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Learning	  on	  Distribu(ons	  

K(    ,    ) ≈ z(    )Tz(    )
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Experiment:	  Image	  Classifica(on	  
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Experiment:	  Scene	  Classifica(on	  
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We want to do machine learning where the inputs

are distributions, instead of vectors.

Approximate	  Embeddings	  

Needs an N ⇥N kernel matrix:

If N is big, way too slow.

Instead, use an N ⇥D feature

matrix that approximates K:

Distribu(on	  Kernels	  

Setup	  
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2. Embed L2(X ) into Rn
with projection coe�cients

3. Use random Fourier features z for the rbf ker-

nel (Rahimi and Recht, 2007) to get output in RD

1. Embed d into L2(X )
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based on Fuglede (2005)

Method	  

Theory	  
For fixed p and q, the paper bounds
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Details	  

Preferred approach:
• Choose a distance on distributions d
• Make a kernel withK(p, q) = exp(��d2(p, q))

Distances to use:
• L2 between densities
• Maximum mean discrepancy (MMD)
• Total variation (TV)
• Hellinger distance (H)
• Jensen-Shannon divergence (JS; based on KL)

Finite	  Sample	  Es(mates	  

• Use kernel density estimation (KDE) to get p̂.
• Use simple Monte Carlo for integrals in A.

1.	  

2.	  

3.	  

• First, embed  into L2:  corresponds to a measure
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• Then z(x)
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, and so

K(p, q) ⇡ z(A(p))

T
z(A(q)).

distribution
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Sample with 9 Components

9 components

“seaside city”

Ntampaka	  et	  al.	  (ApJ	  2015)	  

logM = 14.63

Flaxman	  et	  al.	  (KDD	  2015)	  

county voted 54%
for Obama
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Experiment:	  Gaussian	  Mixtures	  
Mixtures as above with 1 to 10 components.

Train on 4 000, 8 000, and 16 000 distributions.

Test on 2 000.

cifar-10 cats vs dogs, pixel features.

Train on 2 500, 5 000, and 10 000.

Test on 2 000.

scene-15, features from imagenet-vgg-verydeep-16.
Left (black) use

ˆA(·); right (blue) use z( ˆA(·)).

and more. . .

Our	  Contribu(on	  
An approximate embedding for
distributional kernels based on to-
tal variation, Hellinger, and Jensen–
Shannon distances.

Then primal-space solvers run quickly.

Let {'↵(x)}↵2Zd be an orthonormal basis for L2(X ).
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P
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A is our embedding of d into Rm
:

( needs to be homogeneous and negative-type.)

Embeddings exist for L2 and MMD.

We give one for a class including

p
TV,

p
JS, and H:


