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Abstract
This article provides a practical introduction to
kernel discrepancies, focusing on the Maximum
Mean Discrepancy (MMD), the Hilbert–Schmidt
Independence Criterion (HSIC), and the Kernel
Stein Discrepancy (KSD). Various estimators for
these discrepancies are presented, including the
commonly-used V-statistics and U-statistics, as
well as several forms of the more computationally-
efficient incomplete U-statistics. The importance
of the choice of kernel bandwidth is stressed,
showing how it affects the behaviour of the dis-
crepancy estimation. Adaptive estimators are
introduced, which combine multiple estimators
with various kernels, addressing the problem of
kernel selection.

This paper corresponds to the introduction of my PhD thesis (Schrab, 2025a, Chapter 2) and is presented
as a standalone article to introduce the reader to kernel discrepancies estimators. First, in Section 1, we
define kernels, Reproducing Kernel Hilbert Spaces, mean embeddings and cross-covariance operators, and
present kernel properties such as characteristicity, universality and translation invariance. Then, in Section 2,
we introduce the Maximum Mean Discprecancy, the Hilbert–Schmidt Independence Criterion, and the Kernel
Stein Discrepancy, as well as their estimators, and we discuss the importance of the choice of kernel for such
measures. We then introduce a collection of statistics in Section 3, including the commonly-used complete
statistics, as well as their incomplete counterparts which trade accuracy for computational efficiency. Finally,
in Section 4, we construct adaptive estimators combining multiple statistics with various kernels, which is one
method to address the problem of kernel selection.
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1 Kernels

In this section, we introduce kernels and RKHSs, define characteristicity and universality of kernels, present
translation-invariant kernels with bandwidth parameters, and provide some classical kernel examples.

We refer the readers to Sejdinovic and Gretton (2012); Gretton (2013) for some kernel/RKHS introductions,
to Aronszajn (1950); Steinwart and Christmann (2008); Berlinet and Thomas-Agnan (2011) for details about
the RKHS constructions, to Fukumizu et al. (2004); Sriperumbudur et al. (2008, 2010a,b, 2011); Carmeli
et al. (2010) for the characteristicity and universality of kernels, and to Muandet et al. (2017) for an in-depth
review of kernel mean embedding methods.

Kernel & RKHS. We present three definitions of a ‘kernel’ and then discuss their relations. First, recall
that a vector space H is called a Hilbert space if it is equipped with an inner product ⟨·, ·⟩H and is complete
(i.e. every Cauchy sequence converges with respect to the metric induced by the inner product). In the
following three definitions, let X to be a non-empty set.

1. A function k : X ×X → R is a kernel if there exist a Hilbert space H and a function ϕ : X → H (called
feature map) such that

k(x, y) = ⟨ϕ(x), ϕ(y)⟩H
for all x, y ∈ X .

2. A symmetric function k : X × X → R is a positive definite kernel if

n∑
i=1

n∑
j=1

cicjk(xi, xj) ≥ 0

for all x1, . . . , xn ∈ X and all c1, . . . , cn ∈ R, for any n ∈ N.

3. For a Hilbert space H of real-valued functions on X , a function k : X × X → R is a reproducing kernel
of H if

• k(x, ·) ∈ H for all x ∈ X ,

• ⟨f, k(x, ·)⟩H = f(x) for all f ∈ H and all x ∈ X .

The resulting space H is then called a Reproducing Kernel Hilbert Space (RKHS).

These three definitions are equivalent in the following sense.

• [1 =⇒ 2] Every kernel is a positive definite kernel as
∑n

i=1

∑n
j=1 cicjk(xi, xj) = ∥

∑n
i=1 ciϕ(xi)∥H ≥ 0.

• [2 =⇒ 1] Every positive definite kernel is guaranteed to be an inner product between features in an
Hilbert space (Steinwart and Christmann, 2008, Theorem 4.16).

• [2 =⇒ 3] Given a positive definite kernel k on X ×X , there exists a unique Hilbert space Hk of real-valued
functions on X for which k is the reproducing kernel, Hk is the (unique) RKHS associated to k (Aronszajn,
1950, Moore-Aronsajn Theorem).

• [3 =⇒ 1] A reproducing kernel is a kernel with feature map ϕ(x) = k(x, ·) as ⟨k(x, ·), k(y, ·)⟩H = k(x, y).

There exists an equivalent definition of an RKHS, which perhaps suprisingly, does not involve the notion of a
kernel.

4. A Hilbert space H of real-valued functions on X is an RKHS if the evaluation functional is continuous,
that is, |f(x)| ≤ Cx∥f∥H for some Cx > 0, for all f ∈ H and all x ∈ X .
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These two RKHS definitions are indeed equivalent.

• [3 =⇒ 4] Using the reproducing property followed by Cauchy–Schwartz inequality, we obtain |f(x)| ≤√
k(x, x)∥f∥H for all f ∈ H and all x ∈ X .

• [4 =⇒ 3] By Riesz Representation Theorem (Rudin, 1987, Theorem 4.12), for all x ∈ X there exists
gx ∈ H such that f(x) = ⟨f, gx⟩H for all f ∈ H. The function k(x, y) := gx(y) satisfies the two properties
of definition 3 and hence is a repoducing kernel.

We note that, from the reproducing property (definition 3 above), it also follows that (Theorem 1, Zhou, 2008
and Lemma C.9, Barp et al., 2022)

∂
∂xf(x) =

〈
f, ∂

∂xk(x, ·)
〉
H (1)

for all f ∈ H and all x ∈ X , under appropriate regularity conditions.

Kernel mean embedding. Let P be a probability distribution on X . Riesz Representation Theorem (Rudin,
1987, Theorem 4.12) guarantees the existence of a unique element µP ∈ H satisfying

⟨f, µP ⟩H = EP [f(X)] = EP [⟨f, k(X, ·)⟩H]

for all f ∈ H, where EP [f(X)] denotes the expectation of f with respect to P . This element µP is called the
kernel mean embedding and can be written as

µP = EP [k(X, ·)]

so that ⟨f,EP [k(X, ·)]⟩H = EP [⟨f, k(X, ·)⟩H] is justisfied. Abusing notation, we write ∂
∂X f(X) for ∂

∂xf(x)
∣∣
x=X

,
we then have

EP

[
∂
∂X f(X)

]
= EP

[
⟨f, ∂

∂X k(X, ·)⟩H
]
=
〈
f,EP

[
∂
∂X k(X, ·)

]〉
H

where the existence of EP

[
∂
∂X k(X, ·)

]
is again guaranteed by Riesz Representation Theorem.

Cross-covariance operator. Given two Hilbert spaces H1 and H2 with associated inner products ⟨·, ·⟩H1

and ⟨·, ·⟩H2 , respectively, the tensor product ⊗ and Hilbert–Schmidt inner product ⟨·, ·⟩HS are defined
as ⟨f ⊗ g, f̃ ⊗ g̃⟩HS = ⟨f, f̃⟩H1⟨g, g̃⟩H2 for all f, f̃ ∈ H1 and all g, g̃ ∈ H2. Let PXY be a joint probability
distribution on X ×Y , and consider kernels kX and kY on X ×X and Y×Y , respectively. The cross-covariance
operator is defined as the linear operator CPXY

: HkY → HkX satisfying

⟨f, CPXY
g⟩H

kX
= EPXY

[ (
f(X)− EPX

[f(X ′)]
) (
g(Y )− EPY

[g(Y ′)]
) ]

= EPXY

[
⟨f, kX (X, ·)− µPX

⟩H
kX

⟨g, kY(Y, ·)− µPY
⟩H

kY

]
= EPXY

[ 〈
f ⊗ g,

(
kX (X, ·)− µPX

)
⊗
(
kY(Y, ·)− µPY

)〉
HS

]
= EPXY

[〈
f,
((
kX (X, ·)− µPX

)
⊗
(
kY(Y, ·)− µPY

))
g
〉
H

kX

]
for all f ∈ Hk and all g ∈ HkY , where ⟨·, ·⟩HS denotes the Hilbert–Schmidt inner product. The existence and
uniqueness of CPXY

is guaranteed by Riesz Representation Theorem. The notation

CPXY
= EPXY

[(
kX (X, ·)− µPX

)
⊗
(
kY(Y, ·)− µPY

)]
is justified in the sense that〈

f,EPXY

[(
kX (X, ·)− µPX

)
⊗
(
kY(Y, ·)− µPY

)]
g
〉
H

kX
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= EPXY

[〈
f,
((
kX (X, ·)− µPX

)
⊗
(
kY(Y, ·)− µPY

))
g
〉
H

kX

]
which gives 〈

f ⊗ g,EPXY

[(
kX (X, ·)− µPX

)
⊗
(
kY(Y, ·)− µPY

)]〉
HS

= EPXY

[〈
f ⊗ g,

(
kX (X, ·)− µPX

)
⊗
(
kY(Y, ·)− µPY

)〉
HS

]
.

