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Comparing two samples

m Given: Samples from unknown distributions P and Q.
m Goal: do P and @ differ?
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MMD for detecting drift

m Goal: do P and @ differ?
C e P ST

CIFAR 10 samples Cifar 10.1 samples
Significant difference?

Krizhevsky, Hinton, Learning multiple layers of features from tiny images. (2009)
Recht, Roelofs, Schmidt, Shankar, Do CIFAR-10 Classifiers Generalize to CIFAR-107 (2018).
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Two sample testing

m Test statistic: Maximum Mean Discrepancy (MMD)...

m Statistical testing with the MMD
m “How to choose the best kernel”
® using fusing
¢ using aggregation

m No sample splitting!
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Two sample testing

m Test statistic: Maximum Mean Discrepancy (MMD)...

m Statistical testing with the MMD
m “How to choose the best kernel”
® using fusing
¢ using aggregation

m No sample splitting!

The last MMD papers you’ll ever need!
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[Mustration of MMD

m Dogs (= P) and fish (= Q) example revisited
m Each entry is one of k(dog,,dog;), k(dog,, fish;), or k(fish;, fish;)
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The maximum mean discrepancy

Original empirical MMD for dogs and fish:

X =[P ™ B ... ]

Y = [2, M ... |

MMD? (p 9)

— 1 ZkA T, T;)

zsﬁj

ZkA Vi, V)

z#]

- ki (z;
mnz A($7YJ)
]




Population maximum mean discrepancy

The population maximum mean discrepancy

MMD?(p, q) = Epk: (X, X') + Bk (Y, Y') — 2B, k. (X, Y)
(a) (a) (b)

(a)= within distrib. similarity, (b)= cross-distrib. similarity.

d
Kernel: & ( 1_[l <:I:z yl) Bandwidth: A € (0, 00)

Set of bandwidths: A :={ }i::L
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[Sriperumbudur, G, Fukumizu, Schoelkopf, Lanckriet, JMLR 2010]

Kernels and bandwidths

Kernel: k(z, ) H K <:z:z i) Bandwidth: X € (0, 00)

Characteristic kernels: MMD?(p, ¢) = 0 iff p = q.
Gaussian (K;(u) e "), Laplace (K;(u)o e /%), Matérn, Energy,. . .

A =0.632
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[Sriperumbudur, G, Fukumizu, Schoelkopf, Lanckriet, JMLR 2010]

Kernels and bandwidths

Kernel: k(z, ) H K <:1:z i) Bandwidth: X € (0, 00)

Characteristic kernels: MMD?(p, ¢) = 0 iff p = q.
Gaussian (K;(u) e "), Laplace (K;(u)o e /%), Matérn, Energy,. . .

A=1.73

=R
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What effect do different kernels have?

1

MDD (X, ) =T Zka (zi, ;) e I)ka(Yi»Yj)
it

- ;;;;; :E:: }CA 3%, ij)
1,3

A =0.632
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What effect do different kernels have?

1
MDD (X, ) =T Zka (zi, ;) eRs I)ZkA(Yi,Yj)
it

- ;;;;; :E:: }CA 3%, )7j)
1,3

A =0.894
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What effect do different kernels have?

1
MIMD. (X, V) =T Z ko (zi, z) 5 > ki (yi,v;)
oy

n(n—1)
- %Zb xi,Yj)

4,3

A=1.73

R
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What effect do different kernels have?

