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Two-sample testing

Observe two different datasets:
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Question we want to answer: is P = (Q?



Two-sample testing

Applications:

* Do cigarette smokers and non-smokers have different
distributions of cancers?

* Do these neurons behave differently when the subject
is looking at background image A instead of B?

e Do these columns from different databases mean the
same thing?

 Did my generative model actually learn the distribution
| wanted it to?



Standard approaches

* (Unpaired) t-test, Wilcoxon rank-sum test, etc
— Only test differences in location (mean)
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* Kolmogorov-Smirnov test

o
fe)

— Tests for all differences
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— Nonparametric
— Hard to extend to > 1d

Cumulative Probability
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 Want a test that looks for all possible differences,
without parametric assumptions, in multiple dimensions




Defining a two-sample test

1. Choose a distance between distributions p(PP, Q)
— Ideally, p(P,Q) =0 ifand only if P = Q

2. Estimate the distribution distance from data: p(X,Y)

3. Choose a rejection threshold; say P # Q when p > ¢,

XE’};P (P(X,Y) >cq) <

Reminder:
 The level of a test is probability of false rejection
 The power of a test is probability of true rejection



A Kernel Distance on Distributions

Quick reminder about kernels:

 QOur datalivesin aspace X

* The kernelis a similarity functionk : X x X — R
1 2
e.g. k(z,y) = exp (—@Hw —y )
* Corresponds to a reproducing kernel Hilbert space
(RKHS) H, with feature map ¢ : X — H, by
(p(), oY) n = k(z,y)

We'll use a base kernel on X to make a distance
between distributions over X.



Mean embeddings of distributions

The mean embedding of a distribution in an RKHS:
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so we can think of o(x) as k(z, -).
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Mean embeddings of distributions

The mean embedding of a distribution in an RKHS:

=k
up = Eyoplo()] Remember@(ﬂ?), p(y)) = k(z,
so we can think of o(x) as k(z, -
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Mean embeddings of distributions

The mean embedding of a distribution in an RKHS:

—E. plo(z Remember (0(2), ¢(y)) = k(z,y),
pp = Eonrlp(z) so we can think of p(x) as k(z, -)
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Mean embeddings of distributions

The mean embedding of a distribution in an RKHS:

— B, _p[o(z Remember (¢(2), ¢(y)) = k(z,y),
i = Fanplplz) so we can think of o(z) as k(z, ).

1.0 1.0
0.8
= 0.6
=
< 04 +=
SN \‘ ,'~\
0.2 B
) e '7\\ :\_-
00 ---==2- B ST IC LA T
2 -3 -2 -1 0 1 2 3




Mean embeddings of distributions

The mean embedding of a distribution in an RKHS:

—E. plo(z Remember (0(2), ¢(y)) = k(z,y),
pp = Eonrlp(z) so we can think of p(x) as k(z, -)
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Maximum Mean Discrepancy (MMD)

The mmD is the distance between mean embeddings:

pp = Expp(X)] M_M

MMD? (P, Q) = ||up — poll3
= (up, pp) + (1o, po) —2{up, o)

(wps po) = (Ex~ple(X)], Evaqle(Y)])

= By [(0(X), oY)

— EXNP k(Xv Y)]
Y~Q

2

H

MMD(P, Q) = sup Ex~p f(X) — Ey~q f(Y)
feH



MMD estimator
MMDQ(Pa Q) — H/LP — MQH%—[ :<MP7MP>+<M@7MQ>_2<MP7N@>

(e, pg) = E{;:S F(X,Y)]

1
ip, o) = — > k(XY
(fp, f1g) mnz (X5, Y5)
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MMD estimator
MMD? (P, Q) = [|lup — poll3 =KEBSERY+ (10, o) —2(1p, bo)

(b, phg) = E{;:S k(X Y)]

1
e o) = — S k(XY
</LP7M@> mn Z ( J)
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MMD estimator
MMD* (P, Q) = [|up — poll3 = (pe, pe) + (g, po) —2(1e, 1o}

(e, i) = By [R(X, Y)
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MMD estimator
MMDZ(Pa Q) — HMP - MQH%—L :<MP7MP>+<M@7MQ>_2-

</LIP’7 IUQ> — E{;zg [k(Xa Y)]

1
e o) = — S k(XY
</LP,MQ> mn Z ( J)

(Y]
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MMD estimator
MMDZ(]P)a Q) — HMP - MQH%—L :</LP7MP>+<M@7M@>_2-

</LIP’7 :u@> — E{;zg [k(Xa Y)]

1S r
S @

1
e o) = — S k(XY
</LP,MQ> mn Z ( J)

(Y]
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MMD estimator
MMDQ(]P)a Q) — HMP - MQH%—L :</LP7MP>+<MQ7“@>_2-
<MP7 /LQ> = Ex~p [k(Xa Y)]
Y ~Q

