Gatsby Computational Neuroscience Unit
Theoretical Neuroscience

Final examination, theoretical neuroscience
13 May 2024

Part I — short questions

There are four sections with four questions each. Please answer three out of each four, starting the answers for
each section on a new page. Don’t forget to write your name at the top of each block of answers.

Good luck!



Biophysics

. Build your own realistic model of release probability. Vesicles are divided more or less into two
groups (it’s really three, but we’ll keep it simple): a readily releasable pool and a reserve pool. Vesicles in
the readily releasable pool can be released when an action potential arrives at the presynaptic terminal,
but they have to be replenished from the reserve pool, which happens at a relatively slow rate (100s of
ms). Write down stochastic equation for the release probability as a function of presynaptic spike times.
Your model should be sufficiently detailed that you could simulate it on a computer.

Solution

What matters for release is the number of vesicles in the readily releasable pool (RRP). So we want to
write down a stochastic update rule for that number, which we’ll denoted k. The update rule depends on
the release probability and replenishment rate, which we’ll denote P, (k) and v(k), respectively. Their
explicit definitions, and properties, are

e P.(k): the release probability given k vesicles in the RRP. Poi(k) is a decreasing function of k, and
it’s zero when k = 0.

e v(k): the rate at which vesicles move from the reserve pool to the RRP. v(k) is an increasing function
of k, and it’s zero when k = kyax.

Given these definitions, we have

e If there’s no spike at time ¢, then

| k(@) probability 1 — v(k)dt
k(t +dt) = { k() +1 probability v(k)dt (1)

e If there is a spike at time ¢, then

k(@) probability 1 — P (k)
k(e +dt) = { k() — 1 probability Pri(k). (2)

Note that with probability v(k)dt, k can increase, but in the small dt limit that can be ignored.

We want to write this as an update rule for the P(k,t), the probability that there are k vesicles in the
readily releasable pool. Again we have two conditions,

e If there’s no spike at time ¢, then

P(k,t+dt) = (1 — v(k)dt)P(k,t) + v(k — 1)dtP(k — 1,t), (3)
which implies that
dpgz’t) — (k= )Pk —1,8) — v(k)P(k, 1). (4)

e If there is a spike at time ¢, then

P(k,t+dt) = (1= Pra(k)) P(k,t) + Pra(k + 1) P(k + 1,1), 5)
which implies that
% . zi:é(t — 1) (Peat(k + 1)P(k + 1,) — Pt (k) P(k, 1)) (6)

where t; is the time of the i*" spike.

In these expressions, it’s understood that, for all time, P(—1,t) = P(kmax + 1,¢) = 0.

. Axons with different diameters. Consider an infinitely long axon in which the radius is a; for z < 0
and ag for z > 0. You inject constant current at « = 0, so I = IoLd(z) (the factor of L is a length scale;
it’s needed to make the units come out). Write down the steady state voltage as a function of = (with =
both positive and negative). Make sure to work out the amplitude as a function of IyL.



Solution

We want to solve the cable equation in steady state

0?V (z
Az)? 81‘(2 ) =V(z) —ryloLé(x) (7)
where A, the electrotonic length, is given in general by
N (z) = rua(z) . 8
@ =% (5)

Fortunately, the z-dependence of the radius, a, is pretty simple, so we can solve the cable equation
separately for x < 0 and = > 0. That gives us

Viz)=Vp (ew/h O(-z) + e_“'/)q@(x)) 9)

where Ay = ryraq/2r, and Ay = raras/2r, and ©(z) is the Heaviside step functions (it’s 1 if 2 > 0 and
0 if z < 0). This solution matches one boundary condition: the voltage is continuous at = 0. However,
we have to match the other boundary condition: the current is continuous. Since current is injected at
2z =0, V() must be discontinuous at x = 0. To determine how discontinuous, we take two derivatives.
The first derivative is given by

=W (x\lem/h@(—x) - /\ge_z/AQG)(x)) . (10)

This is not continuous: the voltage goes from Vy\; when x is slightly smaller than 0 to —VyAy when z is
slightly greater than zero. The derivative of this function at x = 0 is, then, given by

o?V
/\(13)2 2(.%‘) = _VO()\I + )\2)6(.1‘) . (11)
Pr g
Comparing this to Eq. (7), we see that Vj is given by
L
Vo =rml . 12
o =ralo 3= (12)

