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Overview

@ Elementary Hilbert space theory
@ Norm. Inner product. Orthogonality
o Convergence. Complete spaces
@ Linear operators. Riesz representation

© What is an RKHS?

@ Evaluation functionals view of RKHS
Reproducing kernel
Inner product between features
Positive definite function
Moore-Aronszajn Theorem
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RKHS: a function space with a very special structure
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Elementary Hilbert space theory Norm. Inner product. Orthogonality
Outline

@ Elementary Hilbert space theory
@ Norm. Inner product. Orthogonality

© What is an RKHS?
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Elementary Hilbert space theory Norm. Inner product. Orthogonality

Normed vector space

Definition (Norm)
Let F be a vector space over the field R of real numbers (or C). A
function ||-||z : F — [0,00) is said to be a norm on F if
@ |If|l-=0if and only if f =0 (norm separates points),
Q ||IMf| = =[] [[f]| 7 YA € R, Vf € F (positive homogeneity),
Q |If+gll==<Ifll=+lgllz VF,g € F (triangle inequality).
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Normed vector space

Definition (Norm)
Let F be a vector space over the field R of real numbers (or C). A
function ||-||z : F — [0,00) is said to be a norm on F if
@ |If|l-=0if and only if f =0 (norm separates points),
Q ||IMf| = =[] [[f]| 7 YA € R, Vf € F (positive homogeneity),
Q |If+gll==<Ifll=+lgllz VF,g € F (triangle inequality).

In every normed vector space, one can define a metric induced by the norm:

d(f.g) = IIf —gllz-
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ez, (e preche, Oriierensly
Examples of normed linear spaces

L (]R7 H)' ((C7 ||)
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Examples of normed linear spaces

° (]R7 H)' ((C7 ||)
1/p
o F=R% x|, = (X Ixl?) " p>1
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Elementary Hilbert space theory Norm. Inner product. Orthogonality

Examples of normed linear spaces

° (]R7 H)' ((C’ ||)
1/p
o F=R% x|, = (X Ixl?) " p>1

e p = 1: Manhattan
o p = 2: Euclidean
e p — oo maximum norm, ||x||,, = max; |x;]
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Examples of normed linear spaces

° (]R7 H)' ((C’ ||)
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o F=R% x|, = (X Ixl?) " p>1
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o p = 2: Euclidean
e p — oo maximum norm, ||x||,, = max; |x;]
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Elementary Hilbert space theory Norm. Inner product. Orthogonality

Inner product

Definition (Inner product)

Let F be a vector space over R. A function (-,-)» : F x F — R is said to
be an inner product on F if

Q (mh ‘|'062f27g>}‘ = <f1,g>; +az <f2ag>}'
Q (f.g)r = (g,f)r (conjugate symmetry if over C)
@ (f,f)>0and (f,f)=0if and only if f = 0.
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Elementary Hilbert space theory Norm. Inner product. Orthogonality

Inner product

Definition (Inner product)

Let F be a vector space over R. A function (-,-)» : F x F — R is said to
be an inner product on F if

Q (mh —|—o¢2f'2,g>}— = (ﬂ,g); +az <f2ag>}'
Q (f.g)r = (g,f)r (conjugate symmetry if over C)
@ (f,f)>0and (f,f)=0if and only if f = 0.

In every inner product vector space, one can define a norm induced by the
inner product:

I1F]l - = (F, £}
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Elementary Hilbert space theory Norm. Inner product. Orthogonality

Examples of inner product

°o F= Rd: <X)y> = Z?:l XiYi
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ez, (e preche, Oriierensly
Examples of inner product

o F =R (x,y) = Zf—jzl Xi¥i
o F=Clabl: (f.g) = [2f(x)g(x)dx
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ez, (e preche, Oriierensly
Examples of inner product

o F=R% (x, >:Z§’1x,-y,-
o F=Cla,b]: ( f f(x)g(x)dx
o F =RIx9: <A B> Tr (ABT)
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Elementary Hilbert space theory Norm. Inner product. Orthogonality

Angles. Orthogonality

Angle 6 between f,g € F\ {0} is given by:

<f7g>]:

cos) = ———L
11l = 11gll=

Definition

We say that f is orthogonal to g and write f Lg, if (f,g)r = 0. For
M C F, the orthogonal complement of M is:

M+ = {gcF:flg VfeM}.
Foundations of RKHS
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Elementary Hilbert space theory Norm. Inner product. Orthogonality

Angles. Orthogonality

Angle 6 between f,g € F\ {0} is given by:

<f7g>]:

cos) = ———L
11l = 11gll=

Definition

We say that f is orthogonal to g and write f Lg, if (f,g)r = 0. For
M C F, the orthogonal complement of M is:

M+ = {gcF:flg VfeM}.

o M+ is a linear subspace of F; M N M+ C {0}
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ez, (e preche, Oriierensly
Key relations in inner product space

o | (f,g)| <|Ifll-llgll (Cauchy-Schwarz inequality)
o 2|[fIP+2llgl?=IIf +&l> + |If —gl® (the parallelogram law)
o 4(f.g)=|f+gl>—|f—gl* (the polarization identity)

