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Binary synapses: better than expected

1 Introduction

Memory is an absolutely critical component in any biological system. Without it, learning

would be impossible, and behavior would be reduced to the same set of reflex arcs that

existed at birth. It would seem reasonable, then, that the biological substrate upon which

memories are written – changes in synaptic strength (refs) – would be especially reliable. In

fact, it appears that almost the opposite is true: because the same synapses are used for

different memories, they are constantly overwritten. Consequently, if an increase in synaptic

strength during the formation of one memory is followed by a decrease during the formation

of a second, then the original memory will be severely degraded, if not fully erased, at that

synapse [? ] (refs). How, then, can an organism continually learn new memories throughout

its life (which in many species is decades) without forgetting the old ones?

The answer depends on a host of factors, but an important one is the properties of the

synapses. At one extreme, one could imagine complex synapses with many internal states,

designed so that the internal states recorded the past history of weight changes. In this

case, new memories would not overwrite old ones at the synaptic level, and forgetting could

happen very slowly, at least in principle. At the other extreme are synapses with only two

states – weak and strong. Such synapses would seem to be incredibly prone to degradation:

every time a synapse switched states, all information stored in that synapse would be totally

erased.

While sufficiently complex synapses almost certainly increase memory lifetimes, the sit-

uation is less clear for biologically plausible ones. The question we address here, then, is: to

what extent do the kinds of complexities that can occur in real synapses increase memory life-

time? In particular, we compare a recently proposed model that has multiple internal states

and complex temporal dynamics [? ] to the simplest possible discrete synapse, one contain-

ing only two states. Surprisingly, we find that the multi-state and two-state synapses exhibit

comparable memory lifetimes – memory lifetime for the multi-state synapse is, for biolog-

ically realistic parameter, at most a factor of three larger than that of two-state synapses.



October 13, 2008. version 8. 2

Therefore, although more complex synapses have some important advantages over simple

ones (see Discussion), they extend memory lifetime by only a modest amount.

2 Results

Memory lifetime and the ideal observer

In the standard model of learning and memory (refs), events in the outside world are stored

in the connection strengths among neurons. Connection strengths, however, cannot be di-

rectly accessed by the brain; they can be accessed only indirectly, via network activity. A

complete theory of learning and memory would, therefore, include memory readout: changes

in connection strengths within a network would modify the response of that network to ex-

ternal input. Readout, then, is implemented by the external input, acting as a probe for

a particular event. For example, a probe stimulus might increase the firing rate only for

neurons whose synapses had been potentiated.

This framework extends naturally to the flip side of learning, forgetting: subsequent

events degrade the original one, thus reducing – and eventually eliminating – the effectiveness

of the probe stimulus. A very natural definition of memory lifetime is, therefore, the time

that a probe stimulus elicits a response above chance; that is, above what one would have

observed if the event had never occurred.

While this definition is natural, it is hard to work with in practice, since it requires a

detailed model of network dynamics. We can, however, compute instead an upper bound

on the memory lifetime. This is the lifetime measured by an ideal observer, a hypothetical

entity with access to the strengths of all the synapses [? ]. Specifically, the lifetime is the

time that an ideal observer could detect some trace of the original event in the synaptic

strengths. Beyond that time, the memory trace would be effectively gone, and the network

could no longer be affected by a probe stimulus.

That’s the approach we take here: we compute the memory lifetime, as measured by an

ideal observer, for a range of synaptic models. Even with the massive simplification afforded

by the ideal observer approach, though, we still need a number of simplifying assumptions

to make the analysis tractable. These assumptions are as follows:
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First, synapses are modified only during “events.” It is most natural to think of an

event as the occurrence of something that must be remembered. For example, in a memory

task involving images, each time an image is presented a set of synapses would change

state; between images they would stay the same. This is not, in fact, much of a restriction;

incorporating synaptic changes between events would have little effect on our conclusions

(see Methods ???).

Second, synaptic strengths are discrete, and take on only two values: weak and strong.

The synapses also have a set of internal states. These states do not affect strength, but they

do affect the probability that the synapses changes strength. For example, if a synapse were

in a deeply depressed state, the probability that it would strengthen would be very low; if

it were in a lightly depressed state, the probability would be high. There is some evidence

for both discrete synapses (refs) and internal states (refs), although neither have been firmly

established.

Third, synapses are independent, meaning each time an event occurs, a random set of

synapses is chosen for modification and every synapse in it is modified independently. This

assumption is important because it allows us to bypass the hard problem of determining how

network and cellular dynamics affect synaptic strengths. Although independence is almost

certainly violated in realistic networks (refs: Rubin and Fusi, others), it is not unreasonable

to expect that correlations among synapses add only a scale factor to the memory lifetime,

independent of the synaptic model. If this were true, then any conclusions we drew about

the relative lifetimes of independent different synaptic models would apply to correlated

synaptic models as well. Did Rubin and Fusi show that correlations were weak?

With these assumptions, whenever there is an event, each synapse is updated indepen-

dently of all the others. Exactly how it is updated depends on the learning rule, which we

address next.

The learning rule

We consider a network of neurons in which plasticity is driven by pre- and post-synaptic

activity, and activity is driven by events in the outside world. Thus, an event produces

a particular pattern of activity in the network, and that in turn induces plasticity via a
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Figure 1: The learning rule. When a particular event occurs, the firing rates of the neurons in the light

blue region go up while those in the light red region go down. All connected pairs of neurons in the light

blue region are eligible for potentiation (e.g., the pairs connected by the blue arrows). All connections from

the light red to the light blue region are eligible for depression (e.g., the pairs connected by red arrows).

For all other pairs, the connections do not change (e.g., the thin black lines). For clarity, only a subset of

the connections are shown. The quantities f0 and f1 are the fractions of neurons with elevated and reduced

firing rates, respectively.

Hebbian-like rule. For concreteness, we consider very simple patterns of activity: when

there is an event, the firing rates go up on a fraction f0 of the neurons, they go down on

a different fraction f1, and don’t change on the rest. Consistent with the independence

assumption, for each event all three sets of neurons are chosen randomly. Learning occurs

only among neurons whose firing rates change, and it is as follows: if the firing rate goes up

on two neurons, any connection that exists between them is eligible for potentiation; if it

goes down on one neuron and up on another, then the connection from the neuron with the

lower rate to the one with the higher rate, if it exists, is eligible for depression (see Fig. 1).

The qualifier “eligible” means that a synapse may change state, but does not have to.

This implies that the state changes are, in general, probabilistic, with synapses eligible for

potentiation tending to move toward higher connection strength (see the left panels of Figs.

2a and 3a for examples), and synapses eligible for depression tending to mover toward lower
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connection strength (right panels of Figs. 2a and 3a).

With this learning rule, the fraction of synapses eligible for potentiation is f 2
0 and the

fraction eligible for depression is f0f1. It is convenient to use f to denote the total fraction

eligible for either potentiation or depression, and f+ and f− to denote the relative fraction

eligible for potentiation and depression, respectively (by relative fraction, we mean that

f+ + f− = 1). These three quantities are related to f0 and f1 via

f = f 2
0 + f0f1 (10a)

f+ =
f0

f0 + f1
(10b)

f− =
f1

f0 + f1

. (10c)

We have, then, the following picture: when an event occurs, a fraction ff+ of the synapses

are eligible for potentiation, and they change state according to a transition diagram like the

ones shown in the left panels of Figs. 2a and 3a; a fraction ff− are eligible for depression,

and they change state according to a transition diagram like the ones shown in the right

panels of Figs. 2a and 3a; and nothing happens to the rest.

The memory trace

An important consequence of this learning rule is that memories are slowly erased. That’s

because synapses are chosen randomly on each event, so a synapse that was strengthened

on one event will, eventually, be weakened on a later one. How long before they are totally

erased? The answer is contained in the memory trace – the number of strong and weak

synapses in the pools eligible for potentiation and depression, respectively. The core idea is

that an event causes a particular pool of synapses to be eligible for potentiation and a different

pool to be eligible for depression, and as subsequent events occur, an ideal observer would

count the number of strong synapses in the first pool and the number of weak synapses the

second. When those numbers decay below some threshold, the memory would be effectively

erased.

