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Learning on Distributions

We want to do machine learning where the inputs are distribu-
tions, instead of fixed-dimensional vectors:

•Predict galaxy cluster mass from galaxy velocities [5].
•Model political feeling with sets of individual demographics [3].
•Classify images with distributions of patch descriptors [4, 7].
•Approximate expectation propagation messages [2].
•Perform parametric statistical inference faster and/or better:

Density with 9 Components
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Sample with 9 Components

9
sample regression

Distribution Kernels

Use a distributional distance d in a generalized rbf kernel

K(p, q) = exp
− 1

2σ2 d
2(p, q)


where p, q are densities on X .
Then estimate K based on samples X ∼ p, Y ∼ q.
But doing pairwise kernel estimates means with N input distri-
butions, we need N 2 estimates, and usually N 3 computation in
kernelized svms, gps, . . . .

Approximate Kernel Embeddings

Instead, we can find z : X → RD so K(p, q) ≈ z(X)Tz(Y ):

K(    ,    ) ≈ z(    )Tz(    )
Previous work has developed embeddings for kernels based on
L2 distance [6] and mean map distances [2, 3, others]. We want
to consider more possibilities for the distance.

Our Contribution
We give a new embedding z for kernels based on a class
of distances including total variation, Jensen-Shannon, and
Hellinger distances.
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Homogeneous Density Distances

We’ll embed homogeneous density distances (hdds):
d2(p, q) =

∫
X κ(p(x), q(x)) dx

where κ(x, y) : R+ × R+→ R+ satisfies:
•κ is a negative-type kernel (a squared Hilbertian metric).
•κ(tx, ty) = tk(x, y) for all t > 0.

Name κ(p(x), q(x)) dµ(λ)
Jensen-Shannon ∑

r∈{p,q}
1
2r(x) log

(
2r(x)

p(x)+q(x)

)
dλ

cosh(πλ)(1+λ2)

Squared Hellinger 1
2

(√
p(x)−

√
q(x)

)2 1
2 δ(λ = 0) dλ

Total Variation |p(x)− q(x)| 2
π

1
1+4λ2 dλ

We’ll embed:
1 d into L2(X )2M (based on [1]).
2 L2(X ) into R|V | (using projection coefficients).
3 rbf kernel on R2M |V | into RD (random Fourier features).

1: Embedding HDDs into L2

First, embed κ into L2: κ corresponds to measure µ(λ) so that

with Z = µ(R≥0), gλ(x) =
√
Z
−1

2+iλ
1
2+iλ

x1
2+iλ − 1

 [1]:

κ(x, y) = Eλ∼µ
Z
|gλ(x)− gλ(y)|2 ≈ 1

M

M∑
j=1

∣∣∣∣gλj(x)− gλj(y)
∣∣∣∣ ,

sampling {λj}Mj=1
iid∼ µ

Z . Then
d2(p, q) =

∫
X κ(p(x), q(x)) dx

≈ 1
M

M∑
j=1

∫
X

∣∣∣∣gλj(p(x))− gλj(q(x))
∣∣∣∣2 dx

= 1
M

M∑
j=1
‖pRλj − q

R
λj
‖2
L2

+‖pIλj − q
I
λj
‖2
L2

where pRλ (x) = <(gλ(p(x))), pIλ(x) = =(gλ(p(x))).

2: Embedding L2 into R|V |

Let {ϕα(x)}α∈Zd be an orthonormal basis for L2(X ), and
aα(f ) = 〈ϕα, f〉 =

∫
X ϕα(x)f (x) dx. Then:

〈f, g〉 =
〈 ∑
α∈Zd

aα(f )ϕα,
∑

β∈Zd
aβ(g)ϕα

〉
= ∑

α∈Zd
aα(f )aα(g)

≈ ∑
α∈V

aα(f )aα(g) = ~a(f )T~a(g),

and d2(p, q) ≈ ‖A(p)− A(q)‖2, where
A : L2(X )→ R2M |V | p 7→ A(p) = 1√

M

(
~a(pRλ1

),~a(pIλ1
), . . .

)
.

3: Embedding RBF kernels on Rm into RD

We’ll use method of [8]: sample {ωi}D/2i=1
iid∼ N (0, σ−2Im). Define

z : Rm→ RD x 7→ z(x) =
√√√√√ 2
D

(
sin(ωT

1 x), cos(ωT
1 x), . . .

)
.

Then z(x)Tz(y) ≈ exp
(
− 1

2σ2‖x− y‖2
)
, and so

K(p, q) ≈ z(A(p))Tz(A(q)).

Finite Sample Estimates

Estimate ~a(pRλ ), ~a(pIλ) by first getting p̂λ with kernel density
estimation, and then Monte Carlo numerical integration:

{ui}nei=1
iid∼ Unif(X ); âα(p̂Sλj) = 1

ne

ne∑
i=1
ϕα(ui) p̂Sλj(ui).

Theory

For fixed p and q, the paper bounds
Pr

(∣∣∣∣K(p, q)− z(Â(p̂))Tz(Â(q̂))
∣∣∣∣ ≥ ε

)
.

Experiment: Mixture Components

Generate Gaussian mixtures with 1 to 10 components; train on
4 000, 8 000, and 16 000 distributions, test on 2 000.

200 samples from each distribution:
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800 samples from each distribution:

RMSE
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aic, bic barely better than predicting the mean (rmse 2.8).

Experiment: Image Classification

cifar-10 cats versus dogs, pixel-level features; train on 2 500,
5 000, and 10 000 images, test on 2 000.

Error
0.31 0.32 0.33 0.34 0.35 0.36 0.37 0.38
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Experiment: Scene Classification

Scene-15 dataset, 10 random splits, features from the last con-
volutional layer of imagenet-vgg-verydeep-16. Left (black)
use Â(·) features, right (blue) use z(Â(·)).

87%

88%

89%

90%

91%

92%

93%

D3 L2 HDDs
JS TV Hel

MMD

1
2
σ σ 2σ

Hist JS

10 25 50

[1] Fuglede. Spirals in Hilbert space: With an application in information theory.
Expositiones Mathematicae, 23(1), 23–45 (2005).

[2] Jitkrittum, Gretton, Heess, et al. Kernel-Based Just-In-Time Learning for Passing
Expectation Propagation Messages. UAI 2015.

[3] Flaxman, Wang, and Smola. Who Supported Obama in 2012? Ecological Inference
through Distribution Regression. KDD 2015.

[4] Muandet, Fukumizu, Dinuzzo, and Schölkopf. Learning from distributions via support
measure machines. NIPS 2012.

[5] Ntampaka, Trac, Sutherland, et al. A Machine Learning Approach for Dynamical Mass
Measurements of Galaxy Clusters. ApJ 803(2), 50 (2015).

[6] Oliva, Neiswanger, Póczos, et al. Fast Distribution To Real Regression. AISTATS 2014.
[7] Póczos, Xiong, Sutherland, and Schneider. Nonparametric Kernel Estimators for Image

Classification. CVPR 2012.
[8] Rahimi and Recht. Random Features for Large-Scale Kernel Machines. NIPS 2007.