D. Sejdinovic, A. Gretton (Gatsby Unit) Foundations of RKHS March 6, 2012 10 / 60



ez, (e preche, Oriierensly
Key relations in inner product space

o [{f,g)| <|Ifll-llgll (Cauchy-Schwarz inequality)
o 2|IfIP+2|gl? = If +gl® +|If —gl* (the parallelogram law)
e 4(f,g)=|f +gH2 —||f = g||2 (the polarization identity)

o flg = |f|I>+ gl = |If + &l (Pythagorean theorem)
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Elementary Hilbert space theory Convergence. Complete spaces
Outline

@ Elementary Hilbert space theory

o Convergence. Complete spaces

© What is an RKHS?

D. Sejdinovic, A. Gretton (Gatsby Unit) Foundations of RKHS March 6, 2012 11 / 60



Elementary Hilbert space theory Convergence. Complete spaces
Cauchy sequence

Definition (Convergent sequence)

A sequence {f,}°; of elements of a normed vector space (F, ||-|| z) is said
to converge to f € F if for every € > 0, there exists N = N(g) € N, such
that for all n > N, ||f, — f||r <e.

Definition (Cauchy sequence)

A sequence {f,}°; of elements of a normed vector space (F, ||-|| z) is said
to be a Cauchy (fundamental) sequence if for every € > 0, there exists
N = N(e) € N, such that for all n,m > N, ||f, — |z < e
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Definition (Convergent sequence)

A sequence {f,}°; of elements of a normed vector space (F, ||-|| z) is said
to converge to f € F if for every € > 0, there exists N = N(g) € N, such
that for all n > N, ||f, — f||r <e.

Definition (Cauchy sequence)

A sequence {f,}°; of elements of a normed vector space (F, ||-|| z) is said
to be a Cauchy (fundamental) sequence if for every € > 0, there exists
N = N(e) € N, such that for all n,m > N, ||f, — |z < e

From ||fy — fml| £ < ||fa — fll £ + [|f — fm|| 7, convergent=-Cauchy.
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Cauchy sequence

Definition (Convergent sequence)

A sequence {f,}°; of elements of a normed vector space (F, ||-|| z) is said
to converge to f € F if for every € > 0, there exists N = N(g) € N, such
that for all n > N, ||f, — f||r <e.

Definition (Cauchy sequence)

A sequence {f,}°; of elements of a normed vector space (F, ||-|| z) is said

to be a Cauchy (fundamental) sequence if for every € > 0, there exists
N = N(e) € N, such that for all n,m > N, ||f, — |z < e

From ||fy — fml| £ < ||fa — fll £ + [|f — fm|| 7, convergent=-Cauchy.

Cauchy=-convergent
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Elementary Hilbert space theory Convergence. Complete spaces

Examples

Example

1, 1.4, 1.41, 1.414, 1.4142, ..

. is a Cauchy sequence in Q which does not
converge - because V2 ¢ Q.
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Elementary Hilbert space theory Convergence. Complete spaces

Examples

Example

1,1.4,1.41, 1.414, 1.4142, ... is a Cauchy sequence in Q which does not
converge - because /2 ¢ Q.

Example

: 1 2, \1/2
C[0, 1] with the norm ||f]|, = (fo |f(x)] dx) , a sequence {f,} does not

have a continuous limit!

0

+

.
5

1
2n
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Elementary Hilbert space theory Convergence. Complete spaces
Complete space

Definition (Complete space)

A metric space F is said to be complete if every Cauchy sequence {f,}7,
in F converges: it has a limit, and this limit is in F.

e i.e, onecan find f € F, st. lim,_ [|f, — || = 0.
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Complete space

Definition (Complete space)

A metric space F is said to be complete if every Cauchy sequence {f,}7,
in F converges: it has a limit, and this limit is in F.

e i.e, onecan find f € F, st. lim,_ [|f, — || = 0.
e Complete + norm = Banach
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Elementary Hilbert space theory Convergence. Complete spaces
Complete space

Definition (Complete space)

A metric space F is said to be complete if every Cauchy sequence {f,}7,
in F converges: it has a limit, and this limit is in F.

e i.e, onecan find f € F, st. lim,_ [|f, — || = 0.
e Complete + norm = Banach
o Complete + inner product = Hilbert
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Elementary Hilbert space theory Convergence. Complete spaces

Examples of Hilbert spaces

Example

For an index set A, the space ((A) of sequences {xq},c of real numbers,
satisfying 3 c [Xa|?> < o0, endowed with the inner product

({xa} s {ya)) 2(A Zxa)/a

acA

is a Hilbert space.
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Elementary Hilbert space theory Convergence. Complete spaces

Examples of Hilbert spaces (2)

Example

If 11 is a positive measure on X C RY, then the space

1l = ( /. !f(X)lzdu)l/z < oo}

is a Hilbert space with inner product

Ly(X; 1) :—{f:X—>R

(f.6) = | F(g0)d
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Elementary Hilbert space theory Convergence. Complete spaces