1
MMD. (X,0, V,.) Z ko (i, 7;) > k(v ))
m(m —1) n(n 1) v

- ;;;;; :E:: }CA 3%, 3(7)
1,3

A=2.83
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Two-Sample Testing with MMD



[G, Borgwardt, Rasch, Schoelkopf, Smola, JMLR 2012]

MMD statistical test

The empirical MMD:

MMD, (X0, Y.) =T >k (i, ;) ka Vi, ¥i)
z;éj 1#]

- % Z k)\(xi)y])
1,

Two-sample MMD test:

/\2
Aé(Xm,Yn) = H<MMDX(Xm:Yn) > Q1A—a>
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[G, Borgwardt, Rasch, Schoelkopf, Smola, JMLR 2012]

MMD statistical test

The empirical MMD:

MMD, (X0, Y.) D > k(i) Zk Vi ¥5)
1751 #J

- %Zk (%‘:Y])
1,

Two-sample MMD test:

/\2
AL (Ko, ) = ]l(MMD (X, V) > ql_a>

— D
Want threshold g;" , for test MMD, (X,,,, Y},) to get
false positive rate o
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—_— 2
Behaviour of MMD when P # Q
Draw n = 200 i.i.d samples from P and @

m Laplace with different y-variance.

—_ 2

] nxl\mi(xm,yn): 1.2 1\o/ﬁxMMD =1.2
8 -,
61 o ot
Jo E . '::. -
6| :
ol
1 2 (; 2
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—_— 2
Behaviour of MMD when P # @
Draw n = 200 i.i.d samples from P and Q

m Laplace with different y-variance.

— 2
2 Vi x MMD =1.2
m /n x MMD, (X,,,Y,) =1.2 10

Number of MMDs: 1
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—_— 2
Behaviour of MMD when P # @

Draw n = 200 new samples from P and @

m Laplace with different y-variance. 9
Vi x MMD =15

—2
® /n x MMD, (X,,,Y,) =15 10
Number of MMDs: 2 ol
4 : ‘ : ‘ ‘ e e
41 P ’
35 N -.:.,.._:.:,;
oo o2 e
o 8 o Rl
(= oL L e
o 251 “r., "'.":-.n.‘;'.
= < . o 0%t
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—_— 2
Behaviour of MMD when P # @

Repeat this 150 times ...

Number of MMDs: 150

—

Prob. of \/n x MMD

0 0.5 1 15 2 25
—— 9
Vi x MMD
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—_— 2
Behaviour of MMD when P # @

Repeat this 300 times ...

Number of MMDs: 300

—

Prob. of \/n x MMD

0 0.5 1 15 2 25
—— 9
Vi x MMD
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—_— 2
Behaviour of MMD when P # @

Repeat this 3000 times ...
Number of MMDs: 3000

—

Prob. of \/n x MMD

0 0.5 1 15 2 25
—— 2
Vi x MMD
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— 2
Asymptotics of MMD when P # Q
When P # @, statistic is asymptotically normal,

Jn <m2(xm,Yn) — MMD?(p, q)) L5 N(0, Vi (p, 9)),

with variance V,(p, q).

MMD density under 7—[1 Two Laplace distributions with different variances
15 ; ; ; ; ; ; ! i —
—aQ
[ = rpirical PDF x
— Gaussian fit -
o~ ‘ﬁ 1
Q 5
~ °
(f 5
g
=~ a 05
X
<
(-
3 ) -4 2 0 2 4 6
. 0. X
o)
<]
=
s}

0 0.5 1 15 2 25 3 3.5
—_— 2
Vi x MMD

16/40



—2
Behaviour of MMD when P = Q

What happens when P and @ are the same?
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—_—2
Behaviour of MMD when P = @
m Case of P = Q = N(0,1)

Number of MMDs: 10

0.7

0.6

2

051

—

Prob. of n x MMD

0.4

0.3

0.2

0.1

18/40



—_— 2
Behaviour of MMD when P = @
m Case of P = Q = N(0,1)
Number of MMDs: 20

Prob. of n x MM D
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—_— 2
Behaviour of MMD when P = @
m Case of P = Q = N(0,1)
Number of MMDs: 50

J—

Prob. of n x MM D
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—_— 2
Behaviour of MMD when P = @
m Case of P = Q = N(0,1)
Number of MMDs: 100

J—

Prob. of n x MM D
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—_— 2
Behaviour of MMD when P = @
m Case of P = Q = N(0,1)
Number of MMDs: 1000

J—

Prob. of n x MM D
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—_— 2
Asymptotics of MMD when P = Q)

P = @), statistic has asymptotic distribution

2

Prob. of n x MM D

(m + n)MMD., (Xom, V»)

MMD density under H,

0.6 — ) sum ]
-Empirical PDF
0.4 r
0.2
O.

n x MMD’

Z)\l [zl — 2}

where

Aizpl(m'):/ k\(z,z")i(z)dP(z)

centred

2~ N(0,2) iid.

