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Lagrange multiplier example

Lagrange multipliers: optimise E under constraint(s).

Example

Find Maximum Entropy distribution under constraints:
@ Constant mean \~!

@ Continuous, over positive values.
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Need to optimize Entropy:

Hip(r)] = — /0 " drp(r)log p(r)

Under constraints:

/000 drp(r) =1

/ drp(r)T = A7t
0

Positive values: support = [0; o)
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Define Lagrangian L:

L=— / drp(7)log p(T) + 1 ( / drp(t) — 1) + 7 ( / drp(7)T — )\‘1> (3)

Get partial (functional) derivative:

oL . _M o
—8p(7') = —logp(7) B@-i- Y1+ 72 0

1
— p(r) = entrr-l

Get partial derivatives for 1 and vz:

(4)

/ drp(t) =1 / drp(t)r = A1
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Put (4) back into the constraints.

Into (1): [drp(r) =1

/dTevﬁ-%‘r—l =1
= Ml / dre”™ =1

1 / .
= en - / dr vpe 2T =1 change of variable —y, = 75
V2
| S —
=1

/

= el =4} integral of exponential distr. = 1 (5)
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Into (2):

/dTTe“JWZT*1 =21

= e”l_l/dTTe”T =21

1 /
= en o / dr T e 2T = A1 change of variable —y, = 75
72
—_—
e
2
1
= en Tl =21 mean of exponential distr
72
1
— %’y_éz =1 Putting (5) in, change back to 72
> Y2 = - (6)
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Finally, put back everything into (4):

pl(r) = e

= en—1gnT
——

A
_ )\e—)\‘r

=- Exponential distribution of rate A
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EM for Exponential family

Yet another form:

p(x(6) = exp (07s(x)) ;Ee))

Partition function:

g() = /exp (OTS(X)) f(x)dx

Interesting because:

01880) _ s ™)
also: 2] )
%() = Varp(x|6’)[s(X)]
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Proof of (7).

Using:
ag_(;) - / s(x) exp(67 s(x))F (x)dx
We have: o0
dlogg(0) _ %57 _ /S( exp(67s())F(x)
o9 g(0) g(0)
= p(X|0)[5(X)]
DJ
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Definition
EM steps for Exponential family:
E: q(y) = plylx, 0)
M: Ep(x,y|9) [S(Xa y)] = Eq(y) [S(Xa .y)]

Loic Matthey (Gatsby) Tutorial 3



Proof.

Let F(q,0) = log p(x|0) — KL[q(y)l|p(y|x,#)] and
p(x, y10) = exp(87s(x, y)) G

E: Optimise F wrt g, 6 fixed. KL=0 only when both sides equal.
M: Optimise F wrt 6, g fixed.

log p(x, y|0) = 67 s(x, y) + log f(x,y) — log g(f)
F(q,0) = Eq(y)llog p(x, y|0)] + H[dq]

F(q,0) = 07 Eqqy)ls(x, )] + Eqllog £(x, ¥)] — Eqey)llog ()] + Hlq]

OF Ologg(6)
39 = Eals(xy)l = —35=—= =0

Using (7): M@ = Ep(xj0)[s(x)]

En(x,y10)[5(x, )] = Eqels(x,¥)]
TN TR




EM for Mixture of Poisson

Model:

With

xeN

And
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y ~ Discrete()
x|y ~ Poisson(\,)

T
yel...M T =
™
p(y = k) = mk
—Ay \ X
e Y
PXly) = ——~

Epxiy) X = Ay
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E-step:
q(y) = p(y|x,0)

a(y) = p(ylx,0) o< p(x, y|0)
= p(y)p(xly)

—Ay VX
ey

=7
Y Xl

—Ay \ X
x Tye VA

—Ay \X
e Ay
7)\/ )\;/

q(y) = P(yl|x,0) = =
y'=1 Ty €
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M-step:
Enixyi0)[s(x, )] = Eq(y[s(x, y)]

Need s(x, y) and 6, a bit more work needed.
Idea:
log p(x, y|0) = logm, — A, + xlog A\, — log x!

Hard to get y out...
Instead:

Kronecker delta, selects only one term.
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So now:

M
log p(x, y|0) = 26 y — k) [log mi — Ak + x log Ak — log x!]
k=1
M M
= 6(y — k) llogm — M] + Y _ x6(y — k) log A — log x! (8)
k=1 k=1
Identify s(x,y) and 6:
[ 6y —1) ] [ logm — A1 ]
_ 5()"—M) _ |°g7rM'—/\M
s(xy) = xd(y — 1) 0= log A\t
| x6(y — M) | | logAm

(log x! goes into f(x,y))
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All set to use the M-step identity!