The number of strong and weak synapses in the pools eligible for potentiation and de-
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pression, respectively, should provide all the information one needs to determine whether or

not an event had occurred. However, there is a slight twist, in that these numbers must be

compared to something. Here we assume, following [? ], that the event of interest is preceded

by a very large number of random events. We are, essentially, considering memories of rather

mundane events (such as what we had for breakfast) that occur often, have been going on

for a long time, and we make no special effort to remember [? ]. Those random events

ensure that the synapses have reached an equilibrium, meaning the number of synapses in

each state is approximately equal its long time average.

Given the equilibrium assumption, we can define the memory trace quantitatively as

follows. Let n+(t) be the number of strong synapses in the pool eligible for potentiation and

n−(t) be the number of weak synapses in the pool eligible for depression. Here t is (discrete)

time, as measured by the number of events that have occurred since the event of interest.

The signal in the two pools is the difference between these numbers and their equilibrium

values. Using n±
eq to denote the equilibria, the signals in the pools eligible for potentiation

and depression, denoted S+(t) and S−(t), are

S±(t) = n±(t) − n±
eq . (15)

The memory trace, or total signal, denoted S(t), is a linear combination of S+(t) and S−(t),

with coefficients chosen to maximize the ratio of the mean value of S(t) (the signal) to its

standard deviation (the noise). The coefficients are proportional, as usual, to the inverse of

the variance; the idea is that smaller variance signals should be weighted more heavily. Thus,

the coefficient in front of S+(t) should be inversely proportional to its variance, and similarly

for the coefficient in front of S−(t). As we show in Methods, this leads to a weighting of the

form

S(t) = f−S+(t) + f+S−(t) . (20)

This somewhat counterintuitive weighting arises because variability increases with the

number of synapses. Thus, while increasing f+ increases the positive signal, it also increases



October 13, 2008. version 8. 7

its noise, and so results in a coefficient of f− (which is equal to 1 − f+), in front of S+(t); a

similar argument applies to the coefficient f+ in front of S−(t).

We can now define, quantitatively, the memory lifetime: it is the time at which the signal

to noise ratio falls below some value; that is, the time at which the mean value of S(t) gets

too close to its standard deviation. “Too close” is defined in terms of the minimum maximum

acceptable false positive and false negative error rates, which we set to 2.9× 10−7, or about

one in three million, in all of our analysis and simulations (see Methods ???). Note that

other choices could be exactly compensated for by a change in the total number of synapses

(see Eq. (85)).

Memory lifetime depends on five quantities: f , the fraction of synapses eligible for change

when an event occurs; f+, the relative fraction of eligible synapses that can be potentiated;

the state transition diagrams for potentiation (like the ones in the left panels of Figs. 2a

and 3a); the state transition diagrams for depression (right panels of Figs. 2a and 3a); and

the total number of synapses. Below we compute explicitly memory lifetime given these five

quantities. First, however, we provide two examples of synaptic models, one with two states

and one with multiple states. These illustrate the general features of learning and forgetting,

and the tradeoffs between the two.

Two-state synapses

The simplest possible synapse has only two states, weak and strong. The potentiating and

depressing state transition diagrams for such a synapse are shown in Fig. 2a. Let us first

consider what happens when potentiation and depression are maximal, meaning all synapses

eligible for potentiation end up in the strong state and all those eligible for depression end up

in the weak state. We use η to denote the probability of a transition for an eligible synapse,

so η = 1 (Fig. 2a). We choose, for definiteness, f+ = 1/2. This makes the model “balanced”

with respect to potentiation and depression, so in equilibrium half the synapses are in the

strong state and half are in the weak state. A particular realization of the equilibrium is

illustrated in the left panel of Fig. 2b (time t = −1), which shows a set of 12,000 synapses

laid out in a two-dimensional grid (and decoupled from the underlying neuronal network,

something that is allowed by the independence assumption). The white pixels in this figure
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Figure 2: Two-state synapse. a. State transition diagrams for potentiation (left panel) and depression

(right panel). The index of the weak state is −1, and that of the strong state is 1. b. Synaptic state at

different time points for η = 1 and 12,000 synapses. Each pixel represents a synapse, with strong synapses

in white and weak ones in black. Because of the symmetry of the model (f+ = f− = 1/2), on average the

number of weak and strong synapses is the same. At t = −1 the white and black pixels occur randomly.

At t = 0 the event of interest occurs, and a fraction ff+ of the synapses are eligible for potentiation and a

different fraction ff− are eligible for depression, with f = 0.39; for ease of viewing, we have arranged them

in a rectangle. Because η = 1, all synapses eligible for potentiation become white and all those eligible for

depression become black. At t = 1 (third panel), the memory is partially erased, and at t = 5 (fourth panel),

it is essentially fully erased. c. Same as panel b, except η = 0.39. Note that the initial signal (t = 0) is

weaker than in panel b, but the memory trace decays more slowly. d. Memory trace (Eq. (20)) versus time.

Blue: η = 1 (as in panel b); black: η = 0.39 (as in panel c).

correspond to strong synapses; the black ones to weak synapses.

The event of interest occurs at time t = 0 (second panel in Fig. 2b). For ease of viewing,

we have arranged all the potentiated synapses in one rectangle and all the depressed synapses

in another. When the next event occurs, a random set of synapses are potentiated and a

different random set are depressed. Since f+, and thus also f−, is 1/2, the probability of

both potentiation and depression is f/2 . We have chosen f = 0.39, so, while the next event



October 13, 2008. version 8. 9

(third panel in Fig. 2b, t = 1) degrades the memory, it does not destroy it. However, after

five time steps (and thus five random events), at t = 5, the memory is essentially gone.

In Fig. 2d we plot, in blue, the memory trace, as defined in Eq. (20). The different lines

in this figure represent different realizations of the inherently noisy process of potentiation

and depression; their spread is a measure of the noise. The dashed horizontal line is the

threshold for detection of the memory trace: a signal above this trace indicates the existence

of a memory; a signal below it indicates no memory. Note that at t = 4 the memory trace

is sufficiently above the noise that it is easily detected, whereas at t = 5 it is detectable on

only about half the trials.

The very short memory lifetime in this example is due to the random switching to the

“wrong” state (to the depressed state in the potentiated pool and vice versa), which occurs

with probability f/2. There are two ways to slow down the rate of switching: decrease

the fraction of eligible synapses, f , or decrease the probability of potentiation or depression

at the eligible synapses, η. Here we choose the latter, and reduce η. This leads to the

following, slightly more complicated, learning rule: We again randomly choose a fraction

f of the synapses to be eligible for modification; of those, half are eligible for potentiation

and half for depression (since we still have f+ = f− = 1/2). We then potentiate a fraction

η in the eligible-for-potentiation pool and depress a fraction η in the eligible-for-depression

pool, with, of course, η < 1. The ideal observer knows which fractions were eligible for

potentiation and and depression, but does not know which were actually potentiated and

depressed.

The immediate effect of having η < 1 is to reduce the initial signal, as can be seen from

Fig. 2d and by comparing the second panels in Figs. 2b and 2c. However, it is still easy to

see the memory trace. And, more importantly, because η < 1, fewer synapses change state

during each event, and so the memory trace lasts longer: it is visible all the way out to t = 5

(right panel in Fig. 2c). This can also be seen in the black trace in Fig. 2d. These traces

indicate that it is possible to detect the memory out to about t = 7.

Although decreasing η, and thus the decay rate, caused the memory lifetime to go up in

this example, that relationship reverses when η gets too small. That’s because the initial

signal – the signal at time t = 0 – also drops with η. This highlights a very general feature
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of memory storage in synapses: there is a tradeoff between learning (initial signal) and

forgetting (memory decay) [? ]. In particular, fast learning (large η in this model), leads to

fast forgetting (large decay rate). Slow learning leads to slow forgetting, but if learning is

too slow, the initial signal is not sufficiently large to create a memory in the first place.

Multi-state synapses

The learning/forgetting tradeoff clearly applies to two-state synapses, but does it also apply

to more complicated, multi-state synapses? As shown by Fusi, Drew and Abbott [? ], it

doesn’t have to – so long as there are fast and slow state transitions within a single synapse.

That’s because the fast transitions occur easily when there is an event, leading to large initial

signal, and the slow ones do not, allowing the retention of memories for a long time.