(2)

Characteristic kernel. A kernel k is characteristic (Fukumizu et al., 2004; Sriperumbudur et al., 2008, 2010b,
2011) if µP = µQ implies P = Q, where µP = EP [k(X, ·)]. In other words, the kernel mean embedding
captures all the information about the distribution, in the sense that, if two kernel mean embeddings are the
same (i.e. µP = µQ), then the distributions must be the same (i.e. P = Q).

Universal kernel. A kernel k : X ×X → R is C0-universal (Carmeli et al., 2010; Sriperumbudur et al., 2010a)
if its associated RKHS Hk is dense in C0(X ,R) (i.e. the space of continuous functions from X to R vanishing
at infinity). There exist various notions of universality, we refer the reader to Sriperumbudur et al. (2011) for
details.

Translation invariance, radial kernels & bandwidths. A kernel k : Rd × Rd → R is translation-invariant if

k(x, y) = ψ(x− y)

for some (positive definite) function ψ : Rd → R, often required to satisfy ψ(0) = 1. Then, for any bandwidth
λ > 0, the scaled function

kλ(x, y) = ψ

(
x− y

λ

)
is also a kernel as it is equal to k

(
x
λ ,

y
λ

)
. We say that k : Rd × Rd → R is a radial kernel1 if

k(x, y) = Ψ(∥x− y∥r)

for some r ≥ 1 and some function Ψ: R → R with Ψ(0) = 1, giving

kλ(x, y) = Ψ

(
∥x− y∥r

λ

)
.

Note that kλ(x, x) = 1 for all x ∈ Rd and all λ > 0. For x ̸= y both in Rd, we have

kλ(x, y) → 0 as λ→ 0 and kλ(x, y) → 1 as λ→ ∞. (3)

Kernel examples. We now present some commonly used kernels which are characteristic and C0-universal:
the Gausssian kernel

kλ(x, y) = exp

(
−∥x− y∥22

λ2

)
,

the Laplace kernel

kλ(x, y) = exp

(
−∥x− y∥1

λ

)
,

1In the literature, a radial kernel is sometimes defined only for the special case r = 2.
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the inverse multiquadric IMQ kernel

kλ(x, y) =
1√

λ2 + ∥x− y∥22
∝ 1√

1 +
∥x− y∥22

λ2

,

and the Matérn kernels with ν = 0.5, 1.5, 2.5, 3.5, 4.5 and Lr-distances for r ≥ 1

kλ(x, y) = exp

(
−∥x− y∥r

λ

)
,

kλ(x, y) =

(
1 +

√
3
∥x− y∥r

λ

)
exp

(
−
√
3
∥x− y∥r

λ

)
,

kλ(x, y) =

(
1 +

√
5
∥x− y∥r

λ
+

5

3

∥x− y∥2r
λ2

)
exp

(
−
√
5
∥x− y∥r

λ

)
,

kλ(x, y) =

(
1 +

√
7
∥x− y∥r

λ
+

2 · 7
5

∥x− y∥2r
λ2

+
7
√
7

3 · 5
∥x− y∥3r

λ3

)
exp

(
−
√
7
∥x− y∥r

λ

)
,

kλ(x, y) =

(
1 + 3

∥x− y∥r
λ

+
3 · 62

28

∥x− y∥2r
λ2

+
63

84

∥x− y∥3r
λ3

+
64

1680

∥x− y∥4r
λ4

)
exp

(
−3

∥x− y∥r
λ

)
.

2 Kernel discrepancies

We introduce the Maximum Mean Discrepancy (MMD) in Section 2.1, the Hilbert–Schmidt Independence
Criterion (HSIC) in Section 2.2, and the Kernel Stein Discrepancy (KSD) in Section 2.3.

2.1 MMD: Maximum Mean Discrepancy

MMD measure. As a measure between two probability distributions P and Q, we consider the kernel-based
Maximum Mean Discrepancy (MMD—Gretton et al., 2007, 2012). For a given RKHS Hk with reproducing
kernel k, the MMD is defined as the integral probability metric (Müller, 1997)

MMDk(P,Q) := sup
f∈Hk : ∥f∥Hk

≤1
EX∼P [f(X)]− EY∼Q[f(Y )]. (4)

We often simply write MMDk for MMDk(P,Q) when the distributions are clear from the context, and similarly
for other discrepancies. Using the reproducibility property, we obtain

MMDk = sup
f∈Hk : ∥f∥Hk

≤1
⟨f, µP − µQ⟩Hk

= ∥µP − µQ∥Hk
(5)

and
MMD2

k = ∥µP − µQ∥2Hk
= EP,P [k(X,X

′)]− 2EP,Q[k(X,Y )] + EQ,Q[k(Y, Y
′)] (6)

by the properties of kernel mean embeddings, where X,X ′ ∼ P and Y, Y ′ ∼ Q are independent copies. We
observe that the MMD is the Hk-norm of the difference between the mean embeddings. We note that the
MMD can be leveraged to construct divergences for more general two-sample problems (Chau et al., 2025).

MMD V-statistic. We now introduce some estimators of the MMD given some independent samples
X1, . . . , Xm

i.i.d.∼ P and Y1, . . . , Yn
i.i.d.∼ Q. We let P̂ and Q̂ denote the empirical distributions (uniform

5
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distributions on the datapoints). The plug-in estimator (Gretton et al., 2012, Equations 2 and 5) for
MMD2

k(P,Q) is MMD2
k(P̂ , Q̂) which from Equation 6 is equal to

VMMD2
k
:=

1

m2

∑
1≤i,i′≤m

k(Xi, Xi′)−
2

mn

m∑
i=1

n∑
j=1

k(Xi, Yj) +
1

n2

∑
1≤j,j′≤n

k(Yj , Yj′) (7)

which can be expressed as a two-sample (both of second order) V-statistic (Lee, 1990)

VMMD2
k
=

1

m2n2

∑
1≤i,i′≤m

∑
1≤j,j′≤n

hMMD
k (Xi, Xi′ ;Yj , Yj′) (8)

with core function2

hMMD
k (x, x′; y, y′) := k(x, x′)− k(x′, y)− k(x, y′) + k(y, y′) (9)

for x, x′, y, y′ ∈ Rd. Writing the estimator VMMD2
k

as a two-sample V-statistic can be theoretically appealing
but we stress that it can in fact be computed in quadratic time using Equation 7. The V-statistic incorporates
the terms {k(Xi, Yi) : i = 1, . . . , n} and, hence, is biased. We also point out that the V-statistic is always
non-negative, and taking its square root yields an estimator of the (non-squared) MMD. The global sensitivity
of this MMD statistic is studied in Kim and Schrab (2023, Lemma 5), which provides robustness guarantees
(Schrab and Kim, 2025).