Examples of Hilbert spaces (2)

Example

If 11 is a positive measure on X C RY, then the space

1l = ( /. !f(X)lzdu)l/z < oo}

is a Hilbert space with inner product

Ly(X; 1) :—{f:X—>R

(f.6) = | F(g0)d

e Strictly speaking, Ly(X; ) is the space of equivalence classes of
functions that differ by at most a set of y-measure zero.
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Comcirgems, Cemrlin e
Closed vs. Complete

@ Closed: M C F is closed (in F) if it contains limits of all sequences
in M that converge in F

e Complete: M is complete (with no reference to a larger space) if all
Cauchy sequences in M converge in M
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Comcirgems, Cemrlin e
Closed vs. Complete

Closed: M C F is closed (in F) if it contains limits of all sequences
in M that converge in F

Complete: M is complete (with no reference to a larger space) if all
Cauchy sequences in M converge in M

If M is a closed subspace of a Hilbert space F, then:

I\/I—G—ML:{m—I—mL : mEM,mLGML}:]:.

In particular, for closed subspace M G F, M+ # {0}.
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Elementary Hilbert space theory Linear operators. Riesz representation
Outline

@ Elementary Hilbert space theory

@ Linear operators. Riesz representation

© What is an RKHS?
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Elementary Hilbert space theory Linear operators. Riesz representation

Linear operators

Definition (Linear operator)

Consider a function A : F — G, where F and G are both vector spaces
over R. A is said to be a linear operator if

Alaafi + anfh) = a1 (AR) + ax (Af) Vag,ax €R, f,H € F.

D. Sejdinovic, A. Gretton (Gatsby Unit) Foundations of RKHS
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Linear operators

Definition (Linear operator)

Consider a function A : F — G, where F and G are both vector spaces
over R. A is said to be a linear operator if

Alaafi + anfh) = a1 (AR) + ax (Af) Vag,ax €R, f,H € F.

Operators with G = R are called functionals.
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Elementary Hilbert space theory Linear operators. Riesz representation

Linear operators

Definition (Linear operator)

Consider a function A : F — G, where F and G are both vector spaces
over R. A is said to be a linear operator if

A(Oélﬂ +a2f2) = (Aﬂ) + o (Afz) Vai, a0 €R, f,f € F.

Operators with G = R are called functionals.

Example

For g € F, Ag : F = R, defined with A;f = (f, g) » is a linear functional.

Aglarth +axh) = (a1h +aoh,8)r

(651 <ﬁ.7g>]-'+a2 <f27g>]:
= alAgﬂ —I-OéQAng.
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Elementary Hilbert space theory Linear operators. Riesz representation
Continuity

Definition (Continuity)

Consider a function A : F — G, where F and G are both normed vector
spaces over R. A is said to be continuous at fy € F, if for every € > 0,
there exists a § = d(e, fy) > 0, s.t.

If —follz < & = |Af — Afyllg < e.

A is continuous on F, if it is continuous at every point of F.
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Elementary Hilbert space theory Linear operators. Riesz representation
Continuity

Definition (Continuity)

Consider a function A : F — G, where F and G are both normed vector
spaces over R. A is said to be continuous at fy € F, if for every € > 0,
there exists a § = d(e, fy) > 0, s.t.

If —follz < & = |Af — Afyllg < e.

A is continuous on F, if it is continuous at every point of F.

Example
For g € F, Ag : F — R, defined with Ag(f) := (f, g) » is continuous on F

[Agh — Agh| = [(A — %, 8) 7l < llgll = A — %l 7,
so can take 0 = ¢/ ||g|| z (also Lipschitz!).
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Elementary Hilbert space theory Linear operators. Riesz representation

Boundedness

Definition (Operator norm)

The operator norm of a linear operator A : F — G is defined as

4]
Al = sup -
rer 71

If ||A]] < oo, Ais called a bounded linear operator.
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Boundedness

Definition (Operator norm)

The operator norm of a linear operator A : F — G is defined as

4]
Al = sup -
rer 71

If ||A]] < oo, Ais called a bounded linear operator.

| Al is the smallest number A such that the inequality [|Af||; < A ||f]| £
holds for every f € F.
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Elementary Hilbert space theory Linear operators. Riesz representation

Boundedness

Definition (Operator norm)
The operator norm of a linear operator A : F — G is defined as

HAfIIg

|All =
fe}‘ £l =

If ||A]] < oo, Ais called a bounded linear operator.

| Al is the smallest number A such that the inequality [|Af||; < A ||f]| £
holds for every f € F.

bounded operator # bounded function
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Elementary Hilbert space theory Linear operators. Riesz representation

Summary

o Linear operator A : F — G maps linear subspaces to linear subspaces

o Null(A) = A=1({0}) is a linear subspace of F
o Im(A) = A(F) is a linear subspace of G.

e Continuous function A : F — G maps to open (closed) sets from
open (closed) sets

o If Ais also linear, Null(A) = A=1({0}) is a closed subspace of F.