. A somewhat strange Hodgin-Huxley motivated neuron. Consider the following neuron,

dv
TE = —(V—gL) —gNamoo(V)(V—SNa) —gKn(V—é'k) (138.)
d
Tnﬁ = moo(V) —n. (13b)
That’s not a typo: we're assuming m and n have the same activation function, which has the usual form,
1
Mmoo (V) = (14)

1+ exp(—(V — V) /AV)

Use the following parameters,

7 =10 ms (15a)
Tp, = 10 ms (15b)
&L =—65mV (15¢)

Ena = +20 mV (15d)
Ex =—-80 mV (15¢e)
Vi = —50 mV (15f)
AV =5mV (15g)

Ina = 30 (15h)
g =170 (15i)

(a) Show that there’s a stable fixed point at V = &p.

(b) Assume that the voltage has been at rest for a long time (meaning long compared to all relevant time
points), and suddenly jumps to -30 mV. Sketch, qualitatively, voltage versus time from that point
onward.

Hint: you could draw nullclines, but qualitative arguments plus linear stability analysis should be enough.
I chose parameters so that the fixed point is especially easy to find!



Solution

(a) First we need to find the steady state. For n that’s particularly easy: dn/dt = 0 implies n = ms (V).
Inserting that into the equation for voltage, we find that

av

T = (V=€) (1 + (gna + gx)mec(V)) - (16)

Thus, the steady state membrane potential is V' = &;. Linearizing around that fixed point and
keeping track only of the signs, it’s easy to show that

“5) - (7 (Y 1)
T”Tt” + - (Sn
Given the signs, the trace is negative and the determinant is positive, and so both eigenvalues are
negative.

(b) Because this is a 2-D system and there’s only one fixed point, we know the voltage will eventually
return at £,. To determine its trajectory, note that when V' — -30 mV, dV/dt immediately increases,
and the voltage rapidly rises. Because 7,, = 10 ms, it takes a little time for the potassium channel
to open and pull the voltage down. Thus, you'll get a spike with a width of a few ms and a height
probably somewhere between about -20 and 0 mV, followed by relaxation to rest, at -65 mV.

4. Type 1II neurons with slow adaptation. Consider a reduced model of a neuron,

d
lez; =—ar+2r* —r® (18a)
do
Te— =1— (1 —€*)cosh (18b)
dt
da 1
QE =7r— § (18C)

with 7, > 7> € and 0 < € < 1. The membrane potential, V, is given by
V = Vo + Virsin?(0/2). (19)

The #-equation is chosen so actual spikes emerge (in the small € limit), but it’s not part of the question.

Show that this model exhibits bursting: alternating periods of firing (r > 0) and quiescence (r = 0), with
the time of each proportional to 7,.

Solution
The right hand side of Eq. (18a) has fixed points at

r=0,1+vIi—a. (20)

First consider a > 0. In that case, the fixed point at » = 0 is stable, and if a < 1, there are two more fixed
points. Of those, the larger one is stable and the smaller one is unstable (as is easy to see just by plotting
the right hand side of Eq. (18a)). Thus, in the range 0 < a < 1, there are stable fixed points at ¢ = 0 and
a > 1. When a exceeds 1, the two fixed points with r > 0 vanish, leaving a single fixed point at r = 0.

If, on the other hand, a < 0, the fixed point at zero is unstable. Now, according to Eq. (20) the stable
fixed points are at a < 0 and a > 0.

Let’s say we start with a > 0 and » = 0. In that case, Eq. (18¢) tells us that a decreases. When « falls
below zero, r increases until it reaches the single positive fixed point. According to Eq. (20), that fixed
point is at a > 1. Consequently, according to Eq. (18c), a increases again. When it exceeds 1, the fixed
points at r > 0 vanish, and r decreases to zero. Where the process starts over again.

For this clean picture to emerge, we need a to change slowly, which will happen if 7, is large enough. In
that case, the characteristic timescale for bursting is the time it takes a to change, which is proportional
to 74.



Networks

. Consider a classical Hopfield network, whose update rule is
| N/ E
Sift+1) =sign |+ > (Z 5555) 5(t) 1)
j#i \v=1
where the & are pulled 7id from a random binary vectors,

¢ = +1  probability 1/2 )
¢ | =1 probability 1/2.