In the Fusi-Drew-Abbott model, the probability of making transitions into and out of

“deeper” states decreases exponentially: for states of depth d, these probabilities are pro-

portional to xd with x < 1 (see Fig. 3a and Eq. (105)). This exponential falloff in transition

probabilities can be seen in the initial signal: Fig. 3b shows, for an 8-state model, the number

of synapses in each state immediately after potentiation and depression. Shallow states have

signals that are exponentially larger than deeper ones. However, the signals in the shallow

states decay much more rapidly than those in the deeper states, so after 8800 events, it is

the the deeper states that are carrying the remaining trace of the event.

To see how this affects memory lifetime, in Fig. 4a we plot the signal (Eq. (20)) versus

time for a two-state and an 8-state synapse. For both models we choose f = 0.01, f+ = 1/2

and N = 500, 000 synapses; and for the 8-state synapse we choose x = 0.23 and η = r± = 1.

As expected, the 8-state synapse has higher initial signal. Note, however, that the initial

decay of the 8-state synapse is large compared to that of the two-state synapse. This is

easiest to see in Fig. 4b, where we plot the log of the signal against time. While the 8-state

synapse shows an initial rapid decay, asymptotically its decay rate is the same as that of the

two-state synapse.

Quantitatively, the reason for the rapid initial decay is that the signal to noise ratio for

an n-state synapse can be decomposed into the sum of n−1 decaying exponentials (refs) (see

Eq. (40)). For the model used in Fig. 4b, n − 2 of these are rapidly stripped away, leaving,
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Figure 3: Multi-state model. a. The transition probabilities for an eight-state model. The left panel

corresponds to potentiation; the right to depression. The state index corresponds to a state’s depth; negative

indices are used for weak synapses, and positive indices are used for strong synapses. The self-transitions

(shown in gray) are chosen so that the total probability of leaving a state adds up to 1 (e.g., for the

potentiating diagram the self-transition for state 1 is 1 − ηr+x/(1 − x), while for the depressing diagram it

is 1 − η). Different models have different values of η and r± (see text). Note that the full state transition

diagram for a randomly chosen synapse, denoted M, is f+M++f−M−; see Methods, Eq. (110). b. Learning

and forgetting in multi-state models. The left panel shows the equilibrium numbers of synapses for an 8-state

model. The center panel shows what happens to the distribution of states immediately after an event: for

synapses in the potentiating pool (top) there is a shift toward higher strength; for those in the depressing

pool (bottom), there is a shift toward lower strength. Note that the more plastic synapses, those near the

top of the state transition diagrams in panel (a), show the greatest changes, and thus carry most of the

signal. However, after k = 8800 more events, as shown in the right panel, the majority of the signal resides

in the deeper states, those that are less plastic.

at long times, only the term with the lowest decay rate.

Because of the multi-exponential decay, whether or not the initial signal has a large effect

on memory lifetime depends strongly on the threshold for the detection of a memory. By
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Figure 4: Comparison of an eight-state (green) and two-state (black) model. a. Mean signal, Eq. (20)

averaged over many realizations of the noise, versus time on a linear scale. The 8-state synapse has much

higher initial signal than the two-state one, but it decays much faster. b. Same two quantities, but on a log

scale (and for longer times). Here it is much easier to see the initial fast decay of the 8-state signal. The

dashed red and cyan lines are possible thresholds (see text). Note that the relative advantage of the 8-state

model over the two-state model – the ratio of the memory lifetimes at threshold – decreases as the threshold

drops. *** Peter, do we not specify the parameters for these runs ???

adjusting the threshold (which we can do by changing the number of synapses; see Methods),

we can uncover two regimes. In the first, the threshold is high (red line in Fig. 4b). In this

regime, the signal for the two-state synapse is never above threshold, while that of the 8-state

synapse stays above threshold for a finite amount of time. Here, having multiple synaptic

states clearly confers a huge advantage. In the second, the threshold is low (cyan line in Fig.

4b) – so low that that the rapidly decaying components of the 8-state synapse are gone by

the time the signal hits threshold. In this regime, the memory lifetime is still extended, but

it is extended by a relatively small amount. Moreover, because the slopes are the same, the

amount of improvement does not change as the threshold drops, so the relative improvement

of the multi-state model becomes smaller as the threshold decreases. Since the threshold

goes down when the number of synapses goes up (because the signal to noise ratio increases;

see Methods), as the number of synapses increases it would seem that the advantage of

multi-state synapses with respect to memory lifetime diminishes.
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Quantitative comparison between multi-state and two-state synapses

The analysis in the previous section was essentially anecdotal: we compared multi-state and

two-state synapses for one particular set of parameters. Here we ask the more quantitative

question: how does the maximum lifetime of an n-state model depend on n? Here “max-

imum” is with respect to the parameters of the model. Unfortunately, it is not easy to

answer this in complete generality. That’s because an n-state model has on the order of n2

parameters, since there is one parameter for the transition probability between each pair of

states. We focus, therefore, on a set of parametric models – models in which the transition

probabilities depend on only a few parameters. We describe, quantitatively, these models,

and compute their maximum lifetimes.

We consider three models. Two of them were originally proposed by Fusi et al. [? ]; the

third is a slight modification. The three models, whose state transition diagrams are shown

in Fig. 3a, have the same set of allowed transitions. What differs (slightly) between them

are prefactors on the transition probabilities – the factors of η and r± in Eq. 3a. We refer

to the models as the standard model (η = r± = 1), modified model (η = 1, r± = f∓/f±) and

enhanced model (η allowed to vary, r± = 1). Note that two-state limit of the standard and

modified models is parameter free (it corresponds to η = 1 in Fig. 2a). Consequently, when

computing the lifetime of the two-state synapse, we use the enhanced model, as the extra

parameter afforded by that model allows us to compute its maximum memory lifetime.

For each model, we compute the memory lifetime as a function of the number of states,

maximized with respect to the model parameters (x, and, for the enhanced model, η).

As discussed above, “lifetime” depends on the threshold, and in all our simulations, the

threshold was set such that the false positive and false negative error rates were both about

one in three million (see next section). Different choices for the false positive and negative

rates would have very little qualitative effect on our results, since changing those rates could

be compensated for by changing the total number of synapses (see Eq. (85)). Indeed, we

compute these results for a range of N , the total number of synapses, and generally see the

same trends. In addition, for all simulations we use f at 0.01, which corresponds to about

10% of the neurons active for each event (see Eq. (10a)). This is not, however, an important

parameter: f simply scales time (Eq. (225)) and the effective number of synapses (Eq. (85)),
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both by a factor of 1/f . This is true regardless of model type.

We first consider so-called balanced synapses case, for which f+ = f− = 1/2 (thus

ensuring that strong and weak synapses are symmetric equally abundant). We examine only

the standard and enhanced models, since, for the balanced case, the standard and modified

models are identical (see Fig. 3a and note that r+ = r− = 1 for the modified model). The

memory lifetime, optimized with respect to x and η, is plotted in Figs. 5a-b. A The salient

feature of these plots is that memory lifetime does not depend strongly on the number of

states; it increases by a factor of at most about three (Figs. 5c-d) relative to the 2-state

model. [need to comment on x] The optimal value of x grows with the number of states

(Figs. 5e-f). However, for the standard model, x can not grow beyond 1/2, and once this

bound is reached the memory lifetime begins to diminish.

To see whether deviating from balance can improve memory lifetime, in Fig. 6 we carry

out the same analysis but with f+ = 0.9. At least for this value of f+, it doesn’t. In fact,

memory lifetimes are actually smaller on an absolute scale (compare the top row of Fig. 6

with that of Fig. 5). Moreover, as we can see in Figs. 6d-f, the relative memory lifetimes –

the ratio of the memory lifetime of the n-state synapse to that of the 2-state synapse – are

also smaller: they never reach the factor of three we saw in Fig. 5, and, for the standard

model, the multi-state synapses fare especially badly, dropping to a fraction at n = 30.

To determine whether this result is specific to the value of f+ we chose, or a general

trend, in Fig. 7 we plot optimal memory lifetime, relative to the 2-state synapse, as a

function of f+. We plot the relative memory lifetime for models of various sizes (up to 30

states), emphasizing, for the sake of clarity, 2-state, 16-state and 30-state models [I believe

that this changes]. For all models – standard, modified and enhanced – we see that the

best performance is for balanced synapses, f+ = 1/2. [the previous sentence is not true if

we make f+ large enough; see end of paragraph.] In fact, for the standard and modified

models, f+ near 1 leads to particularly short lifetimes, especially when the number of states

is large. This is not true for the enhanced model, though, which shows a minimum in relative

memory lifetime at f+ ≈ 0.8, followed by an increase to a maximum of ??? at f+ =???.