Example plot: P = N(0, 1)
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A statistical test

Test construction:

07 :
—_—P=Q
0.6 - —_—P £ Q|
(3N
(C: 05 ]
E 04+ B
X
IS
G 03r 4
,g' ¢o =1 — a quantile when P = Q
02t B
R~ false negatives
0.1F
0 T
-2 1 0 1 2 3 4 5 6
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Test threshold g,
Original empirical MMD for dogs and fish:

X = [Tt ™ W L]

Y = [12, &% ... |

—2
MMD, (X, Y,)
1
= m Z k;(a:i, ZIJj)

1#£7
1
+——= ) ki)
n(n — 1) ; !

2
~ 2 Z k(zi,y;)
]




[Schrab, Kim, Albert, Laurent, Guedj, G, JMLR 2023, Prop. 1]

Test threshold g,

Permuted dog and fish samples (merdogs):
X[ . ]

Y = [P g ]
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[Schrab, Kim, Albert, Laurent, Guedj, G, JMLR 2023, Prop. 1]

Test threshold g,

Permuted dog and fish samples (merdogs):
jZ: [\'l{%\/) ."‘JW ]

Y = [Pl ]
MMD. (X, 7,)

= n(n—l)zk &, %)

1#]

Zk Y’HYJ

173]
Zk ’L)YJ

o | " g o=y
ll. 1 |

Permutation simulates T —

P=Q
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[Schrab, Kim, Albert, Laurent, Guedj, G, JMLR 2023, Prop. 1]

Test threshold g,

Permuted dog and fish samples (merdogs):
X = ["Q%\'/ Tml iyl ]

Y = [Pl ]

IT:

Using threshold qlﬁ o Blves
exact level a (upper bound

on false positive rate) E
at finite » and number of | . || BEFE i
permutations I -
(when unpermuted statistic g

included in pool) iy I'."I_ ""l 1 I =y
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How to choose your kernel?
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MMD Fuse (NeurIPS 2023):

V > stat > arXiv:2306.08777

Statistics > Machine Learning

[Submitted on 14 Jun 2023 (v1), last revised 28 Oct 2023 (this version, v2)]

MMD-FUSE: Learning and Combining Kernels for Two-Sample Testing
Without Data Splitting

Felix Biggs, Antonin Schrab, Arthur Gretton

R

Code:
https://github.com/antoninschrab/mmdfuse
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https://github.com/antoninschrab/mmdfuse

A statistical test

Test construction:

07 :
—_—P=Q
0.6 - —_—P £ Q|
(3N
(C: 05 ]
E 04+ B
X
IS
G 03r 4
,g' ¢o =1 — a quantile when P = Q
02t B
R~ false negatives
0.1F
0 T
-2 1 0 1 2 3 4 5 6
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Test power - intuition

The power of our test (assume m = n):

/\2
PI‘p#Q (nMMD (Xm,Yn) > ql_a>
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Test power - intuition

The power of our test (assume m = n):

] N
PrpiQ (’)’LMMD (Xm,Yn) > ql_a>

2
. <I>< MMD?(p, q) & o )

VnIV.(p,q) nv/n V.(p,q)

where

m ® is the CDF of the standard normal distribution.

m V,(p, q) is asymptotic variance of
/‘\2
i (FD (X, ) — MMD3 (5, )

m §{ , is an estimate of g;. , test threshold.
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Test power - intuition

The power of our test (assume m = n):

/\2
PI’p#Q (TLMMD (Xm,Yn) > ql_a>

<I>< MMD?(p,q) 9 >
VnTIVi(p,q)  n/nIVi(p,q)
O(n1/2) O(n—1/2)