@ Bounded linear operator A : F — G maps bounded sets to bounded
sets
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Elementary Hilbert space theory Linear operators. Riesz representation

Continuous operator = Bounded operator

Theorem
Let (F, -]l z) and (G, ||-llg) be normed linear spaces. If L is a linear
operator, then the following three conditions are equivalent:

O L is a bounded operator.

@ L is continuous on F.

© L is continuous at one point of F.
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Elementary Hilbert space theory Linear operators. Riesz representation
Proof
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Elementary Hilbert space theory Linear operators. Riesz representation

Dual space

Definition (Topological dual)

If F is a normed space, then the space F' of continuous linear functionals
A . F — R is called the topological dual space of F.
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Dual space

Definition (Topological dual)
If F is a normed space, then the space F' of continuous linear functionals
A . F — R is called the topological dual space of F.

We have seen that A; := (-, g) » are continuous linear functionals.
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Elementary Hilbert space theory Linear operators. Riesz representation
Dual space

Definition (Topological dual)

If F is a normed space, then the space F' of continuous linear functionals
A . F — R is called the topological dual space of F.

We have seen that A; := (-, g) » are continuous linear functionals.

Theorem (Riesz representation)

In a Hilbert space F, for every continous linear functional L € F', there
exists a unique g € F, such that

Lf = (f.g) 5.
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Elementary Hilbert space theory Linear operators. Riesz representation

Proof of Riesz representation

Proof.

Let L e F'. If Lf =0, then Lf = (f,0) -, so g = 0. Otherwise,

M = Null(L) G F is a closed linear linear subspace of F, so there must
exist h € M+, with ||h|| > = 1. We claim that we can take g = (Lh)h.
Indeed, for f € F, take uf = (Lf)h — (Lh)f. Clearly us € M. Thus,

0 = (ur,h)r
= ((LF)h — (Lh)f, h) £
= (LE)|IAl% = (Lh) (F, h) 5
= Lf —(f,(Lh)h)~.
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Elementary Hilbert space theory Linear operators. Riesz representation
Orthonormal basis

e orthonormal set {u,} s.t.

acA?

1, a=p
<Ua,u/3>]: = {0 Oé?éﬁ

o if also basis, define ?(a) = (f,ua)r

fo= > flo)u

a€eA

(f.e)r = D f(a)glo)

acA

= ({f} . {&@1)

2(A)
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Elementary Hilbert space theory Linear operators. Riesz representation

Isometric isomorphism

Definition (Hilbert space isomorphism)

Two Hilbert spaces H and F are said to be isometrically isomorphic if there
is a linear bijective map U : H — F, which preserves the inner
pI’OdUCt, i.e., <h1, h2>7{ = <Uh1, Uh2>]_— o
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Isometric isomorphism

Definition (Hilbert space isomorphism)

Two Hilbert spaces H and F are said to be isometrically isomorphic if there
is a linear bijective map U : H — F, which preserves the inner
pI’OdUCt, i.e., <h1, h2>7{ = <Uh1, Uh2>]_— o

Riesz representation gives an isomorphism g — (-, g) » between F and F:
dual space of a Hilbert space is also a Hilbert space.
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Elementary Hilbert space theory Linear operators. Riesz representation

Isometric isomorphism

Definition (Hilbert space isomorphism)

Two Hilbert spaces H and F are said to be isometrically isomorphic if there
is a linear bijective map U : H — F, which preserves the inner
pI’OdUCt, i.e., <h1, h2>7—l = <Uh1, Uh2>]_—.

Riesz representation gives an isomorphism g — (-, g) » between F and F:
dual space of a Hilbert space is also a Hilbert space.

Theorem

Every Hilbert space has an orthonormal basis. Thus, all Hilbert spaces are
isometrically isomorphic to (?(A), for some set A. We can take A = N iff
Hilbert space is separable.
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Elementary Hilbert space theory Linear operators. Riesz representation

Summary

Hilbert space:

@ is a vector space over R (or C)
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Summary
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@ comes equipped with an inner product, a norm and a metric
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Elementary Hilbert space theory Linear operators. Riesz representation

Summary

Hilbert space:

@ is a vector space over R (or C)

@ comes equipped with an inner product, a norm and a metric
@ is complete with respect to its metric
°

continuity and boundedness of linear operators are equivalent
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Elementary Hilbert space theory Linear operators. Riesz representation

Summary

Hilbert space:

is a vector space over R (or C)

comes equipped with an inner product, a norm and a metric
is complete with respect to its metric

continuity and boundedness of linear operators are equivalent

all continuous linear functionals arise from the inner product
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What is an RKHS? Evaluation functionals view of RKHS

Outline

@ Elementary Hilbert space theory

© What is an RKHS?
@ Evaluation functionals view of RKHS
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What is an RKHS?