This large value of f+ is, though, biologically unrealistic; it would correspond to a system in

which approximately ???% of the synapses are strong. For the enhanced model, the relative
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Figure 5: Memory lifetime versus number of states for f+ = 0.5 and f = 0.01. Left set of panels: standard

model. Right set of panels: enhanced model. In all panels, the colors code for the number of synapses: red,

1011; black, 1010; green, 109; blue, 108. a, b. Memory lifetime (plotted on a log scale), measured in number

of events, versus number of states, maximized over model parameters (x in panel (a), x and η in (b)). c,

d. Ratio of maximal memory lifetime for the n-state model, t∗
n
, to that of the two-state model, t∗2. e, f.

Optimal value of x. For the modified model, panel (f), there is an additional parameters, η. We did not

include it because it does not have a strong effect on memory lifetime. [We need to comment on η].

lifetime saturates at about 14, when f+ is increased to biologically unrealistic levels.

GREEN FROM HERE ————- The decrease in memory lifetime when f+ is increased

(Fig. 7) suggests that multi-state models (standard and modified) are particularly sensitive

to the value of f+. In fact, when f+ is large, multi-state models are actually penalised for

having more states, as can be seen in Figs. 6d-e and also Figs. 7a-b. On the other hand,
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Figure 6: Memory lifetime versus number of states for f+ = 0.9 and f = 0.01. Left set of panels: standard

model. Middle set of panels: modified model. Right set of panels: enhanced model. As in Fig. 5, the colors

code for the number of synapses: red, 1011; black, 1010; green, 109; blue, 108. a, b, c. Memory lifetime

(plotted on a log scale), measured in number of events, versus number of states, maximized over model

parameters (x in panels (a) and (b), x and η in (c)). d, e, f. Ratio of maximal memory lifetime for the

n-state model, t∗
n
, to that of the two-state model, t∗2. g, h, i. Optimal value of x. For the modified model,

panel (i), there is an additional parameters, η. Here it had a large effect on memory lifetime, but we did not

plot it because it was mainly close to zero [We need to comment on η].

memory lifetime is unaffected for two-state synapses, when f+ is changed. In the next section

we explain the mechanism underlying this behavior.

Why are multi-state synapses more sensitive to f+ than two-state synapses

The parameters f+ and f− define the size of the pools of synapses eligible for potentiation

and depression, respectively. They also affect the equilibrium frequencies of the synaptic
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Figure 7: Ratio of n-state to 2-state memory lifetime for standard (panel (a)), modified (panel (b)) and

enhanced (panel (c)). In all panels f = 0.01 and there were 109 synapses. Blue: 2-state model. Red: 30-state

model. Black: 16-state model. As in Figs. 5 and 6, memory lifetime was optimized with respect to model

parameters. Note that the memory lifetime of the two-state model is independent of f+, something that is

not particularly obvious but is shown in Methods, Eq. (???).

states - how many synapses are in each state, on average. The equilibrium is important, not

only as the background against which we compare the signal (***eq. 15), but also as the

starting point for learning new events. The state transitions upon a new event depart from

the equilibrium distribution (see eq. .... in Methods), so the frequency of the different states

affect how many of the different transitions happen, on average.

When a perfect balance between potentiation and depression exists – f+ = f− = 1/2

– all synaptic states are as likely (occurring with frequency 1/n). As a result, when an

event happens, all state transitions are given the same opportunity. This allows for optimal

combination of fast and slow components, and the standard model performs ideally (Fig. 5).

The situation is quite different when the balance is not kept. When potentiation is more

abundant than depression (as we generally assume here; but the same arguments hold for

the opposite case), we have that f+ > 1/2 and f− < 1/2. This is of course reflected in the

equilibrium distribution, where positive states – states corresponding to strong synapses –

are now more frequent than negative states.

For the two-state model, the equilibrium distribution follows f+. That is, the probability

of strong synapses is f+, and that of weak synapses is f−, precisely. However, for the standard

multi-state model, the equilibrium distribution is skewed: the probability of strong synapses

(combined probabilities of all positive states) is larger than f+.
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This phenomenon intensifies as f+ is increased, and for models with more states (see Fig.

8a). Further more, the equilibrium distribution is centred on one state mostly - the deep

most positive state (examples for this are given in Fig. 8b). This means that most synapses

will be found in this state. This aspect, as well, is intensified when f+ is increased and as

the model has more states.

The effects of the skewed equilibrium distribution act together to weaken the signal. In

the (larger) pool of synapses eligible for potentiation, most synapses are already potentiated,

and are likely to be in the deep most state - the most potentiated state. As a result, these

synapses can not be potentiated much more, and therefore the positive signal (S+) is much

smaller.

In the (smaller) pool of synapses eligible for depression there are plenty of potentiated

synapses, that are candidates for depression. However, these synapses are mostly locked

down in the deepest positive state. In this state, the probability for transition out to a

depressed state is the lowest (see Fig. 3). Therefore, only few synapses will actually undergo

depression. So again, the negative signal (S−) is very weak. Further more, the probability

for out-going transition from the deepest state is proportional to xn/2 (where n is the number

of states the model has). This means that increasing the number of states (n) only makes

this probability smaller, and the negative signal weaker.

The negative effects of the skewed equilibrium distribution outweigh the positive (mainly,

the noise is lower). As a consequence, the standard multi-state model provides worse memory

lifetime, when f+ is increased. In this regime, memory lifetime is further diminished when

the number of states is increased. Eventually, when f+ is large enough – the exact value of

f+ depends on the number of states a synapse has – the lifetime of the multi-state synapse

becomes lower than that of the two-state synapse (note the crossing of the blue line in Fig.

7).

This problem is inherent in the standard multi-state model. The reason for this, is the

fact that transition probabilities are falling off exponentially – the probabilities of switching

out of state of depth d are proportional to xd, with x < 1. When there is no balance between

potentiation and depression, most synapses quickly accumulate in the deepest state of the

preferred side. Therefore, the equilibrium distribution becomes very skewed towards the side
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(potentiated or depressed) that is preferred.

The two other multi-state models we consider here represent different approaches to solv-

ing this problem. In the modified model, we further tune transition probabilities with respect

to f+ (namely, setting r± = f∓/f±). With this modification, the equilibrium distribution

now follows f+ (that is, all positive states are as likely to occur, and their probabilities sum

to f+), and the problem is averted. However, this tuning does not come at no cost; it imposes

a constraint on the model parameter x – it must hold now that x ≤ f−. This limitation is

important: as the number of states is increased, x must grow as well, so maximal lifetime

can be achieved. However, when x reaches its ceiling and can not grow further (Fig. 6h),

the signal is diminished and memory lifetime begins to decrease (Fig. 6e).

In the enhanced model, we let the parameter η deviate from one, instead of directly

tuning for f+. In practice its optimal value is very low, approaching zero. This has the

effect of allowing x to approach one (see Fig. 6i), as the constraint now is x ≤ 1/(1 + η).

When x is close to one, the exponential nature of the state transition probabilities is lost.

Essentially, all transition probabilities are now of the same magnitude. In this setting, the

equilibrium distribution is well behaving for all f+, and performance is less sensitive to f+

or to the number of states (see Fig. 6f).

The performance of the two-state synapse, on the other hand, does not depend on f+.

As the equilibrium distribution follows f+ precisely, both signal and noise are proportional

to f+f−. As a result, the f+ dependency cancels out, and the memory lifetime depends only

on N , f and the transition probability η. η can be easily optimized with respect to the

other parameters, so that maximal memory lifetime is achieved. We work out the analytical

solution for the two-state model in the Methods section.