Writing Zi = Xi for i = 1, . . . ,m, Zm+j = Yj for j = 1, . . . , n, and considering the (m + n) × (m + n)
kernel matrix KZZ =

(
k(Zi, Zj)

)
1≤i,j≤m+n

, the MMD V-statistic can be computed as

VMMD2
k
= w⊤KZZw (10)

where w is a vector of size m+ n with wi = 1/m for i = 1, . . . ,m and wm+j = −1/n for j = 1, . . . , n.
When the sample sizes are equal m = n, the estimator reduces to a one-sample second-order V-statistic

VMMD2
k
=

1

n2

∑
1≤i,i′≤n

hMMD
k (Xi, Xi′ ;Yi, Yi′). (11)

MMD U-statistic. An unbiased estimator of the squared MMD (Gretton et al., 2012, Lemma 6) naturally
arises from Equation 6 as

UMMD2
k
:=

1

m(m− 1)

∑
1≤i ̸=i′≤m

k(Xi, Xi′)−
2

mn

m∑
i=1

n∑
j=1

k(Xi, Yj) +
1

n(n− 1)

∑
1≤j ̸=j′≤n

k(Yj , Yj′), (12)

this is actually the minimum variance unbiased MMD estimator (Serfling, 1980, Section 5.1.4). It can be
expressed as a two-sample (both of second order) U-statistic (Hoeffding, 1948)

UMMD2
k
=

1

m(m− 1)n(n− 1)

∑
1≤i ̸=i′≤m

∑
1≤j ̸=j′≤n

hMMD
k (Xi, Xi′ ;Yj , Yj′). (13)

The MMD U-statistic expression of Equation 12 cannot be expressed as a single vector-matrix-vector product,
instead it needs to be computed as

UMMD2
k
=

1

m(m− 1)
1⊤K̄XX1− 2

mn
1⊤KXY 1+

1

n(n− 1)
1⊤K̄Y Y 1 (14)

2This is more commonly referred to as a ‘kernel’ in the litterature, we use the term ‘core’ to avoid confusion with the
positive-definite kernel k.
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where KXX =
(
k(Xi, Xj)

)
1≤i,j≤m

, KXY =
(
k(Xi, Yj)

)
1≤i≤m,1≤j≤n

, KY Y =
(
k(Yi, Yj)

)
1≤i,j≤n

, where K̄XX

and K̄Y Y denote the matrices KXX and KY Y with diagonal entries set to zero, and where 1 is a vector of
ones of size either m or n depending on the context. Efficient implementations of the MMD U-statistic are
further discussed in Schrab et al. (2022b).

When m = n, not incorporating the terms {k(Xi, Yi) : i = 1, . . . , n} (note that the order of the samples
matters) in the statistic computation results in a simpler one-sample second-order U-statistic (Gretton et al.,
2012, Equation 4)

ŨMMD2
k
=

1

n(n− 1)

∑
1≤i ̸=i′≤n

hMMD
k (Xi, Xi′ ;Yi, Yi′) (15)

which can be computed as

ŨMMD2
k
=

1

n(n− 1)
v⊤K̄ZZv (16)

where K̄ZZ is the matrix KZZ as defined in Equation 10 but with diagonal entries set to zero, and
v := (1n,−1n) is a vector of signed ones. As a result of the U-statistic being unbiased, it is not always
non-negative and hence cannot be used to estimate the MMD by taking its square root (as for the V-statistic).

MMD kernel choice importance. When using the translation-invariant kernel kλ, Equation 3 implies3

MMD2
λ → 0 when λ→ 0 or λ→ ∞,

VMMD2
λ
→ 1

m
+

1

n
when λ→ 0, and VMMD2

λ
→ 0 when λ→ ∞,

UMMD2
λ
→ 0 and ŨMMD2

λ
→ 0 when λ→ 0 or λ→ ∞.

(17)

We emphasize that this holds regardless of the relation between the distributions P and Q, so even when
P ̸= Q if the bandwidth λ is not well-calibrated (in the sense that it is either too small or too large) then the
estimated MMD can be very close to zero which would fail to capture the difference in distributions (even for
characteristic kernel kλ). This observation really highlights the importance of the choice of kernel bandwidth
(and more generally of kernel) in the MMD computation.

2.2 HSIC: Hilbert–Schmidt Independence Criterion

HSIC measure. For a joint probability density PXY on X × Y with marginals PX on X and PY on Y, we
quantify the dependence with the Hilbert–Schmidt Independence Criterion (HSIC) introduced by Gretton
et al. (2005), which is defined as the Hilbert–Schmidt norm of the cross-covariance operator, that is4

HSIC2
kX ,kY (PXY )

:= ∥CPXY
∥2HS

=
〈
CPXY

, CPXY

〉
HS

=
〈
EPXY

[(
kX (X, ·)− µPX

)
⊗
(
kY(Y, ·)− µPY

)]
,EPXY

[(
kX (X ′, ·)− µPX

)
⊗
(
kY(Y ′, ·)− µPY

)] 〉
HS

= EPXY ,PXY

[〈(
kX (X, ·)− µPX

)
⊗
(
kY(Y, ·)− µPY

)
,
(
kX (X ′, ·)− µPX

)
⊗
(
kY(Y ′, ·)− µPY

)〉
HS

]
= EPXY ,PXY

[〈(
kX (X, ·)− µPX

)
,
(
kX (X ′, ·)− µPX

)〉
H

kX

〈(
kY(Y, ·)− µPY

)
,
(
kY(Y ′, ·)− µPY

)〉
H

kY

]
= EPXY ,PXY

[(
kX (X,X ′)− EX

[
kX (X,X ′)

]
− EX′

[
kX (X,X ′)

]
+ EX,X′

[
kX (X,X ′)

] )
3We use the convention that (·)λ denotes (·)kλ throughout the thesis.
4The HSIC is most commonly defined without the square, however, we choose to define it as such for consistence with the

MMD and KSD discrepancies.
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(
kY(Y, Y ′)− EY

[
kY(Y, Y ′)

]
− EY ′

[
kY(Y, Y ′)

]
+ EY,Y ′

[
kY(Y, Y ′)

] )]
= EPXY ,PXY

[
kX (X,X ′)

(
kY(Y, Y ′)− EY

[
kY(Y, Y ′)

]
− EY ′

[
kY(Y, Y ′)

]
+ EY,Y ′

[
kY(Y, Y ′)

] )]
= EPXY ,PXY

[
kX (X,X ′)kY(Y, Y ′)

]
− 2EPXY

[
EPX

[kX (X,X ′)]EPY
[kY(Y, Y ′)]

]
(18)

+ EPX ,PX

[
kX (X,X ′)

]
EPY ,PY

[
kY(Y, Y ′)

]
for kernels kX and kY on X × X and Y × Y, respectively, where we have used the property of the cross-
covariance operator shown in Equation 2. We also mention the related conditional HSIC quantities of Zhang
et al. (2011) and Pogodin et al. (2022, 2024).

HSIC V-statistic. We now present some HSIC estimators given i.i.d. paired samples
(
(Xi, Yi)

)N
i=1

drawn
from PXY . For convenience, we use the notation Zi = (Xi, Yi) for i = 1, . . . , N . We also denote by P̂XY

the empirical distribution of the joint. For notational purposes, we let KX
ij and KY

ij denote kX (Xi, Xj) and
kY(Yi, Yj), respectively, for all 1 ≤ i, j ≤ N . The plug-in estimator (Gretton et al., 2008, Equation 4) of
HSIC2

kX×kY (PXY ) is HSIC2
kX×kY (P̂XY ) which is equal to

VHSIC2
kX,kY

:=
1

N2

∑
1≤i,j≤N

KX
ijK

Y
ij −

2

N

N∑
i=1

(
1

N

N∑
j=1

KX
ij

)(
1

N

N∑
r=1

KY
ir

)
+

(
1

N2

∑
1≤i,j≤N

KX
ij

)(
1

N2

∑
1≤r,s≤N

KY
rs

)

=
1

N2

∑
1≤i,j≤N

KX
ijK

Y
ij −

2

N3

∑
1≤i,j,r≤N

KX
ijK

Y
ir +

1

N4

∑
1≤i,j,r,s≤N

KX
ijK

Y
rs

=
1

N4

∑
1≤i,j,r,s≤N

KX
ij

(
KY

ij −KY
is −KY

rj +KY
rs

)
(19)

=
1

N4

∑
1≤i,j,r,s≤N

1

4

(
KX

ij −KX
is −KX

rj +KX
rs

)(
KY

ij −KY
is −KY

rj +KY
rs

)
. (20)

So, this HSIC estimator can be expressed as a one-sample fourth-order V-statistic

VHSIC2
kX,kY

=
1

N4

∑
1≤i,j,r,s≤N

hHSIC
kX,kY (Zi, Zj , Zr, Zs) (21)

where the core HSIC function can either be defined as

hHSIC
kX,kY (Zi, Zj , Zr, Zs) = KX

ij

(
KY

ij −KY
is −KY

rj +KY
rs

)
= kX (Xi, Xj)h

MMD
kY (Yi, Yj ;Yr, Ys) (22)

or
hHSIC
kX,kY (Zi, Zj , Zr, Zs) =

1

4

(
KX

ij −KX
is −KX

rj +KX
rs

)(
KY

ij −KY
is −KY

rj +KY
rs

)
=

1

4
hMMD
kX (Xi, Xj ;Xr, Xs)h

MMD
kY (Yi, Yj ;Yr, Ys),

(23)

where the second expression has the benefit of being symmetric in the samples but this comes at the expense
of computing four times the same quantities. In this thesis, we will use the second expression for the core
HSIC function. Again, this estimator is non-negative and biased (as it includes the terms with same indices),
its square root can be taken to estimate the (non-squared) HSIC directly, and its global sensitivity is studied
in Kim and Schrab (2023, Lemma 6). We stress that the HISC estimator VHSIC2

kX,kY
can be computed in

8



A Practical Introduction to Kernel Discrepancies: MMD, HSIC & KSD

quadratic time and admits the following closed-form expression (Gretton et al., 2008, Equation 4)