At time ¢ = 0, the network is initialized according to

. _ ,ng‘ probability ¢
Si(0) = { 1 probability 1 — q. o

What is the probability that S;(t) = ? Your answer will depend on N and P as well as q.

Solution

Separating the terms with v = pu and v # p, Eq. (1) becomes

Si(1) = sign fﬁ‘NZS”S +ZS§”NZS : (4)

0
Note first of all that
1 probability ¢
©nQ. _ 2
§5;(0) = { ¢ probability 1 —g. (5)

Since 5;* = +1 with equal probability, this means

wa oy J 41 probability (1+q)/2
gj S; (0) = { -1 probability (1 - Q)/2 . )

Using this, and ignoring 1/N corrections associated with j # 4, the average of the first sum in Eq. (4) is

NZ (g0 =21 -1 =y 7)

And, again ignoring 1/N corrections, it’s variance is

B e R

For the sum over v and j, we note that the product §f§;fSo(O) is uncorrelated across i, j and v, and zero
mean. Thus, the sum is Gaussian (with respect to index, i) with variance (N — 1)(P — 1). Taking into
account the division by NV, we thus have

Soer &”N ZS (11\),(2]3_1))1/2 i~ (]];)1/2 m )

v#p

where 7; is a zero mean, unit variance Gaussian random variable.

Putting all this together, and using the central limit theorem (which tells us that large sums are Gaussian),
we arrive at

S;(1) = sign [¢& + o] (10)
where (; is a zero mean, unit variance Gaussian random variable and

P—|—1—q2 P
2 ~ 11
N N (11)

ag



So we really could have ignored the first variance. Thus, the probability that S;(1) = &/ is the probability
that o(; > —q. More formally,

q
. — cHy 2
P(Sl(l)_fz) _H( ) (12)
where H is the cumulative normal function.

. Consider a network of excitatory and inhibitory neurons which have a stable fixed point given by

ve = ¢g(Jepve — Jervi + hi) (13a)
vi = ¢1(Jieve — Jivi + hr) (13b)
where all weights are positive. Let hg — hg + dhg where dg is infinitesimally small and positive. In the
limit of large weights, do the excitatory and inhibitory firing rates increase or decrease?
Solution

In the limit of large weights, we have

JEpovg — Jgrévy + 6hg =0 (143,)
J[E6VE — J115V[ =0. (14b)
Which implies that
Jrroh
Svp = ”D E (15a)
Jrgdh
vy = IED E (15b)
where
DEJE]J]E—JEEJ]]. (16)

For stability, the determinant of the linearized dynamics must be positive. In the limit of large weights,
D is proportional to the determinant. Thus, both vg and v increase.

. Consider a network whose equilibrium is given by

T = sziﬂj : (17)

As usual, you want to approximate the sum as a Gaussian random variable. However, unlike as usual, the
weights are correlated, and they have the following statistics,

<wijwkl> = o2 (&‘kéﬂ + %(1 — 5ik5jl)) . (18b)
Let
1 n
Yi = N1z > wi; (19)
j=1
and define
2
1 R
Var[y] = ~ Z N1/ Zwijxj . (20)
i j=1

Assuming N is large, write an expression for Var[y] in terms of 02, p and the first and second moments of
x, defined to be

_ 1
T=+ ij (21a)
j

— 1
x? = N Zx? . (21b)
J



Solution

The variance of y can be written

1 1 1
Var[y] = ﬁ Zwijwij/:vjxj/ = N ijleﬁ Zwijwij/ . (22)

i3’ Ji’

Consider first j = j', for which
1
i > wi o’ (23)

where the approximation gets increasingly better as N increases. If instead 7 # j’, we have

%Zwijwij’ ~ plj\;fz . (24)
Putting these together gives us
%Zwijw“/ ~ o (57;j + %(1 — 6,-j)) ~ o2 <5ij + %) . (25)
Inserting this into Eq. (22), we arrive at
Varly] ~ o> (ﬁ—&— pw§2> . (26)

. Consider a convolutional neuronal network in one dimension with Mexican-hat connectivity:

ov(z,t)
ot

T

= —v(x,t) + / W (z —2)p(v(a',t))dz" + I(z,t) (27)

Where ¢ is a monotonic input-output function, I(z) is an external input and W (x — «’) is the connection
strength between units at x and 2/, given by a difference of Gaussians:

1 _ =% _ =22
W(z) = (0’26 207 _ gye 2"3) with o1 < 9. (28)

02 — 01

Show that the critical spatial frequency that first emerges when the homogeneous fixed-point solution to
a constant input (I(z,t) = Iy) loses stability (i.e. spontaneous pattern formation) is:

0'2 o,

-1 2
b — V2moyoy | (01 3i-ef (01 e3-eF (29)
- 09 — 01 g9 g9 ’
Reminder:
o0 1 z2 +3 k202
e 22 ety = 72 30
/_oo V2mo ( )

Solution First one needs to compute the homogeneous steady-state solution to a constant input. If the
input is constant we assume a homogeneous solution v(x) = vy:

vy = /W(:E — 2" p(vo)dx' + Iy = Iy (31)

Where we used that [ W (y)dy = 0. We then need to check the stability of the steady state. For that we
make a perturbation v(x,t) = vy + dv(z,t) and derive under which conditions the system relaxes back to
(B



851}(95 t)
ot
351}(;10 t)

P = —dv(z,t) + ¢’ (vo) /_OO W (z — 2')ov(a’, t)da'

Because the system is linear we propose a plane wave solution dv(xz,t) = c(t)e™ %
Té(t)e ™R = —¢(t)e™ T 4+ ¢/ (vy / W(x —2')e ik’ ot

ré(t) = —(t) + &' (v)e / W (y)e™Vdy
Té(t) = —e(t)(1 = ¢/ (v0) W (k).
Which means that the perturbation will decay exponentially if

1/¢/ (vo) > W (k).
We therefore need to find the upper bound of

5212 2,2
() = LI ()
09 — 01

Taking the derivative equal to zero, and asking k # 0 (that is the minimum), we find &*

2)@*2 k*20'2

— 2
oik*e —k*o3 7 =0
2 *2
O% :ekz ("2 ‘71)
g
1
2 o3
k% = In —2

Replacing in the expression for W (k)

2 2 2 2
v __ A 72 __72 72
W (k") = 27“’2“1< R 7 %“%)

02 — 01

Which is equivalent to Eq. (29).

= —vg — dv(x,t) + /Oo W(x — 2")p(vo + dv(2’, t))dz" + Iy

(32a)

(32b)

(33a)

(33b)

(33¢)

(35a)

(36a)

(36b)

(36¢)



3 Coding

1. A model of the spiking neuronal response to stimulus x(t) is given by the generalised linear intensity
function
/\(t‘H(t)) _ 6omz:(t)ffoOO h(T)s(t—T)dr )
where h(7) > 0 with [;° h(7)dr = B and s(¢) is the J-function representation of the spike train. Let h(T)
be a smooth function, roughly constant over a long support.

(a) Describe the qualitative behaviour you expect from such a model (note the minus sign in the definition
of Al).

(b) Now suppose that the stimulus is held fixed over the duration of a trial, so that the firing of the
neuron comes to a steady-state mean rate. Using a mean-field approximation (i.e. exchanging an
expectation and exponential), find an expression constraining the steady-state rate. Use this to find
the derivative of the rate with respect to the sustained stimulus value .

(¢) Show that, in this limit, the neuron behaves similarly to a soft-threshold activation function rate
neuron.

Solution

(a) The model will exhibit spike-rate adaptation, but otherwise generate Poisson-like spiking.

(b) Let the steady-state mean intensity function be A(z). Making the mean-field assumption we have

N\ = e(m?—fom drh(T)X _ eam—[ﬂx

Differentiating with respect to x we have

d\ d\ 5
- _pn azr—LBA
dx (a Bdac) )
A\ -
—(a- g%
(o-9%)
_dX\ _
1 _— =
( -l-ﬁA)dz al
@_ o
de 48

(c) We see that for small X the derivative approaches a\ corresponding to an exponential rise. For large
A the derivative approaches «/f and so the rate grows linearly.

2. A population of neurons encodes an angular value  with von Mises tuning curves
fl(a) _ aiemcoswfei) )

If the neurons generate spikes with independent Poisson statistics given these means, show that the
posterior estimate of 6 (asuming a uniform prior) is in a von-Mises-like exponential family. What is the
base measure?