For large n, second term negligible!
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Test power - intuition

The power of our test (assume m = n):

—_—2
Prp:q (nMMD (X, Y5) > ?11a>

MMD?
_%¢< (p, q) & )

VnIVi(p,q) ny/n"V.(p,q)

To maximize test power,

MMD?(p, q)
= argmax7
S V (p7 q)
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Test power - intuition

Test construction:

07 :
—_—P=Q
0.6 - —_—P £ Q|
(3N
(C: 05 ]
E 04 |- -
X
IS
G 03r 4
,g' ¢o =1 — a quantile when P = Q
~ 02+ 4
R~ false negatives
0.1F
0 T
-2 1 0 1 2 3 4 5 6
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[Schrab, Biggs, G. 2023]

You choose? You fuse!

Use a softmax over the normalized MMDs

log Z exp (n MMD;\ X, Y5) I’\\IX(Xm, Yn))
|A| feh
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[Schrab, Biggs, G. 2023]

You choose? You fuse!

Use a softmax over the normalized MMDs
1 1 —2 =~
Elog <|| Z exp (n MMD, (X, Y,) / /N (Xm,Yn))>
€

Variance V,(p, ¢) replaced with permutation-invariant proxy

- 1
Ny (X, YV,) == k. (Z;, Z:)?
( ) (m+n)(m+n-1) 1Si¢§m+n ( )

where
Zm—l—n = (Xm,Yn)

and 7 ~ (m + n).
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MMD Aggregation

MMD Aggregated Two-Sample Test (JMLR 2023):

d I' <1V > stat > arXiv:2110.15073

Statistics > Machine Learning
[Submitted on 28 Oct 2021 (v1), last revised 29 May 2023 (this version, v3)]

MMD Aggregated Two-Sample Test

Antonin Schrab, llmun Kim, Mélisande Albert, Béatrice Laurent, Benjamin Guedj, Arthur Gretton

Code:
https://github.com/antoninschrab/mmdagg-paper
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https://github.com/antoninschrab/mmdagg-paper

The test quantile

Individual tests for each )\ have false positive rate a....

Prob. of n x MMD"

A=04

1

1

1

1

-«
Iquantile

nx MMD’

A=0.9
08 : .
07}

I

I

I

I

11—«

Iquantile

nx MMD’
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The test quantile

Individual tests for each )\ have false positive rate a....

... but we want overall rejection rate for any kernel A € A to be < a

08

0.7+

Prob. of n x MMD"

A =0.4
1
1
1
1
11—«

Iquantile

nx MMD’

A=0.9
08 : .
07}

I

I

I

I

11—«

Iquantile

nx MMD’
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Bonferroni correction

Overall rate of rejection for any kernel A € A is < a:
Use quantile a/|A]

This is correct (Bonferroni)...
A =04 A=0.9

0.8 T T T T 0.8

1—a/lA
quantile

1—a/[A]
quantile

Prob. of n x M]

nx MMD’ nx MMD®
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Bonferroni correction

Overall rate of rejection for any kernel A € A is < a:

Use quantile a/|A]

This is correct (Bonferroni)...... but very conservative
A =04 A =0.9
08 T T T T 08 T T T
0.7
06+
1 1
(=05 1 1
= 1 1
: 0.4 1 1
z 1 —a/|A 11— a/|A|
£ 08 Iquantile Iquantile
02+ : 02+ :
0.1 I 0.1 I
1 1
Dr 6 u—2 1 0 1 2 3 4 5 6

nx MMD’ nx MMD®
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[Schrab, Kim, Albert, Laurent, Guedj, G. 2023]

Aggregation

Overall rate of rejection for any kernel A € A is < a:

Use quantile u,/|A|

with u, chosen to give overall rejection rate o
... but how?