VHSIC2
kX,kY

=
1

N2
tr
(
KXHKYH

)
(24)

where KX =
(
KX

ij

)
1≤i,j≤N

, KY =
(
KY

ij

)
1≤i,j≤N

and H = I − 1
N 11⊤ is the centering matrix with I the

identity matrix and 1 a vector of ones, and where tr denotes the trace of a matrix. Finally, we present a
one-sample second-order V-statistic for the HSIC, which does not consider all possible terms (unlike the
one presented above) but which is useful to construct efficient estimators with faster computation time, as
discussed in Section 3,

ṼHSIC2
kX,kY

=
1

N2

∑
1≤i,j≤N

hHSIC
kX,kY (Zi, Zj , Zi+N/2, Zj+N/2) (25)

where the indices are taken modulo N which is here assumed to be even. While shifting the indices by other
quantities than N/2 is possible, this choice turns out to be particularly useful due to the property that adding
this shift twice to an index simply leaves the index unchanged (useful in the setting of Schrab et al., 2022b).

HSIC U-statistic. A natural unbiased HSIC estimator (Gretton et al., 2008; Song et al., 2012) is the
minimum variance one-sample fourth-order U-statistic

UHSIC2
kX,kY

:=
1∣∣iN2 ∣∣

∑
(i,j)∈iN2

KX
ijK

Y
ij −

2∣∣iN3 ∣∣
∑

(i,j,r)∈iN3

KX
ijK

Y
ir +

1∣∣iN4 ∣∣
∑

(i,j,r,s)∈iN4

KX
ijK

Y
rs

=
1∣∣iN4 ∣∣

∑
(i,j,r,s)∈iN4

hHSIC
kX,kY (Zi, Zj , Zr, Zs).

(26)

Here, iNr denotes the set of all r-tuples drawn without replacement from {1, . . . , N} so that
∣∣iNr ∣∣ = N · · · (N −

r + 1), for example iN2 = {(i, j) : 1 ≤ i ̸= j ≤ N} and
∣∣iN2 ∣∣ = N(N − 1).

We stress the fact that this HSIC U-statistic can actually be computed in quadratic time as shown by Song
et al. (2012, Equation 5) who provide the following closed-form expression

UHSIC2
kX,kY

=
1

N(N − 3)

(
tr
(
K̄X K̄Y)+ 1⊤K̄X11⊤K̄Y1

(N − 1)(N − 2)
− 2

N − 2
1⊤K̄X K̄Y1

)
(27)

where K̄X and K̄Y are the kernel matrices KX and KY with diagonal entries set to 0.

HSIC kernel choice importance. For translation-invariant kernel kXλ and kYµ with bandwidths λ and µ,
Equation 3 implies5

HSIC2
λ,µ → 0 when λ→ 0 or µ→ 0 or λ→ ∞ or µ→ ∞,

VHSIC2
λ,µ

→ 1

N
− 1

N2
when λ→ 0 and µ→ 0, and VHSIC2

λ,µ
→ 0 when λ→ ∞ or µ→ ∞,

UHSIC2
λ,µ

→ 0 when λ→ 0 or µ→ 0 or λ→ ∞ or µ→ ∞.

(28)

Again, we stress that this holds regardless of the potential dependence in the joint distribution. This means
that even if strong dependence exists, it will be failed to be captured by the (estimated) HSIC if either of the
kernel bandwidths are not well-calibrated (in the sense that they are either too small or too large). These
remarks emphasize the crucial role of kernel selection when using HSIC in practical applications.

5We use the convention that (·)λ,µ denotes (·)kX
λ

×kY
µ

.
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HSIC as an MMD. First, we note that the HSIC is an MMD between the joint and the product of
the marginals using a product kernel defined as (kX × kY)

(
(x, y), (x′, y′)

)
:= kX (x, x′)kY(y, y′) for any

(x, y), (x′, y′) ∈ X × Y, that is

MMD2
kX×kY (PXY , PX ⊗ PY )

= EPXY ,PXY
[kX (X,X ′)kY(Y, Y ′)]− 2EPXY ,PXPY

[kX (X,X ′)kY(Y, Y ′)] + EPXPY ,PXPY
[kX (X,X ′)kY(Y, Y ′)]

= EPXY ,PXY

[
kX (X,X ′)kY(Y, Y ′)

]
− 2EPXY

[
EPX

[kX (X,X ′)]EPY
[kY(Y, Y ′)]

]
+ EPX ,PX

[
kX (X,X ′)

]
EPY ,PY

[
kY(Y, Y ′)

]
= HSIC2

kX ,kY (PXY ). (29)

MMD as an HSIC. Now, consider the two-sample problem again with distributions P,Q, where for clarity we
use variables A,A′ i.i.d.∼ P and B,B′ ∼ Q. Construct a joint distribution PXY with marginal PX = wPP+wQQ
a mixture of P and Q with positive weights wP +wQ = 1, and set Y = 1 if X is drawn from P , or Y = −1 if
X is drawn from Q. For the labels, use the indicator kernel kY(y, y′) = 1(y = y′). For the data, we simply
set the kernel to be the one used for two-sample testing, that is kY(x, x′) = k(x, x′). Then, we observe that

HSIC2
kX ,kY (PXY ) = (I) + (II) + (III)

where

(I) = EPXY ,PXY

[
kX (X,X ′)kY(Y, Y ′)

]
= w2

P EP,P

[
k(A,A′)

]
+ w2

Q EQ,Q

[
k(B,B′)

]
,

and

(II) = −2EPXY

[
EPX

[kX (X,X ′)]EPY
[kY(Y, Y ′)]

]
= −2w2

P

(
wP EP,P

[
k(A,A′)

]
+ wQ EP,Q

[
k(A,B)

])
− 2w2

Q

(
wQ EQ,Q

[
k(B,B′)

]
+ wP EP,Q

[
k(A,B)

])
= −2

(
w3
P EP,P

[
k(A,A′)

]
+ w3

Q EQ,Q

[
k(B,B′)

]
+ (w2

PwQ + wPw
2
Q)EP,Q

[
k(A,B)

])
,

and

(III) = EPX ,PX

[
kX (X,X ′)

]
EPY ,PY

[
kY(Y, Y ′)

]
=
(
w2
P EP,P

[
k(A,A′)

]
+ w2

Q EQ,Q

[
k(B,B′)

]
+ 2wPwQ EP,Q

[
k(A,B)

]) (
w2
P + w2

Q

)
.

Combining these expressions, we obtain

HSIC2
k,1(PXY ) = 2w2

Pw
2
Q

(
EP,P

[
k(A,A′)

]
− 2EP,Q

[
k(A,B)

]
+ EQ,Q

[
k(B,B′)

])
= 2w2

Pw
2
QMMD2

k(P,Q).
(30)

In that setting, given m samples from P and n samples from Q, we have wP = m/(m+ n), wQ = n/(m+ n),
we similarly obtain

VHSIC2
k,1

=
2m2n2

(m+ n)4
VMMD2

k
. (31)

Noting that kλ(·, ·) → 1(· = ·) as the bandwidth λ shrinks to 0, we also have

HSIC2
k,kλ

(PXY ) → 2w2
Pw

2
QMMD2

k(P,Q) and VHSIC2
k,kλ

→ 2m2n2

(m+ n)4
VMMD2

k
(32)
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as λ→ 0.