Evaluation functionals view of RKHS

RKHS: a function space with a very special structure

linear / vect(\

-

unitary

‘ RKHS

Hilbert

Banach

\ normed

N

/

\\metric

complete
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What is an RKHS? Evaluation functionals view of RKHS

Evaluation functional

Definition (Evaluation functional)

Let H be a Hilbert space of functions f : X — R, defined on a non-empty

set X. For a fixed x € X, map 0x : H — R, dx : f > f(x) is called the
(Dirac) evaluation functional at x.
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Evaluation functional

Definition (Evaluation functional)

Let H be a Hilbert space of functions f : X — R, defined on a non-empty

set X. For a fixed x € X', map dx : H — R, 0y : f — f(x) is called the
(Dirac) evaluation functional at x.

o Evaluation functional is always linear: For f g € H and «, 8 € R,
ox(af + Bg) = (af + Bg)(x) = af (x) + Bg(x) = ad.(f) + Box(g).
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What is an RKHS? Evaluation functionals view of RKHS

Evaluation functional

Definition (Evaluation functional)

Let H be a Hilbert space of functions f : X — R, defined on a non-empty

set X. For a fixed x € X', map dx : H — R, 0y : f — f(x) is called the
(Dirac) evaluation functional at x.

o Evaluation functional is always linear: For f g € H and «, 8 € R,
ox(af + Bg) = (af + Bg)(x) = af (x) + Bg(x) = ad.(f) + Box(g).

e But is it continuous?
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What is an RKHS? Evaluation functionals view of RKHS

Discontinuous evaluation

Example
H = L»([0,1]), with metric

" 1/2
16~ lugony = ([ 1800 -GGPs)

Consider the sequence of functions {gn} -, where g, = x". Then:

limn—oc |9n — Ol 1, 0,1y = 0, i-e.. {gn} converges to “zero function” in L,
norm, but does not get close to zero function everywhere:

H= 15, 1an) # g, ) =0
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What is an RKHS? Evaluation functionals view of RKHS

Discontinuous evaluation

Example
H = L»([0,1]), with metric

" 1/2
16~ lugony = ([ 1800 -GGPs)

Consider the sequence of functions {gn} -, where g, = x". Then:

limn—oc |9n — Ol 1, 0,1y = 0, i-e.. {gn} converges to “zero function” in L,
norm, but does not get close to zero function everywhere:

H= 15, 1an) # g, ) =0

01 is not continuous!
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What is an RKHS? Evaluation functionals view of RKHS

RKHS

Definition (Reproducing kernel Hilbert space)

A Hilbert space H of functions f : X — R, defined on a non-empty set X is
said to be a Reproducing Kernel Hilbert Space (RKHS) if §, € H', Vx € X.
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What is an RKHS? Evaluation functionals view of RKHS

RKHS

Definition (Reproducing kernel Hilbert space)

A Hilbert space H of functions f : X — R, defined on a non-empty set X is
said to be a Reproducing Kernel Hilbert Space (RKHS) if §, € H', Vx € X.

Theorem (Norm convergence implies pointwise convergence)

Iflimn oo |[fa — flloy = 0, then lim, o f(x) = f(x), Vx € X.
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What is an RKHS? Evaluation functionals view of RKHS

RKHS

Definition (Reproducing kernel Hilbert space)

A Hilbert space H of functions f : X — R, defined on a non-empty set X is
said to be a Reproducing Kernel Hilbert Space (RKHS) if §, € H', Vx € X.

Theorem (Norm convergence implies pointwise convergence)

Iflimn oo |[fa — flloy = 0, then lim, o f(x) = f(x), Vx € X.

If two functions f, g € H are close in the norm of , then f(x) and g(x)
are close for all x € X
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What is an RKHS? Evaluation functionals view of RKHS

Outline

Will discuss three distinct concepts:
e reproducing kernel
@ inner product between features (kernel)

@ positive definite function
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What is an RKHS? Evaluation functionals view of RKHS

Outline

Will discuss three distinct concepts:
e reproducing kernel
@ inner product between features (kernel)
@ positive definite function

...and then show that they are all equivalent.
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What is an RKHS? Reproducing kernel
Outline

@ Elementary Hilbert space theory

© What is an RKHS?

@ Reproducing kernel
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What is an RKHS? Reproducing kernel

Reproducing kernel

Definition (Reproducing kernel)

Let H be a Hilbert space of functions ¥ : X — R defined on a non-empty
set X. A function k : X x X — R is called a reproducing kernel of H if it

satisfies
o Vx € X, ke=k(-,x)€EH,
o Vx e X, Vf € H, (f, k(-,x))y = f(x) (the reproducing property).
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What is an RKHS? Reproducing kernel

Reproducing kernel

Definition (Reproducing kernel)

Let H be a Hilbert space of functions ¥ : X — R defined on a non-empty
set X. A function k : X x X — R is called a reproducing kernel of H if it

satisfies
o Vx € X, ke=k(-,x)€EH,
o Vx e X, Vf € H, (f, k(-,x))y = f(x) (the reproducing property).

In particular, for any x,y € X,
k(X>Y) = <k('7)/) ) k('7X)>’H = <k('7x)7k('¢Y)>H-
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Ferxieiins bermsl
Reproducing kernel of an RKHS

Theorem

If it exists, reproducing kernel is unique.

Theorem

‘H is a reproducing kernel Hilbert space if and only if it has a reproducing
kernel.
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What is an RKHS? Inner product between features

Outline

@ Elementary Hilbert space theory

© What is an RKHS?

