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A distributional symmetry is invariance of a distribution under a
group of transformations. Exchangeability and stationarity are exam-
ples. If the group satisfies suitable conditions, ergodic theory provides
a law of large numbers: Expectations can be estimated by averaging
over subsets of transformations, and these estimators are strongly
consistent. We show that, if a mixing condition holds, the averages
also satisfy a central limit theorem, a Berry-Esseen bound, and con-
centration. These are extended further to apply to triangular arrays,
to a generalization of U-statistics, and to randomly subsampled aver-
ages. As applications, we obtain new results on exchangeability, ran-
dom fields, network models, and a class of marked point processes.
We also establish asymptotic normality of the empirical entropy for a
large class of processes. Some well-known results are recovered as spe-
cial cases, and can hence be interpreted as an outcome of symmetry.
The proofs adapt Stein’s method.

1. Introduction. Statistical models that can be characterized by trans-
formation invariance, or symmetry, include stationary processes [43], graphon
and graphex models of networks [2, 3, 8, 14, 30, 46], the exchangeable ran-
dom partitions that underpin much of Bayesian nonparametrics [23, 40],
and rotation- and shift-invariant random fields [5, 26]. Examples from re-
lated fields are various models for relational data and preference prediction
used in machine learning [36], point process representations of nearest neigh-
bor methods and Voronoi tesselations [22, 33, 39], or self-similar stochastic
processes [28]. Recent advances in spin glass theory rely crucially on ex-
changeable arrays [37].

We consider estimation under such invariant models. For each example
above, a canonical estimator for expectations is known. We explain that
these estimators are special cases of a general class of averages. For such
averages, the ergodic theorem of Lindenstrauss [31] provides what a statisti-
cian would call a (strong) law of large numbers. Starting from this result, we
establish central limit theorems, Berry-Esseen bounds, and a concentration
inequality. We then develop several applications in detail.
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1.1. Overview. The remainder of this section is a non-technical overview
of our approach, and of the main results. For the purposes of this introduc-
tion, we sidestep technicalities: A key quantity throughout is an infinite
group G. We assume for now that G is countable, and postpone general
definitions to Section 2.

Consider a random quantity X and a real-valued function f. The purpose
of this work is to understand under what conditions the expectation E[f(X)]
can be estimated by

(1) Ful£.X) = 27 Spen, F6X)

where Ay, Ag, ... are finite subsets of G. (For uncountable groups, F,, inte-
grates over a compact set A,.) Such averages occur in dynamical systems
[20] and statistical mechanics [38]. Various special cases are used in statistics:

EXAMPLE. (i) Let X be a random field on the grid Z?, i.e. a collection
X = (Xij)ijez of real-valued random variables. Let f be a function that
depends only on the value at the origin, so f(X) = g(Xq) for a suitable
function g. Consider transformations that shift the grid: Each shift is of the
form ¢ = (k,1) for some k,I € Z. If we choose A,, := {—n,...,n}?, then

(2) Ful(f, X) = ﬁ Z(k,l)eAn f((XiJrk,jH)i,jeZ) = m Zm,mgn 9(Xij)

averages g over all locations on the subgrid of radius n around the origin.
Here, G is the group Z? of all shifts, with addition as group operation.

More generally, X is a random object—such as a random sequence, matrix,
field, or graph—and f is a function that typically depends only on “a small
part” of X. The group G is a set of transformations that “move the domain”
of f over X, and A, contains those elements of G that cover a suitably
defined sample, whose size is a function of n. The next two examples choose
A, as S, the set of all permutations of the set {1,...,n}.

ExAMPLES. (ii) Let X = (X3, X2,...) be a random sequence, f(X) = g(X1)
a function of the first entry, and let each permutation ¢ € S, transform X
by permuting entries, ¢X := (X¢(1), - -, Xg(n), Xn+1, Xnt2,--.). Then

(3) Fulfo X) = gy Lpes, [(0X) = 15 Xoea, 9(Xo) = 1 Xz 9(X0) -
In this case, the group is G = U,,S,,, the set of all finite permutations of N.

(iii) Let X be a random undirected, simple graph with vertex set N. Denote
by X[i1,...,ix| the induced subgraph on the vertices iy, ...,7; € N. Let g be
a function defined on graphs with three vertices, and set f(X) := g(X[1, 2, 3]).
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Suppose each ¢ € S,, transforms the graph by permuting the first n vertices,
so (0X)[1,2,...] =X[¢(1),...,¢(n),n+1,n+2,...]. Then F,, averages g
over all subgraphs of size 3 in the finite graph X[1,...,n]:

Fn(fa X) = |S71n‘2¢egn g(X[¢(1)a¢(2)’¢(3)]) = m Zg(X[iaja k]) ’

where the sum on the right runs over all distinct triples 7, j, k < n.

Example (i) is a standard window estimator for random fields [5, 26], and
(ii) the sample average of g over data X, ..., X,,. We revisit Example (iii),
known as the triangle density in network analysis, in Section 8.2.

Tools from ergodic theory. To characterize the behavior of IF,,, we borrow
from ergodic theory: Two key conditions are

(4) (1) ¢X =X and (i) [pANALl/|A, 2221 forallgeG,
where < is equality in distribution. If (4i) holds, X is called G-invariant. If
it also satisfies

(5) P(X € A) €{0,1} for every Borel set A with pA = A for all ¢ € G,

it is called G-ergodic. (Uncountable groups require more general formula-
tions of (4ii) and (5), see Section 2.) The same terminology is applied to the
distribution of X, so a G-ergodic probability measure is the law of G-ergodic
random element, etc. Table 1 lists examples.

To motivate the conditions informally, first observe that F, attempts
to estimate E[f(X)] from surrogate values f(¢X). That should require
E[f(X)] = E[f(¢X)], which is in turn implied by (4i). Any valid estimator
F,, of E[f(X)] must satisfy F,, ~ E[f(X)] in some suitable sense for large
enough n, so it must also satisfy

Fn(f, X) = E[f(X)] = E[f(¢X)] = Fn(f, 0 X) .

That is true if pA,, &~ A,,, which is guaranteed by (4ii). In statistics, this con-
dition was first used by Charles Stein, to characterize groups for which the
Hunt-Stein theorem establishes minimaxity of invariant tests [6]. To moti-
vate ergodicity, consider random elements X and X'. If E[f(X)] # E[f(X")]
for some function f, almost sure convergence F,(f, «) — E[f(+)] can only
hold if there is some Borel set A for which X € A and X’ ¢ A with probabil-
ity 1. In other words: Strong consistency of [F,, for some class of distributions
requires a collection of events that are either certain or impossible under this
class, which is just what (5) requires. In this sense, G-ergodic distributions
form a class for which a (strong) law of large numbers might hold.



This law of large numbers is Lindenstrauss’ ergodic theorem [31]: If (4ii)
holds, and X is G-ergodic,

(6) Fo(f,X) == E[f(X)] almost surely

for any function f with E[|f(X)|] < co. That requires the sets A,, to satisfy
certain additional fine print, but they can always be modified to do so if
they satisfy (4ii). Theorem 1 in Section 2 gives a proper statement.

The theorem can be extended to the G-invariant case. The two cases are
related by a property known as ergodic decomposition: G-invariant distri-
butions are mixtures of G-ergodic ones. More formally, if X is G-invariant,
there is a random element £ of the set of G-ergodic distributions such that
X|¢ ~ & (see Theorem 2 for details). If X is G-invariant, (6) becomes

(7)  Fu(f,X) == E[f(X)|¢] :/f(x)f(dx) almost surely.

For example, a random sequence (X;);ez is stationary if it is Z-invariant
(adding elements of Z shifts the index set). In this case, ergodic decompo-
sition becomes Rohlin’s stationary source theorem [43], and (6) specializes
to Birkhoff’s ergodic theorem. An exchangeable (i.e. permutation-invariant)
sequence is ergodic if it is i.i.d.—see Example (vii) for details. Thus, X |§ ~ ¢
means X is “conditionally i.i.d.”, which is de Finetti’s theorem, and (6) is
the strong law of large numbers.

Result sketch. Our results provide rates of convergence for F,,. Like cer-
tain convergence results for stationary processes, they use a mixing con-
dition to control dependence within X: A typical mixing condition for a
discrete-time process (X1, X»,...) would be that (Xj;, X;), for j < k, is
approximately independent of the tail (Xgin, Xpikt1,...) for large n [4].
Informally, we replace the tail by (f(¢¥X))yeq, for a set G C G, and require

(8) (f(¢1X), f(¢2X)) AL (f(X))ypec | §  approximately

whenever ¢1, ¢p2 € G are far from G. The condition is tailored to second-order
results, hence the pair on the left. Since X|{ ~ £, conditional independence
given ¢ suffices. Section 3 gives a precise definition.

TABLE 1
G-invariant objects X G-ergodic objects & explained by eq. (7) specializes to
exchangeable sequences i.i.d. sequences de Finetti’s theorem [28]  law of large numbers
stationary Markov chain irreducible aperiodic Rohlin’s source thm. [43]  Birkhoff’s theorem [28]
exchangeable graphs graphon models [7, 18]  Aldous-Hoover thm. [29]  graph limit convergence (7]
graphs generated by graphex models [14] Kallenberg’s represen- empirical graphex [8, 46]
inv. point processes tation theorem [29]

exchangeable arrays dissociated arrays Aldous-Hoover theorem Kallenberg’s LLN [27]
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Our first result is a central limit theorem: If E[|f(X)|?>T¢] < oo for some
€ > 0, and the conditional mixing property above holds, then

V1AL (Ba(f,X) —E[f(X)e]) 5 nZ  for Z ~N(0,1) .

The asymptotic variance n? is a random variable, independent of Z, and
constant if X is G-ergodic. That is Theorem 4. If E[|f(X)|**%] < oo, The-
orem 5 bounds the approximation error as
v (V22 (8,1, ) ~ B (X016, Z) < u(Ann)
for a suitable function v and the Wasserstein distance dy. In either case, the
moment condition can be relaxed to € = 0, at the price of stronger mixing.
In Section 5, we generalize F,, along three lines: (i) f and X may change
with n. (ii) Each ¢ may be substituted by a vector of transformations, with
some number k, of elements, replacing G and A,, by G*» and A, (iii) Av-
erages may be subsampled or randomized. In the simplest case, that means
replacing A*" by a random subset f&n, and generalizing F,, to

@n(men) = ITIn\ Z¢€An fn(ngn) - E[fn(Xn)|fn] .

~

More generally, F,, is defined by a random measure p, on AF» so that
random subsets are the special case where p,, is uniform on _Kn Our main
results are a central limit theorem (Theorem 9) and a Berry-Esseen bound
(Theorem 10) for F,.. We use the result for k,-tuples to formulate a class of
generalized U-statistics (Corollary 11).

Since certain asymptotic properties of i.i.d. sequences generalize to G-
invariant objects, it is natural to ask whether finite-sample properties do so,

too. Section 6 gives a concentration inequality of the form
P(F.(f,X)>1) < 2¢7  forallt>0),

for certain constants w,, where P denotes probability under the joint distri-
bution of X and the (possibly randomized) average ﬁn

The remaining sections cover applications. One way to use Theorem 9
is to compute F,, only over a subset of A,,. Section 7 gives two specific
examples. Section 8 states a general central limit theorem for exchangeable
random objects, Theorem 16, and covers applications to graphon-, graphex-,
and stochastic block models. Section 9 considers a class of marked point
processes, known as random geometric measures, whose value at a location
can depend on points nearby. Section 10 concerns entropy: The entropy of
a stochastic process is a limit, and Lindenstrauss [31] has generalized the
Shannon-McMillan-Breiman theorem to show its existence for a large class
of processes. Theorem 22 characterizes asymptotic normality.



2. Background and definitions. Throughout, G is a group, with
identity element e. By X, we always mean a standard Borel space, with
Borel g-algebra B(X), and by P(X) the space of probability measures on X,
topologized by weak convergence. For a random element X of X, and p > 0,
define the norm || f||, := E[|f(X)[P]'/? for measurable functions f : X — R.
The set of functions with || f||, < co is denoted Ly(X). By f € L,(X), we
refer to a function f, rather than an equivalence class.

2.1. Conditions on the group. To explain the estimator (1) for an un-
countable group G, we must define a topology and a measure on G. Finite
sets then generalize to compact ones, and sums over group elements to in-
tegrals. To cohere with group structure, the topology must make the group
operation continuous. If that is the case, and the topology is locally com-
pact, second-countable, and Hausdorff, or lcscH, then G is a lescH group.
If G is countable, the discrete topology is lcscH, and G is a discrete group.
We always equip G with its Borel o-algebra B(G). On every lescH group,
there is a o-finite measure |« | that satisfies

(9) lp~LA| = |A| for all ¢ € G and A € B(G) ,

called a Haar measure. It is unique up to positive scaling, so c|«| is again
a Haar measure for ¢ > 0 [28]. If a set A C G is compact, then |A| < co.
Informally, Haar measures generalize volume, and (9) shows that a set can
be shifted without changing its volume. Examples of Haar measures are
Lebesgue measure on the groups (R",+), for » € N, or counting measure
(cardinality) on a discrete group. Our results do assume a specific scaling ¢,
but in examples we always choose |+ | as cardinality if G is discrete.

Like volume, distance can be defined in a shift-invariant way: If G is lcscH,
there exists a metric d on G that is left-invariant,

(10) dig e, p7le) =d(e, ) forall p € G .

We write Bi(¢) := {¢ € G|d(¢, ¢) < t} for a metric ball centered at ¢, and
abbreviate by B; := By(e) a metric ball around the identity. One can always
choose a left-invariant metric on G such that B,, “grows evenly” with n,

(1) Bt =0,

see [32]. If G and A are sets in G, we write GA := {¢p9p|p € G,y € A}. A
Fglner sequence is a sequence of compact sets Ay, Ao,... C G such that

|GAn N An| nooo
|An|

(12) 1 for every compact G C G .
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If G is discrete, its compact sets are the finite sets, and (12) is equivalent
to (4ii). A lescH group that contains a Fglner sequence is called amenable
[20]. A Fglner sequence is tempered if

(13) ‘Uk<nA’;1An| < clA,| for some ¢ >0 and alln € N ..

Not every Fglner sequence is tempered, but every lescH group containing a
Folner sequence also contains one that is tempered [31, Proposition 1.4].

CONVENTION. We use the shorthand nice group for an amenable lcscH
group G equipped with a metric d satisfying (10) and (11).

EXAMPLES. (iv) The group S of all permutations of N with finite support:
Define S,, as the group of permutations of {1,...,n}, and Ss := UpenSy.
The canonical metric on S is

(14)  d(¢,¢') :=min{n e N|gp(n,n+1,...)=¢'(n,n+1,...)}.

The sequence (S,) is a tempered Fglner sequence: Each ¢ € G is in S,
for n sufficiently large, so ¢S, NS, =S, eventually, and (4ii) holds. Since
SI;ISH = S,, whenever k£ < n, the sequence is tempered.

(v) The shifts of the r-dimensional grid Z" form the group (Z",+): An
element j of the group shifts a grid point i to i + j. Its canonical metric

(15) d(i,j) = min it — Ji|

is left-invariant and satisfies (11). The balls B,, = {-n,...,n}", for n € N,

form a tempered Fglner sequence, and so do the sets {1,...,n}".

(vi) Similarly, (R",+) is the shift group of R". Lebesgue measure is a Haar
measure, Euclidean distance is a left-invariant metric satisfying (11), and
the balls B,, and the sets [0,n]" both form tempered Fglner sequences.

Recall from the introduction that |A,| can be interpreted as sample size.
If G is compact, |A,| < |G| < co. It is hence essential for asymptotics that
G is not compact. Examples of nice, non-compact groups include the groups
above, the group (Rsq,-) (which characterizes self-similarity of stochastic
processes), the group of translations and rotations of a Euclidean space, and
discrete and continuous Heisenberg groups [12]. See [20, 32] for more.