2.3 KSD: Kernel Stein Discrepancy

SD measure. Stein’s methods (Stein, 1972) have been widely used in the machine learning and statistics
communities (see Anastasiou et al. (2021) for a recent review). At the heart of this field lies the concept of a
Stein operator AP : F → G for function classes6 F ⊆ Func

(
Rd → Rd

)
and G ⊆ Func

(
Rd → R

)
, which is a

linear operator satisfying Stein’s identity (Stein, 1972; Stein et al., 2004)

P = Q ⇐⇒ EQ

[
(APf)(X)

]
= 0 for all f ∈ F . (33)

The Stein discrepancy (Gorham and Mackey, 2015) is then defined as the integral probability metric (using
the range of AP as the function class)

SDAP
(P,Q) = sup

f∈F
EQ

[
(APf)(X)

]
− EP

[
(APf)(X)

]
= sup

f∈F
EQ

[
(APf)(X)

]
. (34)

Stein operators can be constructed from infinitesimal Markov process generators. In particular, assuming that
the distribution P admits a density p with respect to the Lebesgue measure which is accessed only through
the score function ∇ log p(x), starting from the overdamped Langevin equation leads to the (overdamped)
Langevin Stein operator AL

P defined as (Gorham and Mackey, 2015, Equation 4)

(AL
Pf)(x) := f(x)⊤∇ log p(x) +∇⊤f(x), (35)

where ∇⊤f(x) =
∑d

i=1
∂
∂xi
fi(x) is the divergence of f = (f1, . . . , fd) (i.e., the trace of the Jacobian matrix of

f). The Langevin Stein operator can be expressed as a diffusion Stein operator (Gorham and Mackey, 2017,
Section 3.1)

(AL
Pf)(x) = f(x)⊤∇ log p(x) +∇⊤f(x)

= f(x)⊤
(
∇p(x)
p(x)

)
+∇⊤f(x)

=
1

p(x)

(
f(x)⊤∇p(x) +

(
∇⊤f(x)

)
p(x)

)
=

1

p(x)

(
∇⊤(f(x)p(x))) .

(36)

Using this expression, we can indeed verify that the Stein’s identity holds

EP

[
(AL

Pf)(X)
]
=

∫
Rd

(AL
Pf)(x)p(x) dx =

∫
Rd

∇⊤(f(x)p(x)) dx =

d∑
i=1

∫
Rd

∂

∂xi

(
fi(x)p(x)

)
dx = 0 (37)

for functions f such that fi(x)p(x) vanishes at the boundaries of the domain for i = 1, . . . , d. Note also that
(Ley and Swan, 2013)

EQ

[
(AL

Pf)(X)
]
= EQ

[
(AL

Pf)(X)− (AL
Qf)(X)

]
= EQ

[
f(X)⊤

(
∇ log p(X)−∇ log q(X)

)]
. (38)

KSD measure. We present the KSD constructions of Chwialkowski et al. (2016) and Liu et al. (2016), more
precisely, we follow the notation of the former. Let H be an RKHS in Func

(
Rd → R

)
with reproducing kernel

k. Denote by Hd the product RKHS consisting of elements of the form f = (f1, . . . , fd) with fi ∈ H for
i = 1, . . . , d, with the associated inner product ⟨f , g⟩Hd =

∑d
i=1⟨fi, gi⟩H for all f , g ∈ Hd. Note that elements

of Hd can be seen as elements of Func
(
Rd → Rd

)
. The aim is to express the Stein operator with F ⊆ Hd in

6The set Func(X → Y) consists of all functions from X to Y.
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terms of the kernel k, which will then give a closed-form expression to compute the Stein discrepancy. First,
we recall the reproducing property of the kernel k which implies that (Equation 1)

f(x) = ⟨f, k(x, ·)⟩H and ∂
∂xi
f(x) = ⟨f, ∂

∂xi
k(x, ·)⟩H

for all f ∈ H, x ∈ Rd and i = 1, . . . , d, under appropriate regularity conditions (Theorem 1, Zhou, 2008 and
Lemma C.9, Barp et al., 2022). Using these properties, we can express the Stein operator in terms of the
kernel k. First, note that

∇⊤f(x) =
d∑

i=1

∂
∂xi
fi(x) =

d∑
i=1

⟨fi, ∂
∂xi
k(x, ·)⟩H = ⟨f ,∇k(x, ·)⟩Hd

and, with the notation sP (x) := ∇ log p(x) for the score function, we have

f(x)⊤∇ log p(x) = f(x)⊤sP (x) =

d∑
i=1

fi(x)si(x) =

d∑
i=1

⟨fi, k(x, ·)⟩Hsi(x)

=
d∑

i=1

⟨fi, k(x, ·)si(x)⟩H = ⟨f , k(x, ·)sP (x)⟩Hd

= ⟨f ,∇ log p(x)k(x, ·)⟩Hd .

We conclude that the Stein operator can be expressed as

(AL
Pf)(x) = f(x)⊤∇ log p(x) +∇⊤f(x) = ⟨f ,∇ log p(x)k(x, ·) +∇k(x, ·)⟩Hd . (39)

Writing ξP (x) := ∇ log p(x)k(x, ·) +∇k(x, ·) as in Chwialkowski et al. (2016, Equation 1), by properties of
mean embeddings and linearity of expectation, we obtain that

EQ

[
(AL

Pf)(X)
]
= EQ[⟨f , ξP (X)⟩Hd ] =

〈
f ,EQ[ξP (X)]

〉
Hd . (40)

The last equality holds under the Bochner integrability condition EQ[∥ξP (X)∥Hd ] < ∞ which itself holds

provided by EQ[hP (X,X)] <∞ since EQ[∥ξP (X)∥Hd ] ≤
√
EQ

[
∥ξP (X)∥2Hd

]
=
√

EQ[hP (X,X)] as shown by

Chwialkowski et al. (2016, Theorem 2.1). The Stein discrepancy with F = {f ∈ Hd : ∥f∥Hd ≤ 1}, which is
referred to as KSD for Kernel Stein Discrepancy, is then equal to

KSDP (Q) = sup
f∈F

EQ

[
(AL

Pf)(X)
]
= sup

f∈F

〈
f ,EQ[ξP (X)]

〉
Hd =

∥∥EQ[ξP (X)]
∥∥
Hd . (41)

Hence, the squared KSD can be expressed as (Chwialkowski et al., 2016, Theorem 2.1)

KSD2
P (Q) =

∥∥EQ[ξP (X)]
∥∥2
Hd =

〈
EQ[ξP (X)] ,EQ[ξP (Y )]

〉
Hd

(⋆)
= EQ,Q[⟨ξP (X), ξP (Y )⟩Hd ] = EQ,Q[hP (X,Y )]

(42)

where the Stein kernel hP is defined as

hP (x, y) = ⟨ξP (x), ξP (y)⟩Hd =
(
∇ log p(x)⊤∇ log p(y)

)
k(x, y) +∇ log p(x)⊤∇yk(x, y)

+∇ log p(y)⊤∇xk(x, y) +
〈
∇k(x, ·),∇k(y, ·)

〉
Hd

(43)

12
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where ⟨∇k(x, ·),∇k(y, ·)⟩Hd =
∑d

i=1

〈
∂
∂xi
k(x, ·), ∂

∂yi
k(y, ·)

〉
H =

∑d
i=1

∂2

∂xi∂yi
k(x, y) by the reproducing prop-

erty with derivatives of Equation 1 (see also Steinwart and Christmann (2008, Lemma 4.34)). Again, the
equation (⋆) holds under Bochner integrability which is satisfied when EQ[hP (X,X)] <∞. Stein’s identity
gives EP

[
(AL

Pf)(x)
]
= 0 for all f ∈ F , which implies that EP [ξP (X)] = 0, and hence EP [hP (X, ·)] = 0.