@ Inner product between features
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What is an RKHS? Inner product between features

Functions representable as inner products

Definition (Kernel)
A function k : X x X — R is called a kernel on X if there exists a Hilbert
space (not necessarilly an RKHS) F and a map ¢ : X — F, such that

k(x,y) = (¢(x), 6(y)) -
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What is an RKHS? Inner product between features

Functions representable as inner products

Definition (Kernel)
A function k : X x X — R is called a kernel on X if there exists a Hilbert
space (not necessarilly an RKHS) F and a map ¢ : X — F, such that

k(x,y) = (¢(x), 6(y)) -

@ note that we dropped 'reproducing’, as F may not be an RKHS.
@ ¢ : X — Fis called a feature map,

@ F is called a feature space.
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What is an RKHS? Inner product between features

Functions representable as inner products

Definition (Kernel)

A function k : X x X — R is called a kernel on X if there exists a Hilbert
space (not necessarilly an RKHS) F and a map ¢ : X — F, such that

k(x,y) = (¢(x), 6(y)) -

@ note that we dropped 'reproducing’, as F may not be an RKHS.
@ ¢ : X — Fis called a feature map,
@ F is called a feature space.

Corollary

Every reproducing kernel is a kernel (can take ¢ : x — k(-,x),
k(x,y) = (k(-,x),k(-,¥))n, i.e., RKHS H is a feature space).
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i s bt Gasimme
Non-uniqueness of feature representation

Example
Consider X = R?, and k(x,y) = (x, y)?

k(x,y) = xiyi+xays +2xixy1y2
vi
[ X % V2ax | vi
V2y1y2

vi
va
Yiy2
yiy2

2 2
[ X1 X2 X1 X2 X1 X2 ]

so we can use the feature maps ¢(x) = (xZ,x3,v2x1x2) or

b(x) = [ 32 X3 xix» x1xo |, with feature spaces H = R® or 71 = R

v
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i s bt Gasimme
Non-uniqueness of feature representation

Example
Consider X = R?, and k(x,y) = (x, y)?

k(x,y) = xiyi+x3y3 + 2xaxyy:

vi
= [xl2 x5 V2xixe ][ A ]
\6}/1_)/2
vi
vi
Yiy2
yiy2

2 2
= [ X1 X2 X1 X2 X1 X2 ]

so we can use the feature maps ¢(x) = (xZ,x3,v2x1x2) or

b(x) = [ 32 X3 xix» x1xo |, with feature spaces H = R® or 71 = R

v

Not RKHS!
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WIEIREEV RN GEYEl  Positive definite function

Outline

@ Elementary Hilbert space theory

© What is an RKHS?

@ Positive definite function
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WIEIREEV RN GEYEl  Positive definite function

Positive definite functions

Definition (Positive definite functions)
A symmetric function h : X x X — R is positive definite if
Vn>1, V(al,...a,,) € R", V(Xl,...,Xn) e X",

n

n
Z Z a,-ajh(x,-,xj-) =a'Ha > 0.

i=1 j=1

The function h(-,-) is strictly positive definite if for mutually distinct x;, the
equality holds only when all the a; are zero.
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WIEIREEV RN GEYEl  Positive definite function

Kernels are positive definite

Every inner product is a positive definite function, and more generally:
Fact

Every kernel is a positive definite function. J
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WIEIREEV RN GEYEl  Positive definite function

So far

reproducing kernel = kernel = positive definite
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WIEIREEV RN GEYEl  Positive definite function

So far

reproducing kernel = kernel = positive definite

Is every positive definite function a reproducing kernel for some RKHS?
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WIEIREEV RN GEYEl  Positive definite function

Moore-Aronszajn Theorem

Theorem (Moore-Aronszajn - Part 1)

Let k: X x X — R be positive definite. There is a unique RKHS
H C R* with reproducing kernel k.
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WIEIREEV RN GEYEl  Positive definite function

Non-uniqueness of feature representation

Example

Consider X = R?, and k(x,y) = (x, y)?

k(x,y) = xiyi+x3y3: +2xxny.

= [x12 x22 \/§X1X2:| Y2
V2y1y»
vi
2 2 }/22

= Xi X3 X1X2 X1X

[ 1 2 1X2  X1X2 ] o
yiy2

so we can use the feature maps ¢(x) = [ x? x3 V2xix2 | or

(x) = | x¥ x5 xixo xixo |, with feature spaces H = R or H = R

v
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WIEIREEV RN GEYEl  Positive definite function

Non-uniqueness of feature representation

Example
Consider X = R?, and k(x,y) = (x, y)?

k(x,y) = xiyi+xiy3 + 2xaxayiy2

Vi
= [X12 X22 V2x1x2 ][ )/22 ]
V2y1y»

vi
Vi
yiy2
yiy2

2 2
1 X2 X1X2 X1X2]

so we can use the feature maps ¢(x) = [ x? x3 V2xix2 | or

p(x) =[x x2 xixo xixo |, with feature spaces H = R® or H{ = R*.