2.2. Invariance and ergodicity. We now let elements of G transform ele-
ments of a space X. We must specify what that means: Permuting a matrix,
say, could mean permuting rows, or columns, or entries. This specification is
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called an action: A measurable action of G on X is a jointly measurable
map (¢, z) — Ty(x) that satisfies

(16) T.(z) =2 and Tuy(x) =Ty(Ty(x)) forzeXand ¢, ¢ €G.

The conditions ensure that the set of transformations Tj defined by G on X
is itself a group. We usually simplify notation and write ¢(x) := Ty(x).
A random element X of X with distribution P is G-invariant if

d

p(X) = X or equivalently P=Pog¢ ! for all p € G .

We then call P a G-invariant measure. A Borel set A € B(X) is almost
invariant if P(¢pA A A) =0 for all ¢ € G and all G-invariant P, where A
denotes symmetric difference. The almost invariant sets form a o-algebra
0(G), and we abbreviate conditioning on o(G) as

E[+[G] := E[+]o(G)] and P(+|G) = P(+|o(G)).

A probability measure is G-ergodic if it is G-invariant and P(A) € {0,1}
for all A € o(G). This condition is equivalent to (5) if G is countable [20].
A random element is G-ergodic if its distribution is.

2.3. Estimation. We now come to the general form of the estimator (1).
For a group G acting measurably on X, a Fglner sequence (A,,) on G, and
a Borel function f on X, define

Bulf.2) = iy [ £0w)ldo]

If G is discrete, F,, simplifies to the sum (1). The cornerstone of our work
is a remarkable result of Lindenstrauss, which concluded a long line of work
by Ornstein, Weiss, and others [e.g. 47].

THEOREM 1 (E. Lindenstrauss [31]). If a random element X of a stan-
dard Borel space is invariant under a measurable action of a nice group, and
if (Ay) is a tempered Folner sequence, then

(17)  Fo(f,X) =25 E[f(X)|G] almost surely for all f € Li(X),
where E[f(X)|G] = E[f(X)] almost surely if X is ergodic.
Where convenient, we center F,, around the limit as

(18) Fn(f, X) = Fn(f, X) - E[f(X)|G] .
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The next result gives an interpretation of the limit: If X is invariant, it can
be generated by selecting an ergodic measure £ at random, and then drawing
X from &. The limit E[f(X)|G] is the expectation of f under the instance
of the latent measure ¢ that has generated X.

THEOREM 2 (Ergodic decomposition, Varadarajan [45]). If a lcscH group
G acts measurably on a standard Borel space X, the set of G-invariant prob-
ability measures is a convex subset of P(X). Its set of extreme points is the
set E of G-ergodic measures, and is measurable. A random element X of X
1s G-invariant if and only if there is a random element & of E such that

(19) P[X € «|G] =¢&(-) almost surely,

and hence P(X € «) = [pm(+)P(¢ € dm). The distribution of £ is uniquely
determined by that ofX

Thus, conditioning on ¢(G) means conditioning on f If P is ergodic,
then £ = P almost surely, and E[f =[f(z = E[f(X)]. The re-
sult is related to theorems of Krein—Milman and Choquet which generalize
a property of polytopes—every element is a convex combination of extreme
points—to certain compact convex sets [1]. In Theorem 2, the convex set is
that of G-invariant measures (which is not required to be compact), and one
can read the integral below (19) as a generalized convex combination.

EXAMPLES. (vii) Let X be the space RY of real-valued sequences. Define an
action of the permutation group Soo as () := (Tg(1), Tg(2), - --), for z € X
and ¢ € Soo. An exchangeable sequence is a So.-invariant random se-
quence X = (X;)ien. It is ergodic if and only if it is i.i.d., a fact known as
the Hewitt-Savage 0-1 law [28]. It follows that £ factorizes as & = £, for
some random probability measure & on R. Theorem 2 then takes the form

P(X €)= /P(RN)m(.)P(g e dm) = /P(R) mEN()P(&o € dmy) ,

which is de Finetti’s theorem [28]. Let f(x) = g(z1) be a function of the first
sequence entry, as in (3). Theorem 1 becomes

%Zd,egn floX) = %ZZS” 9(Xi) 2 Rg(wiiﬁo(dl“i) a.8.

For ergodic X, this is the strong law of large numbers for i.i.d. sequences.
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(viii) Fix r € N, and set X = R?". An element z = (;);ez- of X is hence a
scalar field on an r-dimensional grid. Define an action of G = Z" on X as

d(x) = (Tito)iczr for any x = (x;) €e X, 0 € Z" .

A stationary random field is a Z"-invariant random element X of X.
Recall from Example (v) that A,, = {—n,...,n}" defines a Fglner sequence.
Write Q,, := {—n,...,n}" to distinguish the subset Q,, of the index set Z"
from the subset A,, of the group Z". Since 2, is the image Q,, := A, (0,...,0)
of the origin, (12) can be rephrased in terms of the index set, as

10|/ || =250 where 9, = Q\Qp_1 -

In this form, the condition is well-known in statistics [5, 26]. For a function
f(z) = g(xo,...0) at the origin, F,, is given by (2). We also noted already that
A, can alternatively be chosen as {1,...,n}". For the case r = 1 of station-
ary sequences, Theorem 1 then takes the formn=! 3" | g(X;) — E[g(X1)|G],
which is Birkhoff’s ergodic theorem [43].

3. Conditional mixing. This section formalizes the mixing condition
sketched in (8). The term mixing is broadly applied in the literature to
conditions using terms of the form |P(A)P(B) — P(A N B)| to quantify de-
pendence. Their strengths and purposes vary—Bradley [10], for example,
surveys the wide range of mixing conditions used with stationary processes.
Our notion of mixing resembles that used in random field asymptotics [5, 21].
Ergodic theory defines mixing conditions to verify ergodicity, which are typ-
ically much weaker [20].

Consider f € Lj(X) and a set G C G. The events in X that can be for-
mulated in terms of (f(¢X))secc form the o-algebra

0(G) :=0(f 09,6 € G) = 0 (Uyea(f 0 ¢) 'BR))

where B(R) is the Borel o-algebra of R. Write B¢(G) := UgeBi(¢). The
set of group elements whose distance from G exceeds t is G\ B¢(G). The
relevant set of events is then

C(t) = {(A,B) € O‘f(qbl,(bz) ® Uf(G)|G CG,¢p1,00 € G\Bt(G)} .
The mixing coefficient for f and P is the function

a(t):= sup |P(A)P(B)—P(AnB)| fort>0,
(A,B)eC(t)
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and P is mixing with respect to f if a(t) — 0 as t — oco. Similarly,

a(t|G):= sup E[|P(A|G)P(B|G) — P(ANB|G)|] fort>0
(A,B)eC(t)

is the conditional mixing coefficient, and P is conditionally mix-
ing if a(t|G) — 0 as t — co. Both coefficients are decreasing in ¢, since
C(t1) C C(t2) if t1 < to. Mixing implies conditional mixing:

LEMMA 3.  The mizing coefficients satisfy a(k|G) < 4a(k) for all k € N.

The first example below shows that the converse need not be true. The
second example describes a case where both properties hold.

EXAMPLES. (ix) Any exchangeable sequence X = (X1, X, ...) is condition-

ally mixing with respect to f: (x1,x2,...) — x1: By de Finetti’s theorem,

its entries are conditionally independent. For subsets F, G C N, that implies
(XiJier 1L (Xj)jec |G if min Ji—j] =1,

and hence a(k|G) = 0 for all £ € N. It need not be mixing: Draw once from

a random variable Y, and set X; := Y for all ¢ € N. Then X is exchangeable,
but dependence of X; and X; does not diminish as i grows.

(x) Let X = (Xj)jezr be a stationary random field with the Markov property,
Xi WL (Xj)jeza fiy | (Xj)jem, ) for each i € Z". The requirement

¥:= sup sup |P(Xo € A|X; € B)— P(Xo € A)| < 5,
id(i,0)=1 A, BEB(X)

is known as the Dobrushin condition [21]. If it holds, X is mixing with re-
spect to all coordinate functions: There are positive constants ¢; and ¢ such
that a(k) < cie=F for all k € N [e.g. 21, 8.28]. By Lemma 3, that also im-
plies conditional mixing. In general, if (X;) is a stationary sequence, a(:|G)
can be bounded by the classical a-mixing coefficients [e.g. 10].

(xi) If X is conditionally mixing for f, it is for g o f, for any function g.

4. Basic limit theorems. The central limit theorem requires condi-
tional mixing and a second-moment condition. The strength of each can be
traded off against the other: The next two theorems assume either

200 (i) E[f(X)? < oo (i) a(K|G)=0 for some K € N,
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or that there exists an € > 0 such that

@) () EF(X)*F <00 () [ ald(e6)|6)7 6| < oo

where e is the identity element of G. If G is discrete, (21ii) simplifies to
> nent Bt \Ba| a(n|G) 75 < oo

We note only en passant that the quantity |B,+1\By| plays a crucial role
in group theory, where it is known as the growth rate of G [32].

THEOREM 4. Let G be a nice group with tempered Folner sequence (Ay,),
acting measurably on a standard Borel space X. If a G-invariant random

element X of X and a function f : X — N satisfy either (20) or (21), then

(22) VIAW] (Fu(f. X) —Ef(X)G]) % 9Z  for Z~N(0,1).

The asymptotic variance n? is a random variable that can be chosen inde-
pendently of Z as

= [2@lddl  for n*(e) = E[F(X)f(6X)|G],
and satisfies n* < oo almost surely.

The rate of convergence in Lindenstrauss’ theorem is thus |An|_%, and
depends only on the Fglner sequence. The action does not affect the rate, but
the mixing coefficient and constants. The ergodic decomposition property is
visible in the independence of n and Z: Theorem 2 shows E[+|G| = E[« [¢],
so 1 is a function of &, and constant if X is G-ergodic. Informally, the ran-
domness of Z is due to X|¢, that of 1 is due to &.

The left- and right-hand side in (22) can be compared in terms of the
Wasserstein distance dy. For two random elements Y and Y’ of R, this is

dw (YY) = Sup E[R(Y)] - B[R],

where £ are the Lipschitz functions on R with Lipschitz constant 1 [e.g. 41].
We denote normalized moments of f by
—w[ LX) P X
spi=E[| 5[] = |57, forp>0.

The bound in the next result depends both on the value of the integral in
(21ii), and on the decay of its tail, and we define

(23) (b) == /@\B,, ald(e, 8)|G)T= |dg|  forb>0.

Condition (21ii) then amounts to 7(0) < cc.
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THEOREM 5. Let G be a nice group with tempered Folner sequence (Ay,),
acting measurably on a standard Borel space X. Choose a G-invariant ran-
dom element X of X, and a function f that satisfies (20) or (21). Let Z and
n? be the limiting normal variable and asymptotic variance in Theorem 4. If
(20) holds, and K € N is the smallest number for which a(K|G) = 0, then

v/ — A, ABKA
do (VAL (1,%).2) < wy Bn 0 Bichal 1z

‘An’ V |An’

for constants k1 and k2 of order k1 = O(s3) and ke = O(max(s3,1)|Bg|?).
If f satisfies (21) for some e > 0,

|An| = |A, N By, Ap| | k4|By,|

+
|An‘ V ‘An|

for any sequence by < ba < ... of positive scalars. The constants are of order
kg = O(s3,.) and k4 = O(max(s} o, 1)7(0)).

dw<@ F(,X), Z) < rar(ba) + s

Here, O(+) is the Landau symbol for majorized convergence. The choice
of (by,) trades off |By|, which increases with b, against 7(b), which decreases.
EXAMPLE. (xii) Let X be an i.i.d. sequence, and hence exchangeable and
ergodic. For f € La(X7), we have a(1|G) = 0, and Theorem 4 is the elemen-
tary central limit theorem. Theorem 5 is the Berry-Esseen bound [e.g. 41]:
The coefficient of x; satisfies A, AB1A,, = O(1/n), and the second term
collapses to 1/4/n.

A less elementary application is a real-valued random field (X4)scc that
is stationary, i.e. invariant under the group G acting on the index set G. For
the groups Z" and R", for instance, substituting into Theorem 4 yields:

COROLLARY 6. Let X = (X4)gpec be a stationary random field, and f a
real-valued function that satisfies (21). If G = (Z",+) for some r € N,

\/77<% ZiG{O,...,n}r f(X3) — E[f(X)\ZT]) = nZ as n — 0o
Jor n? =10 E[f(X0) f(X3)|Z7]. If G = (R", +) instead, then

Vi (3 [, SOl = EFCOIRTY) 5 92 asn o0,

where n* == [o, E[f(X0)f(X¢)|R"]|dt|. In either case, n 1L Z.
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The case G =Z" is Bolthausen’s central limit theorem [5]. Thus, The-
orem 4 implies a generalization of Bolthausen’s theorem to random fields
indexed by nice groups, as the second case illustrates. If X satisfies the
condition ¥ < 1/(2r) in Example (x), it is conditionally mixing with re-
spect to each coordinate function, and the corollary holds for all functions
f(X) = g(Xo) with g € Ly (Xo).

If we quantify the approximation error using Theorem 5, additional prop-
erties of the group play a role, and we hence consider a specific class: (Z", +)
is a so-called finitely generated nilpotent group of rank r. Such groups are
nice, and each contains a finite set called a generator. The minimal number
of elements of this set required to transform one group element into an-
other is a metric, the word metric, whose metric balls B,, satisfy (12) and
1/|Bn| = O(n™"). We refer to [32] for proper definitions. Substituting into
Theorem 5 yields:

COROLLARY 7. Let G be a finitely generated, nilpotent group of rank
r € N, and set A,, := B,, for the word metric of a finite generator. If there
exist £,8 > 0 such that a(k|G) = O(k~"19)) and f(X)/n € Lyyo.(X), then

Ay —r r
du (VL (B (£, X) — E[F(X)[G]), Z) = O™/ @) for 7~ N(0,1).

For G = Z", the unit coordinate vectors in Z" are a finite generator, and
the word metric it defines is (15).

5. Generalized limit theorems. The results in this section extend
the basic limit theorems above: Let 0 < k1 < kg < ... be integers. We now
permit f and X to depend on n, substitute elements of A, by k,-tuples,
and randomize averages by subsampling or randomly reweighting A,,.

For each n € N, let X, be a random element of a standard Borel space
Xy, and f, : X,, = R a measurable function. If G is a nice group with Haar
measure |«|, the product space G*» is a nice group with Haar measure
| «|®kn . Similarly, if (A.,), is a tempered Fglner sequence in G, so is (AZ") k
in G*». To randomize averages, let p,, be a random measure on G*» that
satisfies

(24) (i) pp is o-finite (ii) fin(AFm) >0 almost surely.

(Formally, we equip the set of o-finite measures on G*» with the o-algebra
generated by the maps u +— p(A), for all Borel sets A C G*». The resulting
space of measures is standard Borel [28]. By a random measure, we mean
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a random element of this space.) Let T, : G x X,, — X,, be a measurable
action of G*~, and write

¢x =To(¢1, ..., ¢, x) for z € X, and ¢ = (¢1,...,¢x,) € G .

The diagonal action associated with T,, consists of all transformations

(25) by )z =Tu(d,...,0,2) forpeG.

The notion of invariance assumed in this section is
(26) (f,...., )X, =X, forevery ¢ € G and ¢ € G* .

That is a stronger requirement than diagonal invariance, but weaker than
T,-invariance. To define conditioning, we denote by 0, (G) the o-algebra

on(G) :={A C X,, Borel | (¢,...,¢)A = A for all ¢ € G},

and abbreviate E[«|G] := E[+|0,(G)] and P(+|G) = P(+|o,(G)). We then
consider the random, conditionally centered average

=~ 1
(27) Fn(fnan) = W/Aﬁ" fn(¢Xn) - E[fn(¢Xn)|G] :un(dqb)

If kp =1, and py(+) = [+] for all n, and if all X;, and all X,, are identical,
we recover 0,(G) = o(G) and F,, = F,.