Ep(x,y|9) [S(Xay)] = Eq(y)[s(xa)/)]

p(y10)p(x]y.0)

Ep(x7y|6‘)[6(y - k)] = Z 25(y - k) p(X,y|9)
y=1x=0
M o] ~

=D oy —Km Y p(xly) =m
y=1 x=0
M
Eqp0(y — K1 =D a(y)dy — k) = q(k)
Using the identify:

mk = q(k)
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And now for the rest of the sufficient statistics:

M o~
Epx.y10)[x0(y — k)] = ZZX{S(y — k)myp(x|y)

y=1x=0
M 0o
= 8y —K)my, Y x p(x|y)
y=1 x=0
S —
Epixin [XI=Ay
= )\kﬂ'k

Eqy)[x0(y — k)] = x Eq([6(y — k)] = xq(k)
Using the identify:

xq(k)

T = X q(k) = A= py

=X
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EM for a Mixture of Poisson

E-step:
Tye M

a(y) = Plylx,0) = =z o
y'=1 7Ty/e Y )\y/

M-step:

But this is only for 1 datapoint x ...
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Extension to n iid datapoints.

p({xi}0) =

Exponential family is easy!
New sufficient statistics to match:

n

E SXHyI =
i=1

Recompute E and M updates!
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RIEY)

Z?:l Xia(}/i - 1)
L 27:1 Xi(s'(}/i -

M) ]

T - -
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E-step:

As y; are independent of each others.
Now this also means that g(y) factorises, as can be seen if we were to compute
the marginals g;(y;):
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n
qi(yi) = / dyr...dyi_adyipr...dyn | my e Xy
k=1

= 7ryl.e_”\yi A / dyi...dyi_1dyir1...dy, H 7Tyke_)‘y‘< W
ki

constant, doesn’t depend on y;

o Ty e M A
n
= q(y) = [[ @)
i=1
So we have our E-step by normalising each of them:

7)\}/’. Xi
i€ )\}’i

=y \X
>, mye Ay

Ty,
qi()’i) = ”
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Note: having each g;(y;) normalised also ensures that g(y) is normalised:

Zq(y)=2-~~zq(y)
—Z S et

yn i=1

chh()/l) Zch()@) "'anfl(}/nfl) (Z%(%))

=1, as normalised

=1

(recursion from the right, as all sums are equal to 1)
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M-step for general n:

Ep(xy10) [Z 8(yi — k)} => Z <Z5 )) Hﬂyfp(x,-ly;,f))

X1-+-Xn Y1--

= (25(y, — k) ) Hw S T ety )

Yi---¥n X1...-Xp (=1

=1

= ZZ(S()’I - k)ﬂ-}’i
i=1 vy

= Zﬂ'k = nmg 9)
i=1

Where we use the fact that p(y;) factorises, similar to the previous slide.
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Eup [ 4] = X (a0 TTat)

Yi---Yn

_Zzé i — k)qi(yi)

= Z qi(k) (10)

Now putting (9) and (10) together:

nme =Y qi(k) = m = %Zq;(k)
i-1

i=1
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Now for the rest of the sufficient statistics:

Ep(x.y|0) lz xi6(yi — k)]
i=1

X1ee-Xn V1o
= Z 25()4 — k)my, inp(xib//ve)
i=1 vy Xi
=Xy,
= Z Z(S(Yi - k)ﬂ-%‘)\y{ = Zﬁk)\k
i=1 vy i=1

1 n n
= n)\kwk = n)\k; Zq;(k) = )\qu,-(k)
i=1 i=1

Where we used (10) on the last line.
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ZX[&(_}/,' - k)] Z (Z x;0
= Zx, Z Sy
= ZXIQI(k)

Finally putting (11) and (12) together:

e D ailk) = xiqi(k) = A
i=1 i=1

Which ends the derivation of the M-step!
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EM for Mixture of Poisson (solution)

E-step:

—Ay: VX
Ty, NS
y=1 Ty € VAL,

M-step:
T = zlr‘;ln‘ﬁ(k)

_ 2 xigi(k)
W > )

Loic Matthey (Gatsby) Tutorial 3 October 20th, 2010 28 /28



