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Advanced topics

• Energy distance and the MMD

• Two-sample testing for big data

• Testing three-way interactions

• Bayesian inference without models



Energy Distance and the MMD



Energy distance is a special case of MMD

Two-sample testing:

• Energy distance [Baringhaus and Franz, 2004, Székely and Rizzo, 2004, 2005]

DE(P,Q) = EP‖x− x′‖+EQ‖y − y′‖ − 2EP,Q‖x− y‖

• Compare with MMD:

MMD2(P,Q;F ) = EPk(x, x
′) +EQk(y, y

′)− 2EP,Qk(x, y)

Independence testing:

• HSIC(PXY ,PXPY ) looks like distance covariance [Székely and Rizzo, 2009,

Székely et al., 2007]



Energy distance is a special case of MMD

Two-sample testing:

• Energy distance [Baringhaus and Franz, 2004, Székely and Rizzo, 2004, 2005]

DE(P,Q) = EP‖x− x′‖+EQ‖y − y′‖ − 2EP,Q‖x− y‖

• Compare with MMD:

MMD2(P,Q;F ) = EPk(x, x
′) +EQk(y, y

′)− 2EP,Qk(x, y)

Independence testing:

• HSIC(PXY ,PXPY ) looks like distance covariance [Székely and Rizzo, 2009,

Székely et al., 2007]

Energy distance is a special case of MMD

[Lyons, 2011][ICML12,AOS13]



Semimetrics of negative type

Semimetric: Let Z be a non-empty set and let ρ : Z × Z → [0,∞) be a

function such that ∀z, z′ ∈ Z,

1. ρ(z, z′) = 0 if and only if z = z′, and

2. ρ(z, z′) = ρ(z′, z).

Not enforced: triangle inequality

Then (Z, ρ) is a semimetric space and ρ is a semimetric on Z.



Semimetrics of negative type

Semimetric: Let Z be a non-empty set and let ρ : Z × Z → [0,∞) be a

function such that ∀z, z′ ∈ Z,

1. ρ(z, z′) = 0 if and only if z = z′, and

2. ρ(z, z′) = ρ(z′, z).

Not enforced: triangle inequality

Then (Z, ρ) is a semimetric space and ρ is a semimetric on Z.

Negative type: The semimetric space (Z, ρ) is said to have negative type if

∀n ≥ 2, z1, . . . , zn ∈ Z, and α1, . . . , αn ∈ R, with
∑n

i=1 αi = 0,

n∑

i=1

n∑

j=1

αiαjρ(zi, zj) ≤ 0. (2)

Negative type, extension: If ρ satisfies (1), then so does ρq, for 0 < q < 1.



Semimetrics and Hilbert spaces

Theorem: [Berg et al., 1984]ρ is a semimetric of negative type iff if there exists a

Hilbert space H and an injective map ϕ : Z → H, such that

ρ(z, z′) =
∥∥ϕ(z)− ϕ(z′)

∥∥2
H .



Semimetrics and Hilbert spaces

Theorem: [Berg et al., 1984]ρ is a semimetric of negative type iff if there exists a

Hilbert space H and an injective map ϕ : Z → H, such that

ρ(z, z′) =
∥∥ϕ(z)− ϕ(z′)

∥∥2
H .

Distance induced kernels: (positive definite)

k(z, z′) =
1

2

[
ρ(z, z0) + ρ(z

′, z0)− ρ(z, z′)
]

centred at z0 ∈ Z.



Semimetrics and Hilbert spaces

Theorem: [Berg et al., 1984]ρ is a semimetric of negative type iff if there exists a

Hilbert space H and an injective map ϕ : Z → H, such that

ρ(z, z′) =
∥∥ϕ(z)− ϕ(z′)

∥∥2
H .

Distance induced kernels: (positive definite)

k(z, z′) =
1

2

[
ρ(z, z0) + ρ(z

′, z0)− ρ(z, z′)
]

centred at z0 ∈ Z.

Special case: Z ⊆ Rd and ρq(z, z′) = ‖z − z′‖q. Then ρq is a valid semimetric

of negative type for 0 < q ≤ 2.