Writing δ(x) = sP (x) − sQ(x) for the difference in score, we recall that Equation 38 gives that for any
f ∈ F we have

EQ

[
f(X)⊤δ(X)

]
= EQ

[
(AL

Pf)(X)
]
. (44)

As shown by Liu et al. (2016, Theorem 3.6), the KSD can also be expressed as

EQ,Q

[
k(X,Y )δ(Y )⊤δ(X)

]
= EQ,Q

[(
k(X,Y )sP (X) +∇Xk(X,Y )

)⊤
δ(Y )

]
= EQ,Q [hP (X,Y )]

= KSD2
P (Q)

(45)

where the first and second equalities hold by Equation 44 with f1(X) = k(X,Y )δ(Y ) for fixed Y and
f2(Y ) = k(X,Y )sP (X) +∇Xk(X,Y ) for fixed X, respectively, giving

(AL
Pf1)(X) = k(X,Y )δ(Y )⊤sP (X) +∇⊤

X

(
k(X,Y )δ(Y )

)
=
(
k(X,Y )sP (X) +∇Xk(X,Y )

)⊤
δ(Y )

as ∇⊤
X

(
k(X,Y )δ(Y )

)
=
∑d

i=1
∂

∂Xi
k(X,Y )δi(Y ) =

(
∇Xk(X,Y )

)⊤
δ(Y ), and

(AL
Pf2)(Y ) =

(
k(X,Y )sP (X) +∇Xk(X,Y )

)⊤
sP (Y ) +∇⊤

Y

(
k(X,Y )sP (X) +∇Xk(X,Y )

)
= k(X,Y )sP (X)⊤sP (Y ) +

(
∇Xk(X,Y )

)⊤
sP (Y ) +

(
∇Y k(X,Y )

)⊤
sP (X) +∇⊤

Y

(
∇Xk(X,Y )

)
= hP (X,Y )

as ∇⊤
Y

(
∇Xk(X,Y )

)
=
∑d

i=1
∂

∂Yi

∂
∂Xi

k(X,Y ) = ⟨∇k(X, ·),∇k(Y, ·)⟩Hd . Using the Cauchy–Schwarz inequality
as in Liu et al. (2016), the KSD can be upper bounded by the Fisher divergence as

KSD2
P (Q) = EQ,Q

[
k(X,Y )δ(X)⊤δ(Y )

]
≤
√

EQ,Q[k(X,Y )2]EQ,Q

[(
δ(X)⊤δ(Y )

)2]
≤
√

EQ,Q[k(X,Y )2]EQ,Q

[
∥δ(X)∥22 ∥δ(Y )∥22

]
=
√

EQ,Q[k(X,Y )2]EQ

[
∥δ(X)∥22

]
=
√

EQ,Q[k(X,Y )2] Fisher(P,Q)

(46)

where the Fisher divergence (Johnson, 2004) is

Fisher(P,Q) := EQ

[
∥∇ log p(X)−∇ log q(X)∥22

]
. (47)

The definition of the Stein operator AL
P naturally extends to matrices F = (f (1), . . . ,f (d)) where each
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f (i) = (f
(i)
1 , . . . ,f

(i)
d ) is a vector for i = 1, . . . , d, as

AL
PF =

(
AL

Pf
(1), . . . ,AL

Pf
(d)
)

(48)

mapping functions from Func
(
Rd → Rd×d

)
to Func

(
Rd → Rd

)
. Let K(x, y) = k(x, y)Id×d which is equal to(

k(1)(x, y), . . . ,k(d)(x, y)
)

where k(i)(x, y) is d-dimensional vector of zeros with i-th entry k(x, y), giving

(AL
P,xK)i(x, y) = k(i)(x, y)⊤sP (x) +∇⊤k(i)(x, y) = k(x, y)sP (xi) +

∂

∂xi
k(x, y) (49)

for i = 1, . . . , d, that is
(AL

P,xK)(x, y) = k(x, y)sP (x) +∇xk(x, y) (50)

where the subscripts x, y are used to specify which variable the Stein and gradient operators are operating on.
Hence, the Stein kernel can be expressed as

hP (x, y) = (AL
P,y AL

P,xK)(x, y) (51)

as shown above with AL
Pf2.

KSD V-statistic and U-statistic. We now present KSD estimators given a model distribution P and
some samples X1, . . . , Xn

i.i.d.∼ Q, we denote the empirical distribution by Q̂. The Kernel Stein Discrepancy
KSD2

P (Q) can be estimated using a one-sample second-order U- or V-statistic (Chwialkowski et al., 2016; Liu
et al., 2016)

VKSD2
k
:=

1

n2

∑
1≤i,i′≤n

hP (Xi, Xi′) and UKSD2
k
:=

1

n(n− 1)

∑
1≤i ̸=i′≤n

hP (Xi, Xi′) (52)

which can be computed as

VKSD2
k
:=

1

n2
1⊤HXX1 and UKSD2

k
:=

1

n(n− 1)
1⊤HXX1 (53)

where HXX =
(
hP (Xi, Xj)

)
1≤i,j≤n

with the Stein kernel hP as in Equation 43, where H̄XX is the matrix
HXX with diagonal entries set to zero, and where 1 is a vector of ones of size n. The V-statistic corresponds
to the plugin estimator KSD2

P (Q̂) which is strictly positive and can hence be used as an estimator for the
(non-squared) KSD by taking its square root, unlike the U-statistic which is unbiased but can be negative.
For consistency, the core KSD function hKSD

k can be defined as hP itself.

KSD kernel choice importance. The behaviour of the KSD when using a translation-invariant kernel kλ,
and letting the bandwidth λ tend to zero, is

KSD2
λ = EQ,Q

[
kλ(X,Y )δ(X)⊤δ(Y )

]
→ EQ

[
δ(X)⊤δ(X)

]
= Fisher(P,Q)2, (54)

while, when the bandwidth λ tends to ∞, we have

KSD2
λ = EQ,Q

[
kλ(X,Y )δ(X)⊤δ(Y )

]
→ EQ,Q

[
δ(X)⊤δ(Y )

]
= ∥EQ[δ(X)] ∥22. (55)

So, the KSD tends to the Fisher divergence when λ→ 0, and to the 2-norm of the expected difference in score
when λ→ ∞, while the MMD and HSIC tend to zero in both of these regimes. The behaviour of the KSD
U-stastistic and V-statistic when varying the bandwidth is difficult to characterise due to the complexity of
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the Stein kernel hP involving kernel derivatives which scale with the bandwidth. This is drastically different
from the MMD and HSIC cases, and highlights even more the importance of the bandwidth choice for the
KSD statistic computation in order to obtain meaningful results.

Fisher divergence as a KSD. With the kernel k(x, y) = 1(x = y), the KSD is equal to the Fisher divergence

KSD2
λ = EQ,Q

[
kλ(X,Y )δ(X)⊤δ(Y )

]
= EQ

[
δ(X)⊤δ(X)

]
= Fisher(P,Q)2. (56)

From another point of view, the KSD can be seen as a kernelized Fisher divergence.

KSD as an MMD. The MMD with the Stein kernel hP is equal to the KSD since

MMD2
hP

(P,Q) = EQ,Q[hP (X,X
′)]− 2EQ,P [hP (X,Y )] + EP,P ′ [hP (Y, Y

′)] = EQ,Q[hP (X,X
′)] = KSD2

P (Q)

(57)

using Stein’s identity EP [hP (X, ·)] = 0. We stress that the Stein kernel used in this MMD depends on the
model distribution P .

MMD as a KSD. A simple operator can be defined as

(A′
Pf)(x) = f1(x)− EP [f1(X)] (58)

for all x ∈ Rd and for f = (f1, . . . , fd) where fi : Rd → R for i = 1, . . . , d. This is a Stein operator since
EP [(A′

Pf)(X)] = 0 for all f . Hence, we can define a Stein Discrepancy using this Stein operator, which we
kernelise using an RKHS H with reproducing kernel k and unit ball F = {f ∈ Hd : ∥f∥Hd ≤ 1}„ as

KSDA′
P
(P,Q) = sup

f∈F
EQ

[
(A′

Pf)(X)
]

= sup
f1∈H : ∥f1∥H≤1

EQ[f1]− EP [f1] = MMDk(P,Q), (59)

so the MMD itself can be seen as a KSD using a specific Stein operator.

3 Efficient kernel discrepancies estimators

Expectation. As seen in Equations 11, 21 and 52, MMD, HSIC and KSD can be estimated using one-sample
second-order V-statistics, which are estimators of the quantity

E
[
h(X,X ′)

]
(60)

for some core function h, and where the expectation is over independent copies X and X ′.

Statistics. Given i.i.d. variables X1, . . . , Xn, a class of estimators for this expected quantity takes the form

1

|D|
∑

(i,j)∈D

h(Xi, Xj) (61)

for some subset D ⊆ {(i, j) : 1 ≤ i, j ≤ n}, often called the design, and can be computed in time O(|D|),
where |D| denotes the cardinality of D.
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V-statistic. The V-statistic (Mises, 1947) is defined by setting D ={(i, j) : 1 ≤ i, j ≤ n} giving

V =
1

n2

∑
1≤i,j≤n

h(Xi, Xj) (62)

which can be computed in quadratic time O
(
n2
)
. Since the expectation is over independent copies, and that

the V-statistic includes the terms {h(Xi, Xi) : i = 1, . . . , n}, the V-statistic is biased.