5.1. Mizing. To formulate mixing, we modify the definitions in Section 3:
Again consider two elements ¢ and ¢’ and a subset G, now all in G*». We
measure how close the entries ¢; and ¢}, are to the remaining entries of ¢ or
@', or to any entry of vectors in G. To do so, we define the set of “all other”

entries, & (¢, ¢, G) = {¢;li #i}U {qb;]j #k}U{rmj|m € G,j <k}, and
(28) Sik(¢, @', G) == inf {d({¢i, ¢p}, ) |V € Ein} -

For the given function f,, we then define the set of events
Ciw(t) = Jop, (@) ® 0y, (¢) @ 04,(G)

where the union runs over all pairs (¢, @’) and all measurable sets G in
G with 6, (¢, @', G) >t. Recall that the conditional mixing coefficient was
defined in terms of P(+|G). Using Lindenstrauss’ theorem, P(+|G) can be
written as

P(+|G) = E[I{X€+}/G] = lim ﬁ/AmH{qﬁXG < Ydo| .

m—o0
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To measure the effect of transforming only by the ith and kth coordinate,
we substitute this by

. 1
Pi(AA) = Tim g [ e X € A, ey Xo € ANy
where e; 4 1= (e,...,e,1,e,...,e) has k, dimensions and 1 is the ith coor-
dinate. We then define the marginal mixing coefficient

a,(t|G) := sup sup |P(A, A', B|G) — E[P, 1 (A, A)I{X,, € B}|G]] .
i<kn (A,A",B)eC; (1)

Choosing (kn, fn, Xn) as (1, f, X) for all n recovers ay,(|G) = a(+|G). The
coordinate-wise definition suggests marginal should be weaker than condi-

tional mixing. If we make definitions comparable by considering processes
of the form X,, = fi(f(¢1X),..., f(¢r, X)), that is indeed the case:

PROPOSITION 8.  Let X be G-invariant, f € Li(X), and set X,, = RF».
Then the conditional mizing coefficient of (f(¢X))pecc and the marginal miz-

ing coefficient of (fn(f(01X), ..., f(Dk,X)))pecrn satisfy an(+|G) < a(+]G).

5.2. Spreading conditions for randomization. The random measure pu,
should not concentrate on a subset of A¥» that is “too small”. That is
formalized as follows: For A € B(G?*#7) and any measure v on G*», define

1

T.(A,v) = m

/i 1, (6.9) € A)(dg)v(d)

Consider the random variable

1

2 o
DA = s [ (6.9 € A ().

Informally, one would expect the integrals

1 9  Tu(A, pn)
,Un(Ayl?Ln) /Aﬁ” Fn(A7¢)Mn(d¢) - Tn(A, ‘ . |®k")

to be bounded if u,, spreads out its mass sufficiently. As p,, might be discrete
even if the Haar measure is not, bounds should be formulated only in terms
of “sufficiently large” sets A. We define the family of such sets as

¥, = {A € B(G*) | A'is connected and [pry(A)| > 1 for all k < 2k, } ,
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where pr;, denotes projection on the kth coordinate. A weak notion of bound-
edness suffices for asymptotic normality: We call the sequence (u,) well-
spread if the variables I'2 are uniformly integrable for large sets,

e, Hz@A L34, OU(TA(4,9)| = B)dpun(9)|| == 0.

A Berry-Esseen bound requires a stricter bound and a fourth-order condi-
tion: We similarly define

1
T:L(A> V) = M /A%kn H((¢17¢27¢3’¢4) € A)V®4(d¢17d¢27d¢33d¢4) )

now for subset A of and a measure v on G*, and

¥r = {A € B(G*)

A is connected and |pry,(A)| > 1 for all k < 4k, } .

We call (uy,) strongly well-spread if

T, (A, p1n)
T (A, |« |®Fn)

S:=supS" < where S™:= sup
n

)
Aexy, ‘1

with spreading coefficient S. Since the existence of higher moments im-
plies uniform integrability, strongly well-spread implies well-spread. Either
condition can be applied to a random measure g by applying it to the se-

quence (i)nen-

EXAMPLES. (xiii) Let IT be a Poisson point process on G*, for some k € N.
Then the random measure p(s) := |[IIN «|®¥ is strongly well-spread if

E[|TI N A|®¥]
SuP AR
AEB(GH), APk <o |4l
(xiv) Let G be discrete. For each n, let II,, be a point process on G with
IL, VAR [ (T, NAR [ =m) = (21,...,9,) forallmeN,

where the ®; are drawn uniformly with or without replacement from Afl".
Then g, () := |II,, N «|®*» defines a strongly well-spread sequence.

5.3. Results. 1If the dimension k, grows with n, we must quantify how
much f, changes with n: For p > 0 and i < k,,, define

cip(fa) == sup  gllfacd—fao(e...,e;i,e,....0)p ],

PeG,peGhn
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where 9 is the ith coordinate. Hypotheses (20) and (21) are then replaced
by one of the following conditions: Either

(29) (1) s%p an(K|G) =0 (ii) sup > cia(fn) < o0

" i<kn

(iii) (fn(¢Xn)2)¢€Gkn is uniformly integrable

holds for some K € N, or

(i) sup/ an(d(e, 9)|G) 2+6|d¢\ < 00 (ii) sup > ¢ioye(fn) < 00

n i<k,
(iif) ( fn(¢Xn)2+5) peghn 19 uniformly integrable

holds for some ¢ > 0. In either case, (iii) implies (ii) if the sequence (k) is
bounded. To assemble the asymptotic variance, set

Feo,i(¢) := lim /fn (D1 s i1y, Dis1r - - b ) Xin) || 1

m—300 |Am\k
pEALT

Let i, be the ith coordinate marginal of j,,, scaled to u},(A,) = /]A,],

V1AL
)= nAna"'aAna'7An7"'vAn )
o) = A )

and set

= Y / B[ Foo,i(€)Foos (6714) | G] ph (d0) 12 (d)) -
ISR A B (6
The central limit theorem then takes the following form:

THEOREM 9. Let (X,,) be invariant in the sense of (26) for each n, and
let (un) be well-spread and independent of (X,,). Assume either condition

(29) or (30) holds. If ky, = 0(\An|%), and if the limits

-~ p L2
Nnm — Mm AS L — 00 and Nm —— N a8 m — 00
exist, then
™ d
|An’Fn(fn7Xn) — 772 asn — oo,

for an independent standard normal variable Z.

The Berry-Esseen bound in Theorem 5 generalizes similarly:
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THEOREM 10. Assume the conditions of Theorem 9 hold, and require
that (wy) is strongly well-spread. If condition (29) holds for some K € N,

(P55, 2) < m s

where k1 = O((S" A1) (X cia)® A1) Bil|?). If (30) holds instead, set

7737]( —n?
n?

Ra(b) := Yoy [Best \ Belan(t|G)2F  forbeN.

Then for any sequence 0 < by < by < ... of integers,

Anl K2By,| ([T, — 1
d (FFTL nanaz> < HRn bn + K n n +‘ bn, H
P B B S e T T

with Rog = O((ZZ Ci72+5)2(8n/\ 1)) and R3 = O(((Zz Ci74+26)3/\1)(8n/\ 1)Rn(0)) .

If we choose (kn,Xn,ﬁ‘n) as (1, X,T,) for all n, the conditions specialize
0 (20) and (21), and the results to Theorems 4 and 5.

5.4. Generalized U-statistics. The generalized notion of invariance de-
fined in (26) allows us to formulate a useful generalization of U-statistics,
denoted Xy in the next result. Substituting these into Theorem 9 shows
they are asymptotically normal:

COROLLARY 11. Consider a G-invariant random element Y of X, a
function h : Xk - R, and set Xy = h(1Y, ..., Y) forap e G*. Suppose
there is an € > 0 for which the conditional mixing coefficient of Y satisfies
Jo @2 (d(e, 9)|G)|d¢| < oo, and (X,?/j_a),lpe(gk is uniformly integrable. Then

1_
Auli ™ [ (X — EIX4 Gyl = nz

n

forn 1l Z and Z ~ N(0,1). If we denote

Hi(¢):= lim /th i1 it sy, [ A+ | d¥pi || dipiga |- - - |dipy]

m—00 |A7’n|k 1
Akt

the asymptotic variance is n* = D i<k Jo Cov[H;(e), Hj(¢)|G]|dg|.
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To clarify the relationship to U-statistics, recall that a U-statistic for an
i.i.d. sequence (Y;);cz are usually defined in one of two ways, as

n\— 1
Un = (1) 732 h(Vpqays-- o Yoy) o8 Vai=-r S0 (Vi %)

PES, i1,eyip<n

The definitions are equivalent in the sense that \/n(U, — V;,) — 0 in prob-
ability [42]. The corollary shows n~/2(V,, — E[V;]) < nZ, if we choose G
as Z and A,, as {1,...,n}. Note h(Y;,,...,Y;, ) satisfies the invariance (26),
but is not ZF-invariant, since arbitrary shifts may break independence of
(Y;) by duplicating indices.

6. Concentration. The theorems above show that certain asymptotic
properties of i.i.d. processes generalize to symmetric random objects. We
show next that certain finite-sample properties generalize similarly. We use
the definitions of Section 5, but somewhat restrict the spaces and functions
involved: Fix two Borel spaces X and Y, two sequences (f,) and (gp) of
measurable functions f,, : X = Y and g, : Y* — X, and let (X,,) be a se-
quence of G-invariant random elements of X. We consider concentration for
quantities of the form ¢, (fn(¢1Xn),- - ., fu(@r, Xn)). To this end, define

Y™ = (Yf)gec where Y] := f,(¢X,).

That implies (Y') = (Y)y) for ¢ € G. We again work with (conditionally)
centered averages: For ¢ = (¢1,..., ¢, ), set

ha(®Xn) = gn(Yf,, o Ve ) = Elga (Y], ..., Y |G for ¢ € G* .

The average @n, as defined in the previous section, is then

~ 1
Fo (s X) = [ n@X)ad)
( ) fin (ART) J Ak (@Kt (09)
A function f:Y* — R is self-bounded if there are constants d1,. .., d,

the self-bounding coefficients, such that

1
SIFG) = FEO < X2 0il{ws # a3} for all x,x" € YY",

see e.g. [9]. We call f uniformly L;-continuous in G if

sup If(pX,) — f(YX,)]1 — 0 ase—0.

papeCH
d(¢i,ihi)<e for i<k
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We measure interactions within a process Y = (Yy)gcc as follows: Write £
for the law of a random variable, ||+ ||ry for the total variation norm, and
abbreviate Y4 := (Yy)y+e- If G is countable, define

A[Y] = Zqﬁe@\{e} Sup@ HE(YYE‘Y#G = X;ée) - E(}/e|y;£e = Y;ée)HTv
X, y€Y
e

If G is uncountable, we discretize: For € > 0, a set C' C G is an e-net if

() eeC (ii) d(¢,¢) > € for ¢,¢' € C distinct (iii) ¢%JCBE(¢) =G.

By a decreasing sequence of nets, we mean a sequence (C;);en, where C; is
an €;-net and ¢; — 0. Define

plY] := sup (1 — lim 1- A[(Y@qﬁe@])

1—00 |Be,‘

where the supremum is taken over all decreasing sequences of nets for which
the limit on the right exists. Discretizing continuous processes on nets is a
standard tool in the context of concentration inequalities [see 9, Chapter
13]. Note that p = A if the group is discrete. For G = Z, it is known as
the Dobrushin interdependence coefficient [44]. A continuous example is a
Markov process Y = (Y;)ier on G = R, where

o1
plY] = lim - sup ||[L(Yo|Y: =2) — L(Yo|Y: =y)||rv -
t—oo t z,yER

THEOREM 12. Let (A,) be a tempered Folner sequence in G, let (¢;)
be the self-bounding coefficients of hy,, and require that (hy) is uniformly
L1 -continuous in G. Define

s sup |An|n (AL X (BN A< AR | Aln)
" j<k, BEB(G) |BN A, '

Then

P(@n(hn,Xn) >t) < 2E<exp(— (ti p[kyz]))’;:f; tQ)) forallt > 0.

The coefficients 7, are only required if averages are randomized. If (u,)
is non-random, the statement can simplify considerably. For example:
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COROLLARY 13. If pi, = | «|®F almost surely for each n, then

P(Fp(hn, Xn) > t) < 2eXp(—wt2> fort >0 andn € N.

(Xick, ¢i)?

Theorem 12 implicitly assumes fairly strong mixing: If G is discrete, for
example, then a(n|G) < cia(n) < coA[X] for some positive constants ¢; and
co and all n € N. The mixing condition is hence no weaker than that required
in the asymptotic case, and conditioning on X, in the definition of A[X]
means it is typically stronger.

7. Approximation by subsets of transformations. According to
Theorem 9, F,, may be computed using only a subset of A,. We briefly
discuss a few cases in more detail. First suppose we “factor out” a compact
subgroup K of G to obtain a subgroup H, and then compute F, using a
Fglner sequence of H. For exchangeable sequences, factoring Si out of S
amounts to including only every kth observation in the sample average, so
rates slow by a constant. The general behavior is similar:

ProprosITION 14. Let G be generated by the union of a non-compact
group H and a compact group K, and let (Ag) be a Folner sequence in
H. Then A, := AFK is a Folner sequence in G. If X is G-invariant, and
f € Lao(X) satisfies (21) with respect to G, there exist random wvariables
N,y € La(X) and an independent standard normal variable Z such that

T [y U(6X) ~ELF(X)[G])ds| 0,2
and 7o o, (F0X) ~E(X)[G]) o] 0z
The ratio B := m%ﬂ is given by

# 1= [ [BIFX)G6X) - FwoX)@lavlidd] as

For example, let X = (X};)icrr be a continuous random field that is both
shift- and rotation invariant—formally, that is R” x OQ,-invariant, where O,
is the (compact) orthogonal group of order r. Factoring out O, means one
averages only with respect to shifts. Convergence then slows by a factor

(31) B —1= B0 [ [ (X +0)— f(6X +0))dolldo]

One might also discretize A, (e.g. to avoid integration), or subsample it. For
example: A tempered Fglner sequence in R” x Q) is given by ([—n,n|" x O,),
[32]. If we discretize [—n, n]" deterministically, and O, at random, we obtain:
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COROLLARY 15. Let X = (Xy)terr be a random field invariant under
rotations and translations of R", and require (21). Fix m € N. For z € Z",

let ©3,...,07, be independent, uniform random elements of Q.. Then
1 . d
—— > (f(&j(X +2)) —E[f(X)C]) = nuZ
m (2n) z€{-n,...n}"
Jj<m

as n — 00, for an almost surely finite random variable n,, 1L Z. Relative to
F,, defined by integration over the entire set [—n,n]” x O, convergence slows
by a coefficient B2, — 1 = (82 — 1)/(2m?n?2,), where 3 is given by (31).

If the random rotations @j- are not independent—for example, if one gen-
erates m rotations once and uses them repeatedly—the rate may slow.

8. Applications I: Exchangeable structures. A particularly com-
mon type of distributional symmetry is permutation invariance, often re-
ferred to as exchangeability. It can broadly be categorized into three types:
Finite exchangeability is invariance under S, for some fixed n € N [29].
This is an example of invariance under a compact group, and has no asymp-
totic theory. Countably infinite exchangeability, or henceforth simply ex-
changeability, is invariance under S,. This type is common in statistics
and probability. By uncountable exchangeability, we refer to invariance
under permutation groups of uncountable sets. Such groups are not nice,
and Lindenstrauss’ theorem is not applicable, but Section 8.5 gives an ex-
ample where reduction to our results is possible.

8.1. Exchangeability. The next theorem adapts our results to exchange-
able structures, including the examples in Table 2. In this case, the mixing
condition can be eliminated.

THEOREM 16. Let X be a random element of a standard Borel space
X, and invariant under a measurable action of the group So. Let f be a
function satisfying E[f(X)?] < oo and

(32) > ien limsup; || f(X) — f(7i; X)[2 < o0,

where 7;; denotes the transposition of i and j. As n — oo,

(33)  VaFa(f,X) = Va(h Sees, S0X) ~ELF(X)Sx]) 5 0z
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where Z ~ N(0,1) is independent of . Define
F'(¢) = lim o Yyeq f($'0X)  where S} :={¢ € Sn| (i) =i} .

n—oo

The asymptotic variance satisfies
n? = Zi,jeN Cov [}Fi(e),Fj(Tij)‘Soo] < oo  a.s.