Energy distance when q = 1: just MMD with a particular kernel

(nothing special about q = 1)



Two-sample testing benchmark

Two-sample testing example in 1-D:
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Two-sample test, MMD with distance kernel

Obtain more powerful tests on this problem when q += 1 (exponent of distance)

Key:

• Gaussian kernel

• q = 1

• Best: q = 1/3

• Worst: q = 2



Independence testing benchmark

Independence testing dataset

=1 =2

=3 =4

=5 =6

Density takes the form:

Px,y ∝ 1 + sin(ωx) sin(ωy)



Independence test, HSIC with distance kernel

Obtain more powerful tests on this problem when q += 1 (exponent of distance)
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Key:

• Gaussian kernel

• q = 1

• Best: q = 1/6

• Worst: q = 4/3





Kernel two-sample tests for big data, optimal kernel choice



Quadratic time estimate of MMD

MMD2 = ‖µP − µQ‖2F = EPk(x, x
′) +EQk(y, y

′)− 2EP,Qk(x, y)



Quadratic time estimate of MMD

MMD2 = ‖µP − µQ‖2F = EPk(x, x
′) +EQk(y, y

′)− 2EP,Qk(x, y)

Given i.i.d. X := {x1, . . . , xm} and Y := {y1, . . . , ym} from P,Q,

respectively:

The earlier estimate: (quadratic time)

ÊPk(x, x
′) =

1

m(m− 1)

m∑

i=1

m∑

j "=i

k(xi, xj)



Quadratic time estimate of MMD

MMD2 = ‖µP − µQ‖2F = EPk(x, x
′) +EQk(y, y

′)− 2EP,Qk(x, y)

Given i.i.d. X := {x1, . . . , xm} and Y := {y1, . . . , ym} from P,Q,

respectively:

The earlier estimate: (quadratic time)

ÊPk(x, x
′) =

1

m(m− 1)

m∑

i=1

m∑

j "=i

k(xi, xj)

New, linear time estimate:

ÊPk(x, x
′) =

2

m
[k(x1, x2) + k(x3, x4) + . . .]

=
2

m

m/2∑

i=1

k(x2i−1, x2i)



Linear time MMD

Shorter expression with explicit k dependence:

MMD2 =: ηk(p, q) = Exx′yy′hk(x, x
′, y, y′) =: Evhk(v),

where

hk(x, x
′, y, y′) = k(x, x′) + k(y, y′)− k(x, y′)− k(x′, y),

and v := [x, x′, y, y′].



Linear time MMD

Shorter expression with explicit k dependence:

MMD2 =: ηk(p, q) = Exx′yy′hk(x, x
′, y, y′) =: Evhk(v),

where

hk(x, x
′, y, y′) = k(x, x′) + k(y, y′)− k(x, y′)− k(x′, y),

and v := [x, x′, y, y′].

The linear time estimate again:

η̌k =
2

m

m/2∑

i=1

hk(vi),

where vi := [x2i−1, x2i, y2i−1, y2i] and

hk(vi) := k(x2i−1, x2i) + k(y2i−1, y2i)− k(x2i−1, y2i)− k(x2i, y2i−1)



Linear time vs quadratic time MMD

Disadvantages of linear time MMD vs quadratic time MMD

• Much higher variance for a given m, hence. . .

• . . .a much less powerful test for a given m



Linear time vs quadratic time MMD

Disadvantages of linear time MMD vs quadratic time MMD

• Much higher variance for a given m, hence. . .

• . . .a much less powerful test for a given m

Advantages of the linear time MMD vs quadratic time MMD

• Very simple asymptotic null distribution (a Gaussian, vs an infinite

weighted sum of χ2)

• Both test statistic and threshold computable in O(m), with storage O(1).

• Given unlimited data, a given Type II error can be attained with less

computation



Asymptotics of linear time MMD

By central limit theorem,

m1/2 (η̌k − ηk(p, q))
D→ N (0, 2σ2k)

• assuming 0 < E(h2k) < ∞ (true for bounded k)

• σ2k = Evh2k(v)− [Ev(hk(v))]
2 .



Hypothesis test

Hypothesis test of asymptotic level α:

tk,α = m−1/2σk
√
2Φ−1(1− α) where Φ−1 is inverse CDF of N (0, 1).
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Type II error
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The best kernel: minimizes Type II error

Type II error: η̌k falls below the threshold tk,α and ηk(p, q) > 0.

Prob. of a Type II error:

P (η̌k < tk,α) = Φ

(
Φ−1(1− α)− ηk(p, q)

√
m

σk
√
2

)

where Φ is a Normal CDF.



The best kernel: minimizes Type II error

Type II error: η̌k falls below the threshold tk,α and ηk(p, q) > 0.

Prob. of a Type II error:

P (η̌k < tk,α) = Φ

(
Φ−1(1− α)− ηk(p, q)

√
m

σk
√
2

)

where Φ is a Normal CDF.

Since Φ monotonic, best kernel choice to minimize Type II error prob. is:

k∗ = argmax
k∈K

ηk(p, q)σ
−1
k ,

where K is the family of kernels under consideration.