® K

1
b, o) = k(XY
</LP,MQ> mn Z ( J)

(Y]
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MMD estimator
MMDZ(Pa Q) — HMP - MQH%—L :<MP7MP>+<M@7MQ>_2-

</LIP’7 IUQ> — E{;zg [k(Xa Y)]

1
e o) = — S k(XY
</LP,MQ> mn Z ( J)

(Y]
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MMD estimator
MMDZ(]P)a Q) — HMP - MQH%—L :</LP7MP>+<MQ7“@>_2-

</LIP’7 MQ> — E{;zg [k(Xa Y)]

1
e o) = — S k(XY
</LP,MQ> mn Z ( J)

(Y]
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MMD estimator
MMDZ(]P)a Q) — HMP - MQH%—L :</LP7MP>+<MQ7“@>_2-

</LIP’7 MQ> — E{;zg [k(Xa Y)]

1
e o) = — S k(XY
</LP,MQ> mn Z ( J)

(Y]
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Permutation testing

Still need rejection threshold: XI;};P (P(X,Y) >cq) S

WhenP = Q, MMD asymptotics depend on P, so it’s
hard to find a threshold that way.

Permutation test: split randomly to estimate MmmD when P = Q.

co: (1-a)th quantile of mm%ﬂ), Y(i))

22



Computing permutation tests

k(X1 X1) ... K(X1,Xm) KXY ... K(X1,Yn)]

(X, X1) oo KXo, X)) KX, Y1) ... K(Xpm,Yim)
kY1, X1) ... KW,Xn,) KY.,Yi) ... K(Y1,Y)

kY, X1) ... K(Yn,Xm) KYn, Y1) ... K Yn)

Each element of K is added or subtracted to a term of each

permutation estimate. So, do it all in one pass.
18

Time (s)

— Our perm.
.| — MKL spectr.

....................................

Number of threads

Original Matlab code: 381s
Better Python code: 182s



Example two-sample test
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1. Choose a kernel k
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Estimate mMD for true division and many permutations
/\2
Reject if m MMD,(X,Y) > ¢,



The kernel matters!

Witness function f helps compare samples:
MMD(P, Q) = Ex e f(X) — Ey~q (V)
f(z) = pp(z) — po(z) = Ex~pk(z, X) —Ey qk(z,Y)

—— 6=0.75:p=0.04
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The kernel matters!

Witness function f helps compare samples:
MMD(P, Q) = Ex e f(X) — Ey~q (V)
f(z) = pp(z) — po(z) = Ex~pk(z, X) —Ey qk(z,Y)

— 0=0.75;p=0.04
— 0=2;p=0.43
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The kernel matters!

Witness function f helps compare samples:
MMD(P, Q) = Ex e f(X) — Ey~q (V)
f(z) = pp(z) — po(z) = Ex~pk(z, X) —Ey qk(z,Y)

— 0=0.75;p=0.04
— 0=2;p=0.43

::::><<i:f c=0.1;p=0.16
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Choosing a kernel

So we need a way to pick a kernel to do the test.

Choose a kernel k

MX%/\LL%M

Chosen k in MmD test

28



Choosing a kernel

So we need a way to pick a kernel to do the test.

Split data:

Choose a kernel k

Chosen k in MMD test

How to pick k?  Typically: maximize MmD.

But we want the (asymptotically) most powerful test. :



Asymptotic power of MMD

When P #£ Q, the MMD estimator is asymptotically normal:

/\

MMDZ2 — MMD? p 5
L N(0,1)  Vin = Varxpm [MMD (X, Y)}
VVin |

Y ~Q™
and we can analyze the power:

/‘\2 A
b ( 2 o 4 b MMD —kﬂﬂﬂ:> Co MMD?
g, | mMMMD C ) — I'ry —

(MMD2 Co, )
— O —
vV Vi my Vi



MMD t-statistic

MMD? Co, >

Vi my Vi

So we can maximize the power by maximizing

Prpy, (ml\fl\ﬁ)2 > éa) — P (

2 .
o MMD? g ) MMD?2 &
— P B
V., mn/ V.,

But V_ is O(1/m), so the first term dominates for large
m, and we should be able to get away with maximizing

2
by — MMD ; MMD2
V'V U= "=

Vin



t-statistic estimator

R MMD? A MMD?2 Co
ty = TU = —
Vin Vo m\/ Vi
MMD?2 := Zk i X))+ k(YY) — (X3, Y;) — k(X;,Y))
Z#J
A 9 . . -
Vi = 1y (2HKxer2 | Kxxlp + 2 Byvel ~ | Bvy})

dm—6 [/ 1~ 2 - 2] 4(m — 2)
- Rxxe) + (" Kye)
m3(m — 1)3 _(e xxe) T (¢ Ryye | i m3(m — 1)?
4(m — 3) 5 8m —12 , 2
K — K
m3(m — 1)? xv m>(m — 1) (6 Xye)

8 1 ~ ~
+ ( 1) ( (6 KXXe + e Kyy@) (GTnye) — eTKxxnye — BTKny;I;—Ye)
m JR—

(1K xvell” + 1K xyel?)

