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1 Introduction

This note contains more detailed proofs of certain results in the lecture notes
on mean embeddings and covariance operators. The notes are not as complete
as for lectures 1 and 2, but cover only the trickier concepts. Please let me know
if there are any further parts you’d like clarified, and T'll add them to the note.

2 Mean embeddings

2.1 Proof that the mean embedding exists via Riesz

For finite dimensional feature spaces, we can define expectations in terms of
inner products.

o) =kt = | B | s0=]

hen

Consider random variable x ~ P

e (3] [2])-[3] [ ] [2] o

Does this reasoning translate to infinite dimensions?

Definition 1 (Bounded operator). A linear operator A : F — R is bounded
when
Af < Mllfll= vferF.

We prove via Riesz that the mean embedding exists, and that it takes the
form of the expectation of the canonical map.



Theorem 2. [Riesz representation/In a Hilbert space F, all bounded linear
operators A can be written (-,ga) r, for some ga € F,

Af = <f , 9A>]-'
Now we establish the existence of the mean embedding.
Lemma 3 (Existence of mean embedding ). If Ep/k(x,x) < 0o then up € F.
Proof. The linear operator Tpf := Ep f(x) for all f € F is bounded under the
assumption, since

Tof| = [EeS ()] < Be |f00] = Be |(7,009) | < Be (VG 1]

where in (a) we use Jensen’s inequality. Hence by the Riesz representer theorem
[6, Theorem II.4], there exists a up € F such that Tp f = (f, pp) £- O

If we set f = ¢(x) = k(z,-), we obtain up(z) = (up, k(z,)) = Epk(z,x): in
other words, the mean embedding of the distribution P is the expecation under
P of the canonical feature map.

2.2 Proof that MMD injective for universal kernel

First, it is clear that P = Q implies MMD {P, Q; F'} is zero. We now prove the
converse. By the universality of F, for any given € > 0 and f € C(X) there
exists a g € F such that

If =9l <€
We will need [2, Lemma 9.3.2 |:

Lemma 4. Let (X,d) be a metric space, and let P, Q be two Borel probability
measures defined on X, where we define the random variables x ~ P andy ~ Q.
Then P = Q if and only if Ep(f(x)) = Eq(f(y)) for all f € C(X), where C(X)
s the space of bounded continuous functions on X.

We now use these two results to formulate a proof. We begin with the
expansion

[Epf(x) = Eqf(y)| < [Epf(x) — Epg(x)[+[Epg(x) — Eqg(y)[+/Eqg(y) — Eaf(y)|-
The first and third terms satisfy
[Epf(x) — Epg(x)| < Ep [f(x) —g(x)| < e
Next, write
Epg(x) — Eqg(y) = (9, #p — @) =0,
since MMD {P, Q; F'} = 0 implies up = uq. Hence
|Ep f(x) — Eqf(y)] < 2¢
for all f € C(X) and e > 0, which implies P = Q by Lemma 4.



3 Covariance operators

One of the most important and widely used tools in RKHS theory is the covari-
ance operator: this is an infinite dimensional analog to the covariance matrix.
This forms the backbone of kernel PCA, the kernel Fisher discriminant, kernel
partial least squares, the kernel canonical correlation, and so on.

In this note, we describe the Hilbert space of Hilbert-Schmidt operators. We
then introduce the covariance operator, demonstrate it is Hilbert-Schmidt, and
express it in terms of kernel functions.

3.1 Hilbert-Schmidt operators

This discussion is based on [9, Section 2.1] and [8, Section A.5.2].

Let F and G be separable Hilbert spaces. Define (e;);.; to be an orthonormal
basis for F, and (f;);cs to be an orthonormal basis for G. The index sets I, J
are assumed to be either finite our countably infinite.! Define two compact
linear operators L : G — F and M : G — F. Define the Hilbert-Schmidt norm
of the operators L, M to be

ILIGs = Y ILf% (3.1)
jeJ
= ZZ|<ij,ei>;|27
iel jeJ

where we use Parseval’s indentity on each of the norms in the first sum. The
operator L is Hilbert-Schmidt when this norm is finite.

The Hilbert-Schmidt operators mapping from G to F form a Hilbert space,
written HS(G, F), with inner product

(L, M)yg =Y (Lfj, Mfj) (3.2)

jeJ

which is independent of the orthonormal basis chosen. It is clear the norm (3.1)
is recovered from this inner product. Another form for this inner product is

(L, M)gs = > > (Lfj ez (Mfj ez (3.3)

i€l jeJ

Proof. Since any element of F can be expanded in terms of its orthonormal
basis, we have that this holds in the specific case of the mapping of f; by L or

M,

i€l i'el

IRecall that a Hilbert space has a countable orthonormal basis if and only if it is separable:
that is, it has a countable dense subset [6, p. 47].