Learning the best kernel in a family

Define the family of kernels as follows:

K :=

{
k : k =

d∑

u=1

βuku, ‖β‖1 = D, βu ≥ 0, ∀u ∈ {1, . . . , d}
}
.

Properties: if at least one βu > 0

• all k ∈ K are valid kernels,

• If all ku charateristic then k characteristic



Test statistic

The squared MMD becomes

ηk(p, q) = ‖µk(p)− µk(q)‖2Fk
=

d∑

u=1

βuηu(p, q),

where ηu(p, q) := Evhu(v).



Test statistic

The squared MMD becomes

ηk(p, q) = ‖µk(p)− µk(q)‖2Fk
=

d∑

u=1

βuηu(p, q),

where ηu(p, q) := Evhu(v).

Denote:

• β = (β1, β2, . . . , βd)& ∈ Rd,

• h = (h1, h2, . . . , hd)
& ∈ Rd,

– hu(x, x′, y, y′) = ku(x, x′) + ku(y, y′)− ku(x, y′)− ku(x′, y)

• η = Ev(h) = (η1, η2, . . . , ηd)& ∈ Rd.

Quantities for test:

ηk(p, q) = E(β&h) = β&η σ2k := β&cov(h)β.



Optimization of ratio ηk(p, q)σ
−1
k

Empirical test parameters:

η̂k = β&η̂ σ̂k,λ =

√
β&

(
Q̂+ λmI

)
β,

Q̂ is empirical estimate of cov(h).

Note: η̂k, σ̂k,λ computed on training data, vs η̌k, σ̌k on data to be tested

(why?)



Optimization of ratio ηk(p, q)σ
−1
k

Empirical test parameters:

η̂k = β&η̂ σ̂k,λ =

√
β&

(
Q̂+ λmI

)
β,

Q̂ is empirical estimate of cov(h).

Note: η̂k, σ̂k,λ computed on training data, vs η̌k, σ̌k on data to be tested

(why?)

Objective:

β̂∗ = argmax
β'0

η̂k(p, q)σ̂
−1
k,λ

= argmax
β'0

(
β&η̂

)(
β&

(
Q̂+ λmI

)
β
)−1/2

=: α(β; η̂, Q̂)



Optmization of ratio ηk(p, q)σ
−1
k

Assume: η̂ has at least one positive entry

Then there exists β . 0 s.t. α(β; η̂, Q̂) > 0.

Thus: α(β̂∗; η̂, Q̂) > 0



Optmization of ratio ηk(p, q)σ
−1
k

Assume: η̂ has at least one positive entry

Then there exists β . 0 s.t. α(β; η̂, Q̂) > 0.

Thus: α(β̂∗; η̂, Q̂) > 0

Solve easier problem: β̂∗ = argmaxβ'0 α2(β; η̂, Q̂).

Quadratic program:

min{β&
(
Q̂+ λmI

)
β : β&η̂ = 1, β . 0}



Optmization of ratio ηk(p, q)σ
−1
k

Assume: η̂ has at least one positive entry

Then there exists β . 0 s.t. α(β; η̂, Q̂) > 0.

Thus: α(β̂∗; η̂, Q̂) > 0

Solve easier problem: β̂∗ = argmaxβ'0 α2(β; η̂, Q̂).

Quadratic program:

min{β&
(
Q̂+ λmI

)
β : β&η̂ = 1, β . 0}

What if η̂ has no positive entries?



Test procedure

1. Split the data into testing and training.

2. On the training data:

(a) Compute η̂u for all ku ∈ K
(b) If at least one η̂u > 0, solve the QP to get β∗, else choose random

kernel from K

3. On the test data:

(a) Compute η̌k∗ using k∗ =
∑d

u=1 β
∗ku

(b) Compute test threshold ťα,k∗ using σ̌k∗

4. Reject null if η̌k∗ > ťα,k∗



Convergence bounds

Assume bounded kernel, σk, bounded away from 0.

If λm = Θ(m−1/3) then

∣∣∣∣sup
k∈K

η̂kσ̂
−1
k,λ − sup

k∈K
ηkσ

−1
k

∣∣∣∣ = OP

(
m−1/3

)
.



Convergence bounds

Assume bounded kernel, σk, bounded away from 0.

If λm = Θ(m−1/3) then

∣∣∣∣sup
k∈K

η̂kσ̂
−1
k,λ − sup

k∈K
ηkσ

−1
k

∣∣∣∣ = OP

(
m−1/3

)
.