Solution

This is very easy to finf using the canonical exponential family form, with 6 a unit vector with angle 0:
P(n[f) = H nT!fi(Q) o fi(0)
X H e”'ikfeefi(Q)
— o(Ziniki) 0+, f:(0)

So the base measure is proportional to e2i fi(®),



3. Recall that the signal detection theory model of behaviour in a two-alternative choice assumes that the
stimulus is mapped to a one-dimensional noisy decision variable x, and that choices are based on com-
paring this variable to a threshold value. As the threshold increase, the hit- and false-alarm-rates will
both decrease monotonically. The relationship between them is represented by the receiver operating
characteristic (ROC) curve.

hit rate

0 false alarm rate 1

Show that the area under the ROC curve corresponds to the probabilty that, for independent draws xzq
and x; of x given a true negative and true positive input respectively, 1 > zg.

Solution
Consider a threshold ¢. Then the ROC curve for threshold ¢ represents the point (Cy(t), Ci(t)), where
C;(t) = P(x; > t) is the CDF of x;.

The area under the curve is

where the third line required independence.

4. Suppose that the (standard, i.e. “right”) eigenvectors of a stable D-dimensional linear dynamical system
described by matrix A are all close to the same (D —1)-dimensional subspace, but otherwise random. That
is, there is a D x D — 1 matrix P with orthonormal columns such that, for each unit-norm v; : Av; = \;v;
(i=1...D)

[PPTv;|| >1—¢
for a small positive e.
Contrast the generic response of the system to a unit-norm input either (a) orthogonal to; or (b) within

the subspace defined by (the columns of) P. Your answer may be qualitative, but make your reasoning
clear.

Solution

Let V' be the matrix of normalised eigenvectors. Then an input b will load onto the eigenmodes according
to V=1b. Let v; be the ith row of V! viewed as a vector (the normalised v are sometimes called the “left
eigenvectors” of A). These loadings decay (since A is stable) multiplicatively according to the propagator
eMit (or Af in discrete time).

Now, the fact that V'V = I implies that \72-Tv1- = 1 and \71-ij = 0 for j # i. The second condition
means that every v; must be oriented almost orthogonal to the space of P. This in turn makes it almost
orthogonal to v;, and so the first condition implies that it must have a large norm.

(a) An input orthogonal to P will be nearly aligned with the v;, and so in the generic case the magnitude
of the loading onto each eigenmode will be given by their (large) norms. Initially, these large loadings
cancel in the output, thus reconstructing the unit-length b. However, as faster-decaying modes
drop away, the persistently large loadings on slower modes will be revealed, leading to transient
amplification. Eventually, activity will be dictated by the slowest mode and will rotate to lie within

P.

10



(b) An input within P will be almost orthogonal to all the v;, and so the loading onto each eigenmodes
will generically have roughly unit strength. Thus, while the pattern of decay will be the same, we do
not expect any non-normal transient amplification.

11



Learning

. Suppose we train a linear student network on a dataset drawn from a linear teacher network. The teacher
produces data y = wX + € where y € R™F are the target outputs, w € R'*Y are the teacher weights,
and X € RV*P is a matrix of P inputs drawn i.i.d. from an N-dimensional Gaussian with mean zero and
variance 1/N, X;; ~ N(0,1/N). Here ¢ € R**¥ is noise added to the teacher for each example, drawn
i.i.d. from a zero mean Gaussian with variance o2. The teacher weights are drawn i.i.d. from a zero mean
l%
than train the student with gradient descent, we will take a more abstract view and suppose that we
choose the student weights w € R**" according to

02

Gaussian with variance 0. A key parameter of the problem is the signal-to-noise ratio & = ~%. Rather

BaY
2

where v is a regularisation parameter. In the high dimensional regime where PN — oo with load
a = P/N, the normalised generalisation error can be shown to be

£, 72 A 1
o /M)[M+7V+SO+7V TS

where p(A) is the Marcenko-Pastur distribution.

1
w* = argmin,, |y — wX|3 + 1 lul

(a) What is the optimal strength of regularisation to use?

(b) Recall that the unregularised setting yields the double descent phenomenon in which intermediate
amounts of data (o = 1) exhibit the worst generalization error. Reasoning intuitively, would you
expect the optimal regularisation to exhibit double descent as o grows?

(¢) Suppose now that the teacher is noiseless, but we are in a partially observable setting in which the
student can only see a fraction p of the total features in the teacher. That is, the teacher has N
weights as usual, but the student has only ~ pN weights that connect to a fixed subset of the input
vector. What is the optimal regularisation in terms of p?