Substituting these into (3.2), we obtain

e - (S
F

jeJ \iel el
SO WD
i€l jeJ
We obtain the identical result when we substitute (3.4) into (3.3). O

3.2 Rank-one operators, tensor product space

Given b € G and a € F, we define the tensor product a®b as a rank-one operator
from G to F,

(b@a)f ~ (f.a)5b. (35)
This is a generalization of the standard outer product in linear algebra, (ba')f =

(a' f)b, if all three of a, b, f were vectors. First, is this operator Hilbert-Schmidt?
We compute its norm according to (3.1),

lawblfs = S lla®b)fl%
jeJ
= Y b £l
JjeJ
=l 3" | £)g)”
jeJ
= |la|Z[1b]13, (3.6)

where we use Parseval’s identity. Thus, the operator is Hilbert-Schmidt.
Given a second Hilbert-Schmidt operator L € HS(G, F), we have the result:

(L,a®b)yg = (a, Lb) 5 (3.7)
A particular instance of this result is
(u®v,a®b)yg = (u,a)x (b,v)g - (3.8)

Proof. The key result we use is the expansion of b in terms of the orthonormal
basis, b= 3", ; (b, fj)g f;. Then

J

(a,Lb):<a,L > (b fi)af; >

F

= ZU), fidg{a,Lf;)»



and

(@@b, Lyyg = > (Lf; (a@b)f;)»

= Z(b’ fi)g (Lfj,a)x.

To show (3.8), we simply substitute u ® v for L above, and then apply the
definition (3.5),

(u®v,a®b)yg (a, (u®@v)b) »
= (u,a) 7 (b,v)g

3.3 Cross-covariance operator

In this section, we define the cross-covariance operator, in the case where F and
G are reproducing kernel Hilbert spaces with respective kernels k and [, and
feature maps ¢ and . This is a generalization of the cross-covariance matrix
to infinite dimensional feature spaces. The results we want are feature space
analogues to:

Cxy =E (xy") fTCxyg = Eq [(f7%) (¢7y)].

where we use the notation C'xy to denote a covariance operator without cen-
tering. The corresponding centered covariance is

Cxy = Cxy — [Lx Ky s

where px = E(x) and py := E(y)We now describe how we can get these results
in feature space.

The cross product ¢(x)®1)(y) is a random variable in HS(G, F): use the result
in [9, p. 265| that for all A € HS(G, F), the linear form (¢(x) ® 9(y), A)yg is
measurable. For the expectation of this random variable to exist (and to be
an element of HS(G, F)), we require the expected norm of ¢(x) ® ¥(y) to be
bounded: in other words, Ey (||¢(x) ® ¢¥(y)|lus) < oo. Given the expectation
exists, and writing it C 'xv, then this expectation is the unique element satisfying

(CxviA) | =By (90 @ (), Ay (3.9)
Proof. The operator

T, : HS(G.F) — R
A = Eay (0(x) @9(y), A)ps

is bounded when E, , (||¢(x) ® ¥(y)|lus) < oo, since by applying first Jensen’s
inequality, then Cauchy-Schwarz,



|Exy (0(x) @ ¥(y), A>Hs‘ < Eyy [(6(x) @ ¥(y), A>Hs|
< [|AllusExy ([[¢(x) @ ¥(y)llus) -

Thus by the Riesz representer theorem (Theorem (2)), the covariance operator
(3.9) exists. We can make a further simplification to the condition: substituting
(3.6), we get the requirement

E.y (l¢(x) @ ¢ (y)[[ns)

wy ([6C) #ll6(¥)lg)
ey (VR Y)) < oo

We could also use the weaker condition Ey , (k(x,x){(y,y)), which is implied from
the above by Jensen’s inequality. O

E
E

We now use the particular element f ® g. Combining (3.7) and (3.9), we
have the result

(£.0xva), = (Cxvdog),

= E,y (0(x) @ Y(y), f ® 9)us
= By [{f,609) 7 (9, %(y))g]
= Eq [f(X)g(y)] = cov(f, g)-

What does this operator look like? To see this, we apply it to k(z,-)I(y,-) (just
as we plotted the mean embedding by evaluating it on k(z,-)).

