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Distribution regression

Inputs are sample sets from distributions [e.g. 7]:
yi = f ∗(Pi) + ε Xi

iid∼ Pi ŷi = f (Xi)

Examples:
Pi Xi yi

Multivariate
distribution [7]

Sample from
distribution

Entropy of a
projection

Demographics
of county [2, 3]

30.3% Clinton
9.9% Trump

59.8% none/other

Galaxy
velocities in a
cluster [4, 5]

Cluster mass:
7× 1014M�

Standard approach [e.g. 7]

•Kernel mean embeddings: kernel k, RKHS H,
µP = EX∼P [k(·, X)] ∈ H

•µP fully characterizes P for many k
•Empirical mean estimator:

µ̂P = 1
N

N∑
j=1

k
(
·, X (j)

)

•Ridge regression from µ̂P to yi:

f (µ̂test) =
n∑
i=1
αi〈µ̂test, µ̂i〉H

=
n∑
i=1
αi

Ntest∑
j=1

Ni∑
j′=1

k
(
X test
j , X i

j′
)

•We make a landmark approximation (RBF net):

f (µ̂) = βTµ̂(u) =
s∑
`=1

β` µ̂(u`)

Sources of uncertainty

•Uncertainty about regression weights β
•Mean embeddings µi not seen exactly
•Should “trust” points with small Ni less

Bayesian linear regression

•Standard BLR model (similar to e.g. [3])
•Handles regression weight β uncertainty
•Assumes µ̂i known exactly
•Normal prior on regression weights β ∼ N (0, ρ2)
•Observations yi | Xi, β ∼ N (βTµ̂i(u), σ2)
•Gives normal yi | Xi with hyperparameters σ, ρ
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Shrinkage

•New model
•Handles µ̂i uncertainty
•Point estimate for β to retain conjugacy
•Uses Bayesian nonparametric model for µ̂i [1]:
•Prior: µi ∼ GP (m0, ηr(·, ·))
•Likelihood: “observed” at points u, CLT:

µ̂i(u) | µi(u) ∼ N (µi(u),Σi)
•Closed-form GP posterior for µ̂i | Xi

•Similar to James-Stein shrinkage
•Observations yi | µi, f ∼ N (〈f, µi〉H, σ2)
•Predictive: yi | Xi, β, z ∼ N (ξβi , ν

β
i )

ξβi = β>Rz

R + Σi

Ni

 −1(µ̂i −m0) + βTm0

νβi = βT
Rzz −Rz

R + Σi

Ni

−1
RT

z

 β + σ2

•Point estimates for β, σ, maybe kernel params. . .
•Optimise with backprop (TensorFlow)

Bayesian Distribution Regression

•Full uncertainty model (BDR)
•Shrinkage posterior for µ̂i
•BLR-like posterior for weights α
•Not fully conjugate
•MCMC for inference about α (Stan)

Age prediction from images
 , ,

→
0 25 50 75

age

• IMDb database from [6]
•Very noisy labels in the dataset
•Group pictures of actors, predict mean age
•Features: last hidden layer from [6]’s CNN
•Lots of variation in Ni:
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Figure: Histogram of Ni.

•Shrinkage really helps!
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Figure: Results across ten data splits (means and standard
deviations). RBF net, freq-shrinkage are tuned for RMSE,
other methods for NLL. CNN takes the mean of the
predictive distributions of [6] for each point in the bag.

Synthetic data

•Toy problem to examine input uncertainty:
•Labels yi uniform over [4, 8]

• 5d data points:
[
xij
]
`
| yi iid∼ 1

yi
Γ
(
yi
2 ,

1
2
)

• (s5, 25, 25, 100− s5)% of bags respectively have
Ni = (5, 20, 100, 1000)
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Figure: Density of xij for different yi.

•BDR ≈ shrinkage < BLR in NLL, MSE:
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Figure: Negative log predictive likelihoods.

• Illustrative behaviour of different kinds of bags:
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Figure: Bags are dots: horizontal position is true yi, vertical
is predictive mean, colour is predictive std. s5 = 25.

•Similar experiment with Ni = 1000, label noise:
•BDR ≈ BLR < shrinkage in NLL, MSE
•BDR able to take advantage of both settings

Takeaway
•Two sources of uncertainty in distribution re-
gression: inputs and model
•BLR handles model uncertainty
•Shrinkage method handles input uncertainty
based on bag size
•Full BDR handles both, but needs MCMC
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