C. is from a permutation test, so it’s the average of a
bunch of MMD estimates.



t-statistic estimator

Can even get gradients of #;;and (with some more
effort) 7y, to maximize it.

(automatic differentiation is your friend)



Kernel choice on Blobs

Blobs dataset:

VS

1 e—1
M|Xture Of N (ILLZ], [é g]) M|Xture OfN (MU? [61 6—{1])

e+l
When =1, P = Q; this picture has £=6.
Only consider choosing the bandwidth of a Gaussian kernel.
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0.8

Rejection rate

0.2

0.0

Kernel choice on Blobs

- - - Dbest choice
—— max MMD
—— max ratio
—— median
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Deep kernels

Map through layers of a deep network:

convolutional
layers

convolutional
EWES
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ARD kernel
/_5131_\ _wlazl_

Simple scaling function: f : _

convolutional
layers

convolutional
EWES




Generative model criticism
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MNIST digits model samples

Improved Techniques for Training GANSs

Samples are com-
pletely indistinguishable from dataset images.

On MTurk, annotators were able to dis-
tinguish samples in 52.4% of cases (2000 votes total), where 50% would be obtained by random
guessing. Similarly, researchers in our institution were not able to find any artifacts that would al-
low them to distinguish samples.



Generative model criticism
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MNIST digits model samples

100 times: 2k samples, 1k permutations:
. ARD With £7: 98 times p = .000
2 times p =.001
* Just bandwidth with ¢
43 times p > .01, max =.135

* Median bandwidth:
58 times p > .01
3 times p = 1.000

ARD weights
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Generative model criticism

1 dataset images
2 GAN samples

103

).
4
- - v
N
- -~
i ‘[

<— more like GAN more like dataset —

MMD*? = 0. 0001 0



GANS

Generative Adversarial Networks

Generator: 2 ~ Unif ([0,1]')  G(z2) =2 ~ Pg

Trained to trick the classifier

XL PG
Discriminator: D(x) = Pr (x came from G)
S Pdata

Classifier, trained on samples

With optimal discriminator, minimizes 2JS(Pg, Pyata) — 2 1log 2

1 + 1 +
JS(p,q):§KL(p p2q>—|—2KL< Hp q)




GAN example on MNIST
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GAN example on MNIST

Epoch 2
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GAN example on MNIST

Epoch 3
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GAN example on MNIST

Epoch 4
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GAN example on MNIST

Epoch 5
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GAN example on MNIST

Epoch 6
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GAN example on MNIST

Epoch 100
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GAN example on MNIST

Epoch 200
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GAN example on MNIST

Epoch 500

NV NT 8 0 Q ™0 N
DVMDS OO N
AN~ O OQ N NN N
ITyoQI Lo ~O®©
OQMMKANIMRO NTN

— W TN g M
PO NDIHYVY S
T OSXINSIN TN N
m L MY — N b o
NMA TN —Mm—X

OV ITHNLULSAXRDA
NQAR A MWW P T
09 HH-—Noq o
SM o> 0MWE W

PNTN9 ND MmO
T—~QmnAmB
MANNIT AT QRN
69> O~ rrHuw—A®w

Pdata




GAN example on MNIST

Epoch 900
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Problems with GANs




Problems with GANs

Some possible reasons:

1. For a fixed discriminator, the optimal generator
puts a point mass at one point the discriminator
thinks is good.

2. For a fixed generator, with probability 1 there is
a perfect discriminator with flat gradients
(Arjovsky and Bottou 2017).



Generative Moment-Matching Networks

We can solve problem 1 by caring about sets at a time...

Replace the discriminator with an MmMD two-sample test!
Li, Swersky, & Zemel, UAI 2015; Dziugaite, Roy, & Ghahramani, UAI 2015
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Single Gaussian kernel,
minimize MMD
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Gli 65103

Mix of Gaussian kernels, Mix of Gaussian kernels,
minimize MMD minimize t statistic



Generative Moment-Matching Networks

This also solves problem 2, for a fixed kernel: 0

PG Pdata

1.5F

1.0F

0.5

PR B S SO SR | Y
-1 2 3 -4 2

JS(PGa Pdata) MMDQ(PG7 Pdata)

L | L
4

But once we try optimizing the kernel, it breaks again.
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