If in addition E[f(X)*/n'] < oo and ;o limsup; me < 00,
the Wasserstein distance to the limit is
D)

dw (LF(f,X), Z) = 0(%} [%—'_zbk max (limjsup | LS )
Typically, X is of the form (X;)¢cr for some countable set T', and permu-
tations act on X by acting on T'. If f depends only on a finite number of these
indices—e.g. if X is a random matrix and f a function of a finite number of
entries—(32) always holds, although this condition is far from necessary. If
X is conditionally mixing for f, the result can be deduced from Theorem 4.
The proof of the general case, in Appendix D, defines surrogate variables

Xn = (f(T11 © © Thpnsin, X))i,....ix,, fOr a suitable sequence (ky,), and ap-
plies an idea similar to the generalized U-statistics of Corollary 11.

REMARK. (a) Our definition of exchangeability permits trivial cases, for
example: Mapping each ¢ € S, to the identity map of X is, technically
speaking, a valid action. It makes all distributions exchangeable, point masses
are ergodic, and F,(f, X) = E[f(X)|G] = f(X) for all n. (b) Exchangeabil-
ity can also be defined as invariance under the group S(N) of all bijections
of N, as is often done in Bayesian statistics. This definition is equivalent to
ours—any measurable action of S(N) and its restriction to Soc C S(N) have
the same invariant and ergodic measures [35]—but less useful in the context
of convergence, since S(N) is not a nice group.

8.2. Jointly exchangeable arrays. We discuss one class of examples in
Table 2 in more detail. A collection x = (i, . i, )i,.....i,en Of scalars is called
an r-array indexed by N C N. The subarray indexed by M C N is denoted
x[M]. We let permutations ¢ of N act on = by permuting each index dimen-
sion separately, ¢() := (T4(i,),... 4(i,))- A jointly exchangeable array is a
random array X that is indexed by N and satisfies ¢(X) < X for all ¢ € Seo-
A result known as the Aldous-Hoover theorem characterizes ergodicity: To
keep notation simple, assume r = 2. Then X is ergodic if and only if there
is a measurable function A : [0,1]*> — R such that

(34) X = (h(Ui,U;,Ui;))ijen  where (Us, Uij)ijen ~ua Uniform[0,1] .
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random structure X ergodic structures CLT (33) due to
exchangeable sequence [29] ii.d. sequences H. Biithlmann [11]
edge-exch. graph [13, 17, 24]  (special case of exchangeable sequences)
exchangeable partition [40] “paint-box” distributions
exchangeable graph [18] graphon distributions Bickel et al. [3]
Ambroise and Matias [2]

jointly exch. array [29] dissociated arrays Eagleson/Weber [19]
separately exch. array [29] dissociated arrays

TABLE 2

For r > 2, the function h has additional arguments [29]. Kallenberg [27] first
proved the relevant case of Lindenstrauss’ theorem: If X is ergodic,

Eagleson and Weber [19] showed a version of (16) for such averages (but
require additional conditions).

An exchangeable 2-array with binary entries and (almost surely) zero
diagonal is the adjacency matrix of a random graph with vertex set N, and
is called an exchangeable graph [18]. That makes the range of h binary,
and one can eliminate one degree of freedom: An exchangeable graph is
ergodic if and only if (34) holds for a measurable function w : [0,1]* — [0, 1]
and h(u,v, z) :=[{z < w(u,v)}. For undirected graphs, w can be chosen to
satisfy w(u,v) = w(v,u), and is called a graphon [7].

Consider the subgraph probability t(y) := P(X[1,...,k|] = y), where y is a
given, finite graph with vertex set {1,..., k}. Some authors interpret ¢(y) as a
moment statistic [3]. For n > k and a graph x with vertex set {1,...,n}, the
homomorphism density t(z,y) :=1/n! Y s Hz[p(1),...,¢(k)] =y} is
the (normalized) number of times y occurs as a subgraph of x [7, 34]. If X is
ergodic, and a finite subgraph X[1,...,n| is observed as data, substituting
into Kallenberg’s result above shows that

(35) tH(X[L,...,n],*) 222 P(X[1,....k] =) = t(+)

holds almost surely. The sample homomorphism density ¢(X[1,...,n],y) is
hence a strongly consistent estimator of ¢(y). Borgs et al. [7] and Lovasz and
Szegedy [34] have also obtained (35), using different arguments. For these
estimators, (33) is due to Bickel et al. [3] and Ambroise and Matias [2].

8.3. Stochastic block models with a growing number of classes. Suppose
we choose h in (34) as follows: Fix some m € N. Choose a measurable func-
tion7 : [0,1] = {1,...,m} and a symmetric function v : {1,...,m}*> — [0, 1].
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For each ¢ <m, set m; :=P(n(U) = 1), where U is uniform in [0,1]. We
can read (m;)i<m as a distribution on m categories, and v as a matrix
(v(4,4))ij<m- Define a random undirected graph with vertex set N as

X(?T,U) = (H{UZ‘]‘ < U(?T(Ui),W(Uj))})i<j€N .

Since this is a special case of (34), X (7, v) is an ergodic exchangeable graph,
represented by the piece-wise constant graphon w = v o (7 ® 7). A family of
such distributions, indexed by some range of pairs (m,v), is a stochastic
block model with m classes [e.g. 2]. Since each law is specified by a finite
vector (m;) and matrix v, the model is parametric.

Nonparametric extensions let m grow with sample size [e.g. 16]: Choose an
increasing function m : N — N and a parameter sequence (7", v"),cn such
that X, := X (7", v") has m(n) classes. An observed graph on n vertices is
then explained as the finite subgraph X,[1,...,n]. Since X,, changes with
sample size, Theorem 16 is not applicable, but Theorems 9 and 10 can be
used instead. For illustration, consider the triangle density, P(X,[1,2, 3] = y),
where y is the complete graph on three vertices. Set f(x) := I{z[1,2,3] = y}.
If vertex 1 is in class ¢, but the classes of 2 and 3 are unknown, the probability
that X,,[1,2,3] is a triangle is

which we abbreviate F;(n).

COROLLARY 17. Let Z be a standard normal variable. As n — oo,

%(WZH{X&%@,M =y} - P(Xa[1,2,3] =y)) & Z,

where the sum runs over all distinct triples i1,19,i3 < n, and
n = 2i<m(n) ' Ei(n) (Ei(n) — > j<m(n) ™5 B (n)) almost surely.
3
The Wasserstein distance to the limit is O(nggn_% 1 F(Xn)|l5) -

A SBM is an Erdés-Rényi (ER) graph if v :=p is constant, i.e. each
edge is an independent Bernoulli variable with success probability p.

ExXAMPLE. (xv) If X is an ER graph, ¢(X[1,...,k], «) is known to satisfy
a degenerate central limit theorem, with n = 0, see [2]. To see this in the
corollary, set X,, := X for all n. We can then consider the limit 7, Z. Since
E;(n) does not depend on i nor n, we obtain 7, = 0.



27

Theorem 9 assumes uniform integrability to handle dependence. In models
without any dependence, that can be restrictive:

EXAMPLE. (xvi) Let each X,, be an ER graph, with edge probability p(n),
and let p(n) — 0. In principle, Corollary 17 holds: The limiting triangle den-
sity is 0, and 7,, = 0. However, more bespoke results rescale by 1/4/p(n) to
make small-scale behavior visible [25]. These do not follow from Theorem 9,
since the variables I{ X,,[1,2, 3] = y}/p(n) are not uniformly integrable.

8.4. Separate exchangeability. A random r-array X is separately ex-
changeable if it is invariant under the action

PT 1= Ty (i1),.tn(iy)  forallz € Xoand ¢ = (..., ér) €85 -

Comparing to (25) shows that joint exchangeability is the diagonal invari-
ance corresponding to separate exchangeability. Some models for relational
data in machine learning assume separate exchangeability for matrices whose
rows and columns are indexed by distinct sets (e.g. consumers and products),
and joint exchangeability if the sets are identical (e.g. vertices of a graph)
[36]. Separate exchangeability is the stronger property, and results in a faster
rate and simpler asymptotic variance:

COROLLARY 18. Let X be a separately exchangeable r-array, and let
f € La(X) be a function that satisfies (32). As n — oo,

VITEa(f,X) = Vir (G Cgesy F(6X) —EIf(X)IS%]) -5 02,

where Z is standard normal and independent of . The asymptotic variance
satisfies n? = Var[f(X)|S%.] < oo almost surely.

EXAMPLE. (xvii) The convergence rate for homomorphism densities is in
general n~1/2 if a graph is exchangeable, but n~! if it is Erdés-Rényi le.g.
2]. Corollary 18 shows that is a consequence of additional symmetries in ER
graphs, since they are not only jointly but even separately exchangeable.

8.5. Graphex models. Caron and Fox [14] have proposed a class of ran-
dom graphs that, with extensions and refinements by other authors [8, 46],
are referred to as graphex models. Recall from (34) how an ergodic ex-
changeable graph is generated by a graphon w : [0, 1]2 — [0, 1] and indepen-
dent uniform variables. A graphex model is defined similarly, by a sym-
metric measurable function w: R%, — [0, 1] and a unit-rate Poisson process
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Il = {(U1, V1), (U2, V2),...} on R%,. Let Ujj, for i < j € N, again be i.i.d.
uniform elements of [0, 1]. Define a random countable subset X, of RQZO as

(V;,V]) € X, — Uij < w(Ui,Uj) .

This set is interpreted as a graph, in which vertices V; and V; are connected
if the pair (V;,V}) is in X,,. The set X, thus functions as a form of adjacency
matrix, but each vertex is identified by the value V;, rather than the index i.
A subgraph is not selected by choosing an n x n submatrix, but by placing
a rectangle [0, s)? in the plane: The subgraph gs(X,,) for s € (0, 00] is

(i,j) € 9s(Xw) & (Vi,V;) € X,NJ0,8)>.

Suppose an instance gs(X,,) with NV vertices is observed. Veitch and Roy
[46] have shown that one can estimate the restriction wlg 42 of w, provided s
is known: Subdivide [0, s)? into quadratic patches I;;, and define a piece-wise
constant function &, on [0, s)? by specifying its value on each patch as

Wslr,; = H(i,7) € G} where [;; := [%s, ﬁs) X [%s, X ) .

This estimator is consistent on bounded domains [0,¢)?, in the following
sense: Regard @, as a function R%, — [0, 1], with constant value 0 outside
[0, 5)2. Generate X, according to (8.5), using a Poisson process and uniform
variables that are independent of X,,. Then

(36) gt(Xa,) = gt(Xw) as s — oo,

for every fixed ¢ € (0,00) [46]. If f is a measurable function of finite graphs,
the Veitch-Roy estimator of E[f(g:(X.))] is therefore

fs = E[f (9:(X2,)) | 95(X)] -

Distributional convergence (36) implies fs — E[f(g:(X.,))] a.s. for s — co.
We illustrate how to obtain rates for a simple example: Fix ¢ > 0. For a
finite graph g, choose f as

(37)  flg) = pledge set of g|  hence f(gi(X.)) = ] Xw N[0,8)%].

The function (w,t) — E[f(g:(X,))] is then similar to the edge density in a
graphon model. Consider the random sets

Vin = Xy, N[m,m+1) x [n,n+1) form,neN.
If we choose s € N, we have

fo= S iea o PU65) € gi(Xa)|gs (X)) = & X ncs Vinnl -

The random array (|Vimn|)m,» is, by construction of X,,, jointly exchangeable
and ergodic, and Theorem 16 yields:
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COROLLARY 19. Let w: RQZO — [0,1] be a measurable and symmetric
function, and fix t > 0. Define f as in (37). Then, for Z ~ N(0,1),

Vs(fs —E[f(9:(X0))]) = nZ as s — 00,

where n? = 4 Cov || X, N[0,1]?], | X, N [0,1] x [0, 2]||(G}] is a finite constant.

The random set X, is invariant under an uncountable permutation group
that transforms each axis R>q [14], and is in fact ergodic [29]. That is an
example of uncountable exchangeability, as described at the beginning of
this section. The local counts |V,,,| are a device to reduce uncountable to
countable exchangeability, and hence to invariance under a nice group.

9. Applications II: Marked point processes. Random geometric
measures are point processes whose behavior at a given point may depend
on points nearby. They originate from so-called germ-grain models in physics
[33], and are used to study e.g. nearest neighbor methods and Voronoi tes-
selations [22, 39]. Theorems 4 and 5 are directly applicable to these models.

9.1. Setup. We adapt definitions from those of Penrose [39]: Consider
two Polish spaces X (which we think of as a set of points) and Y (a set of
marks, or covariates), both equipped with their Borel o-algebras. Denote by
M the space of o-finite measures on X x Y, equipped with the o-algebra
generated by the evaluation maps, and by F the set of finite subsets of
X xY.Let p: XxY xF—M be a measurable map, and W C X xY
a compact set. Loosely speaking, u assigns to each marked point (z,y) a
measure pu(z,y, F') that depends on a set F' of points close to z, and on
their marks. These close points are collected by using W as an observation
window, which is moved over X XY by elements of a group: Let G be a nice
group that acts measurably on X. We extend the action to one on X X Y
by defining

(38) o(z,y) = (6(2),y) forall p € G, (z,y) e X XY .

For compact A1, Ag,... C G, write A,W = {(¢(z),y)|¢p € Ay, (z,y) € W}.
If IT is a point process on X x Y, then

1
(39)  wn(e):= A Y@yen, M@y Iy)(e) for I, :=INA,W

is a random measure on X x Y. The sequence (v,) is called a random
geometric measure if II is invariant under the action (38), and if the sets
IT,, are almost surely finite [39].
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9.2. Asymptotic normality. A central theme in the literature on random
geometric measures is the limiting behavior of statistics of the form

vn(h) = /XXY h(z,y)vp(de,dy) for h:XxY —=R.

Such results typically define W and v, to prevent the window from col-
lecting any point more than once. A simple condition that excludes such
repetitions is as follows: Require (i) that G contains a subgroup H such that
p(W)Ny(W) = o for distinct ¢, € H, and (ii) that HW = GW. Infor-
mally, HW “tiles” the set GW C X of points reached by the window. We also
require that (iii) the set {¢ € G|¢p(W)NW # @} is compact. If G = X = R?,
for example, one might choose W = [—1,1]? and H = {(2i, 25)|i,j € Z}. The
relationship to our results becomes clear if we define

fn(F) = /XXY h(z',y") 2wy FAW w(z,y, 11, (da’, dy')
and f(F) = /XXY h’(xlvy,) Z(aj,y)eFﬂW N(l‘a?/,ﬂ)(diﬂl,dy/)

for F' € F, and observe that v, (h) ~ m fAan fn(o(ID)|dp| = Fyp(fr, D).
Using Theorems 4 and 5, we obtain:

PROPOSITION 20.  Require that (i)—(iii) above hold, and that the sets A,
in (39) form a tempered Folner sequence. For each n, let o™ (+|G) be the
conditional mixing coefficient of 11 and f,. If

sup/ a(”)(d(e,qﬁ)\G)Tiﬁdm < oo and ||fn(H)2+5||1 < 0
n G

holds for some € > 0, then as n — oo,

VIA, O H|(vu(h) — Bl (B)|G]) % nZ  for Z ~ N(0,1)
where n* = [;; Cov[f(I1), f(¢I1)|G]|d¢| and n 1L Z. Moreover,

dw(@(yn(h)—ﬂi[yn(h)m]), z)=o( max {1, | fu(M3}) -

1
VIAL NH|
9.3. Relationship to existing results. Versions of the result above are
known in the case where X is R", G = R" consists of shifts, and A,, is
the Euclidean ball B, [22, 33, 39]. These are not phrased in terms of con-
ditional mixing, but instead use a “stabilization condition”. The next result
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translates between the two. For (z,y) € X x Y and F € F, let F; be the
truncated set {(Z,7) € F |d(z,Z) < t}. The stabilization radius of y is

R(z,y, F') :==inf {t > 0| pu(z,y, F) = p(z,y, 1)}
where we use the convention inf @ = oco. If

(40) sup sup qu(R(:U,y,H) > s) < oo for someg>1,
5>0 (z,y)eW

 is polynomially stable with index ¢ [39]. The condition implies condi-
tional mixing if the metric balls in G do not expand too quickly:

ProrosITION 21.  Let II be a Poisson process, and p polynomially stable
with index q. If the metric balls B, in G satisfy sup,,cyn~"|By| < oo for
some r > 0, then sup,, [ o™ (d(e, ¢)]G)28?]d¢| < 0o whenever q > 2=,

That holds in particular for the groups R", since an r-dimensional Eu-
clidean ball has volume |B,| = (y/7n)"/T'(§ + 1). Geometric group theory
provides further examples: A group that satisfies sup,cyn™"|By| < 0o and
is also finitely generated is said to be of polynomial growth [32]. Nice
groups of polynomial growth include Z?, the groups in Corollary 7, or the
discrete Heisenberg groups [e.g. 12].