Idea:

∣∣∣∣sup
k∈K

η̂kσ̂
−1
k,λ − sup

k∈K
ηkσ

−1
k

∣∣∣∣

≤ sup
k∈K

∣∣∣η̂kσ̂−1
k,λ − ηkσ−1

k,λ

∣∣∣+ sup
k∈K

∣∣∣ηkσ−1
k,λ − ηkσ−1

k

∣∣∣

≤
√
d

D
√
λm

(
C1 sup

k∈K
|η̂k − ηk|+ C2 sup

k∈K
|σ̂k,λ − σk,λ|

)
+ C3D

2λm,



Experiments



Competing approaches

• Median heuristic

• Max. MMD: choose ku ∈ K with the largest η̂u

– same as maximizing β&η̂ subject to ‖β‖1 ≤ 1

• *2 statistic: maximize β&η̂ subject to ‖β‖2 ≤ 1

• Cross validation on training set

Also compare with:

• Single kernel that maximizes ratio ηk(p, q)σ
−1
k



Blobs: data

Difficult problems: lengthscale of the difference in distributions not the same

as that of the distributions.



Blobs: data

Difficult problems: lengthscale of the difference in distributions not the same

as that of the distributions.

We distinguish a field of Gaussian blobs with different covariances.
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Ratio ε = 3.2 of largest to smallest eigenvalues of blobs in q.



Blobs: results
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Parameters: m = 10, 000 (for training and test). Ratio ε of largest to

smallest eigenvalues of blobs in q. Results are average over 617 trials.
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Blobs: results

0 5 10 15
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

ε ratio

Ty
pe

 II
 e

rro
r

 

 

max ratio
opt
l2
maxmmd
xval
xvalc
med

Median heuristic



Feature selection: data

Idea: no single best kernel.

Each of the ku are univariate (along a single coordinate)



Feature selection: data

Idea: no single best kernel.

Each of the ku are univariate (along a single coordinate)
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Feature selection: results
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Amplitude modulated signals

Given an audio signal s(t), an amplitude modulated signal can be defined

u(t) = sin(ωct) [a s(t) + l]

• ωc: carrier frequency

• a = 0.2 is signal scaling, l = 2 is offset



Amplitude modulated signals

Given an audio signal s(t), an amplitude modulated signal can be defined

u(t) = sin(ωct) [a s(t) + l]

• ωc: carrier frequency

• a = 0.2 is signal scaling, l = 2 is offset

Two amplitude modulated signals from same artist (in this case, Magnetic

Fields).

• Music sampled at 8KHz (very low)

• Carrier frequency is 24kHz

• AM signal observed at 120kHz

• Samples are extracts of length N = 1000, approx. 0.01 sec (very short).

• Total dataset size is 30,000 samples from each of p, q.



Amplitude modulated signals

Samples from P Samples from Q



Results: AM signals
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m = 10, 000 (for training and test) and scaling a = 0.5. Average over 4124

trials. Gaussian noise added.



Observations on kernel choice

• It is possible to choose the best kernel for a kernel

two-sample test

• Kernel choice matters for “difficult” problems, where the

distributions differ on a lengthscale different to that of

the data.

• Ongoing work:

– quadratic time statistic

– avoid training/test split



Lancaster (3-way) Interactions



Detecting a higher order interaction

• How to detect V-structures with pairwise weak (or nonexistent)

dependence?

X Y

Z



Detecting a higher order interaction

• How to detect V-structures with pairwise weak (or nonexistent)

dependence?



Detecting a higher order interaction

• How to detect V-structures with pairwise weak (or nonexistent)

dependence?

• X ⊥⊥ Y , Y ⊥⊥ Z, X ⊥⊥ Z

X vs Y Y vs Z

X vs Z XY vs Z

X Y

Z

• X,Y
i.i.d.∼ N (0, 1),

• Z| X,Y ∼ sign(XY )Exp( 1√
2
)

Faithfulness violated here



V-structure Discovery

X Y

Z

Assume X ⊥⊥ Y has been established. V-structure can then be detected by:

• CI test: H0 : X ⊥⊥ Y |Z (Zhang et al 2011) or



V-structure Discovery

X Y

Z

Assume X ⊥⊥ Y has been established. V-structure can then be detected by:

• CI test: H0 : X ⊥⊥ Y |Z (Zhang et al 2011) or

• Factorisation test: H0 : (X,Y ) ⊥⊥ Z ∨ (X,Z) ⊥⊥ Y ∨ (Y, Z) ⊥⊥ X

(multiple standard two-variable tests)

– compute p-values for each of the marginal tests for (Y, Z) ⊥⊥ X,

(X,Z) ⊥⊥ Y , or (X,Y ) ⊥⊥ Z

– apply Holm-Bonferroni (HB) sequentially rejective correction
(Holm 1979)



V-structure Discovery (2)

• How to detect V-structures with pairwise weak (or nonexistent)

dependence?