A=0.4 A=0.9
08 : 08
07} 07
06f 06+
- 1 I
(505 1 1
= 1 1
i 0.4+ 1 1
s 1A 1w, /|Al
e I quantile ! quantile
1 1
0.2 1 02 1
01t ! 01 !
1 1
0 0

nx MMD’ nx MMD’
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[Schrab, Kim, Albert, Laurent, Guedj, G. 2023]

Aggregation

Overall rate of rejection for any kernel A € A is < a:
Use quantile uy /|A|

with u, chosen to give overall rejection rate o
... but how?

Do another permutation
(%, 7n) ~pxp

Using (Xm, ?n), search over u, such that prob. of any X € A
rejecting is < a.
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. [Schrab, Kim, Albert, Laurent, Guedj, G. 2023]
Aggregation
Overall rate of rejection for any kernel A € A is < a:
Use quantile uy /|A|
with u, chosen to give overall rejection rate o

... but how?

Do another permutation
(% Ta) ~ 2 x 5
Using (§~§m, W?{'n), search over u, such that prob. of any A €
rejecting is < a.
Time complexity
O(IA1(Bi + B) (m +n)?)

where B; permutations to get quantiles, B, permutations to get u,.
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[Schrab, Kim, Albert, Laurent, Guedj, G. 2023]

Aggregation

Overall rate of rejection for any kernel A € A is < a:
Use quantile uy /|A|

with u, chosen to give overall rejection rate o
... but how?

Do another permutation
(%, 7n) ~pxp

Using (Xm, ?n), search over u, such that prob. of any X € A
rejecting is < a.
Test is minimax optimal if p — ¢ smooth (in a Sobolev ball), and

subject to reasonable! conditions on kernels.

1. Kernel is a product of one-dimensional translation invariant characteristic kernels which
are absolutely and square integrable.

32/40



Multiple testing correction comparison

Simple example: 3-d Gaussians with different means

1.0

0.81

Power

0.0

=
o
)

<
S
.

Bonferroni
MMDAgg

20

40 60
Number of bandwidths

80 100

(3) = {2Z med : L€ {—1,.. .,z'}} for 1 € {0, 10, 20, 30, 40, 50}
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MMD for detecting drift

m Goal: do P and @ differ?
C e P ST

CIFAR 10 samples Cifar 10.1 samples
Significant difference?

Krizhevsky, Hinton, Learning multiple layers of features from tiny images. (2009)
Recht, Roelofs, Schmidt, Shankar, Do CIFAR-10 Classifiers Generalize to CIFAR-107 (2018).
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CIFAR-10 and CIFAR-10.1

Test level o = 0.05. Average rejections over 1000 repetitions.

Tests Power

MMD-FUSE  0.937
MMDAgg  0.883
MMD-D 0.744

CTT 0.711
MMD-Median 0.678
ACTT 0.652
ME 0.588

AutoML 0.544
C2ST-L 0.529
C2ST-S 0.452
MMD-O 0.316
MMDAggInc 0.281
SCF 0.171
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Two sample testing

m Test statistic: Maximum Mean Discrepancy (MMD)
m Statistical testing with the MMD

m “How to choose the best kernel”

¢ ...with fusing: https://github.com/antoninschrab/mmdfuse
¢ ..with aggregation:
https://github.com/antoninschrab/mmdagg-paper

m No sample splitting!
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https://github.com/antoninschrab/mmdfuse
https://github.com/antoninschrab/mmdagg-paper
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Questions?
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[Schrab et al., 2023, Corollary 10]

MMDAgg test power guarantee

Theorem (MMDAgg minimax adaptivity)

~ 2 m+n 6
::{2 ZILd:36{1,...,[d10g2(mﬂ}}’ YA g

Assuming p — g € S;(R), the condition

l=ak > 55 ()
PP = VB \In(In(m + n))

guarantees control of the type II error of MMDAgg
prq(Aa (Xm:Yn) = 0) < :3

Minimax rate over Sobolev balls: (m + n)~2s/(4s+d)
Minimax adaptive over{Sj(R): s > 0, R > 0}
Unlike the MMD test A, , MMDAgg A, is independent of s 39/40
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