem was addressed using a Gibbs sampling
algorithm in [1], here we provide a collapsed VI algorithm based on a truncation level K of the
finite model in Figure 1. We collapse the π variables from the model, and maintain the dependency
between the atoms’ locations over time, thus we have the following variational distribution:

q(c,φ) =
∏

t

∏
i

q(cti)
∏
k

q(φk) (5)

Using the method in [8, 9, 10],the variational update can be found as follows. The form for q(φk)
depends on the emission and dynamic models. For instance,for a linear dynamics and gaussian
emission, this distribution can be calculated using the RTS smoother using the expected sufficient
statistics under q(), while for logistic normal emission, an approximate variational analogous is
available either via Laplace [11]or Taylor approximation [12]. Here we focus on the form for q(cti),
it can be shown that:
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q(cti = k) ∝ exp

(
Eq(c)

[
log p(cti = k|ct:t−∆)

]
+ Eq(φk)

[
log p(xt,i|φk,t)

])
×

exp

(
∆∑

δ=1

Eq(c)

[
log p(ct+δ|ct:t+δ−∆, cti = k)

])
(6)

where

P (cti = k|...) ∝
m′

kt +m−ti
kt + α∑

l
m′

lt +Nt − 1 + α
(7)

P (ct+δ|ct+δ−∆, cti = k) =
Γ
(∑

sm
′,cti=k
s,t+δ + α/K

)
∏

s Γ(m′,cti=k
s,t+δ + α/K)

∏
s Γ
(
m′,cti=k

s,t+δ +ms,t+δ + α/K
)

Γ
(∑

sm
′,cti=k
s,t+δ +ms,t+δ + α/K

)(8)

Note that the terms of the form Γ(
∑
...) in (8)and the denominator in (7) are fixed regardless of k

and thus will be factored out when normalizing (6). Plugging (7,8) into (6) we get,
q(cti = k) ∝

exp

(
Eq(c)

[
log(m′

kt +m−ti
kt + α)

]
+ Eq(φk)

[
log p(xt,i|φk,t)

])
× (9)

exp

(
∆∑

δ=1

K∑
s=1

Eq(c)

[
log Γ

(
m′,cti=k

s,t+δ +ms,t+δ + α/K
)]
− Eq(c)

[
log Γ(m′,cti=k

s,t+δ + α/K)
])

Now we focus on calculating expectations of the terms in (9). First note that: mkt + m′
kt =∑Nt

i=1 I(cti = k)+
∑∆

δ=1

∑Nt−δ

i=1 I(ct−δ,i = k)exp−
δ
λ . Under the factorized variational distribution,

the distribution of this quantity can be calculated using convolution as noted in [13], however this is
still intractable for large datasets. Following the insight in [13],and using the central limit theorem,
this quantity can be approximated by a Gaussian distribution with mean and variance given by:

Eq(c)

[
mkt +m′

kt

]
=

Nt∑
i=1

q(cti = k) +
∆∑

δ=1

Nt−δ∑
i=1

q(ct−δ,i = k)exp−
δ
λ

Varq(c)

[
mkt +m′

kt

]
=

Nt∑
i=1

q(cti = k)
(
1− q(cti = k)

)

+
∆∑

δ=1

Nt−δ∑
i=1

q(ct−δ,i = k)
(
1− q(ct−δ,i = k)

)(
exp−

δ
λ

)2

(10)

Using the above approximation, the expectation of the terms in (7,8) can be approximated using a
second-order Taylor expansion as follows: E

[
f(m)

]
= f

(
E[m]

)
+ 1

2f
′′
(
E[m]

)
Var[m]. Note the

second derivative of logΓ(.) is given by the ψ1(.), which is the trigamma function. As noted in [13],
this Gaussian approximation works well in practice in the context of the static DPM. Moreover, the
expectation of the second term in 6 depends on the emission model. Finally, smart caching can be
utilized when evaluating (9,10) across different values of k, δ.

We are still in the process of implementing this scheme and we expect to provide preliminary results
over simulation data in the workshop and contrast this inference algorithm with the Gibbs sampling
algorithm in [1].
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