Figure 1: V-statistic. Visualisation of the core kernel matrix entries h(Xi, Xj) considered (in blue) and ignored (in
white) in the sum for the V-statistic computation with n = 10.

U-statistic. By not including these terms, i.e. by considering D ={(i, j) : 1 ≤ i ̸= j ≤ n}, we obtain the
unbiased U-statistic (Hoeffding, 1948; Lee, 1990)

U =
1

n(n− 1)

∑
1≤i ̸=j≤n

h(Xi, Xj), (63)

also computable in quadratic time O
(
n2
)
. The U-statistic is known to be the minimum variance estimator of

E[h(X,X ′)].

Figure 2: U-statistic. Visualisation of the core kernel matrix entries h(Xi, Xj) considered (in blue) and ignored (in
white) in the sum for the U-statistic computation with n = 10.

Incomplete statistic. The U-statistic and V-statistic are referred to as complete, unlike their incomplete
counterparts which trade accuracy for computational efficiency (Blom, 1976; Janson, 1984; Lee, 1990) and
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take the form
1

|D|
∑

(i,j)∈D

h(Xi, Xj) (64)

for some strictly smaller subset D ⊂{(i, j) : 1 ≤ i ̸= j ≤ n}, and can be computed in time O(|D|) which can
be much faster than quadratic time. Incomplete statistics are unbiased, they are particularly useful when the
number of samples is large, and the kernel function is computationally expensive to evaluate. The L-statistic,
D-statistic, B-statistic, X-statistic and R-statistic, all introduced below, are examples of incomplete statistics.

Depending on the statistic, we sometimes define D as a subset of the upper triangular matrix entries
{(i, j) : 1 ≤ i < j ≤ n} and leverage the fact that the core h is symmetric. Nonethess, in the figures, we
always provide illustrations considering the full core kernel matrix.

L-statistic. The linear L-statistic (Gretton et al., 2012, Lemma 14) is defined by considering the subset of
the core kernel matrix entries D ={(2i− 1, 2i) : 1 ≤ i ≤ ⌊n/2⌋}, giving

L =
1

⌊n/2⌋
∑

1≤i≤⌊n/2⌋

h(X2i, X2i−1). (65)

While this statistic can be computed in linear time O(n), it is rarely useful in practice as only very little
information is captured when considering so few entries of the core kernel matrix.

Figure 3: L-statistic. Visualisation of the core kernel matrix entries h(Xi, Xj) considered (in blue) and ignored (in
white) for the L-statistic computation with n = 10.

D-statistic. Another possibility is to include multiple subdiagonals of the core kernel matrix as done in Schrab
et al. (2022b). Considering the first r subdiagonals, that is D := {(i, i+ j) : i = 1, . . . , n− j for j = 1, . . . , r}
with size |D| = rn− r(r + 1)/2, gives rise to a D-statistic

D =
2

r(2n− r − 1)

r∑
j=1

n−j∑
i=1

h(Xi, Xi+j). (66)

Its time complexity is O(rn), if r is set to a small fixed constant then this is linear, another common choice
would be to set r = ⌊

√
n⌋ to obtain an estimator computable in time O

(
n1.5

)
.
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Figure 4: D-statistic. Visualisation of the core kernel matrix entries h(Xi, Xj) considered (in blue) and ignored (in
white) in the sum for the D-statistic computation with n = 10. (Left) r = 1. (Centre) r = 2. (Right) r = 3.

B-statistic (case b = 2). We now introduce block statistics (Ho and Shieh, 2006), also referred to as
B-statistics. For illustration purposes, we start with the case of b = 2 blocks and consider some n1 + n2 = n.
Then, letting D ={(i, j) : 1 ≤ i ̸= j ≤ n1} ∪{(i, j) : n1 + 1 ≤ i ̸= j ≤ n}, we obtain

B = U(X1, . . . , Xn1) + U(Xn1+1, . . . , Xn)

=
1

n1(n1 − 1)

∑
1≤i ̸=j≤n1

h(Xi, Xj) +
1

n2(n2 − 1)

∑
1≤i ̸=j≤n2

h(Xn1+i, Xn1+j)
(67)

with time complexity O
(
n21 + n22

)
. It is common to consider blocks of the same size, assuming n is even let

n1 = n2 = n/2, then the time complexity becomes 2(n/2)2. In this example, the block statistic is composed
of U-statistics, it can also be defined similarly using V-statistics instead (in which case it would lead to a
biased statistic).

B-statistic (general case). We now consider the general case of b blocks of sizes n1, . . . , nb where
∑b

t=1 nt = n,
and we let n0 = 0. Then, considering

D =

b⋃
s=1

{
(i, j) : 1 +

s−1∑
t=0

nt ≤ i ̸= j ≤
s∑

t=0

nt

}
(68)

gives the B-statistic (Ho and Shieh, 2006)

B =
1

|D|

b∑
s=1

nt(nt − 1)U
(
X1+

∑s−1
t=0 nt

, . . . , X∑s
t=0 nt

)
(69)

where nt(nt − 1)U
(
X1+

∑s−1
t=0 nt

, . . . , X∑s
t=0 nt

)
is an unscaled U-statistic, and where |D| =

∑b
s=1 nt(nt − 1).

This B-statistic has time complexity O
(
n21 + · · ·+ n2b

)
. Assuming n is divisible by b and considering blocks

of equal size nt = n/b for t = 1, . . . , b, we obtain

B =
1

b

b∑
s=1

U
(
X1+(s−1)n/b, . . . , Xsn/b

)
(70)

with time complexity O
(
b(n/b)2

)
= O

(
n2/b

)
. In practice, it is common to set b = ⌊

√
n⌋ (Zaremba et al.,

2013; Zhang et al., 2018) and get an estimator with time complexity of the order O
(
n1.5

)
. When the sample

size n is not divisible by the number of blocks b, we either have one block of size strictly less than n or even
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ignore that smaller block for simplicity.

Figure 5: B-statistic. Visualisation of the core kernel matrix entries h(Xi, Xj) considered (in blue) and ignored (in
white) in the sum for the B-statistic computation with n = 10. (Left) b = 2, n1 = n2 = 5. (Centre) b = 2,
n1 = 3, n2 = 5. (Right) b = 3, n1 = 4, n2 = 4, n3 = 2.

X-statistic. The cross X-statistic, introduced by Kim and Ramdas, 2024 (see also Shekhar et al., 2022, 2023),
considers the entries D := {(i, j) : i = 1, . . . , n1 for j = n1 + 1, . . . , n} for some n1 ∈ {1, . . . , n− 1}, giving

X =
1

n1(n− n1)

n1∑
i=1

n∑
j=n1+1

h(Xi, Xj) (71)

computable in time complexity O(n1(n− n1)). The main point of using this statistic is that the terms
appearing in the first input of the core h and in its second input, are disjoint. Leveraging this fact, by scaling
the statistic appropriately by some standard deviation (i.e. studentisation), asymptotic normality of the
statistic can always be guaranteed (Kim and Ramdas, 2024). A typical choice for n1 is simply to set it equal
to ⌊n/2⌋, in which case the time complexity is still quadratic ((n/2)2 rather than n2) but this statistic can
benefit from asymptotic normality.

Figure 6: X-statistic. Visualisation of the core kernel matrix entries h(Xi, Xj) considered (in blue) and ignored (in
white) in the sum for the X-statistic computation with n = 10. (Left) n1 = 5. (Centre) n1 = 3. (Right)
n1 = 8.
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R-statistic. Let Dr be a random subsample of {(i, j) : 1 ≤ i < j ≤ n}, either with or without replacement,
of some prespecified size |Dr|. Then, the random R-statistic (Lee, 1990) is defined as

R =
1

|Dr|
∑

(i,j)∈Dr

h(Xi, Xj) (72)

with time complexity O(|Dr|) chosen by the user. Given some fixed data X1, . . . , Xn, computing the R-
statistic twice results in different values due to the additional source of randomness introduced in the statistic
computation. This statistic has the benefit that in expectation it considers all non-diagonal entries of the
core kernel matrix while being computationally faster to be evaluated.

