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1. Encoding Models

(a) Prove Bussgang’s Theorem. That is, show that if we have samples {xi, yi}, where yi is a random
variable whose expectation is given by E[yi|xi] = f(k · xi), then the cross-correlation

∑
i yixi (i.e.

the “spike-triggered average” if yi is binary) provides an unbiased estimate of αk (i.e. k times an
unknown constant α) if:

i. P (x) is spherically symmetric, where we define spherical symmetry to mean that,

∀ x1, x2 ∈ IRn, ‖x1‖ = ‖x2‖ ⇒ P (x1) = P (x2).

ii. E[yx] 6= 0. (i.e. the expected spike-triggered average is not zero

(b) Simulate the response of an LNP (Linear-Nonlinear-Poisson) model to a temporal stimulus. Let k
be a 20-tap filter (sampled in 10-msec bins) with biphasic temporal structure (i.e. a short, large-
amplitude peak and a longer, smaller-amplitude trough). Choose the nonlinear response function
f to be a sigmoid that saturates at 200 spikes/sec. Recall that the instantaneous rate for an LNP
neuron is given by

ri = f(k · xi)

and that Poisson spikes can be generated by flipping a biased coin in each (suitably small) time
bin with the probability of “heads” equal to (∆t)ri.

i. Simulate the neuron with a 1-sec Gaussian white noise stimulus sampled at a framerate of
100-Hz. Generate 200 responses of the neuron to this stimulus. Compute the PSTH of these
responses, and show that it matches the rate prediction given by convolving the stimulus with
kand passing the output through f .

ii. Simulate the response to a long Gaussian white noise stimulus, and compute the STA (spike-
triggered average). Plot the STA rescaled as a unit vector, and show that it provides a reason-
able match to k/‖k‖.

iii. Reconstruct the nonlinearity of the cell: begin by filtering the raw stimulus with the STA.
Make a histogram of the filtered stimulus values, and make another histogram of the spike-
triggered filtered stimulus values, using in the same binning. Divide the latter histogram by
the former and multiply by the inverse of the bin size. Plot this estimate of the nonlinearity
against the true f .

iv. Stimulate the model cell with correlated Gaussian white noise: take the original (Gaussian
white noise) stimulus and filter it with a Gaussian whose standard deviation is 20ms). Rescale
if necessary to ensure that the standard deviation of the new stimulus is the same as the old.
Now simulate the neuron and compute the STA, and compare it to k. Compute the de-
correlated STA (obtained by “whitening” with the inverse of the stimulus covariance matrix),
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and compare with k. If necessary, “regularize” by adding a small constant to the diagonal
of the stimulus covariance matrix (this corresponds to “ridge regression”), and examine how
this affects the estimate.

v. Change f to be a symmetric function, such as f(ξ) = αξ2. Simulate the new model neu-
ron with Gaussian white noise, and compute the STA and largest eigenvector of the spike-
triggered covariance (STC) matrix. Compare with k. Reconstruct the nonlinearity using both
filters, and compare with the true f .

vi. Decoding: estimate a linear decoder for the first LNP model described above (i.e. with sig-
moidal nonlinearity). You should find a decoding filter kd and a scalar b such that we can
estimate the stimulus via:

x̂ = y ◦ kd + b

(where ‘◦’ indicates linear convolution). Once you have estimated the filter and constant, ap-
ply them to responses to a novel stimulus segment, and plot the true stimulus x alongside the
reconstructed stimulus x̂. Create a temporally correlated stimulus whose temporal frequency
structure is better matched to that of the encoding filter k. Re-estimate the decoding filter
and constant, and show reconstruction of a novel stimulus segment with the same temporal
correlation.

2. Estimation Theory

(a) We derived the Fisher information J(θ) as a geometric (curvature) quantity in the lecture. There is
an alternate definition (which we actually used implicitly in computing the asymptotic covariance
of the maximum likelihood estimator (MLE)):

J(θ0) = Covθ0

(
∇ log p(n|θ)

∣∣∣∣
θ0

)
.

Demonstrate that these two definitions are the same (or more precisely, give conditions under
which these two definitions are the same).

(b) i. Compute the Fisher information in the parameter p for the multinomial distribution. Specif-
ically, we are given N data points {xi}1≤i≤N , drawn i.i.d. from some discrete distribution
{p(j)}1≤j≤m on m points. What is the MLE for p here? What is the covariance distribu-
tion of the MLE, for any fixed N? How does this finite-N covariance compare to the Fisher
information J(p)?

ii. Discuss the shape of this function J(p) as p varies in the binomial case, m = 2. What happens
as p → 0 or p → 1? What are the implications?

(c) Compute the Fisher information J(k) for the LN model p(n|x) = Poiss(f(k · x)).

3. Population Coding

Shadlen and collaborators have claimed that if the activities of neurons in population codes are cor-
rupted by correlated noise, then there is a sharp limit to the useful number of neurons in the population.
Prima facie this is wrong – the stronger the correlations, the lower the entropy of the noise, and there-
fore the stronger the signal.

Resolve this issue for the case of additive and multiplicative noise by considering the following three
models for the noisy activities r1 and r2 of two neurons which form a population code for a real-valued
quantity x:
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a)
{

ra
1 = x + ε1

ra
2 = x + ε2

(1)

b)
{

rb
1 = x(1− δ) + ε1

rb
2 = x(1 + δ) + ε2

(2)

c)
{

rc
1 = x(1− δ)(1 + η1)

rc
2 = x(1 + δ)(1 + η2)

(3)

where δ 6= 0 is known, and, ε and η are Gaussian, with mean 0 and covariance matrices:

Σ =
(

1 c
c 1

)
(a) What is the maximum likelihood estimator (MLE) for x on the basis of r1 and r2 in each case?

(b) What is the appropriate measure of the expected accuracy of the MLE, and why?

(c) How does the expected accuracy in each case depend on the degree of correlation c?

(d) What conclusions would you draw about the clash between Shadlen and common sense?
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