We are given an i.i.d. sample from P = PP, written z := ((z1,%1) ... (Tn, Yn))-
Write the empirical

~ 1 — A
Cxy = E;‘Jb(mi) ®¢(y2) — g @ [y,

where we have now included the centering terms fi, == + 3" | ¢(x;). With
some algebra, this can be written

~ 1
Cxy = —XHY',
n
where H = I,, —n~'1,, and 1,, is an n x n matrix of ones, and
X=[o@) .. o@) ] Y=[9w) - ¥ ]
Define the kernel matrices
Kij=(XTX), =k(zi,zj)  Lig =y y;),
and the kernel matrices between centred variables,
K=HKH L=HLH

(exercise: prove that the above are kernel matrices for the variables centred in
feature space).



4 Using the covariance operator to detect depen-
dence

There are two measures of dependence we consider: the constrained covariance
(COCO), which is the largest singular value of the covariance operator, and the
Hilbert-Schmidt Independence Criterion, which is its Hilbert-Schmidt norm.

4.1 Empirical COCO and proof

We now derive the functions satisying

maximize <g, éxyf>g
subjectto || f]|x =1 (4.1)
lgllg =1 (4.2)

We assume that
F=Y ailp@) — i) = XHa  g=>_ Bi[(y:) — i) = YHB,
i=1 j=1
where
o1 1
fa= 0D @) =0 o).
i=1
The associated Lagrangian is
_ _TA A 2 g 2
L(f9:07) == Cxyvg+ 5 (IF1F = 1) + 5 (9l - 1),
where we have negated the covariance to make it a minimization problem (for
consistency with the optimisation lecture later in the course), and we divide the

Lagrange multipliers by 2 to simplify the discussion later . We now write this
in terms of « and 3:

~ 1
fTCxyg = —o'HX'" (XHYT)YHp
n
1 o~
= Zo'KLp,

n

where we note that H = HH. Similarly
Ifl%2=a"HXX "Hoa =o' Ko

Substituting these into the Lagrangian, we get a new optimization in terms of
«a and S,

Lo, B\, y) = —%a—rf(zﬁ + % (aTIN(a - 1) + % (5%5 — 1) . (4.3)



We must minimise this wrt the primal variables «, 5. Differentiating wrt o and
B and setting the resulting expressions to zero,? we obtain

7%1?1?5 +AKa = 0 (4.4)
f%EIN{a +~LB = 0 (4.5)
Multiply the first equation by a', and the second by 7,
%an{zﬁ = ' Ka
LTIk = ~87Ip
Subtracting the first expression from the second, we get
o Ka = 'yBTZﬁ.

Thus for A # 0 and v # 0, we conclude that A = v, since by our equality
constraints o' Ka = 1 and 3" LB = 1. Making this replacement in (4.4) and
(4.5), we must find the largest®  that solves the following expression wrt «, 3:

e IE R I A

This is a generalized eigenvalue problem, and can be solved straightforwardly in
Matlab. The maximum eigenvalue is indeed COCO: at the solution, a'Ka=1
and T L3 = 1, hence the two norm terms in the Lagrangian (4.3) vanish.*

K 0
0 L

2We use [5, eqs. (61) and (73)]

da"Ua 'la _ daTv

=U+U)a, = =
da U+T")a da da !
3Given A = 7, the system of equations (4.4) and (4.5) becomes:
1 ~~ ~
—KLB =~vK«
n
1~~ ~
—LKa=~Lp
n
However we also get a valid solution by switching 3 := —8,

1 o~ ~

—KLp =—~vKa

n

1~~ -

—LKa=—~Lp

n
In other words, the solutions ~ of the generalised eigenvalue problem (4.6) come in pairs ++,
depending on the relative sign of o and 8.

4For a more roundabout way of reaching the same conclusion: pre-multiply (4.6) by [aT 87T]
to get the system of equations

%aTI?ZB . %oeTI?oc _ 1
1gTiRa |~ 7| 187Lg _”{1}’

where in the final line we substitute the constraints from (4.1).



4.2 The Hilbert-Schmidt Independence Criterion

4.2.1 Population expression

What is the Hilbert-Schmidt norm of the covariance operator?® Consider the
centered, squared norm of the RKHS covariance operator,

HSIC?(F,G, Puy) = |Cxy — pix @ py|lfis

= <5XY75XY>HS +{ux @ py, px ® ,UY>HS —

where C xvy is the uncentered covariance operator defined in (3.9).

three terms in the expansion.