10. Applications III: Entropy. The entropy of a stationary process is
defined as a limit. This limit exists almost surely, by the Shannon-McMillan-
Breiman (SMB) theorem [43]. It has a natural generalization to invariant
processes [e.g. 20], which again converges almost surely [31]. An adaptation
of Theorem 4 gives conditions under which it is asymptotically normal. In
this section, we assume G is discrete, and finitely generated, which means
there is a finite subset G C G such that G is the smallest group containing
G. That is, for example, true for Z" (choose G as the set of unit coordinate
vectors), but not for Se.

10.1. Entropy. Let Y be a discrete random variable with mass function
p(k):=P(Y =k) for k€ N. If ¥1,Y>,... are i.i.d. copies of Y, the law of
large numbers guarantees almost sure convergence

—+log(p(Y1) x ... x p(Y,)) “== —Eflogp(Y)] =: H[Y].

The constant H[Y] is the entropy of Y [28]. If X = (X;);ecz is a stochastic
process with values in the finite set [K], the entropy can be defined similarly:
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If p,, is the joint mass function of (Xi,...,X,), and X is stationary and
ergodic, there is a constant h[X] > 0 such that

n—oo

(41) —%logpn(Xl,...,Xn) — h[X] almost surely.

This is the SMB theorem, and h[X] is again called the entropy, or the entropy
rate [43]. The term —% log pn(X1,...,Xy) is the empirical entropy.

10.2. Entropy of invariant distributions. Let G be countable, and (A,,)
a tempered Folner sequence with |A,,|/log(n) — oo. Let X be a G-ergodic
random element of X. To define entropy, regard (¢X)gcc as a stochas-
tic process on the group, and discretize its state space: Choose a partition
A= (A1,...,Ag) of X into a finite number of Borel sets, and write A(xz) = k
if x € \;. Let p, be the joint mass function of (A(¢X))sca,. Then there is
a constant hy[X]| > 0 such that

hn(A, X) = —ﬁlogpn(()\(ng))qﬁeAn) %% ha[X]  almost surely.

This result is again due to Lindenstrauss [31]. To recover (41), choose X as
a stationary process (X;)icz, and g := {x = (2;)icz | To = k}.

10.3. Asymptotic normality. Suppose G admits a total order < that is
left-invariant (i.e. ¢ < 1 if and only if 7¢ < 7 for ¢, 1), m € G). The process
values indexed by a set G C G are predictive of the value at ¢ if

Ly(G) :=1log P[A(¢X) | A(X), 1) € G]
is large, where P denotes probability under the law of X. The scalar

pm = sup ||Le(A) — L (AN By,
ACG

measures how well the value at the identity is predicted by values within a
radius m. Recall that the definition of mixing in Section 3 uses pairs ¢1, ¢
in G. We extend it to k-tuples: For k € N, define

C(t,k) :={(A,B) € of(d1,.... k) ®0f(G)|G C G, ¢1,...,0, € G\B(G)} ,

and a(t, k) := sup(a pyec(r) |P(A, B) — P(A)P(B)|. The mixing coefficient
in Section 3 is hence a(t) = a(t, 2).

THEOREM 22. Let G be a finitely generated, nice group with left-invariant
total order, and let X be G-ergodic with sup g-g || Le(A)||24+e < 0o for some
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e > 0. Choose a tempered Folner sequence satisfying |Ay, AByp, Ayl /Ayl — 0
and \/|Ay|py, — 0, for some sequence (by,) of positive scalars. If

(42) ZieN!Bilrngg;(pera(z'—m,|Bm\)z~%) < 00

holds for the mizing coefficient of the function f := X, then

d
\/ﬁ(hn(/\,X)—hA[X]) — nZ asn — oo,

where the asymptotic variance is independent of Z and satisfies

n” = > sei Cov [Le({v 2 e}), Ly({v 2 ¢})] < o0 almost surely.

Condition (42) can be interpreted as follows: The proof represents h,, as

log pr (M6X))gea,) = Zgea, Lo({¥ € Anlt X ¢}) ,

and approximates it by the average F, of f'(X) = Ly({¢[t) <X ¢} N B(¢, m)).
The approximation error is a function of p,,, and decreasing in m. Mixing, on
the other hand, involves tuples in B,,, and since a( «, |B,;|) is non-decreasing
in |B,,|, a smaller m means better mixing. Informally, dependence within
the process is both beneficial (it makes predicting one value from others
easier) and detrimental (it reduces mixing).

REMARK. (a) Left-invariance of the order is not required for asymptotic
normality, but simplifies 7. Provided it holds, n does not depend on the
choice of <. (b) Examples of groups satisfying Theorem 22 are (Z",+) and
the groups in Corollary 7, or discrete Heisenberg groups [32]. (c¢) Existence of
a total order implies ¢™ # e for all m € N, unless ¢ = e. In algebraic terms,
G is torsion-free [32].

References.

[1] E. M. Alfsen. Compact convex sets and boundary integrals. Springer, 1971.

[2] C. Ambroise and C. Matias. New consistent and asymptotically normal parameter
estimates for random-graph mixture models. J. R. Stat. Soc. Ser. B., 74:3-35, 2012.

[3] P.J.Bickel, A. Chen, and E. Levina. The method of moments and degree distributions
for network models. Ann. Statist., 39(5):2280-2301, 2011.

[4] P. Billingsley. Probability and Measure. J. Wiley & Sons, 1995.

[5] E. Bolthausen. On the central limit theorem for stationary mixing random fields.
Ann. Probab., 10(4):1047-1050, 1982.

[6] J. Bondar and P. Milnes. Amenability: a survey for statistical applications of Hunt-
Stein and related conditions on groups. Z. Wahrsch. Verw. Gebiete, 57(1):103-128,
1981.



34

[7]
(8]

[10]
[11]
[12]
[13]
[14]

[15]
[16]

[17]
[18]
[19]
[20]
21]
22]
23]
[24]
[25]
[26]
[27]
28]
[29]
[30]
31]

32]
33]

[34]

[35]

C. Borgs, J. T. Chayes, L. Lovasz, V. T. Sés, and K. Vesztergombi. Convergent
sequences of dense graphs. I. Adv. Math., 219(6):1801-1851, 2008.

C. Borgs, J. T. Chayes, H. Cohn, and N. Holden. Sparse exchangeable graphs and
their limits via graphon processes. J. Mach. Learn. Res., 18(210):1-71, 2018.

S. Boucheron, G. Lugosi, and P. Massart. Concentration inequalities. Oxford Uni-
versity Press, Oxford, 2013.

R. C. Bradley. Basic properties of strong mixing conditions. A survey and some open
questions. Probab. Surv., 2:107-144, 2005.

H. Bithlmann. Le probléme “limite central” pour les variables aléatoires échangeables.
C. R. Acad. Sci. Paris, 246:534-536, 1958.

D. Bump, P. Diaconis, A. Hicks, L. Miclo, and H. Widom. An exercise (7) in Fourier
analysis on the Heisenberg group. Ann. Fac. Sci. Toulouse Math., 26:263—288, 2017.
D. Cai, T. Campbell, and T. Broderick. Edge-exchangeable graphs and sparsity. In
Advances in Neural Information Processing Systems 29, pages 4249-4257. 2016.

F. Caron and E. B. Fox. Sparse graphs using exchangeable random measures. J.
Roy. Statist. Soc. Ser. B, 79:1295-1366, 2017.

S. Chatterjee. Concentration inequalities with exchangeable pairs. PhD thesis, 2005.
D. S. Choi, P. J. Wolfe, and E. M. Airoldi. Stochastic blockmodels with a growing
number of classes. Biometrika, 99(2):273-284, 2012.

H. Crane and W. Dempsey. Edge exchangeable models for interaction networks. J.
Amer. Statist. Assoc., 2017.

P. Diaconis and S. Janson. Graph limits and exchangeable random graphs. Rendiconti
di Matematica, Serie VII, 28:33—61, 2008.

G. K. Eagleson and N. C. Weber. Limit theorems for weakly exchangeable arrays.
Math. Proc. Cambridge Philos. Soc., 84(1):123-130, 1978.

M. Einsiedler and T. Ward. Ergodic theory. Springer, 2011.

H.-O. Georgii. Gibbs measures and phase transitions. de Gruyter, 2nd edition, 2011.
D. Hug, G. Last, and M. Schulte. Second order properties and central limit theorems
for geometric functionals of Boolean models. Ann. Appl. Probab., 2016.

L. F. James, A. Lijoi, and I. Priinster. Posterior analysis for normalized random
measures with independent increments. Scand. J. Stat., 36:76-97, 2009.

S. Janson. On edge exchangeable random graphs. J. Stat. Phys., 173:448-484, 2018.
S. Janson, T. Luczak, and A. Rucinski. Random Graphs. J. Wiley & Sons, 2000.

J. L. Jensen and H. Kiinsch. On asymptotic normality of pseudo likelihood estimates
for pairwise interaction processes. Ann. Inst. Statist. Math., 46(3):475-486, 1994.
O. Kallenberg. Multivariate sampling and the estimation problem for exchangeable
arrays. J. Theoret. Probab., 12(3):859-883, 1999.

O. Kallenberg. Foundations of Modern Probability. Springer, 2nd edition, 2001.

O. Kallenberg. Probabilistic Symmetries and Invariance Principles. Springer, 2005.
O. Klopp, A. B. Tsybakov, and N. Verzelen. Oracle inequalities for network models
and sparse graphon estimation. Ann. Statist., 45(1):316-354, 2017.

E. Lindenstrauss. Pointwise theorems for amenable groups. Invent. Math., 146(2):
259-295, 2001.

C. Léh. Geometric Group Theory. Springer, 2017.

H. Lothar and M. Ilya. Central limit theorem for a class of random measures associ-
ated with germ-grain models. Adv. Appl. Probab., 1999.

L. Lovasz and B. Szegedy. Limits of dense graph sequences. J. Combin. Theory Ser.
B, 96:933-957, 2006.

A. Maitra. Integral representations of invariant measures. Trans. Amer. Math. Soc.,
229:209-225, 1977.



[36]
37]

[38]
[39]

[40]
[41]
[42]

[43]
[44]

[45]
[46]

[47]

35

P. Orbanz and D. M. Roy. Bayesian models of graphs, arrays and other exchangeable
random structures. I[EFE Trans. on PAMI, 37:437-461, 2015.

D. Panchenko. Spin glass models from the point of view of spin distributions. Ann.
Probab., 41:1315-1361, 2013.

G. Parisi. Statistical field theory. Addison-Wesley, 1988.

M. Penrose. Gaussian limits for random geometric measures. FElectron. J. Probab.,
12:989-10235, 2007.

J. Pitman. Combinatorial stochastic processes. Springer, 2006.

N. Ross. Fundamentals of Stein’s method. Probab. Surv., 8:210-293, 2011.

R. J. Serfling. Approzimation theorems of mathematical statistics. J. Wiley & Sons,
1980.

P. C. Shields. The Ergodic Theory of Discrete Sample Paths. AMS, 1996.

D. W. Stroock and B. Zegarliniski. The logarithmic Sobolev inequality for discrete
spin systems on a lattice. Comm. Math. Phys., 149(1):175-193, 1992.

V. S. Varadarajan. Groups of automorphisms of Borel spaces. Trans. Amer. Math.
Soc., 109(2):pp. 191-220, 1963.

V. Veitch and D. M. Roy. Sampling and estimation for (sparse) exchangeable graphs.
Ann. Statist., 47(6):3274-3299, 2019.

B. Weiss. Actions of amenable groups. In Topics in dynamics and ergodic theory,
volume 310 of London Math. Soc. Lecture Note Ser. Cambridge Univ. Press, 2003.



APPENDIX A: PROOF OVERVIEW AND AUXILIARY RESULTS

The proofs are presented in three parts, for the basic limit theorems in
Appendix B, for the general ones in Appendix C, and for all other results
in Appendix D. The basic results (Theorems 4 and 5) are special cases of
the general ones (Theorems 9 and 10), but we prove them first to clarify the
approach. The general proofs require changes, but follow the same layout.

A.1. Proof overview. The proofs of the main results, Theorems 4, 5,
9 and 10, use Stein’s method [e.g. 41]: For the function class

(43) Fi={t € CCR)[[Itloo < L, Iloc < v2/m, "]l < 2}

and a real-valued random variable W, Stein’s inequality guarantees

(44) dw(W,Z) < sup|E[WHt(W) —t'(W)]| for Z ~ N(0,1) .

teF
The distance dyy, metrizes convergence in distribution for variables with a
first moment [e.g. 41]. One can therefore establish a central limit theorem
for a sequence (W),,) of such variables by showing dy (W, Z) — 0, and hence
by showing that the right-hand side of (44) vanishes as n — oo.

Basic case. In broad strokes, Theorems 4 and 5 are proven as follows:

« Choose W = W, as a suitably scaled version of n(n)~'F,, where n(n) is
a (for now unspecified) positive random variable.

« To upper-bound (44), split W at a cut-off distance b,, in G, into a short-
range and a long-range term. Adapting (44) to these modifications yields a
refined bound, in Lemma 29. The leg work of the proof is then to control
each term in this bound.

+ Stein’s method involves the notion of “dependency neighborhoods” [41]:
A set, say N(i), of indices for a random variable X; such that X;1 X;
if 7 € N(i). In our proofs, the neighborhood is the area within the cut-
off b,,, but terms inside and outside the neighborhood are not completely
independent. We hence bound long-range terms using conditional mixing.

« Split f into small and large values at a threshold ~,. Since no fourth
moment is assumed, large values must be controlled explicitly.

» The resulting bound is a function of n(n). Choose n(n) as an approxi-
mation to the quantity 1 defined in the statement of Theorem 4.

The central limit theorem then follows by showing that the bound vanishes
as n — oo, and the Berry-Esseen bound by additionally requiring a third
and fourth moment, and substituting these into the bound.
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General case. Proving Theorems 9 and 10 requires a number of modifications:

+ Since the dimension k, of the group may grow with n, we work with
surrogate functions that depend only on the first few entries of ¢ € G*»,

«  Working in G*» complicates the dependency neighborhoods.

«  Since F,, is now random, we must also control the probability of selecting
elements of the dependency neighborhood, using the spreading conditions.

A.2. Comments on other proof techniques. Central limit theo-
rems can be proven with a range of tools, including Fourier techniques, Lin-
deberg’s replacement trick, or martingale methods. Unlike Stein’s method,
these do not seem adaptable to our problems. In the case of concentra-
tion, the Efron-Stein inequality and other standard techniques similarly fail.
There are several obstacles: (i) Topology of the group. Many martingale
proofs, and the Efron-Stein approach to concentration, combine observations
into blocks, and control dependence between blocks via an isoperimetric ar-
gument (i.e. block boundaries are of negligible size). That applies to some
groups, such as G = Z, but fails even for G = Z?. Bolthausen [5] used Stein’s
method to address an instance of this problem. (i) Lack of a total order. Re-
placement arguments (e.g. Lindeberg’s method and the Efron-Stein inequal-
ity) rely on the left-invariant total order of Z to replace random variables
sequentially. That makes them inapplicable, for example, to permutation
groups. (iit) Group size, since replacement arguments require countability.