———– UP TO HERE

Although the multi-state synapses do not have much longer lifetime than two-state ones, it

is possible that they are much more robust. To test this, we perturbed transition probabilities

with multiplicative noise,

M±
ij →

M±
ij (1 + ξ±ij)

1 +
∑

i M
±
ij ξ

±
ij

where the ξ±ij are Gaussian random variables with zero mean and variance ǫ2, but truncated
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Figure 8: The equilibrium distribution of the standard model. The equilibrium distribution was calculated

with x = 1/2, for a range of values of f+ and n. a. The probability of strong synapses – p+, combined

probabilities of all positive states – as a function of f+. Black line - two-state model. Blue dotted lines:

n-state models, ordered from n = 4 (overlapping the black line) to n = 30 (furthest away from the black

line). b. The full equilibrium distribution, computed at f+ = 0.9. The blue bars represent the relative

frequencies of the different synaptic states, for models with n = 8, 14 and 20 states.

at −1 to keep the M±
ij from becoming negative. The results for the standard model (with

f+ = 1/2) are plotted in Fig. 9. As can be seen in these plots, the standard model is

relatively robust, and so is the two-state synapse. Even for considerably large noise, the

decrease in memory lifetime is small when the transition probabilities are perturbed; more

than 90% of the optimal memory lifetime is retained, on average (Fig. 9a). This is true for

the entire range of model sizes (number of states) we checked. In Fig. 9b we consider the

variability in memory lifetime when the transition probabilities are perturbed. The standard

deviation of the memory lifetime grows linearily with the standard deviation of the noise, for

the standard model. For the two-state model it seems to be growing quadratically with the

standard deviation of the noise, although starting at lower values. This is due to the two-

state synapse being optimal in this setting, hence the effect of the noise is strictly negative.
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For f+ = 0.9 (unbalanced case; data not shown), the standard multi-state and two-state

synapses are again of comparable robustness. The main difference is that now these models

are actually helped by the noise, on average. This is attributed to transition prbabilities

being far from optimal in the unbalanced case (see Fig. 6). Therefore, random changes to

the transition probabilities can have positive impact on memory lifetime.

t n*

< t >

t n*

σ( t )

a

b

Figure 9: Robustness of the multi-state model. The state transition probabilities of the standard model

were perturbed by zero-mean Gaussian noise with variance ǫ2 (see text). The noise was used to perturb the

optimal transition probabilities found for the standard model with 109 synapses, f = 0.01 and f+ = 1/2

(perfect balance). For each data point, we averaged 500 different realizations. We plot, together, results for

all model sizes (up to n = 30 states) in different colors. Black is used for the two-state model. a. Ratio of the

memory lifetime with perturbed transition probabilities, to the maximal lifetime of the unperturbed model,

averaged for different noise levels, ǫ. b. Ratio of the s.d. of memory lifetime with perturbed transition

probabilities, to the maximal lifetime of the unperturbed model, for different noise levels, ǫ.

These numerical results indicate that multi-state synapses confer only a modest advantage

when it comes to memory lifetime, a factor of about three at most (except for unrealistically

large f+). On the surface this is somewhat surprising, given that multi-state synapses are

considerably more complicated, and have much richer temporal dynamics, than two-state

ones. Figure 4 suggested one reason for the modest improvement: what really matters is the
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smallest decay rate, and it may be the case that adding states simply doesn’t have much

effect on that quantity. In the next section, we quantify – and expand on – this intuition.
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Why multi-state and two-state synapses have about the same lifetime

The small difference in performance between the multi-state and two-state models has to do

with the multi-exponential decay of the signal. To see why, it is helpful to normalize the

signal, S(t), by its standard deviation. We thus define

z(t) ≡ S(t)

σ
(40)

where σ is the standard deviation of the signal, S(t); see Eq. (332). With this definition,

z(t) has unit variance. In addition, because it is the sum of a large number of random

variables, it is Gaussian (it is, essentially, derived by counting strong and weak synapses,

which are uncorrelated because of the independence assumption). The distribution of z(t) is

plotted in Fig. 9 before (red) and after (blue) an event of interest occurred. By putting the

threshold, denoted C, half way between the means of these distributions, the false positive

and false negative rates are equal, and both are given by the cumulative normal function,

H(C), defined by

H(C) ≡
∫ ∞

C

dξ e−ξ2/2

(2π)1/2
. (50)

In our simulations we used C = 5, corresponding to H(C) = 2.9 × 10−7, and thus false

positive and false negative rates of about one in three million.

From Fig. 9, it is clear that the memory lifetime is the time it takes the mean value of

z(t), to decay to 2C, given that an event of interest has occurred. Using t∗ to denote the

memory lifetime, this condition gives us

z(t∗) = 2C (60)

where z(t) is the mean value of z(t) – the signal to noise ratio.

We show in Methods that, for an n-state model, the signal to noise ratio is given by



October 13, 2008. version 8. 24

z(t) = (Nff+f−)1/2
n−1
∑

k=1

βke
−λkt (70)

where λk and βk are the decay rate and weight associated with the kth mode, and N is the

total number of synapses. (This expression can be derived by dividing Eq. (330) by (332)).

The key observation is that at long times, only the term with the smallest decay rate – or,

more accurately, the decay rate with the smallest real part – makes a contribution to the

signal (see Fig. 4b). Letting λ1 be the smallest decay rate, we have, in the large t limit,

z(t) = (Nff+f−)1/2 β1e
−λ1t . (80)

Inserting Eq. (80) into (60) and solving for t∗, we see that

t∗ =
1

λ1

[

log β1 +
1

2
log

Nff+f−
4C2

]

. (85)

This expression tells us that the optimal model has β1 large and λ1 small. Why can’t we

simply adjust the parameters of the model to achieve this? The answer is β1 and λ1 are

coupled: increasing β1 (the initial signal) automatically increases λ1 (the decay rate). That

they must be coupled is clear; otherwise, we could fix β1 and make λ1 arbitrarily small,

thus making the memory lifetime arbitrarily long – something that is impossible from first

principles. It is this coupling that produces the learning/forgetting tradeoff discussed above.

From Eq. (85), we see that – all else being equal – the larger the ratio β1/λ1, the longer

the memory lifetime. The relevant question, then, becomes: for what set of parameters is

the ratio β1/λ1 largest? Stated like this, there is no a priori reason for multi-state synapses

to have especially large ratios. And, indeed, we saw in Figs. 5-7 that the multi-state models

we considered did not, in fact, have a much longer memory lifetime than two-state models.

An exactly solvable multi-state model

We can gain insight into why multi-state models don’t offer much improvement by consider-

ing a limiting case: state transition diagrams for which which λ2 ≫ λ1, where λ2 is the next
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largest decay rate after λ1 (Fig. 10a). For this case we can show, using standard degenerate

matrix perturbation theory, that there are only two effective modes (see Methods). Conse-

quently, the ratio β1/λ1 is independent of the number of states. This is shown explicitly in

Fig. 10b, where we plot the optimal memory lifetime as a function of the number of synaptic

states for transition diagrams with a spectrum of decay rates like the one shown in Fig. 10a

(see Methods, Eq. (???), for details).

While the condition λ2 ≫ λ1 is too restrictive to draw completely general conclusions,

what it suggests is that memory lifetime is determined by the effective number of modes that

contribute to the dynamics. For the multi-state model considered here, numerical analysis

shows that the eigenvalues typically increase geometrically – the eigenvalue for state k scale

approximately as xn−k. This implies that only a handful of modes contribute to the dynamics,

which is consistent with the small increase in memory lifetime. The extent to which this is

true quantitatively will require further work.

3 Discussion

1. reiterate the learning/forgetting problem, and its proposed solutions.

2. we found that the proposed solution doesn’t really increase memory lifetime much.

3. discuss our explanation of this.

4. discuss experimental tests

5. discuss limitations of our assumptions: discrete synapses, ideal observer, and correla-

tions.

6. mention van Rossum, and Liebold and Kempter.

[left over from a previous version] Discrete synapses are probably an idealization (although

there is some experimental evidence for them (refs)). However, eventually we have considered

synapses with a large number of states – in principle large enough that we can capture the

continuous limit – so this is not much of a restriction.
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4 Methods

State transition probabilities

GREEN BEGINS HERE ——————-

The first step is to introduce a set of matrices that tell us what happens to eligible synapses.