• X ⊥⊥ Y , Y ⊥⊥ Z, X ⊥⊥ Z

X1 vs Y1 Y1 vs Z1

X1 vs Z1 X1*Y1 vs Z1

X Y

Z

• X1, Y1
i.i.d.∼ N (0, 1),

• Z1| X1, Y1 ∼ sign(X1Y1)Exp( 1√
2
)

• X2:p, Y2:p, Z2:p
i.i.d.∼ N (0, Ip−1) Faith-

fulness violated here



V-structure Discovery (3)
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Figure 1: CI test for X ⊥⊥ Y |Z from Zhang et al (2011), and a factorisation test

with a HB correction, n = 500



Lancaster Interaction Measure

[Bahadur (1961); Lancaster (1969)] Interaction measure of (X1, . . . , XD) ∼ P is

a signed measure ∆P that vanishes whenever P can be factorised in a

non-trivial way as a product of its (possibly multivariate) marginal

distributions.

• D = 2 : ∆LP = PXY − PXPY
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Lancaster Interaction Measure

[Bahadur (1961); Lancaster (1969)] Interaction measure of (X1, . . . , XD) ∼ P is

a signed measure ∆P that vanishes whenever P can be factorised in a

non-trivial way as a product of its (possibly multivariate) marginal

distributions.

• D = 2 : ∆LP = PXY − PXPY

• D = 3 : ∆LP = PXY Z − PXPY Z − PY PXZ − PZPXY + 2PXPY PZ

X Y

Z

X Y

Z

X Y

Z

X Y

Z

PXY Z −PXPY Z −PY PXZ −PZPXY +2PXPY PZ
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Lancaster Interaction Measure

[Bahadur (1961); Lancaster (1969)] Interaction measure of (X1, . . . , XD) ∼ P is

a signed measure ∆P that vanishes whenever P can be factorised in a

non-trivial way as a product of its (possibly multivariate) marginal

distributions.

• D = 2 : ∆LP = PXY − PXPY

• D = 3 : ∆LP = PXY Z − PXPY Z − PY PXZ − PZPXY + 2PXPY PZ
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PXY Z −PXPY Z −PY PXZ −PZPXY +2PXPY PZ

∆LP = 0

Case of PX ⊥⊥ PY Z



Lancaster Interaction Measure

[Bahadur (1961); Lancaster (1969)] Interaction measure of (X1, . . . , XD) ∼ P is

a signed measure ∆P that vanishes whenever P can be factorised in a

non-trivial way as a product of its (possibly multivariate) marginal

distributions.

• D = 2 : ∆LP = PXY − PXPY

• D = 3 : ∆LP = PXY Z − PXPY Z − PY PXZ − PZPXY + 2PXPY PZ

(X,Y ) ⊥⊥ Z ∨ (X,Z) ⊥⊥ Y ∨ (Y, Z) ⊥⊥ X ⇒ ∆LP = 0.

...so what might be missed?



Lancaster Interaction Measure

[Bahadur (1961); Lancaster (1969)] Interaction measure of (X1, . . . , XD) ∼ P is

a signed measure ∆P that vanishes whenever P can be factorised in a

non-trivial way as a product of its (possibly multivariate) marginal

distributions.

• D = 2 : ∆LP = PXY − PXPY

• D = 3 : ∆LP = PXY Z − PXPY Z − PY PXZ − PZPXY + 2PXPY PZ

∆LP = 0 ! (X,Y ) ⊥⊥ Z ∨ (X,Z) ⊥⊥ Y ∨ (Y, Z) ⊥⊥ X

Example:

P (0, 0, 0) = 0.2 P (0, 0, 1) = 0.1 P (1, 0, 0) = 0.1 P (1, 0, 1) = 0.1

P (0, 1, 0) = 0.1 P (0, 1, 1) = 0.1 P (1, 1, 0) = 0.1 P (1, 1, 1) = 0.2



A Test using Lancaster Measure

• Test statistic is empirical estimate of ‖µκ (∆LP )‖2Hκ
, where

κ = k ⊗ l ⊗m:

‖µκ(PXY Z − PXY PZ − · · · )‖2Hκ
=

〈µκPXY Z , µκPXY Z〉Hκ
− 2 〈µκPXY Z , µκPXY PZ〉Hκ

· · ·



Inner Product Estimators

ν\ν′ PXY Z PXY PZ PXZPY PY ZPX PXPY PZ

PXY Z (K ◦ L ◦ M)++ ((K ◦ L)M)++ ((K ◦ M)L)++ ((M ◦ L)K)++ tr(K+ ◦ L+ ◦ M+)