Figure 7: R-statistic. Random visualisation of the core kernel matrix entries h(Xi, Xj) sampled (in blue) and not
sampled (in white) in the sum for the R-statistic computation with n = 10. (Left) Without replacement,
|Dr| = 18. (Right) With replacement—the numbers represent how many times each entry has been sampled
in the upper triangular matrix, |Dr| = 27.

4 Kernel pooling: adaptive kernel discrepancies estimators

Adaptivity via kernel pooling. As aforementioned, the kernel choices for the MMD, HSIC and KSD
estimators crucially affect their utility. To overcome this, we rely on kernel pooling, which consists in
combining multiple statistics with different kernels, to construct estimators which are adaptive to the kernel
selection. We first explain how the statistics can be normalised to be compared against each other, we
then present three kernel pooling methods for combining them, and finally we propose a parameter-free
method for constructing a collection of kernels. We note that kernel pooling can be used either with or
without normalisation. In practice, we recommend using fuse kernel pooling (Equation 77) with normalisation
(Equation 73), which is studied in depth in Biggs et al. (2023).

Normalisation. Consider a finite collection of kernels7 K and their associated statistics8

Sk =
1

|Dk|
∑

(i,j)∈Dk

hk(Xi, Xj).

In order to compare the statistics S1, . . . , S|K|, we need to ensure they are indeed comparable. For example,
scaling the kernel by a constant trivially scales the MMD and HSIC by that factor. Moreover, some statistics
might have much higher variance than others. These two facts illustrate that simply having a larger statistic

7For HSIC, this collection consists of product kernels k = kX × kY .
8For simplicity, we consider one-sample second-order statistics of this form, but the method holds more generally for any

statistic (the normalisation needs to be adapted accordingly).
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might not necessarily be significant. To account for this, we propose to normalise the estimators by some
standard deviation term, that is, instead of considering Sk, we compute

Sk/σk where σ2k :=
4∣∣D1
k

∣∣ ∑
i∈D1

k

 1∣∣D2,i
k

∣∣ ∑
j∈D2,i

k

hk(Xi, Xj)


2

−

 2∣∣Dk

∣∣ ∑
(i,j)∈Dk

hk(Xi, Xj)

2

(73)

where D1
k := {i : (i, j) ∈ Dk for some j} and D2,i

k := {j : (i, j) ∈ Dk}. This biased standard deviation
estimator of the statistic under the alternative hypothesis in this incomplete form has been adapted from the
complete variant proposed by Sutherland et al. (2017) and Liu et al. (2020, Equation 5), see Sutherland and
Deka (2022) for unbiased standard deviation estimators.

While this appears to be similar to studentisation, we emphasise that the aim is different: we are not
interested in obtaining asymptotic normality but in being able to compare all the normalised statistics
S1/σ1, . . . , S|K|/σ|K| in a meaningful way. We note that, for studentisation, there is no real consensus in the
literature on which form the estimated standard deviation should take. Here, we propose to use a simple one
which aligns well with our study of different types of statistics in Section 3. The unnormalised case simply
corresponds to using σk = 1.

We now present three methods for combining the (normalised) statistics, namely, mean, maximum and
fuse kernel pooling. These run in time complexity O

(∑
k∈K |Dk|

)
which is O(|K||D|) if the same design D is

used across all statistics.

Mean kernel pooling. One possibility is to take the mean (or sometimes the sum) of the normalised statistics,
giving

mean
k∈K

Sk/σk =
1

|K|
∑
k∈K

Sk/σk. (74)

All normalised estimators are added up together, the intuition being that, as long as one statistic is ‘large’,
then this will be captured in the sum.

Another common method is to take the mean (or the sum) of kernels, and then to simply compute one
statistic with this mean kernel. For the case of MMD and HSIC, due to the linearity with respect to the kernel,
we note that this is equivalent to taking the mean (or the sum) of the MMDs/HSICs without normalisation,
that is

Sk =
1

|K|
∑
k∈K

Sk where k :=
1

|K|
∑
k∈K

k. (75)

Maximum kernel pooling. In order to capture the discrepancy, another possibility is simply to take the
largest of the normalised statistics, that is, to compute

max
k∈K

Sk/σk. (76)

Intuitively, if the maximum is ‘large’, the normalised statistic is ‘large’ for some kernel, meaning that the
discrepancy can be detected for that kernel. If the maximum is ‘small’, we deduce that all statistics are ‘small’
and that there is no discrepancy detected by any of the kernels.

In this method, only one value is retained, which differs from the previous method in which all values
are combined. The fact that many values are simply ignored, and that slightly modifying them might not
change the maximum, can often not be desirable, both from a theoretical and a practical point of view. The
unnormalized version of maximum kernel pooling is very closely related to the methods of Fukumizu et al.
(2009) and Cárcamo et al. (2022). We next present a relaxed maximum which overcomes these issues.
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Fuse kernel pooling. We can use a relaxed maximum of the normalised statistics which takes the form of a
logsumexp expression

fuse
k∈K

Sk/σk =
1

ν
log

(
1

|K|
∑
k∈K

exp (νSk/σk)

)
(77)

with fusing parameter ν > 0. Noting that exp(νM)/|K| ≤ 1
|K|
∑

k∈K exp(νSk/σk) ≤ exp(νM) where
M := maxk∈K Sk/σk, we deduce that

max
k∈K

Sk/σk −
log(|K|)

ν
≤ fuse

k∈K
Sk/σk ≤ max

k∈K
Sk/σk (78)

Hence, as ν tends to infinity, the estimator converges to the maximum of the S1/σ1, . . . , S|K|/σ|K| values.
Building upon the theory of Biggs et al. (2023), a typical choice of ν is to set it equal to maxk∈K |Dk|/N
which increases with the sample size N for estimators computable in time longer than linear. For complete
quadratic-time statistics, this gives ν = N . The same intuition as for the true maximum holds, but having an
estimator which changes with each normalised statistic can be beneficial for downstream tasks. As illustrated
in Biggs et al. (2023, Appendix B), fuse kernel pooling also allows for (uncountable) distributions on the
space of kernels instead of simply working with a finite collection of kernels (i.e., uniform distribution on a
discrete set of kernels). In practice, we recommend using the fuse variant of kernel pooling, which is analyzed
in details in Biggs et al. (2023).

Kernel collection. Consider a radial kernel kλ(x, y) = Ψ(∥x− y∥r/λ) for some r ≥ 1, λ > 0 and Ψ: R → R
normalised (either such that it integrates to 1, or such that ψ(0) = 1). Given some data X1, . . . , Xn, consider
the set of inter-sample distances

D =
{
∥x− x′∥r : x, x′ ∈ {X1, . . . , Xn}, x ̸= x′

}
\ {0}. (79)

A naive way of choosing the kernel bandwidth is simply to set it equal to the median of D (Gretton et al.,
2012), while simple, this method fails to capture the discrepancy accurately in most cases and is not adaptive.
However, the set D of distances remains very relevant as the kernel is evaluated at these values scaled by the
inverse bandwidth. Hence, to construct a collection of bandwidths for k from D it makes sense to consider
a discretisation of the interval between the minimum and maximum of D. In practice, to avoid numerical
issues, we actually use the 5% and 95% quantiles of D instead, and discretise the interval between them
linearly using 10 points (Biggs et al., 2023, Section 6). As noted in Schrab et al. (2023, Section 5.7), using
only 10 bandwidths is sufficient to fully capture all the information, no advantage is observed for using more
points in the discretisation. For the kernel k, this gives a bandwidth collection

Λ(k) =
{
q5% + i(q95% − q5%)/9 : i = 0, . . . , 9

}
. (80)

To construct the collection of kernels, we can then consider multiple kernel types and use for each the 10
bandwidths constructed above. In practice, as illustrated in Schrab et al. (2023, Section 5.7), we recommend
combining Gaussian and Laplace kernels, with no advantage observed for including more types of kernels.
The parameter-free kernel collection is then

K =
{
kλ : k ∈ {Gaussian, Laplace}, λ ∈ Λ(k)

}
(81)

consisting of 20 kernels, which can then be used when computing an adaptive estimator through mean,
maximum or fuse kernel pooling. In practice, when using these kernel metrics in general settings, we
recommend using fuse pooling studied in details in Biggs et al. (2023). When using them for hypothesis
testing, another powerful adaptive method is aggregation (Schrab et al., 2023, 2022a; Albert et al., 2022). See
Schrab (2025b) for a unified view of hypothesis testing optimality results using these kernel discprepancies.
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