Let M±
ij be the probability of a transition from state j to state i. Here the superscripts

“+” and “−” correspond to transitions upon potentiation and depression, respectively, as

shown in Fig. 3a. Following the convention in Fig. 3a, we use negative indices to correspond

to weak synapses and positive indices to strong synapses. Thus, the state index runs from

−n/2 to +n/2, excluding zero. With these definitions, we have, for an n-state synapse,

M±
±1,∓i = ηxi−1/(1 − δi,n/2x) for i = 1 . . . n/2 (105a)

M±
±(i+1),±i = ηr±xi/(1 − x) for i = 1 . . . n/2 − 1 (105b)

M±
∓i,∓i = 1 − M±

±1,∓i for i = 1 . . . n/2 (105c)

M±
±i,±i = 1 − (1 − δi,n/2)M

±
±(i+1),±i for i = 1 . . . n/2 (105d)

where δk,l is the Kronecker delta; it is 1 if k = l and zero otherwise. All transitions not

specified in Eq. (105) are zero. The relationship between Eq. (105) and the transition

diagram in Fig. 3a is as follows. Equation (105a) corresponds to the transitions that lead to

a change in synaptic strength – the ones into state 1 for potentiation and into state −1 for

depression. Equation (105b) corresponds to transitions into a deeper state – the downward

arrows in Fig. 3a. Equations (105c) and (105d) give the self-transitions, chosen to guarantee

that the columns of M± sum to 1 (i.e.,
∑

i M
±
ij = 1, independent of j).

The transition probabilities depend on the parameters x, r± and η. While x is generally

allowed to vary freely between 0 and 1, the other parameters, η and r±, are allowed different

ranges of values in the different multi-state models. In the standard model, we set η = r± = 1.

In the modified model, r± = f∓/f± and η = 1. In the enhanced model r± = 1 and η is

allowed to vary between 0 and 1. To make sure that M± are proper stochastic matrices

(essentially, ensuring that all transitions are proper probabilities), we must also verify that
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all entries – M±
ij – are between 0 and 1. This requirement introduces a constraint on x,

specific to the different models. In the standard model, it must hold that x ≤ 1/2; in the

modified model x ≤ f−; in the enhanced model x ≤ 1/(1 + η).

Signal and noise

To find explicit expressions for the signal (Eq. (20)), and the noise (which is needed for

memory lifetime calculation), we write down time-evolution equations for the probability

distribution over synaptic states, and then use those to compute the mean number of strong

and weak synapses relative to equilibrium (the signal) and its standard deviation (the noise).

——— GREEN ENDS HERE

Because the probabilities of being eligible for potentiation and depression, respectively,

are f+ and f−, the transition matrix for a randomly chosen synapse is ff+M+
ij + ff−M−

ij . It

is, therefore, convenient to define the matrix

M ≡ f+M+ + f−M− (110)

where bold M denotes the whole matrix. Then, using pi(t) to denote the probability that a

synapse is in state i (and p(t) to denote the whole set of probabilities), the update rule for

p(t) follows the standard rule for a Markov chain (refs),

p(t + 1) = (1 − f)p(t) + fM · p(t) . (120)

where “·” denotes the dot product.

After a long time – many iterations of this equation – p(t) asymptotes to its equilibrium

distribution. This distribution, denoted peq, is the fixed point of Eq. (120) (assumed to be

unique), and satisfies the equation

peq = M · peq . (130)
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When an event of interest occurs, the pools of synapses eligible for potentiation and

depression acquire different probability distributions; it is this difference that create a de-

tectable signal. Denoting the two distribution p±(t), their values immediately after an event

– at time t = 0 – are given by

p+(0) = M+ · peq (140a)

p−(0) = M− · peq (140b)

Equations (120-140) give us a prescription for finding the time evolution of the probability

distribution over states.

To compute the signals S+(t) and S−(t) given in Eq. (20), we need to translate from

the probability distributions over states to the probability distribution over the number of

strong and weak synapses. Let n±
i (t) be the number of synapses in state i in the potentiated

(+) and depressed (−) pools at time t. As above, we adopt the convention that positive

indices corresponding to strong synapses and negative ones to weak synapses (see Eq. 105

and Figs. 2a and 3a). Thus, i runs from −n/2 to +n/2, excluding zero. Our aim now is

to calculate the number of strong synapses – the total number of synases in positive states;

and the number of weak synapses – the total number of synapses in negative states. For

this purpose we define the vectors w+ and w− to be indicators of strong and weak synapses;

that is, w+
i is 1 if i corresponds to a strong synapse and 0 otherwise, and the opposite for

w−
i . More explicitly,

w+ ≡ (0, . . . , 0, 1, . . . , 1) (150a)

w− ≡ (1, . . . , 1, 0, . . . , 0) (150b)

where there are n/2 0’s and n/2 1’s.

With this definition, Eq. (15) becomes

S±(t) = w± · [n±(t) − n±
eq] . (160)
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Here n±
eq is a vector containing the equilibrium number of synapses in each state; as usual,

+ and − correspond to the pools eligible for potentiation and depression, respectively.

Memory lifetime is determined by the mean and variance of S±(t). To compute these,

we use the fact that the n±
i follow multinomial statistics: if there are a total of N synapses,

then

p(..., n±
−2, n

±
−1, n

±
1 , n±

2 , ...; t) = (Nff±)!
∏

i

p±i (t)n±

i

n±
i !

, (170)

with the restriction that the n±
i sum to Nff±. This restriction comes from the fact that

there are Nff+ synapses in the eligible-for-potentiation pool and Nff− in the eligible-for-

depression pool.

Given the distribution in Eq. (170), the mean and variance of S±(t), denoted S
±
(t) and

σ2
±(t), respectively, are easy to compute, and are given by

GREEN STARTS HERE ——————–

S
±
(t) = Nff±w · [p±(t) − peq] (180a)

σ2
±(t) = Nff±Var [w]

p±(t) (180b)

with

Var [w]p±(t) =
∑

i

p±i (t)(w±
i )2 −

[

∑

i

p±i (t)w±
i

]2

.

We now make the approximation that the variance is determined by the equilibrium distribu-

tion, an approximation that is valid because we are interested in the long time limit. We also

make use of the fact that (w±
i )2 = w±

i to simplify the expression for the time-independent

noise,

σ2
± ≡ Nff±p+p−

where the probabilities of strong (+) and weak (−) synapses at equilibrium are
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p± ≡ w± · peq . (190)

——————– GREEN ENDS HERE

To find an explicit expression for p±(t), we use an eigenvalue/eigenvector expansion. We

define γk, vk and v
†
k to be the k-th eigenvalue, eigenvector and adjoint eigenvector of M,

respectively; they obey the equations

M · vk = γkvk (200a)

v
†
k ·M = γkvk . (200b)

We use the standard normalization,

v
†
k · vl = δkl , (205)

Combining Eqs. (120), (140) and (200), and defining λk via

e−λk ≡ 1 − f + fγk , (210)

we have

p±(t) =
∑

k

e−λktvkv
†
k ·M± · peq . (220)

Note that

λk = − log[1 − f(1 − γk)] ≈ f(1 − γk) , (225)

where the approximation is valid when λk is small. Since small λk, which corresponds to long

memory lifetime, is precisely the regime we are interested in, we see that the total memory
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lifetime scales as 1/f . Consequently, the value of f has virtually no effect on the relative

memory lifetimes of different models. Note that γk does not depend on f , generally.

Because M is a stochastic matrix (it is non-negative and its columns sum to 1), it has at

least one eigenvalue equal to 1 – here we will assume that it has only one such eigenvalue.

Let k = 0 correspond to that eigenvalue, which means γ0 = 1, and, therefore, λ0 = 0 (see

Eq. (225)). Since all the other λk are greater than zero, the term in Eq. (220) with λ0 = 0

corresponds to peq. We can thus rewrite Eq. (220) as

p±(t) = peq +
∑

k 6=0

e−λktvkv
†
k · M± · peq . (230)

We can now insert this expression into Eq. (180a) to derive an explicit expression for the

mean signal, S
±
(t),

S
±
(t) = Nff±

∑

k 6=0

e−λktw± · vkv
†
k ·M± · peq . (240)

This expression simplifies if we use two additional properties of stochastic matrices. First,

as can be seen from Eq. (130), the eigenvector of M corresponding to the unit eigenvalue,

v0, is the equilibrium distribution: v0 = peq. Combining this fact with Eq. (110), and using

M · v0 = v0 (Eq. (200)), we have

v
†
k · [f+M+ + f−M−] · peq = v

†
k · [f+M+ + f−M−] · v0 = v

†
k · v0 = 0 (250)

where the last equation comes from the the orthogonality condition, Eq. (205). Using Eq.