PXY PZ (K ◦ L)++ M++ (MKL)++ (KLM)++ (KL)++M++

PXZPY (K ◦ M)++ L++ (KML)++ (KM)++L++

PY ZPX (L ◦ M)++ K++ (LM)++K++

PXPY PZ K++L++M++

Table 1: V -statistic estimators of 〈µκν, µκν ′〉Hκ



Inner Product Estimators

ν\ν′ PXY Z PXY PZ PXZPY PY ZPX PXPY PZ

PXY Z (K ◦ L ◦ M)++ ((K ◦ L)M)++ ((K ◦ M)L)++ ((M ◦ L)K)++ tr(K+ ◦ L+ ◦ M+)

PXY PZ (K ◦ L)++ M++ (MKL)++ (KLM)++ (KL)++M++

PXZPY (K ◦ M)++ L++ (KML)++ (KM)++L++

PY ZPX (L ◦ M)++ K++ (LM)++K++

PXPY PZ K++L++M++

Table 2: V -statistic estimators of 〈µκν, µκν ′〉Hκ

‖µκ (∆LP )‖2Hκ
=

1

n2
(HKH ◦HLH ◦HMH)++ .

Empirical joint central moment in the feature space



Example A: factorisation tests

 

 

CI: X ⊥⊥Y |Z
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V-structure discovery: Dataset A
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Figure 2: Factorisation hypothesis: Lancaster statistic vs. a two-variable

based test (both with HB correction); Test for X ⊥⊥ Y |Z from Zhang et al

(2011), n = 500



Example B: Joint dependence can be easier to detect

• X1, Y1
i.i.d.∼ N (0, 1)

• Z1 =






X2
1 + ε, w.p. 1/3,

Y 2
1 + ε, w.p. 1/3,

X1Y1 + ε, w.p. 1/3,

where ε ∼ N (0, 0.12).

• X2:p, Y2:p, Z2:p
i.i.d.∼ N (0, Ip−1)

• dependence of Z on pair (X,Y ) is stronger than on X and Y individually

• Satisfies faithfulness



Example B: factorisation tests
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V-structure discovery: Dataset B

Dimension

1 3 5 7 9 11 13 15 17 19

0

0.2

0.4

0.6

0.8

1

Figure 3: Factorisation hypothesis: Lancaster statistic vs. a two-variable

based test (both with HB correction); Test for X ⊥⊥ Y |Z from Zhang et al

(2011), n = 500



Interaction for D ≥ 4

• Interaction measure valid for all D

(Streitberg, 1990):

∆SP =
∑

π

(−1)|π|−1 (|π| − 1)!JπP

– For a partition π, Jπ associates to

the joint the corresponding

factorisation, e.g.,

J13|2|4P = PX1X3PX2PX4 .
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Interaction for D ≥ 4

• Interaction measure valid for all D

(Streitberg, 1990):

∆SP =
∑

π

(−1)|π|−1 (|π| − 1)!JπP

– For a partition π, Jπ associates to

the joint the corresponding

factorisation, e.g.,

J13|2|4P = PX1X3PX2PX4 .
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Total independence test

• Total independence test:

H0 : PXY Z = PXPY PZ vs. H1 : PXY Z += PXPY PZ



Total independence test

• Total independence test:

H0 : PXY Z = PXPY PZ vs. H1 : PXY Z += PXPY PZ

• For (X1, . . . , XD) ∼ PX, and κ =
⊗D

i=1 k
(i):

∥∥∥∥∥∥∥∥∥∥∥

µκ

(
P̂X −

D∏

i=1

P̂Xi

)

︸ ︷︷ ︸
∆totP̂

∥∥∥∥∥∥∥∥∥∥∥

2

Hκ

=
1

n2

n∑

a=1

n∑

b=1

D∏

i=1

K(i)
ab − 2

nD+1

n∑

a=1

D∏

i=1

n∑

b=1

K(i)
ab

+
1

n2D

D∏

i=1

n∑

a=1

n∑

b=1

K(i)
ab .

• Coincides with the test proposed by Kankainen (1995) using empirical

characteristic functions: similar relationship to that between dCov and

HSIC (DS et al, 2013)



Example B: total independence tests
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Figure 4: Total independence: ∆totP̂ vs. ∆LP̂ , n = 500



Nonparametric Bayesian inference using distribution
embeddings



Motivating Example: Bayesian inference without a model

• 3600 downsampled frames of

20× 20 RGB pixels

(Yt ∈ [0, 1]1200)

• 1800 training frames,

remaining for test.

• Gaussian noise added to Yt.