REMARK. Martingales are applicable if G contains compact subgroups
Gy € Gy C ... such that G = U, G,,. That is the case for Sy, with G,, = S,,.
If so, (G,,) is a Fglner sequence, and (F,) is a reverse martingale adapted
to the filtration o(Gy1) D o(G2) D .... That implies (17). The corresponding
case of Theorem 4 (with more restrictive moment and mixing conditions)
follows from the reverse martingale central limit theorem. Such arguments
are used in [34] for convergence, and in [19] for asymptotic normality. How-
ever, the method has limitations even for G = S.,. For example: If (X;) is an
exchangeable sequence and h a function of two arguments, (h(X;, X;));; is
an exchangeable array, but even with proper normalization, ), ; h(X;, X;)
is not a reverse martingale unless h is symmetric in its arguments.

A.3. Auxiliary results. We begin with a result that allows us to
bound the Wasserstein distance dy. Recall that £ denotes the set of Lips-
chitz functions with constant 1. It is a standard result that

(45)  dw(X,Y) = sup [EA(X)] ~EIA(Y)]| = il X"~ Y]],
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where the infimum is taken over all couplings (X', Y”’) of X and Y. This iden-
tity is sometimes known as the Kantorovich-Rubinstein formula. In analogy
to dw, we define the conditional (and hence random) distance

dw(X,Y[G) = 2212\E[h(X)IG] —E[n(Y)|G]| -

The next lemma shows how it relates to dy.

LEMMA 23. Let X and Y be random variables in Ly (R), defined on an
abstract probability space (2, A,P). Then

dw(X,Y|G) = inf E[| X' - Y'||G] P-a.s.,

where the infimum runs over all couplings (X', Y") of the conditional vari-
ables X|o(G) and Y|o(G), and

dw(X,Y) < Eldw(X,Y|G)] = [[dw(X,Y|G)]1 -

PROOF. Let p and ¢ be regular conditional distributions of X and Y, that
is, py,(dz) = P(dz|G)(w) holds for P-almost all w € €2, and analogously for
q and Y. Since p,, and ¢, are probability measures for each w, applying (45)
pointwise in w shows that P-almost surely,

Sup E[A(X)|G](w) = E[A(Y)|G](w)| = dw(pw,qw) = infE[X"—Y],

where the infimum is taken over all (X', Y”) with marginal distributions p,,
and ¢q,. That shows the first identity. The second claim holds since

dw(X,Y) = sup |E[R(X)] —E[A(Y)]| = sup |E[E[2(X)|G] — E[2(Y)|G]]|
< E[ilella) |E[h(X)|G] — E[1(Y)|G]|] = Eldw(X,Y|G)],

where we have used the tower property and the relation supE < Esup. [

Conditioning in dy lets us swap a random variable Y (which in the proofs
will be the asymptotic variance) between arguments:

LEMMA 24 (Random scaling). Let X, Y, and Z be random wvariables
in La(R), such thatY is o(G)-measurable. If Y > ¢ almost surely for some
c¢>0, then dw(X,Z/Y) < ||dw(XY, Z|G)||1/c.



PRrROOF. By Lemma 23, dw(X,Z/Y) < ||dw(X, Z/Y|G)|1. Fix any ¢ > 0.
Since Y is o(G)-measurable, there is a coupling X’ of X|o(G) and Z|o(G)
such that E[| XY — Z'||G] < dw(XY, Z|G) + e. This coupling satisfies

E(|IX'Y/Y - Z'/Y||G] < E[|X'Y — Z'||G]/c < (dw(XY,Z|G)+¢)/c.
Since € is arbitrary, it follows that dw (X, Z/Y) < ||dw(XY, Z|G)|[1/c. O

We must repeatedly “separate off” conditioning, via bounds of the form
IE[«|G]llx S I- |l %a(kzk{})?%s. The next two lemmas capture all cases needed
in the proofs, for both € = 0 and € > 0. The first version applies to condi-
tional mixing. Recall this involves a pair ¢1, ¢ of distance at least k from
a set G C G. The set is here of finite size m. If a transformation m does not
move the pair too close to G, the desired inequality holds.

LEMMA 25 (Conditional mixing bound). Let X be G-invariant, Y a real-
valued random variable, and h: X*t2 x R — R a measurable function with
E[|h(X,...,X,Y)|] < 0. Fiz ¢1,02,01,...,m € G, and set

H: :=h(p1 X,..., 0 X, 7 101 X, 77 1o X,Y) forTeG.
Let w be an element of G. If

YU X|o(G) and k< min d(r" ¢;,;)

i<2,j<m
for both T = m and the identity T = e, then
|E(HA (G, Y] — E[H|G, Y][|, < 4Hx — He|l25: a(K[G)7=
for any € > 0.
ProoF. Case 1:||Hy — H.||~ finite. We approximate h by a step function
(46) hi(e o, 0) =N cl(s € Ajy» € B, s €Cy),

for some N € N, measurable sets 4; in X™, B; in X? and C; in R, and
scalars |¢;| < ||h||co. Define HY analogously to H,, by substituting hA* for h.
Fix any § > 0. Since h is integrable, h* can be chosen to make ||h — h*||;
arbitrarily small, and hence such that ||(Hy — He) — (HX — HY)||1 < 9. If we
abbreviate

L =14, (1 X, .., 0 X) e, (V) (I, (61X, ¢2X) — I, (7~ (1 X, $2X)))
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and F; := E[[;|G, Y], we have |[E[HX — H}|G,Y]|1 < Zi\[:&l |lci| || E:]|1 for some
N; € N. Using the definition of conditional mixing, we have

Yien, lallEilln < B[ 5,50 laill Eil +325 5,<o lil i)

< Zi|Ei>0 |ci|E[E] _Zi|Ei§0 |ci|E[E;]
(47) < m?X i (|| Ei\Ei>0 Eill1 + ] Zi|Ei§0 EzHl)
< 2||Hy — Helloo a(K[C) .

Since the right-hand side does not depend on § or h*, that implies
|E[H, — H.IG, Y| < 2/|Hy — Helo a(k[G) .
Case 2: ||Hy — Hel|oo infinite. For r > 0, define
AH:=H,— H, AH, :=AH  -I{AH <r} AH, := AH — AH, .

The triangle inequality gives |E[H, — H.|G,Y]||1 < ||[AH,||1 + [|[AH,||1, and
case 1 above implies |AH,|1 < 2ra(k|G). Since | h||2+< is finite, we can
2

assume ||AH| 2+« < 1 without loss of generality. By Holder’s inequality,
2

£

IAH 1 < [[AH| 2= - [[I{AH > r}f|aze < 2772
We hence obtain ||[E[H, — H|G,Y]|l; < 2ra(k|G) + 2r~3 = 4a(k|G) 7+ by
choosing r = a(k|@)2;+26. O

The second version is the analogous result for marginal mixing coefficients.
As in Section 5, €; = (e,...,e,T,e,...,e) denotes a vector with k, entries
and 7 as the ith entry, and §; ; is defined as in (28).

LEMMA 26 (Marginal mixing bound). Let X be a random element of X,

invariant under the diagonal action of G*», andY a real-valued random vari-
able. Let h: XEt2 x R — R be measurable, with E[|h(X,...,X,Y)|] < co.
Fiz ¢y, Po, 21, ..., %, € GFn. For anyi,j < k,, set

HY = h(p X, X eir1 X, €7 05X,Y)  for 7 €G,
where Let m be an element of G. If

Y X | U(G) and k < 5ij(ei,7¢1a ej,‘r¢27 {’lnbla s a'lnbm})
for both T = m and the identity T = e, then

|EIHZIG, Y]~ EHIIG,Y]||, < 4IlHY — BY |2 an(k|G) %

for any € > 0.



The proof is almost identical to that of Lemma 25, and we only highlight
what changes are required.

PROOF. If |HY — HY|| is finite, again use (46), now with measurable
sets A; in X and B; in X2, and define H* by substituting h* for h. For
& > 0 given, choose h* such that ||(HY — HY) — (HZ* — HZ*)||, < 6. If we
change the definition of I; to

I; = ]IAZ' (¢1X7 s 71:ka) HCZ‘ (Y) (HBZ (¢1X7 ¢2X)_]IB¢ (ei,ﬂ¢1Xa 6j,7r¢2X)) )
repeating (47) shows 3, v |esl||Eill1 < 2| HY — HE ||oo an(k|G), and hence
[E[HY — HI|G, Y] < 2|HY — HY ||oo an(K|G) .

If HH}rJ — Héj\\oo is infinite, we set AH := HY — HY Repeating the argu-
ment in the previous proof shows ||AH,||; < 2ray,(k|G) and |[AH, |, < 2r~2
for any r > 0, and hence |E[H7 — H|G,Y]||1 < 4a,(k|G)2+=. O

The next result is used to relate mixing to the growth of volume under
the metric d. The function g below is later chosen as t — a(t|G)2+< in the
basic case, and t — «, (t|G)2+< in the general case.

LEMMA 27. Let g:[0,00) — [0,00) be a measurable function. Then

ZiZm IBit1 \ Bilg(i) < o0
Jors,,_, 9(d(e, 9))ldg]

for allm e N .

PROOF. Abbreviate r := sup; %. Then

Zi2m|Bi+1\Bi|g(i) < Tzigm‘Bi\Bi—lfg(i) < 7”/ g(d(e, ¢))|do] ,

G\Bm—l

where we have used (11). O

We assume E[f(X)|G] = 0 throughout to simplify notation. Doing so in-
curs no loss of generality:

LeEMMA 28 (Conditional centering). Let X be G-invariant, and p > 1.
For any g € Ly(X), the random function f(+) := g(+) — E[g(X)|G] is 0 (G)-
measurable random element of L,(X). For alln € N,

F.(f,X)=F,(9,X) and oaf(n|G)=ay(n|G) almost surely,

where a. (n|G) is the conditional mizing coefficient defined by («,X).
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PRrROOF. For p > 1, Ly-norms contract under conditioning [28]. That makes
E[g(X)|G], and hence f, a 0(G)-measurable random element of L, (X). Since
F(6X) = g(6X) — Elg(X)[G] for any ¢ € G, we have Fy(f, X) = Fa(g, X).
To prove the second claim, consider events A € o¢({¢1,$2}) and B € o5(G),
for any G C G and ¢1,¢2 € G\ B4(G). Fix any § > 0. By definition of oy,
we can choose sets S; € g4(¢1,92), sets T; € 0(G), and constants ¢; € [0,1]

such that || Y, ¢;1(S;, T;) — I(A)|[1 < d. As the sets T; are in 0(G), we have

1>, ¢i(P(Si, Ty, B|G) — P(S;, T;|G)P(B|G)) |
= |12, al(T) (P(Si, B|G) — P(Si|G)P(B|G)]|l1 < a(t[G),

where the final inequality uses the definition o and ¢; € [0, 1]. As § is arbi-
trary, this implies | P(A, B|G) — P(A|G)P(B|G)||1 < a(t|G). O



APPENDIX B: PROOFS OF THE BASIC LIMIT THEOREMS

We first adapt the upper bound on dy given by Stein’s inequality to our
problem in B.1, and then apply it to prove the limit theorems in B.2.

B.1. Bounds on the Wasserstein distance. By Lemma 28, it suf-
fices to establish Theorems 4 and 5 for elements f of

Ly(X,G) == {f(+) = g(+) —E[f(X)|G] | g € Ly(X)} .
Given f € L,(X,G), we choose the variable W in Stein’s inequality as

| A

W o= F.(f, X) = ni/A F(@X)|do|  where 7, := 5(n)/[An] -

n(n)

Here n(n) is for now any positive, o(G)-measurable random variable, but
will be chosen in the next section as a specific approximation to the asymp-
totic variance. For a fixed element ¢ € G, conditional mixing allows us to
control dependence for elements ¢’ far away from ¢. To treat terms close
to ¢ separately, we choose b > 0, and decompose W into long-range and
short-range contributions,

1
WP =2 [ Hd(6,¢) 2 (@ X)) and AL =W =W
For our purposes, Stein’s inequality then takes the following form.

LEMMA 29. Assume the conditions of Theorem 4, and define W as
above, for a o(G)-measurable random element n(n) of (0,00). Then

Eldw(W, ZIG)] < sup [E[- [ 7(0X)1(W;)lds] 6]
(48) +sup[B[L [ f@x)(t(w) — W) — age(w))as)ie] |
teF n n

N \ﬁ L B[ Fex)A71d0] €]
22 [, st -eirmatie],

"
=: (a) + (b) + (¢) + (d)

where Z is a standard normal variable and b > 0.



PRrOOF. The triangle inequality yields

V(W) — (W) 6]
= [[B[ [, 85 (o(w) (W) + W) = (W)ldgl[G]
< 8] [, ZEDaw)—swit —¢ w)lasl 6],

+BL [, T2 wiasl 6] |,

Using t € F, the first term can be bounded further as

_ ¢

HE f¢X)(t(W) tf]ZVﬁ)—Aft'(W)‘dquG]Hl

IN

+ HIE [t/( 1—/ MA‘ﬂdqﬂ ]G]H

HE /f OX)(t(W) —t W¢)) ALt (W

[
\[Hl— Ua,d ¢>XA|d¢||G]‘

\f 5 [, F@X)A] ~ Bl (X)A7 |G dg |

aga],

Substituting into the right-hand side of (44) yields the result. O

The main work of the proof is to control the terms (a)-(d) in Lemma 29.
To handle large values of f, we split the function in its range, into

F (@) = f@|f(x)] <~} and f27(2) = f(2){|f(x)] =7} .

The next result refines the terms (a)—(d) using Lemma 25, and by handling
f<7 and fZ7 separately.

LEMMA 30. Require the assumptions of Lemma 29. Fix b > 0 and vy > 0,
and let T be defined as in (23). Choose p,q > 0 to be such that % + % = 1.
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Then
a7 ZI6) 1 < 40D, r(0)+ Byl S
8B fX f<’y
" \)ﬁH n((n))Hi‘](l"‘s/Q)Hiup(l—l—a/Q)/O‘ (e, 8)|G) 7= d|¢|

n J(X An & ByAn
2 (]| L) + | o e el

Byl 1 /57(X) = 1
+ 4L TP . e, 9)1€) o))
ProOOF. To bound (a), fix any § > 0. Then
(49)
1 tW5) —t(We, 1)

[ELEA@OUWDIE] |, < Xy |[E[ 02022002 6] |
An application of Lemma 25 to the summand gives

H]E [f(¢X)(t(WJ5) (J+1)5 } H

Y _ TV .
< 4H )(t(Wjain tWi11s) M Ok=
2

By Holder’s inequality,

H F@X) (W) =W, 15)
n(n)

i <[5 Lo

Ht o t(Wgﬂ)é)Hers

and since ¢ is Lipschitz, Ht(Wf) (W(q?Jr1 MN24e < HWﬁ; — W8+1)5H2+6. In
summary, the right-hand side of (49) is bounded by

X ¢ e re
rhs (49) < 4 W|A s B 15) H o H2+€ %W sl (G81G) T

Since that holds for any ¢ € G and § > 0, we conclude
J(X fX
E =4
< 4|2, [, atdte e ag) = 4 £

For (b), we decompose f = f<7 4 f27. The triangle inequality gives

IE[/Anﬂqu)t(W) t( n: AP (W !MHG H

T(b) Y

2+e

IN

tWY) — Agt' (W
nn

B[, 17 (0x) " Jagl|G]]|

[
+ Bl 50x) DA )16 | = (1) + b2)
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Since t is an element of F, it satisfies

(50) t@+y) —t(x) —yt'(@)| <2ly| sup [f'(z)] forz,yeR
2€[z,2+y]

and sup |t/(z)| < \/2/7 < 1. Choosing y = A? yields

(1) < 2[B[L [ 17200187 1dsl[]

- 2’ m’ H fA% I{d(o, ¢') < b}|deg||de|
nmn) a4l n(n) llo24e |A,|
<284l e ), 15 e

For (b2), fix p,q > 0 with 1/p+ 1/q = 1. A Taylor expansion gives

W) — W) = ALYV < Ssup (A0 < (A2

Substituting (A¢ fA I{d(¢,¢') < b}f(¢' X)|d¢'|)? into (b2) yields
E[f<7(¢X){d(¢, 1), < bH($X) f(nX)|G]
(b2) < H [ [F = (@ X){d(, ¥), (4, b ™) S bH (@ )|G] rmuwum\\
8|By| f :
< A ol \\H>/a+ $)|G)d|g) .