(250), we find, after a small amount of algebra, that

v
†
k ·M± · peq = ±f∓v

†
k · [M+ − M−] · v0 . (260)

Second, because of the condition
∑

i Mij = 1, for all j, the adjoint eigenvector with

eigenvalue one (which, because of our convention, is v
†
0) consists of all 1’s. As can be seen
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from Eq. (150), such a vector is just the sum of w+ and w−; that is, v
†
0 = w+ + w−.

Combining this with the orthogonality condition, Eq. (9205), we see that

w+ · vk + w− · vk = 0 .

Inserting this expression, along with Eq. (260), into Eq. (240), we find that

S
±
(t) = Nff+f−(p+p−)1/2

∑

k 6=0

βke
−λkt (270)

where

βk ≡ (p+p−)−1/2w+ · vkv
†
k · [M+ − M−] · v0 . (280)

Note that the factor (p+p−)1/2 that appears in Eqs. (270) cancels with the factor (p+p−)−1/2

in the definition of βk, so its value is not important (although p± is defined in Eq. (190))

here. It is included to simplify our final expression for the signal to noise ratio given in Eq.

(70). Equation (270) gives us the somewhat surprising result that the mean signal in the

potentiated and depressed pools are the same.

We can now write down an explicit expression for the the mean value of the minimum

variance signal. This is just the linear combination of S+(t) and S−(t) weighted by the

inverse of their variances. Since σ2
+/σ2

− = f+/f− (see Eq. (180b)), this weighting leads to

the expression given in Eq. (20). Combining Eq. (20) with (270), and using Eq. (300), we

see that the mean and variance of S(t), denoted S(t), is given by

S(t) = Nff+f−(p+p−)1/2
∑

k 6=0

βke
−λkt , (330)

and its variance, denoted and σ2, is given by f 2
−σ2

+ + f 2
+σ2

−, which simplifies to

σ2 = Nff+f−p+p− . (332)

GREEN STARTS HERE ——————–
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Calculating the maximal lifetime of the two-state model

One of the benefits of the two-state model is its relative simplicity. Here, we solved this

model analytically. We start with the transition matrices, M±, that follow directly from the

transition diagram in Fig. 2:

M+ =





1 − η 0

η 1



 , M− =





1 η

0 1 − η





Substituting in Eq. (110), we get the stochastic matrix M,

M =





1 − f+η f−η

f+η 1 − f−η



 .

Next we find the eigenvalues, eigenvectors, and adjoint eigenvectors of M. In this case

(n = 2), there are two sets:

γ0 = 1 (340a)

v0 =





f−

f+



 (340b)

v
†
0 = (1, 1) (340c)

and

γ1 = 1 − η (342a)

v1 =





−1

1



 (342b)

v
†
1 = (−f+, f−) . (342c)

Note that as v0 = peq, we say that the equilibrium distribution follows f+: the probabilities

of strong (+) and weak (−) synapses, at equilibrium, are p± = f±. We now make use of Eq.

(225) and (280) to arrive at

λ1 = fη

and

β1 = (f+f−)−1/2η .
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Substituting into Eq. (330) and (332), we finally have the mean signal

S(t) = Nff+f−ηe−fηt , (350)

and its variance,

σ2 = Nf(f+f−)2 . (360)

As noted before, both signal and noise (the square root of the variance) have exactly the same

dependence on f+. Therefore, this dependence is cancelled out in the signal to noise ratio,

and the memory lifetime is always independent of f+, for the two-state model. Following

the steps described by Eq. (40) through (85), we first define the signal to noise ratio,

z(t) ≡ S(t)

σ
=

√

Nfηe−fηt ,

then solve z(t) = 2C and extract the memory lifetime:

t =
1

fη
log

√
Nfη

2C
. (370)

We can now maximize t by finding the optimal η for these parameters. The optimal value,

denoted by η∗, is

η∗ =
e2C√
Nf

, (380)

while the maximal lifetime for the two-state model is now given by:

t∗ =
1

e2C

√

N

f
. (390)

——————– GREEN ENDS HERE
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Computing memory lifetime of an exactly solvable multi-state model

Our approach so far has been to assume a particular parametric form for M+ and M−,

compute memory lifetime, and then optimize with respect to the parameters of the model.

While this provides us with the optimal memory lifetime within a model class, it doesn’t

tell us anything about the true (general?? max attainable??) optimal lifetime. The ideal

approach would be, instead, to vary all the parameters of the synaptic model. However, for

an n-state synapse there are n(n − 1) parameters, and so such an approach would require a

search in a high dimensional space – a search that carries no guarantee of finding a global

optimum (but see refs: van Rossum). Is there something in-between these extremes? Here

we consider one possibility: an n-state model with a decay-rate spectrum like the one shown

in Fig. 10a. For this model, it turns out we can compute, analytically, the optimal memory

lifetime. When we do that, what we find is that the memory lifetime is independent of n.

Note that there is an additional twist on this approach relative to what we have done

in previous sections: we do not specify M±, but instead we assume that we know only M

(or, more accurately, its eigenvalue spectrum) and the relative fractions f+ and f−. We then

compute optimal memory lifetime by maximizing over the matrices M+ and M−.

Our starting point is an unperturbed n-state matrix, denoted M0. By “unperturbed”

we mean that it has two eigenvalues exactly equal to 1. We then add a perturbing matrix,

which we denote δM. This breaks the degeneracy, and produces an eigenvalue spectrum

with only one eigenvalue equal to 1 and the other slightly smaller than 1, as shown in Fig.

11. The key insight that makes this problem solvable is that only two eigenmodes, the

ones corresponding to the two largest eigenvalues, are important; the contribution from all

the others is O(δγ/∆γ) where δγ is the difference between the largest and second largest

eigenvalue and ∆γ is the difference between the largest and third largest (refs – degenerate

perturbation theory) (see Fig. 11).

The full stochastic matrix, denoted, as usual, M, is given in terms of M0 and δM as

M = M0 + δM . (410)

Because we are assuming that δM is small, in the long time limit there is only one mode
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that contributes to the signal, and we may write the signal to noise ratio (see Eqs. (80),

(330), (332) and (190)), as

z(t) = (Nff+f−)1/2 w+ · v1

(w+ · v0 w− · v0)1/2
v
†
1 · [M+ − M−] · v0 e−f(1−γ1)t , (420)

where v0 is the eigenvector of M with eigenvalue 1, v1 and v
†
1 are the eigenvector and adjoint

eigenvector of M with eigenvalue γ1 (see Eq. (460) below), we used Eq. (225) for the decay

rate, and, as above, w+ is a vector containing 0’s and 1’s (although, for generality, here we

do not require it to have exactly half its components equal to 0). Our task is to compute

the eigenvectors and eigenvalues, and find the optimal M± and w+.

Our main tool, borrowed from quantum mechanics, is degenerate matrix perturbation

theory (refs). This theory starts with the unperturbed eigenvectors and adjoint eigenvectors,

for which we use uµ and u†
µ, µ = 0, 1,

M0 · uµ = uµ (430a)

u†
µ · M0 = u†

µ . (430b)

As usual, we adopt the normalization u†
µ · uν = δµν . Because M0 is a stochastic matrix, the

uµ correspond to probability distributions – all their elements are non-negative, and we can,

without loss of generality, choose a normalization such that their components sum to 1.

The adjoint eigenvectors have a very important property, which we will use repeatedly:

because the rows columns of M0 sum to 1, it follows that w ·M0 = w, where w ≡ w+ +w−

is a vector consisting of all 1’s. Therefore, w is also an adjoint eigenvector of M0. Since

we are assuming only two modes are degenerate, w must be a linear combination of the u†
µ.

Without loss of generality, we may choose the normalization so that

w = u
†
0 + u

†
1 . (440)
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This choice is consistent with the interpretation of uµ as probability distributions: Eq. (440),

along with the delta-function normalization given immediately after Eq. (430), implies that

w · uµ = 1, as required by the fact that the components of uµ must sum to 1.

While M0 has two identical eigenvalues (both equal to 1), M has two different eigenvalues

(one equal to 1 and one slightly smaller). The two eigenvalues of M, denoted γ0 and γ1, and

their associated eigenvectors, denoted v0 and v1, obey the equation

(M0 + δM) · vµ = γµvµ . (460)

To solve this, we make use of the fact that if δM is sufficiently small, the vµ are linear

combinations of the uµ – something that is guaranteed by degenerate matrix perturbation

theory (refs). We thus write vµ =
∑

µ aµνuν (with, as usual, µ, ν = 0, 1), operate on both

sides of Eq. (460) with u
†
0· and u

†
1·, and solve the resulting set of equations for aµν and γµ.