Challenges:

• No parametric model of camera dynamics (only samples)

• No parametric model of map from camera angle to image (only samples)

• Want to do filtering: Bayesian inference



ABC: an approach to Bayesian inference without a model

Bayes rule:

P(y|x) = Q(x|y)π(y)∫
Q(x|y)π(y)dy

• Q(x|y) is likelihood

• π(y) is prior

One approach: Approximate Bayesian Computation (ABC)
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ABC: an approach to Bayesian inference without a model

Approximate Bayesian Computation (ABC):

10 5 0 5 10

10

5

0

5

10

Prior y ∼ π(Y )

L
ik

el
ih

oo
d

x
∼

P
(X

|y
)

ABC demonstration

x∗

P̂ (Y |x∗)

Needed: distance measure D, tolerance parameter τ .



Motivating example 2: simple Gaussian case

• p(x, y) is N ((0,1Td )
T , V ) with V a randomly generated covariance

Posterior mean on x: ABC vs kernel approach
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Reminder: feature embeddings of probabilities

For all f ∈ F ,

The kernel trick:

f(x) = 〈f, ϕx〉F

The mean trick:

EP(f(X)) = 〈µP, f〉F

µP gives you expectations of all RKHS functions

When k characteristic, then µP unique, e.g. Gauss, Laplace, . . .



Bayes again

Bayes rule:

P(y|x) = Q(x|y)π(y)∫
Q(x|y)π(y)dy

• Q(x|y) is likelihood

• π is prior

How would this look with kernel embeddings?



Bayes again

Bayes rule:

P(y|x) = Q(x|y)π(y)∫
Q(x|y)π(y)dy

• Q(x|y) is likelihood

• π is prior

How would this look with kernel embeddings?

We need a conditional mean embedding: for all f ∈ F ,

EY |x∗f(Y ) = 〈f, µP(y|x∗)〉F

This will be obtained by RKHS-valued ridge regression



Ridge regression and the conditional feature mean

Ridge regression from X := Rd to a finite vector output Y := Rd′ (these

could be d′ nonlinear features of y):

Define training data

X =
[
x1 . . . xm

]
∈ Rd×m Y =

[
y1 . . . ym

]
∈ Rd′×m



Ridge regression and the conditional feature mean

Ridge regression from X := Rd to a finite vector output Y := Rd′ (these

could be d′ nonlinear features of y):

Define training data

X =
[
x1 . . . xm

]
∈ Rd×m Y =

[
y1 . . . ym

]
∈ Rd′×m

Solve

Ă = argminA∈Rd′×d

(
‖Y −AX‖2 + λ‖A‖2HS

)
,

where

‖A‖2HS = tr(A&A) =

min{d,d′}∑

i=1

γ2A,i



Ridge regression and the conditional feature mean

Ridge regression from X := Rd to a finite vector output Y := Rd′ (these

could be d′ nonlinear features of y):

Define training data

X =
[
x1 . . . xm

]
∈ Rd×m Y =

[
y1 . . . ym

]
∈ Rd′×m

Solve

Ă = argminA∈Rd′×d

(
‖Y −AX‖2 + λ‖A‖2HS

)
,

where

‖A‖2HS = tr(A&A) =

min{d,d′}∑

i=1

γ2A,i

Solution: Ă = CY X (CXX +mλI)−1



Ridge regression and the conditional feature mean

Prediction at new point x:

y∗ = Ăx

= CY X (CXX +mλI)−1 x

=
m∑

i=1

βi(x)yi

where

βi(x) = (K + λmI)−1
[
k(x1, x) . . . k(xm, x)

]&

and

K := X&X k(x1, x) = x&1 x



Ridge regression and the conditional feature mean

Prediction at new point x:

y∗ = Ăx

= CY X (CXX +mλI)−1 x

=
m∑

i=1

βi(x)yi

where

βi(x) = (K + λmI)−1
[
k(x1, x) . . . k(xm, x)

]&

and

K := X&X k(x1, x) = x&1 x

What if we do everything in kernel space?