2 <éXY;HX ® MY>

There are

To obtain the first term, we apply (3.9) twice, denoting by (x',y’) an inde-
pendent copy of the pair of variables (x,y),

ICxylfs =

(6.0,

= E, <¢<x) ®9(y), 5’XY>HS

= EgBEoy 0@
— B,E., (@

- E, yEx v
= EgEvy

= A

Similar reasoning can be used to show

(x @ py, pix @ py )gg = (WX fX) 7

and for the cross-terms,

b(y), 6(X) @ %(y))ns
x); [¢ ( ) (y)(y) £
¢(x) F ), v(¥)g]

x,X)( )

(my, NY)g
= B k(x, X )Eyy(y,y")
=:D,

(Cxvox @y ) = Buy (900 © %(y), pix © iy s

50Other norms of the operator may also be used in determining dependence, e.g.

spectral norm from the previous section. Another statistic on the kernel spectrum is the

=E,y ((0(x), ux) £ (¢(y), v)g)
=B, (Exk(x,X)

E,I(y,y")

the

Kernel Mutual Information, which is an upper bound on the true mutual information near

independence, but is otherwise difficult to interpret [4].

One can also define independence

statistics on the correlation operator [1], which may be better behaved for small sample sizes,
although the asymptotic behavior is harder to analyze.

HS

)



4.2.2 Biased estimate

A biased estimate of HSIC was given in [3]. We observe a sample Z :=
{(z1,21), ... (n,yn)} drawn independently and identically from P,,, we wish
to obtain empirical expressions for HSIC,

HSIC*(F,G,Z) = A—2B + D.

A direct approach would be to replace the population uncentred covariance
operator C'xy with an empirical counterpart,

Cxy = — Z¢ ) ®¥(ys),

and the population mean embeddings with their respective empirical estimates,
1 n 1 n
fo ==Y S, =D b,
i=1 i=1

however the resulting estimates are biased (we will show the amount of bias in
the next section). The first term is

A\b:||éXY||2:< Z¢$z ®wyz Z¢ ®¢ yz>
= ﬁ ZkalU = Etr(KL),

i=1 j=1

HS

we use the shorthand k;; = k(z;,z;), and the subscript b to denote a biased
estimate. The expression is not computationally efficient, and is written this
way for later use - in practice, we would never take the matrix product if the
intent was then to compute the trace. Next,

§b=<éxy7ﬂx®ﬂ1/>=< Zqﬁﬁz ® Y (yi), (TlLZGf? ) (;Z¢(yi)>>
HS

=1

2<( ), (o <iff"<y"’>>g

n n n

1
L5339 I

i=1 j=1g=1

1+ 1.+
= LI KLL, = 1]LK1,

10



(we will use both forms to get our final biased estimate of HSIC), and

By = (jix @ fiv fix © iy) = <<i Zfb(mi)) ® (i Zw@i)) , (i Z¢<xi>) ® (i Zw<yi>)>
i=1 =1 i=1 i=1 HS
= % SO kwi,)) ZZK!/%%‘))

i=1 j=1 i=1 j=1

= % (1, K1,) (1) L1,,)

We now combine these terms, to obtain the biased estimate

1 2 1
HSIC}(F,G,Z) = — (tr(KL) — 21, KL, + — (1, K1,) (12L1n)>
n n n
_—— tr(KL) — Lir (1,1, KL) — Lir (K1,1) L) + L (1.1, K1,1, L)
n2 n n-n n n-n ng n-n n+tn
1 1 1
= —tr KI - 17,1IL> K (1 — 1n11> L}
n n n
1
where we define )
H:=1--1,1]
n

as a centering matrix (when pre-multiplied by a matrix it centers the rows; when
post-multiplied, it centers the columns).

4.2.3 TUnbiased estimate

An unbiased estimate of A := ||éxy||%{s is
A= m szijlij = @ Z k’ijliﬁ
i=1 j#i (i,5)€iy
where i} is the set of all p-tuples drawn from {1,...,n}, and

n! 1
(n—p)! nn-1)...n—p+1)

(n)p =

-~

Note that E(A) = E.yEy v k(x,x)I(y,y’), which is not true of the biased ex-
pression (which does not properly treat the independent copies x” of x and y’ of

11



y). The difference between the biased and unbiased estimates is

Ay — A= Z kijli; — Z kijlij

3,j=1 ( i,j) €I
1 & 1 1
== ) kili+| 5 - —F—— kijlij
n2; +(n2 n(n—l)) Z T

(i,9)€iy

kalm - Z kUle )