<

‘H and H are not RKHS - RKHS of & is unique
Foundations of RKHS March 6, 2012 47 / 60



WIEIREEV RN GEYEl  Positive definite function

Non-uniqueness of feature representation

@ There are (infinitely) many feature space representations (and we can
even work in one or more of them, if it's convenient!)

(@(x), 0(V))gs = ayi +bys +cV2nys = kely) = (ke ky )y,
P(x) =
[a: x2 b=x3 ¢ =V2x1x }
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WIEIREEV RN GEYEl  Positive definite function

Non-uniqueness of feature representation

@ There are (infinitely) many feature space representations (and we can
even work in one or more of them, if it's convenient!)

(@), 60w = 3y +by3 +cV2y1ys = kly) = (ke b))y,

P(x) =
[a: x2 b=x3 c:ﬂxlxz}

)., =i+ b +enp+dnye = k)= (haky,
o(x) =

[5:X12 b=x3 &=xx d:xlxz}

/\
S
—_
x
:—/
2
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WIEIREEV RN GEYEl  Positive definite function

Non-uniqueness of feature representation

@ There are (infinitely) many feature space representations (and we can
even work in one or more of them, if it's convenient!)

(@), 60w = 3y +by3 +cV2y1ys = kly) = (ke b))y,

P(x) =
[a: x2 b=x3 c:ﬂxlxz}

= k(y) = (ke kb,

S
S
—
X
:—/
=X
<
N
~———
S
Il
e
S
+
o~
S
+
o
=
S
+
Q2
=
S

[5:x12 b=x3 &=xx d:xlxz}

@ But what remains unique?
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WIEIREEV RN GEYEl  Positive definite function

Non-uniqueness of feature representation

@ There are (infinitely) many feature space representations (and we can
even work in one or more of them, if it's convenient!)

(@), 60w = 3y +by3 +cV2y1ys = kly) = (ke b))y,

P(x) =
[a: x2 b=x3 c:ﬂxlxz}

(6060.60)) , =at +b +enp+dny = kdy) = (ke kdy,

[ 3= x2 l~):x22 ¢ = x1% g/:xlxz }
@ But what remains unique?

o Kernel and its RKHS!
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WIEIREEV RN GEYEl  Positive definite function

Summary

reproducing kernel <= kernel <= positive definite
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WIEIREEV RN GEYEl  Positive definite function

Summary

reproducing kernel <= kernel <= positive definite

set of all kernels: RY**
1-1
—

set of all subspaces of RY with continuous evaluation:
Hilb(RY)
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What is an RKHS? Moore-Aronszajn Theorem
Outline

@ Elementary Hilbert space theory

© What is an RKHS?

@ Moore-Aronszajn Theorem
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What is an RKHS? Moore-Aronszajn Theorem

Moore-Aronszajn Theorem

Theorem (Moore-Aronszajn - Part 1)

Let k: X x X — R be positive definite. There is a unique RKHS
H C R* with reproducing kernel k.
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WMleere-roezEn Tieers
Moore-Aronszajn Theorem (2)

Starting with a positive def. k, construct a pre-RKHS # with properties:
@ The evaluation functionals §, are continuous on H,

@ Any Cauchy sequence f, in Ho which converges pointwise to 0 also
converges in Ho-norm to 0.
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WMleere-roezEn Tieers
Moore-Aronszajn Theorem (3)

pre-RKHS 7 = span {k(-,x) | x € X'} will be taken to be the set of
functions:

f(x) = aik(xi,x)
i=1
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What is an RKHS? Moore-Aronszajn Theorem

Moore-Aronszajn Theorem (4)

Theorem (Moore-Aronszajn - Part Il)

Space Ho = span{k(-,x)|x € X'} is endowed with the inner product
n m
<f7g>7-[0 = Zzaiﬂjk(xiv.yj)a
i=1 j=1

where f = 377 aik(,x;) and g = 3 7 Bik(-,y;), then Ho is dense in
RKHS H of k.
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WMleere-roezEn Tieers
Moore-Aronszajn Theorem (5)

Define H to be the set of functions f € R? for which there exists a Cauchy
sequence {f,} € Ho converging pointwise to f.
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What is an RKHS? Moore-Aronszajn Theorem

Moore-Aronszajn Theorem (5)

Define H to be the set of functions f € R? for which there exists a Cauchy
sequence {f,} € Ho converging pointwise to f.

© We define the inner product between f, g € H as the limit of an inner

product of the Cauchy sequences {f,}, {gn} converging to f and g

respectively. Is the inner product well defined, and independent of the
sequences used?
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Moore-Aronszajn Theorem (5)

Define H to be the set of functions f € R? for which there exists a Cauchy
sequence {f,} € Ho converging pointwise to f.

© We define the inner product between f, g € H as the limit of an inner
product of the Cauchy sequences {f,}, {gn} converging to f and g
respectively. Is the inner product well defined, and independent of the
sequences used?

© An inner product space must satisfy (f,f),, = 0 iff f = 0. Is this true
when we define the inner product on H as above?