To bound (c), write 57 := [ seB, 1 ((;5) |d¢| again apply the triangle inequality,
which yields

= — Jnz TATEI{d(6, &) < b} (#X) (¢ X)[G]|de]|d |
' \F - H n(n)? H
2, [az [AGIT'E[{d(6, ¢') < b} f($X) (&' X)|G)ld||de|
<E H (n)(n) |+ o ()2 H1
n)? — 2 n n
= EH (ﬂ)(n) } + Hf(X) ‘ 2|A IAA]jle |'

For (d), we again use f = f<7 + f27 and the triangle inequality. For a pair
(¢1, P2) of group elements, abbreviate

<y

Fyig, = (f<7(¢1X)f<7(¢2X) E[f<7(¢1X) [ (¢2X)|G]) ,

and define Fq;lv as F(;‘;’; F&qﬁ For any quadruple ¢1,...,¢4 € G,

ICovES S |G a(d((B1,62),(63,64))|G) 7=

p1¢2? ¢3¢4 Hl

ol
(n) 4+4-2¢
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holds by Lemma 25, which implies

H/ <Y |dé1||dgp2 ]
nXAan ¢1¢2 |An‘

For 27, we obtain

H/ 27 ldélldes|
AnXAnB ¢1’¢2 ‘Anl

b

4|By|

17 VIAg]

LT ([ atdte, 9)/G)7 o)

n(n) 4+2¢

o L5 = @

n)

< Q‘Bb“

1

and hence

[(X)
n(n)

(d)- Y2 < 4B

2 <t PL T ([ade 0)6)7 dg)? + (@)

4+4-2¢

Rearranging terms within (a)+(b)+(c)+(d) yields the statement. O

B.2. Proof of the limit theorems. We first prove the central limit
theorem under hypothesis (21). The result under hypothesis (20), and the
Berry-Esseen bound, then follow with minimal adjustments.

PROOF OF THEOREM 4 ASSUMING (21). Set S, := v/|Ay|Fn(X), and let
Z ~ N(0,1) be independent of (X, 7). We must show S, —<3nZ. By Lemma 25,

12l < /G IELF(X) £ (6X)|G] |1 |dg]
< IS X 21e gy Bosn \ Bola(biG)7 < oo,

which shows 7 < oo almost surely. Since nZ and S,, := /|A,|F,(X) have
first moments, S, N nZ holds if dw(S,,nZ) — 0, as n — 0.

To show that is the case, we may assume f € L1(X), by Lemma 28. We
first choose suitable sequences (7,,) and (b,). By definition, |A,| — co. Set
Yo = | A, |6, That implies 7, — 0o, and hence | fZ7(X)||21c — 0. Since
|A,,| diverges, we can choose a divergent sequence (b,) such that

|A, A By, A, |

By < 1AL[72 By £ (X)):  and Al 0
Collecting terms in Lemma 30, we then have

B - + A8 By A
o= e By |2 (Xl 0 and = el o,
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The next step is to construct n(n) in Lemma 30 as an approximation to
7. Set u, := max {rn,fn,T(bn)}l/g and v, := max {rn,Fn,T(bn)}_1/2. Thus,
u, — 0 and v, — oo, and we have

(51) wuy < v, eventually  and v—g (Tn + 7y + T(bn)) —0 asn— o0
u

n

andv, P(n < up) — 0.
Set n(n) :=nl{n € [un, va|} +ul{n & [un, vy]}, and note n(n)1LZ. Then
dw(Sn,1Z) < dyw(Sn,n(n)Z) + dw(n(n)Z,n%)
< dw(Sn,n(n)2) + 1 Z11l|(n = un){n & [un, vn] H1 -
Since we have already shown ||n?||; < oo, the last term satisfies
1 Z]|1ll(n — un){n & [un,vn]}|1 — O as u, — 0 and v, — oo .

It thus suffices to show dy (Sy,n(n)Z) — 0. Using the Markov inequality we
note that

2
(52) P fun,vn]) < Py <) + 1]

n

Using Lemma 24 with Y = 1+
n(n)

dw (S, (1) Z) < vnE[dw(%, Z|G)]

since 1/n(n) > 1/vy,. Substituting W = % into Lemma 30 gives

w [ (5, Z18)] < 15 (SISOl 0w)
8By, ||| £(X) |, 707 (0)
Uny/|Anl

+ 2/ (uEP(1) & [tn, va]) + || F(X)||57) + 4W)

+4[By, [/ (X)) le | £ (X . +

< iy (0L ) + max(| GO, .m(0), Dl -+ 7]
+ v, P(n < up) + M )

This final bound vanishes as n — oo: The first term by (51), the second
since u, — 0 and v, — oo. That shows dw(Sp,n(n)Z) — 0, which implies
dw(Sn,nZ) — 0 and completes the proof. O
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PROOF OF THEOREM 4 ASSUMING (20). There is a finite & € N such that
a(k|G) = 0. Repeating the argument above for by = by =...:=kande =0
again yields dy,(Sp,n(n)Z) — 0 for n — oo. O

Since the Berry-Esseen bound assumes a third and fourth moment, it can
be proven by applying Lemma 30 directly:

PROOF OF THEOREM 5. The sequence (b,) is given by hypothesis. Fix
any divergent sequence (7,) in (0, 00). For each ,,

OIS X) < lHllsars) < 1O llaaas) -

We can hence apply Lemma 30 with p = % and ¢ = 3, and Theorem 5 follows
for n — oo. O
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APPENDIX C: PROOFS OF THE GENERAL LIMIT THEOREMS

We next prove Theorems 9 and 10. Recall that the proof in the basic
case adapts Stein’s inequality in Lemma 29, bounds the constituent terms
individually, and then deduces both limit theorems from this bound. The
structure in the general case is similar: Lemma 32 below substitutes for
Lemma 29, and the main work is again to upper-bound each term on its
right-hand side, which we do in Sections C.3-C.6. The theorems are then
deduced in Sections C.7 and C.8. Although the steps remain similar, the
terms in the bounds change:

» The generalization of invariance to (26) makes the dependency neigh-
borhoods (which above were balls of radius b,, around group elements) more
complicated.

+ The fact that k,, may grow with n complicates terms involving f,. Their
moments are handled using telescopic sums hf, defined below.

« Large values of f were previously controlled using f(z)I{|f(x)| < v} and
its remainder. Similar quantities now have to be phrased in terms of h! and
the coefficients c; p.

+ Randomized averages have to be phrased in terms of pu,, see the defini-
tions of P,, and E,,, below.

« Since we have to control the influence of randomization by pu,, spreading
coefficients S™ or S}, appear in the bounds.

« Since we make no specific restrictions on how a group action may apply
the entries of a vector ¢p € G*», arguments that compare pairs of such vec-
tors often have to compare all possible combinations of coordinates.

As a result, the bounds become lengthy, and we first introduce some addi-
tional notation to summarize quantities that occur frequently.

C.1. Notation. Recall that sequences (k,) and (b,) are given by hy-
pothesis. In addition, we will use a non-decreasing integer sequence (k],)
with k], < k,,. In the proofs, the functions f, always appear in a centered
form, which is the (random) function

hon(Xn) := fn(Xn) = E[fn(X0)|G] .

We frequently have to restrict random measures to subsets. If i is a random
measure on G*» and A a measurable subset, write

p(e NA)

P 14) =P
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provided p(A) > 0 almost surely. Since P,(«|A) is almost surely a proba-
bility measure even if y is not, the usual rules of conditioning apply and
explain expressions such as P,(+|A,Y) for a random quantity Y. If f is a
measurable function on G~ , set

1A= [ F(6)Pa014) = s [ rom

The distance dw(W,,, Z) in Stein’s inequality is then applied to

W, = YR, [h, (¢X,)|AR]

Recall from the proof overview that Stein’s method considers dependency
neighborhoods around an index . We generalize these to sets of coordinates
of a vector ¢ that are similar to ¢ € G,

Toip(, @) ={i < k: d,¢;)) <b} fork <k, b>0.

Two types of averages of h,, appear in the upper bounds on dy,. One holds
entries outside a neighborhood Zy (1, @), of size I := |I; (¢, ¢)|, fixed,

- 1
bR X,) == lim

hn(0X,)]d0|%! .
m=00 | Ay | /{OGAIfn"|9i=¢¢ for i ¢ T, . (v,) }

The other appears in particular in the context of moments. It fixes the first
k., — 1 entries, and can be written as a telescopic sum

h(9Xn) = g, (#Xn) — g1 (6 Xn)

with summands

. 1
g;((f)Xn) = hm —_— h((qf)l, ceey Qbkn—ia 01, ey OZ)Xn)|d91| cee |d91| .

m—00 |Am|

Higher moments of h,, /n(n) are controlled using a sequence (7, ) with 7, — oo.
That leads to bounds involving the terms

P (@ X ) I{ |2y, (9 Xn)| < Yncij2(hn)} H
n(n)

Lip(yn) := sup for 1 < ky,

peGkn

More generally, for any function f, on X,, and the coefficients c; , defined
in Section 5, we write

c n
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Terms in the bounds that quantify the behavior of y,, involve vectors ¢ € GF»
whose entries are “not too close” to each other. To this end, we write

(@) == mind(¢;, ¢;) -
i#]

In particular, we must consider p} () := pn,(* N{@|0(¢) > b,}). This is
again a random measure on G*», with

(53) Pus(¢p € o|Ajr) =By, [I{p € «,0() > by }|AS"] .

Moments of p, are controlled using a sequence (f3,) with 3, — co. They
lead to rather complicated terms, which we encapsulate using the sets

A, ,
Sup ‘ ’ ( (¢u¢]) < b ‘A 7,¢) S knﬁn} .

: - Fon
Vign () {Qp €6 <kl ’an‘

In words, a random vector ¢ is generated by P, , conditionally on its entries
not being too similar (hence P,x), and the set contains those vectors 1
unlikely to have an entry similar to ¢;. Finally, for a strongly well-spread
sequence, the spreading coefficient 8™ was defined in Section 5. A similar
coefficients in the well-spread case is

1
S".— El-—— P @ AA%"}.
U emmmen LTa(ATe o) e (6 ¢') € AlA7)

C.2. Main lemmas. We first bound the error incurred by excluding
vectors whose entries are close to each other, i.e. of substituting u;, for p,:

LEMMA 31.  For a positive random variable n(n) with n(n) lLg X,, and
a standard normal variable Z*, write

B(n) = LA, [, (¢X,)| AN

n(n)

Then

K2C1 (155 By, ST,
i (Blpa). Z°16) = (B, 2°[G) s < =L

PrOOF. By definition of the Wasserstein distance,

(B (pn), 2*1) — (1), Z*16) | < e (Bua). Ep)|E)
< 1B () = Bl < | aE,, [HO(6) < bubha(9Xa)| AL

1.
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We bound the final term: Since p,, and X, are independent, we can apply
the definition of the spreading coefficient S, to obtain

n(n

< Ml(n’}g))EMAn\Pun(a(cﬁ) < bulAy")]

k2 M (L2) | By, |

n (n) n A, - n
ST AT Bl P (9, € B }AL)

ki M (25 ) Bo, S5,
A

which yields the desired result. O

Y

7

The main bound on the Wasserstein distance is formulated in terms of 1, :

LEMMA 32. Letn(n) be a positive random variable with n(n) g X, and
F the function class (43). Let

* A, 71 "
W= VAL S B [ (6X,) AR

For given sequences (by) and (k),), abbreviate

W = Lo, R (¢ X,) AR and AL =W - W
Then, for an independent variable Z* ~ N(0,1),
dw (W™, 271G)||,

< supHE[ﬁ S Eus [RE (90X ) (WD) Ak"]\G]H

teF

+ sup B[ 5By [RA (@) (W) — H0V2) = AL (W) 4% ] 6] |

An A n
— LS BB (6 Xa) A% AR 1G] |

|An|

s [P (0 X0)AL — B[R (4 X,) AL [G]|AS]

;

PROOF. By Stein’s inequality, dyw (W*, Z*) < sup |E[W*t(W*) —t'(WH)]].
We decompose the right-hand side: Since h,, = >_. h

i 'l’L7

[EW (W)= (WG] < [E[LA 5, B, [B (@ X )t WE) AR 6],

e,

B[ i [ (X0 (1) — (W) | AS] — 1/ (9)

n(n)
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The final term can be bounded further using the triangular inequality as

B[S R (R (6) (1077) — ¢(W2) | Ak] — ()6 |
< |[ELA S 8, [ (00 t(W*)—t(vmﬁ)—Aﬁt <W*>>|A2"]\G]Hl
+ [ELS v ) (1 - B [V B Xa) A% AR [6]]|
< By B TR0, (1) — (W) — AL () Ak €] |

T ﬁHl R 5 BB, 7 (6X,) AL AR [G]

(

'A n [P (6X0) A, — B[R (¢ X,) A% G| A%] |
where (x) uses the fact that sup,cp |t/(2)] < v/2/7. O

C.3. Bounding the first term in Lemma 32. We proceed to bound
each term on the right-hand side of Lemma 32. For the first term, we observe:

LEMMA 33.  Assume the conditions of Theorem 10, and define a random
measure iy, (o) = |An’PHn®yn(¢;1¢; € «|A%n) on G. Then

HFOOJ(hn?Xn’ e)llp < ciplhn)  and E[Mi;j(]IBb)] < 5, |Bsl
hold for i,n,b € N and p € R.
PROOF. The first statement follows from the definition of ﬁ, as
H]Foo,i(thnae)H = thgn m/ (¢lz 16¢z+1 kn ) (¢X |d¢|H

1
<tim e [ (@160, %) = (@K ld0] < coph)

Since E[E%ﬁ IB,]] = |An|EE,, ou, [Hqu—lqbéeBb’A%an < S7'Byp|, the second

statement also holds. O

LEMMA 34. Assume hypothesis (29). Then

\/ |An‘ 71 n n n
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where K1 = O(|Bg|Sy}). If hypothesis (30) holds instead,

sup B[ 528, [ (60w ) | Ak ]G] |

teF ()
< K202+5(%) [\/m + CQ+E(77(77, )
+ K3|an‘c2(

)Zk/<zczz( )

where Ko = O(S}}) and K3 = O(S}}).

PrROOF. We prove the (harder) case of hypothesis (30) first, and then
modify it for (29). Similar to W, we abbreviate

wmn?