The key quantity that comes out of these manipulations is the 2 × 2 matrix

ξµν = u†
µ · δM · uν . (465)

The eigenvectors of this matrix correspond to γµ − 1; the eigenvectors to aµν . We will

compute these shortly, but first we need to simplify the resulting expression by invoking an

important property of ξµν . Using Eq. (440), we see that

ξ0µ + ξ1µ = 0 , (470)

which in turn implies ξ00 = −ξ10 and ξ11 = −ξ01. These conditions on ξµν lead to very simple

expressions for the eigenvalues, eigenvectors and adjoint eigenvectors of M. Defining

ρ ≡ ξ01

ξ01 + ξ10
, (480)

it is not hard to show that one set of eigen-quantities corresponds to the unit eigenvalue,
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γ0 = 1 (490a)

v0 = ρu0 + (1 − ρ)u1 (490b)

v
†
0 = u

†
0 + u

†
1 , (490c)

the other to an eigenvalue slightly less than 1,

γ1 = 1 − (ξ01 + ξ10) (500a)

v1 = u0 − u1 (500b)

v
†
1 = (1 − ρ)u†

0 − ρu†
1 . (500c)

Theoretically, we know that γ1 < 1. Can we see this directly, from our equations? The

answer is yes. Since all components of uµ and u†
µ are non-negative, as are all elements of M,

it follows that both u
†
1 ·M · u0 and u

†
0 ·M · u1 are non-negative. Using M = M0 + δM, Eq.

(430), and the orthogonality of the uµ, we see that u
†
1 ·M0 · u0 and u

†
0 ·M0 · u1 are zero. It

follows, therefore, that u
†
1 · δM · u0 and u

†
0 · δM · u1 are non-negative. Equation (465) then

implies that both ξ01 and ξ10 are non-negative.

The next step is to insert Eqs. (490) and (500) into Eq. (420) and simplify the resulting

expression. There are two relevant terms in Eq. (420), one involving M± and one involving

w+. We start with the one involving M±. The behavior of this term is complicated by the

fact that we know neither M+ nor M−. To get around this, we adjust M± to maximize the

right hand side of Eq. (420), subject to constraints, as this will give us the optimal n-state

model. These constraints come from the relation f+M+ +f−M− = M0 + δM, which in turn

implies that, when µ 6= ν,

u†
µ · [f+M+ + f−M−] · uν = u†

µ · [M0 + δM] · uν = ξµν . (510)
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The second equality follows from the definition of ξµν given in Eq. (465) and the fact that,

for µ 6= ν, vµ · M0 · vν = vµ · vν = 0.

To see how to make use of Eq. (510), we need to express the M±-dependent portion of

Eq. (420) in terms of uµ · M± · uν with µ 6= ν. To do this, we use the fact that both M+

and M− are stochastic matrices, which means their rows columns sum to 1. Combining this

observation with Eq. (440) tells us that (u†
0 + u

†
1) ·M+ = (u†

0 + u
†
1) ·M− or, stated another

way,

(u†
0 + u

†
1) · (M+ − M−) = 0 . (520)

Using this relationship, along with the definitions of v0 and v1 given in Eq. (490b) and

(500b), it is straightforward to show that

v
†
1 ·[M+−M−]·v0 = (1−ρ)u†

0 ·M+ ·u1+ρu†
1 ·M− ·u0−(1−ρ)u†

0 ·M− ·u1−ρu†
1 ·M+ ·u0 . (530)

Combining this with the two constraints given in Eq. (510), and using, as discussed above,

the fact that both ξ01 and ξ10 are non-negative, the left hand side of Eq. (520) is maximized

when

u
†
0 · M+ · u1 = ξ01/f+ (540a)

u
†
1 · M− · u0 = ξ10/f− (540b)

u
†
0 · M− · u1 = u

†
1 · M+ · u0 = 0 . (540c)

While these are very concise expressions, they hide a certain amount of subtlety because of

the factors of 1/f+ and 1/f− on the right hand side. The problem stems from the conditions

on the unperturbed eigenvectors and their adjoints: (u†
0+u

†
1)·M± = u

†
0+u

†
1, and all elements

of uµ and u†
µ are non-negative. Consequently, both u

†
0 · M+ · u1 and u

†
1 · M− · u0 are less

than 1. Thus, if either f+ or f− is too small, this division could make one of these quantities
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exceed 1. We assume, therefore, that both f+ and f− are sufficiently large (or, alternatively

δM, and thus ξµν , is sufficiently small) that this division is does not cause problems. We

should be aware, though, that Eq. (540) breaks down when either f+ or f− becomes too

small. Even if it does break down, though, it does not effect our main result, since whether

or not Eq. (540) holds is independent of the number of states.

With this caveat, we can insert Eq. (540) into (530), and we find that

v
†
1 · [M+ −M−] · v0 =

(1 − ρ)f−ξ01 + ρf+ξ10

f+f−
. (550)

Combining this expression with Eq. (420), using Eq. (480) for ρ, and replacing γ1 by its

expression in Eq. (500a), the signal to noise ratio becomes

z(t) =

(

Nf

f+f−

)1/2
w+ · v1

(w+ · v0 w− · v0)1/2

ξ01ξ10

ξ01 + ξ10

e−f(ξ01+ξ10)t , (560)

Our next step is to find an explicit expression for the weight, w+. As above, we are

interested in the optimal model, which means we should choose w+ via

w+ = arg max
z

(z · v1)
2

z · v0(1 − z · v0)
, (570)

with, of course, the restriction that the components of w+ consists of 0’s and 1’s. The

optimization is over which components of z contain 0 and which contain 1.

Using Eqs. (490b) and (500b), this expression becomes

w+ = arg max
z

(z · u0 − z · u1)
2

(ρz · u0 + (1 − ρ)z · u1)[1 − (ρz · u0 + (1 − ρ)z · u1)]
. (580)

It is convenient to define

z · u0 ≡ a + b (590a)

z · u1 ≡ a − b . (590b)
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With this change of variables, the optimization with respect to z is replaced by an optimiza-

tion with respect to a and b; these optimal values are denoted a+ and b+. Inserting Eq.

(590) into (570), we have

(a+, b+) = arg max
a,b

b2

(a + (2ρ − 1)b)[1 − (a + (2ρ − 1)b)]
. (600)

This maximization comes, of course, with constraints: since z · (u0 + u1) is non-negative an

cannot exceed 1, it follows that |b| ≤ a ≤ 1 − |b|.
Let us first maximize with respect to a. Since the denominator is a concave function of

a, this maximum occurs when a as large or small as possible. Setting a to either |b| or 1−|b|
yields an expression with the same form,

b+ = arg max
b

|b|
(1 ± (2ρ − 1))[1 − (1 ± (2ρ − 1))|b|] , (610)

Whether we should use + or − depends on whether we set a to |b| or 1 − |b|, and also on

the signs of b and 2ρ − 1. However, as we will see below, the sign turns out not to matter.

Both the numerator and denominator are increasing functions of b, so we should make |b|
as large as possible. Because of the restriction |b| ≤ a ≤ 1− |b|, the maximum value of |b| is

1/2. In general, this maximum cannot be reached, since b = z · (u0 − u1)/2 (see Eq. (590)).

However, it can be reached if u0 and u1 are completely non-overlapping, which occurs when

M0 is block-diagonal. Since we are after the optimal model, we assume that M0 has this

form. Thus, |b+| = 1/2, which in turn implies that a+ = 1/2. With these values, the right

hand side of Eq. (580), evaluated at its optimal parameters, is 1/[ρ(1−ρ)] = (ξ01+ξ10)
2/ξ01ξ10

– independent, as mentioned above, of which sign we use in Eq. (610). Inserting this into

Eq. (560), we have

z(t) =

(

Nfξ01ξ10

f+f−

)1/2

e−f(ξ01+ξ10)t . (620)
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As promised, this expression is independent of the number of states in the model. Thus,

all optimal n-state models with the eigenvalue spectrum shown in Fig. 11 have the same

temporal memory memory lifetime.