D. Sejdinovic, A. Gretton (Gatsby Unit) Foundations of RKHS March 6, 2012 55 / 60



What is an RKHS? Moore-Aronszajn Theorem

Moore-Aronszajn Theorem (5)

Define H to be the set of functions f € R? for which there exists a Cauchy
sequence {f,} € Ho converging pointwise to f.
© We define the inner product between f, g € H as the limit of an inner
product of the Cauchy sequences {f,}, {gn} converging to f and g

respectively. Is the inner product well defined, and independent of the
sequences used?

© An inner product space must satisfy (f,f),, = 0 iff f = 0. Is this true
when we define the inner product on H as above?

© Are the evaluation functionals still continuous on H?
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WMleere-roezEn Tieers
Moore-Aronszajn Theorem (5)

Define H to be the set of functions f € R? for which there exists a Cauchy
sequence {f,} € Ho converging pointwise to f.

© We define the inner product between f, g € H as the limit of an inner
product of the Cauchy sequences {f,}, {gn} converging to f and g
respectively. Is the inner product well defined, and independent of the
sequences used?

© An inner product space must satisfy (f,f),, = 0 iff f = 0. Is this true
when we define the inner product on H as above?

© Are the evaluation functionals still continuous on H?
Q Is H complete (a Hilbert space)?
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What is an RKHS? Moore-Aronszajn Theorem

Summary

reproducing kernel <= kernel <= positive definite
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What is an RKHS? Moore-Aronszajn Theorem

Summary

reproducing kernel <= kernel <= positive definite

all kernels fox
1-1
<

all function spaces with continuous evaluation Hilb(R?)

D. Sejdinovic, A. Gretton (Gatsby Unit) Foundations of RKHS March 6, 2012 56 / 60



WMleere-roezEn Tieers
Operations with kernels

Fact (Sum and scaling of kernels)

If k, ki, and ko are kernels on X', and oo > 0 is a scalar, then ak, ki + k>
are kernels.
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WMleere-roezEn Tieers
Operations with kernels

Fact (Sum and scaling of kernels)

If k, ki, and ko are kernels on X', and oo > 0 is a scalar, then ak, ki + k>
are kernels.

o A difference of kernels is not necessarily a kernel! This is because we
cannot have ki(x,x) — ka(x,x) = (p(x), #(x)),, < 0.
@ This gives the set of all kernels the geometry of a closed convex cone.
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WMleere-roezEn Tieers
Operations with kernels

Fact (Sum and scaling of kernels)

If k, ki, and ko are kernels on X', and oo > 0 is a scalar, then ak, ki + k>
are kernels.

o A difference of kernels is not necessarily a kernel! This is because we
cannot have ki(x,x) — ka(x,x) = (p(x), #(x)),, < 0.
@ This gives the set of all kernels the geometry of a closed convex cone.

Higrke = Hig + Hiy ={h + 1 A €Hyy, o € Hyy }
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WMleere-roezEn Tieers
Operations with kernels (2)

Fact (Product of kernels)
If ki and ko are kernels on X and ), then k = ki ® ko, given by:

k((6y),(Xsy") = kil x)ka(y,y")
is a kernel on X x Y. If X =), then k = ky - ko, given by:

k(x,x) = ki(x,x)ka(x,x")

is a kernel on X.
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WMleere-roezEn Tieers
Operations with kernels (2)

Fact (Product of kernels)
If ki and ko are kernels on X and ), then k = ki ® ko, given by:

k((6y),(Xsy") = kil x)ka(y,y")
is a kernel on X x Y. If X =), then k = ky - ko, given by:

k(x,x) = ki(x,x)ka(x,x")

is a kernel on X.

Hk1®k2 = Hkl ® sz
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What is an RKHS? Moore-Aronszajn Theorem

Summary

all kernels RY*¥
1-1
—

all function spaces with continuous evaluation Hilb(R?)
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What is an RKHS? Moore-Aronszajn Theorem

Summary

all kernels RY*¥
1-1
—

all function spaces with continuous evaluation Hilb(R?)

bijection between RY** and Hilb(RY) preserves geometric
structure
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WMleere-roezEn Tieers
Operations with kernels (3)

New kernels from old:

o trivial (linear) kernel on R? is k(x, x") = (x, x')
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WMleere-roezEn Tieers
Operations with kernels (3)

New kernels from old:
o trivial (linear) kernel on R? is k(x, x") = (x, x')
o forany p(t) = amt™ + -+ + a1t + ap with a; > 0
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What is an RKHS? Moore-Aronszajn Theorem

Operations with kernels (3)

New kernels from old:
o trivial (linear) kernel on R? is k(x, x") = (x, x')
o forany p(t) = amt™ + -+ + a1t + ap with a; > 0
— k(x,x") = p({x,x")) is a kernel on RY
e polynomial kernel: k(x,x") = ({x,x’) +¢)™, forc >0
e f(t) has Taylor series with non-negative coefficients
= k(x,x') = f((x,x')) is a kernel on RY
e exponential kernel: k(x,x’) = exp(o (x,x’)), for o > 0
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