Ridge regression and the conditional feature mean

Recall our setup:

• Given training pairs:

(xi, yi) ∼ PXY

• F on X with feature map ϕx and kernel k(x, ·)

• G on Y with feature map ψy and kernel l(y, ·)

We define the covariance between feature maps:

CXX = EX (ϕX ⊗ ϕX) CXY = EXY (ϕX ⊗ ψY )

and matrices of feature mapped training data

X =
[
ϕx1 . . . ϕxm

]
Y :=

[
ψy1 . . . ψym

]



Ridge regression and the conditional feature mean

Objective: [Weston et al. (2003), Micchelli and Pontil (2005), Caponnetto and De Vito (2007), Grunewalder

et al. (2012, 2013) ]

Ă = arg min
A∈HS(F ,G)

(
‖Y −AX‖2G + λ‖A‖2HS

)
, ‖A‖2HS =

∞∑

i=1

γ2A,i

Solution same as vector case:

Ă = CY X (CXX +mλI)−1 ,

Prediction at new x using kernels:

Ăϕx =
[
ψ(y1) . . . ψ(ym)

]
(K + λmI)−1

[
k(x1, x) . . . k(xm, x)

]

=
m∑

i=1

βi(x)ψyi

where Kij = k(xi, xj)



Ridge regression and the conditional feature mean

How is loss ‖Y −AX‖2G relevant to conditional expectation of some

EY |xg(Y )? Define: [Song et al. (2009), Grunewalder et al. (2013)]

µY |x := Ăϕx



Ridge regression and the conditional feature mean

How is loss ‖Y −AX‖2G relevant to conditional expectation of some

EY |xg(Y )? Define: [Song et al. (2009), Grunewalder et al. (2013)]

µY |x := Ăϕx

We need Ă to have the property

EY |xg(Y ) ≈ 〈g, µY |x〉G

= 〈g, Ăϕx〉G

= 〈Ă∗g, ϕx〉F = (Ă∗g)(x)



Ridge regression and the conditional feature mean

How is loss ‖Y −AX‖2G relevant to conditional expectation of some

EY |xg(Y )? Define: [Song et al. (2009), Grunewalder et al. (2013)]

µY |x := Ăϕx

We need Ă to have the property

EY |xg(Y ) ≈ 〈g, µY |x〉G

= 〈g, Ăϕx〉G

= 〈Ă∗g, ϕx〉F = (Ă∗g)(x)

Natural risk function for conditional mean

L(A,PXY ) := sup
‖g‖≤1

EX




(
EY |Xg(Y )

)
︸ ︷︷ ︸

Target

(X)− (A∗g)︸ ︷︷ ︸
Estimator

(X)





2

,



Ridge regression and the conditional feature mean

The squared loss risk provides an upper bound on the natural risk.

L(A,PXY ) ≤ EXY ‖ψY −AϕX‖2G
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Proof: Jensen and Cauchy Schwarz

L(A,PXY ) := sup
‖g‖≤1

EX
[(
EY |Xg(Y )

)
(X)− (A∗g) (X)

]2

≤ EXY sup
‖g‖≤1

[g(Y )− (A∗g) (X)]2
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The squared loss risk provides an upper bound on the natural risk.

L(A,PXY ) ≤ EXY ‖ψY −AϕX‖2G

Proof: Jensen and Cauchy Schwarz
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= EXY sup
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Ridge regression and the conditional feature mean

The squared loss risk provides an upper bound on the natural risk.

L(A,PXY ) ≤ EXY ‖ψY −AϕX‖2G

Proof: Jensen and Cauchy Schwarz

L(A,PXY ) := sup
‖g‖≤1

EX
[(
EY |Xg(Y )

)
(X)− (A∗g) (X)

]2

≤ EXY sup
‖g‖≤1

[g(Y )− (A∗g) (X)]2

= EXY sup
‖g‖≤1

〈g, ψY −AϕX〉2G

≤ EXY ‖ψY −AϕX‖2G

If we assume EY [g(Y )|X = x] ∈ F then upper bound tight.



Experiment: Kernel Bayes’ law vs EKF

• Compare with extended Kalman

filter (EKF) on camera

orientation task

• 3600 downsampled frames of

20× 20 RGB pixels

(Yt ∈ [0, 1]1200)

• 1800 training frames, remaining

for test.

• Gaussian noise added to Yt.



Experiment: Kernel Bayes’ law vs EKF

• Compare with extended Kalman

filter (EKF) on camera

orientation task

• 3600 downsampled frames of

20× 20 RGB pixels

(Yt ∈ [0, 1]1200)

• 1800 training frames, remaining

for test.

• Gaussian noise added to Yt.

Average MSE and standard errors (10 runs)

KBR (Gauss) KBR (Tr) Kalman (9 dim.) Kalman (Quat.)

σ2 = 10−4 0.210± 0.015 0.146± 0.003 1.980± 0.083 0.557± 0.023

σ2 = 10−3 0.222± 0.009 0.210± 0.008 1.935± 0.064 0.541± 0.022



Summary

• Bayesian inference without models [NIPS11, JMLR13]

• Three-way interactions [NIPS13]

• Energy distance/distance covariance is special case [ICML12, AOS13]

• Linear test on big data, kernel selection strategy [NIPS12]

• . . .
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