( 7])612

thus the ezpectation of this difference (i.e., the bias) is O(n™1).
The unbiased estimates of the remaining two terms are

<> 2 il

(4,4,9) €%

and

~ 1
D:=— kiilagr
(n) Z Jvq

(i,3,q,m) €L}

While these expressions are unbiased, they are at first sight much more expensive
to compute than the respective biased estimates, with B costing O(n?®) and D
costing O(n?). Tt is possible, however, to obtain these unbiased estimates in
O(n?), i.e., the same cost as the biased estimates, as shown by [7, Theorem 2].
First, we note that diagonal entries of the kernel matrices K and L never appear
in the sums, hence we immediately replace these matrices with K and L having
the diagonal terms set to zero. The term A can be written concisely in matrix
form as

= ﬁ (IN( O] E) . = (nl)ztrace <I~(Z) ,

where @ is the entrywise matrix product and (A)4 is the sum of all the entries

in A. Looking next at the term §, and defining as 1,, the n x 1 vector of ones,
we have

1 n n n n
Z kijliq = m Z Z Kiglq; — sziqliq

% (i.g.0)€ig i,3=1 q#(i,) i=1 g#i
R S kgla e S Kigly - 1
O : : "
1 /~ ~
- <K ® L)
(n)s ++
1 - 1
-~ UKL, - — (K@L)
(n)s (n)s +o



The first expression in the final line can be computed in time O(n?), as long as
the matrix-vector products are taken first. Finally, looking at the fourth term,’

D= (nl) Z kijlgr = ﬁ Z Z kijlar

Y (idareip (i.4)€ly (g.r)€ly
= D kil = Y kgl — Y kily
(4,5,r)€if (i,5,r)€if (4,5)€iy
q=t q=J (g=i,r=7)=(q=7,r=1)
= D> kilia— Y kylig— Y kily ]
(i.j.q) €2 (i.j.q) €iF (i,9)€ig
r=i r=j (r=i,q=5)=(r=4,9=1)
1 n n n n T . . .
= SNk | [0 | - 4] KL, 42 (K@L)++
i=1 j#i i=1 j#i

1 _ - . .
- {( IKL,L> (IILL,L) —41TKL1, +2 (K ® L) } ,
()4 ++

which can also be computed in O(n?). We now establish the net contribution
of each term:

o o~ 1 2 2
(Kol), . e s T (s
(n—2)(n73)+(2n76)+2

()4

and
T7 . ;2 _ i
1, KL1, : s s
—2(n—-3)—-4 —2(n-1)

(n)4 - (n)

Thus, we have our empirical unbiased HSIC expression,

HSIC*(F,G,7) = ﬁ [(f( ® E) e ﬁgkiln + m (11?{1”) (Qilnﬂ

6The equivalences = in the first line below indicate that both index matching constraints
amount to the same thing, hence these terms appear only once.

13



5 HSIC for feature selection

As we saw in the previous section, a biased estimate for the centred HSIC can
be written

1
HSIC := —ztrace(KHLH).
n

Consider the case where we wish to find a subset of features that maximizes
HSIC with respect to some set of labels. Assume we have a sample {z;,y;}1",,
where z; € R%, and binary class labels. We choose a particular form for the
class labels: y; € {n;l, fnjl}, where ny is the number of positive labels and
n_ is the number of negative labels.

We denote by z;[¢] the ¢th coordinate of x;, and write

ol = a1l ... 2,00 ]"

the column vector of the ¢th coordinate of all samples. If we use a linear kernel
on the x;, then

,]—Jf Tj = E Z‘Z .’L‘J

It follows we can write the kernel as the sum of kernels on individual dimensions,
d
K= K
=1

where K, := z[¢]z[(]T. In this case, HSIC is the sum of HSIC values for each

such kernel,
d

HSIC := Ztrace K.HLH).
=1
What happens when we choose a linear kernel on the labels? Assuming the
classes are grouped together,
-2 -1,_—1
L=yy = [ 7z_|1. ];n+><n+ 771_,’_7727,_ 1n+><n_ :
—7’L+ n_ 1n,><n+ n_ In,xn,

where y is the vector of all class labels, and 1, is an a X b matrix of ones.
Note further than .

Z Yi = 07

i=1

14



and hence HLH = L. Finally, using trace(AB) = trace(BA),

6

d
1
HSIC = 3 Ztrace(KgL)
=1

|
3
-+
s
&
a
2
8
=
8
=
_‘
<
<
4
~—

[
{;‘ —_
=
(]
B
n
—
(]
&
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