(d) A potential advantage of being a partially observable student is that such a student contains fewer
parameters compared to the fully observed one. Reasoning intuitively, should the student ever choose
to ignore inputs?

Solution

(a) We differentiate and set the result equal to zero.

' - ;/”(A){(Afﬂﬁs&iw dx (1)

0 = /p(A) {27()\+’7)2272(/\+v)32§()\+»y)3 d\ )

0 = QV(HWQ7272<A+v)*372§@+7)*3 ()

0 = 7(/\+7)*727§ ()

0 = M-3 )
1

T T s
(b) There is no double descent in this case-the regularisation suppresses very small eigenvalues, which
are the source of the problem.
(¢) From the student’s perspective, the unviewed part of the teacher is equivalent to label noise. Let
w € RPN he the teacher weights to the inputs that are not observed by the student, and
& € RU=PNX1 he the vector of those inputs. The contribution to the output on any given example
is € = wa, so

E ~ N(o,w%J(l,p)NwT) (7)
~ N0z LN 0
~ N(0,05(1 ~ p)). (9)

12



2

e =

2
02 (1 — p) has signal-to-noise ratio S = U%((T{ip) = lflp. Because

the optimal regularisation level depends only on SNR and not on «, the change in dimensionality of
the student is irrelevant. The optimal regularisation is therefore v =1 — p.

A teacher with noise variance o

(d) For the noise free teacher, double descent is not an issue. Ignoring inputs adds noise, potentially
causing a double descent peak without proper regularisation.

2. Consider a strange neural network that receives a single scalar x as input and computes its output as
§ = (w3 + w?)x, where wy and w; are scalar weights. We measure the performance of the network using
some per-example loss I(y, §) averaged over a dataset, yielding the total loss

L=y, 9)) -
The weights are updated using gradient flow,
TW; = _ok fori=1,2. (10)
w;

(a) Show that the network’s output is invariant to rotating the weights (that is, consider the two weights
cosf —sinf

§nd  cosf ] to obtain new weights rotated by an angle

as a vector and apply the rotation matrix [
0).
(b) What point is equal to itself after being rotated by any angle?

(¢) Show that this point is a critical point of the gradient dynamics.

Solution
(a) Rotating the weights by an angle 6 yields new weights
wi| |cos@ —sinf| [wy
[wé] o {Sinﬁ cos 6 } [wJ (11)
_ |wicosf —wysind
T |wisin® 4+ wycosf|’

and input-output function

[(w))? + (wh)?|lx = [(wycos® — wysinf)? + (wy sin O + ws cos 0)?]x
= [w?cos? O — wywy cos Osin b + w3 sin® 0

+w? sin? 6 4+ wywsy cos O sin O + w3 cos? 0)x

—_
ot
= D D

= [w] +wi.

(b) The point wy = wy = 0 is always equal to itself when rotated.

(¢) Consider a point a distance e away from the origin. We can rotate this point while leaving the network
function unchanged, tracing out a circle. Regardless of the loss, the gradient must be perpendicular
to the tangent of this circle. Because we can make this circle arbitrarily close to the origin, we see
that at the origin, the gradient must be orthogonal to every direction—which can happen only if the
gradient is zero. Hence the origin is a critical point.

3. Two linear neurons with weights wy,ws € RN and input € RV*! are trained with Oja’s rule
w; = ny; (" — yiw;) fori=1,2, (17)
where 7 is a learning rate. However, we also add inhibition from neuron 1 to neuron 2, such that

= wix (18)
Y2 = walr— w;ryl) (19)
(a) What will the weights of neuron 1 typically converge to?
(b) What will the weights of neuron 2 typically converge to?

(¢) How would you generalise this scheme to more neurons and what algorithm does it implement?

13



(d) Biologically, is this a reasonable scheme?

Solution

(a) For neuron 1, we have

(n) = ny(a" —yw))
= 9 <wlx(xT - wlxw1)>
= 7 <w1m:T - wlx:UTwlTw1>

= nuC — nwleirwl.

Finding fixed points by setting the derivative to zero we have

0 = nuC— r]wlelTwl (24)
0 = wC—wCw w (25)
wC = wlele (26)

such that w; is a left eigenvector of C or zero. We know that from random initializations we will
tend to get alignment to the principle eigenvector wy(t) — ae] . The proportionality constant must

satisfy
= nuC — nwlele 27
= aeede] —adeleihe] ere] 28

= ale] —a’le]

= a(l —a?)

29
30

o O O O

(
(
(
(

— = D —

and so a@ = 1 at the non-zero fixed point. Hence the first neuron’s weights converge to e, the
principle eigenvector of the input correlation matrix.

(b) For neuron 2, eventually the first neuron will have converged to ef. We then have the following
dynamics

(o) = n(ya(z" = yown)) (31)

1 (wa(z —wiy1)(z" — wa(x —w y1)ws)) (32)

= n{wa(z —ere] z)(z" —wa(z — ere] T)wa)) (33)

= nuwo(I —ere] )C —nwa(I —ere] )OI — ere] ) Twy wo. (34)

(35)

From this, we see that the dynamics are driven by a new correlation matrix in which the maximal
eigenvector direction has been projected to zero. Hence by a similar line of reasoning as before, we
know wa(t) — es.

(¢) To generalise this scheme, each neuron j can receive inhibition from all neurons preceding it, such
that its output is

yy=w; | =Y wly |- (36)
k<j
It would compute PCA of the input data.

(d) While it’s possible that some part of the brain could perform an operation like this, it isn’t likely. It
requires precise connectivity such that the inhibition onto the input of other neurons is the transpose
of the feed forward input. Furthermore, it implies that some neurons would be substantially more
active (the higher variance PCA modes) than others, which we don’t see empirically.

4. The brain is not a strict feedforward network. Instead, there are often skip connections that shortcut
layers of the network. Suppose we have a deep linear network with skip connections, that produces its
output as

1 = Wow1 T + WsT (37)
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where wy, w; € R are scalar feedforward weights and ws € R is a scalar skip connection straight from
input to output. Here for simplicity everything is scalar. We train this network to minimize the squared
error averaged over a dataset D,

- <§(y@>2>7). (38)

Suppose the dataset has statistics X% = (yx), and X% = <3:2>D. The weights are updated via gradient
flow,

fori=1,2,s. (39)

lei:—

au}i

(a) What are the gradient flow equations for each weight in terms of ¥¥* and %*?

(b) Suppose we start with an initial condition such that wi(0) = wy(0). Let wy = wow; be the total
weight in the deep pathway. What is wd under the gradient flow dynamics?

(c) Show that 1 log(wq) — ws is a Conserved quantity under these dynamics (that is, its time derivative
is zero).

(d) Use this to argue that ws is the dominant pathway when %% /%% is small, and wg is the dominant
pathway when YX¥* /%% is very large, when the weights are initialized to a small constant value
wq(0) = ws(0) = €.

Solution

(a) The chain rule yields

T = ((y— wowrx + wex)wix)p (40)
= ((yz)p — (wowy + wy) (2%))wy (41)
= (BY — (wawy + ws) X" )wy (42)
;= (BY — (wawy 4+ ws) X% )ws (43)
Tws = XY — (wowy + ws) X7, (44)

(b) When initialized with equal values, w; and w9 remain equal under the dynamics. The time derivative
is

T%wzuﬂ = waTwWy + TWow (45)
= (i +w))(ZV* — (wawy + we)B*) (46)
= 2wowp (XY" — (wawy + ws)X") (47)
= 2wq(XY" — (wg + wg)X") (48)
(c) We have
—llo(w) w —iw—w (49)
Tapp 08\Wa) = Ws = 5 WA T TS

1

= 5y 2wa(B = (wa + ws)TY) — (B — (wa + ws) %) (50)
wq

= 0. (51)

(d) We know that 3 log(wq) — ws = C for some C. Therefore

Vg = ewtC (52)

wg = ePe?s. (53)

We also know the solution manifold is wy + ws = X¥* /%%, Starting from small weights wg = ws = ¢,
the log term will dominate and C' = 1 log(e) — € will approach negative infinity. Therefore w, will be
small compared to w; if the task does not demand large wg + w,s. However if the problem requires
the total weight to grow sufficiently, then w, will grow exponentially compared to ws, eventually
surpassing it. Intuitively, the deep pathway initially makes slow progress compared to the shallow
pathway, but once it gets started, it grows faster.
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