An ,
Wi, o= VB (12" (¢/X,) AR

so that in particular VVZ?; = Wlb e For all t € F,

(54) i |[E[4aE,, [:;<¢Xn>t<wx;>\AZn]lG]Hl
< B[, [ (o)W - W, [|A]

B[S, [ (61 <W;5 warle]]

where (x) holds since ¢ is 1-Lipschitz. To bound the first term on the right-
hand side, we use the definition the Lipschitz coefficients of h,, to obtain

Z"E[WE%[ _7‘1(¢Xn)HWg)L — WiﬁnanAanﬂ

DICE (n}EZ) ) ‘A%knﬂ
)

w

= ZiEDAn’E#gz [Ejeqnipne) ci2(5

hn n
< B, |32 ks <y, ci2 (i) 2 (50

where T (;, d)/) =Ty, k, (¢27 d),) \Ibn,k% (@4 ¢,)

To bound the second term, consider the vector ¢ € G~ in (54). We define
a sequence (¢ )jen in G*» whose coordinates differ increasingly from the
ith coordinate of ¢ as j increases: Set ¢*° = ¢. For j > 1, choose

i oH i if d(oy, #;) & 15,7 +1)
"~ \any ¢ with d(¢’, ¢,) > diam(A,,) if d(¢y, @;) € [j. 5 + 1)
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for each k < k,,. By definition of p;,, we have ¢ = ¢ for j < b,. Then
2 ||E
< TS, HE Vb (9 X)W, ) — 2, 1G]
+22MH
< 4[2J, J2bn ;¢ 2+€(n(n )|A m wkn ?J+1 an2+a %H (J1G)

+43 Cz’,2+6(WZ)) 2 i>bn @%H UIG)VIAn|Hd(d;, ¢v;) € 5,5 + 1]} -

Here, (x) is obtained using Lemma 25, and the fact that

sup|t/(z)] < 4/2/m and  sup|t(z)| <1

zeR zeR

[\/mhz (X )t (Wlfl,kml)‘G]H

1

(651 X,) — B (9 X)W, )|

Since that is true for any ¢ € G*, using the definition of S” we conclude

gl

o LIETET <hi<¢Xn>t<W$Z,kn,,->>Aﬁn>
()

<42 cine

X E[E, g2 (I{j gzbmkn@si, é >}|An|aﬁ< d($:, )[G)|AZ)]
+4Y, cigre(25) 4 E[E, <¢|T ”f((as@-,cbj)l@lAZ")]
< 4% cizee (o) 3( )

> ish, O‘TQzH( |G)|Bi+1\Bi| .

That establishes the result under (30). If (29) is assumed instead, the second
term of Eq. (54) vanishes by Lemma 25. We hence have

1

sup B[ 1y (B (6 X1 W ) A% 6]

< [Br|Si 22 2ok <j<hon Ci,Q(%)Cj,Q(n(Z ),

which shows result also holds under (29). O

1

C.4. The second term in Lemma 32. The strategy is to use a Taylor
expansion, and to bound

B (@X) (W) — W) — adrw))| < 2=t 0Nt (682
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As hi(X,) might not admit a third moment we first upper-bound it using
the sequence (7). To bound |hi (¢ X,)I(hi (HX,) < ’yncijg(hn))\(Af;)Q, we
must control the probability that random triples ¢, ¢, ¢" € G*» satisfy
(55) d(q')za d);)a d(d)zv 2/) < bn and ¢/ € ‘/Z,Bn (n)
for some i < k,, and j,l < k/,, and either
. . / " .. . /
(56) () mind(¢, ¢f) € bk + 1] or (i) mind(6}, @) € bk + 1].
T£i
We quantify these as follows: The upper bound on the term in Lemma 32
must be established for fixed values of n and (3,. Given such values, we
choose a constant S (ky,) that satisfies
[An|?[[E, o5 [I{e, #", ¢" satisfies (55) and (561)}|AJ"]
[Bi+1 \ Bil|[Bs, [kn
AL ||B es[1{p,¢", ¢" satisfies (55) and (56i4)} | Adkn
IBi+1 \ Bi[By, [kn
Similarly, we choose a constant S such that
!A |
Bl

for all n,m € Nand 7,7 < k.

Hl < 53 (kn)

|E, 22 1{d(i, ¢';) < m and ¢’ & Vig, (n)}AZ]||, < S5

LEMMA 35.  Assume (29) holds. Then fort € F, and any p,q > 0 satis-
1,1
fying &+ 4 =
6
1

sup [ (AR, (R (X, (101) — t(W2) — A% (W) |Al)

HeF
< Ky Cog (57)” S5(k0) X0: T ()
+K25002(n(n)) + K3Cs( (n))zz Ci}Q( nd)X" H{ ¢X" > ’Yn}) ,

where K1 = O(|Bg|?) and Ky = O(|Bk|) and K3 = (Sf},\BK\) If (30)
holds instead,
o)l

sup [B( VB, (B (@) (H0V*) — W) — ALY (7)) Ak)

knky By, |55 (K7,)

hn_\2
< K \/m (2+5)q(n(n)) Zri,p(1+%)<7n)

i

+ Ko[B S50 () KlB () scun (i1

where K1 = O(R,(0)) and Ko = O(1) and K3 = O(S]}).

hiy (¢Xn
7(7(,1) )2771})
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PROOF. Suppose first (29) holds. Since h,,(X,,) may not have a third mo-
ment, we upper-bound it using the sequence (7;,). By the triangle inequality,

|E[LA S B[R (@X)(HW) — HWVE) — ALE (W) |AR] (6]

(

=T
< B[V S B, [P0 52X 5 ) | AR |G
T [B[A 5 B 11| B2 | < 5, ) | AR |G -

We again bound each term separately. Since ¢t € F, it satisfies (50), hence

|E [ 5y [T Bal2Xn) | 3| ARG

Iy

An T4 hi
< 205 B[ B (R (S X)I Y > 7} |AT AR

For all ¢ € G*» and i € N we have, by definition of Af;,

SB[, [[R (X, B0l 5y y A% || A ]

(hn)
< Al (cjo (MR P8R o WE[E,: [d(¢:, 6)) < b} AL ¢]])
ngkgl 012(%) :

Using the definition of &}, this implies
B[S B [T 2G5 > a} | AR (€]
< SIBy, [C2 (5) 2 C%%?(M (¢Xn I{l% d)Xn) > Yn}) -

77 012

To bound the second term, we abbreviate

W =B, [I{¢) € Vi(Ba) Yhir " Fn (¢ X,) | AR, 9]
and  A? =B, [[{¢' € Vi(Ba)} (ha(d' Xn) — RS (¢ X)) AR, 8] .
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Again using the triangle inequality, we have

B[ ZE [T X)) < o3 AR 6]
<|E [ S B [ (X )| 585 < (11T 2) — (W 2)) | AR ]
B (LA S B [ (X, )| B9 | <o 1 (A%, — A2 )0/ (W) | Al |G]],
+HEM*‘TZE [ (6,
TP @X) | (1 2) (W) - AL (W) |Ak] 6],
=: (a) + (b) + (¢) ,
and must bound (a)—(c) further. Since ¢ is 1-Lipschitz,
() < B[S [ (00) [ 1| B2 <, 172 — Wi | Al )]
<23 in(507) Ljarr, 2 ()

E[|A,|E, s2[1{d(¢;, ¢';) <bn, @' & Vig, } | AZ"]]

< 202(77?2))2 S?JPEUAn\EMgz [I{d(¢;, @' ;) <bn,d & Vig, }|AZn]].

Analogously, we have

(b) < 2By, | Zm(%) S i (225)
Sup \B HA |E ®2[ {d(¢i’¢,j)§bn,¢/¢ an}’Aian .

To bound (c), we first observe

(€) < 5 sup A () B[ 5, By [ (X)) 28X) | <5, (A2 )2 AR

h
zeR ci2(hn)

We again have to control interactions between elements of G*». In addition
to the element ¢ in (c), fix two further elements ¢’ and ¢”, and a list
PO, ... b constructed for b =0, ..., b, as follows:

. Set y¥ = ¢".
+ Choose 1#2 = wzfl if either

min {d(¢; ', ¢),d(y; @)} Db +1) o k&I, k(4,9").

» Otherwise, choose ¢Z such that cz(zﬁ,l;, ¢) > b, and CZ(I[)Z, @) > by.
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Note such a sequence always exists. Abbreviate
7 ,'7bn7k'»/n
G(¢') = [hn(¢/Xn) = B2 (¢ X0) | H{ € Vil(B)}-
An application of the triangle inequality and of Lemma 25 yields
(Rl BaloXall < o 3G )Gl G,

512 hn

< 3 Bl el <y )G GG

012 hn

E['%(‘i‘f‘” ) < )Gl Gl 6|

<A g(14+3) () Xk h2p1+5) (tg) Gz ) (7)
I{¢" € V(ﬂn)}aﬂs (min {d(¢},, ¢), d(¢%, ¥ )}G) |

where the final term sums over j € Z,, s (¢, ¢') and | € Ty, 1 (¢, ¢"). By
Taylor expansion, we hence obtain

(€) <  sup W ) B[] 52 By [ (X

PalBX) | <y b (AD)?2 | Al
z€R

C7,2

2+E

<4 ichn gk, Lia+5) () Ch2p1+2) (%)Cﬂp(l%) (%) 2 an

(bIG)
[,z (1. 6) € Bt 1). ¢, ¢ < B (). He" € Vi) |42
(
|

Iy
4 i sk, Diaties) Om)enns) (i) cranres) (i) 2o o (0[G)
HE o3 [d(], @) € [b,b+1],8", ¢ € By, (¢),{e" € Vi(Ba)}|A%] ||,
‘A |(8k;’ kyn|By,, |(Z Cig(1+2 )(n(n))f(zi Fivp(H%)(%))5;(;{;)72”(0» _

This establishes the result under hypothesis (30). If (29) holds instead, we
modify the proof above as follows: There is now some K € N such that
b, = K for all n, and that any two elements separated by a distance of at
least K are conditionally independent. In this case,

\E[““T" (R (@X) (W) — (W2) — ALY (W) | Ak

Bx
: F|| (31 ciza (52)) " (i Tipta ) (m)) S5 (k)
ciz () g2 Gy
E[|An|E, = [{d(@;. &1.;) < K. & Vis, }| AT
28 Bl X, o (Mo PO ) My ()

and the result holds under (29). O
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C.5. The third term in Lemma 32.
LEMMA 36. Fiz p,q > 0 such that % + % = 1. If (29) holds,
1= M E By [ (6 X0) AL | A [G]
( 2. o 4 2
ﬁ” +K102(77(n)) D sk, CJ',?(n}(Ln)) + ﬁk| Ca (¢ a(n )) ;

where K1 = O(S"|Bk|) and Ko = O(S%|Bk|?). If (30) holds instead,

<E[|

|1 = YA (B, [h(¢X.)A% AR (6]],

kB, |2 n
< K2|an\02(,,h,’i )Zg>k’ CJQ( n(n )) + K15y, |‘AbT| 02(77(”))2
n 2
+ KyCope () BBl SR, (3,) + B [| 20—

where K1 = O(1) and Ky = O(S}}) and K3 = O(1).

PROOF. Assume first that (30) holds. We use the abbreviation
G* (@) := hp(¢' X)) — Bﬁi’b”’k(d)’Xn). By the triangle inequality,
(57)

n(n)? = |An| 3 E o2 B[k, (X)) G (¢)|G]| AT

n(n)? 1
_ [0l B g B[ (SXn) (R (¢ X) — " (/X)) |G| A%
B n(n)? 1
ﬁfl n_ [An[ 25 E 02 [E[ﬁ%(ngn)Gk"((‘b’)‘GHA%’C"] (n)*—2 ,,
+ )b Hn n(n)2 EH%H

=:(a) + (b) + (c) -

We can further bound terms (a) and (b). By definition of the Lipschitz
coefficients,

o (hn 2k
(a) < Z H |An|E'u§2 [Zjel—bnvkn (d)i’d)/)\Ibn,k{l (471,4) ) Ci 2( ))Cj,Q(n(n))‘An ] H
5 n(n)? |

2

< SuIBu | X o i (e5) i (25) -

To bound (b), abbreviate H(¢, @) := hi,(¢Xy) (hn (@' X)) — b " (¢ X)),
and consider the index set

(58) T (¢, @) = {i, jld(;, #}) < bn} .
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Then for all ¢, ¢’ € G such that J(¢,¢') = {i,7}, let 9,9’ be two
elements of G*» such that, for the same index pair (i, j),

(59) /lzbz = ¢z and 'd)] ¢’ja \7(171)71#/) = {27]} .
For the remainder of the proof, denote the concatenation of two vectors as

[¢7¢] = (¢17---»¢m7¢1,---7¢n) for ¢: (d)l?"'?gbm)a"vb: (¢17"'7wn) .

Using a telescopic sum, we have

< Zf o_1 HE[n(n > (H [ l7¢l+1 kn] ¢) H([th1441: Prio, ) 9) |G ||,

+ an_l HE[n(n 2 (H ¢1l7¢l+1 kn]) H(¢7 [¢,1:l+1a¢;+2:kn]))‘G]H1
()

< 8 Zl;&@ Cl,Q—i—a(;EZ )Cj,2+8(n}(b;:)) 2+8 ( ([djla ¢l] [¢/7 ¢l+1:knv ¢1:l71])|G)
+ 8214 Cl,2+s(n}éﬁ))ci,2+a(n Z)) an ™ (d([1, d1)s 1@, Bi1g, Pra1))IG) -

where (*) is follows from Lemma 25 and inequality

Hﬁ (H([szl:l? d)l—i-l:k:n]’ ¢/) - H([Q/)l:l-i-h ¢l+2:kzn]7 ¢I)) H

< 2012+s( f(L ))C]2+s( }(L )) .

145

By definition, I/F\oo,i(hnana(bi) Foo,j(hn, Xy, @}) is the average of H(1,v')
over the set of pairs (1, 1)’) satisfying (59). Therefore, for (i,7) = J (¢, ¢'),

|EL (6 )I6] — st Pocilhn, Xu, $0)Foc.s(ha, X $)IG] |
< 821# q 2+5( }(L" )Cg 2te ) 2+E( (¢, (@, 1. o) ‘G)
+ 8 Zl#j Cl,2+¢ (hin)cz 2+4e ) ze ( ¢la [¢l+1 kn, a¢z])|G)

n(n)

For all 4,5 < k,,, we hence obtain

HEH]%2 [H{J(¢7¢,):{Z7J}}(H(¢7¢/)_:(0;),l2(hn7XTL7¢7,)]FOO,J (h"7Xn7¢J)) ‘Aan]

1
2k;|B n €
2 ) 2B S Bust\BulSpad (m[G)

< 32(3 24 (5
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We can then upper-bound (b) as

{J (.91, }}(H(¢¢> ﬁm(hn X, Foo.j (hn, X)) | A 2k
+[[|An|E, g2 [ : )2 - ’A?zk 1
=:b;; +b5; > (b)

We have already obtained a bound for bZ1 above. For bfj, the Cauchy-
Schwartz inequality yields

by < A (L) 5 B[E, e [T (6, ¢) € (i1} 42]

2By, K4 2 oy 2
< w 7 n n
< AR My ()

Substituting the bounds for (a) and (b) so obtained back into (57) then
completes the proof under hypothesis (30). If (29) holds instead, correlations
between elements separated by a distance exceeding some constant K have
no effect. In this case,

') (1 - \/‘T"]E[ - [P (0 X,) AL | AR |G]

(

(n I, n
< \/*( n Tl KH —|—S ‘BK‘Z Ek’ <]<kn612( (n))CJZ(n(n))
+4mM( L)),

[An]
which completes the proof. O

C.6. The fourth term in Lemma 32. The final term in Lemma 32
represents variation of n(n), and we upper-bound it in terms of its variance.
As in the proof of the basic case, n(n) can be thought of as an empirical
variance, and its variance is a fourth-order quantity. Since the fourth moment
of h,(X,) may not exist, we control it using the sequence ().

To bound the standard deviation, we have to consider interactions between

quadruples ¢, . .., ¢, of random elements of G*». Once again, n, by, 3, and
k, are fixed. For a quadruple of indices 1, j, [, m, we consider the events
(60) d(by,i5 ¢2.5) < by d(@31, Gam) < b

(61) and ¢1 S ‘/;7ﬁn ¢2 € ijBn ¢3 € W,Bn ¢4 € Vmaﬁn :

Since n is fixed, we can then choose a constant Sj such that

dféﬂ, 2||E o4 [I{1,.... by satisfy (60), (61) and o5} b3, € A} AR]|| < S

holds for every Borel set A C G*» with |pr;(A)| > 1 for all j < ky,.
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LEMMA 37. Fiz p,q > 0 with % + % = 1. Assume (29) holds. Then

) H@E . [ (@ X)) AL, — Effi (6X,) AL [G]|A%]

Iy

< K; |A |F2( )(’Yn) 5’1‘4— [ﬁikTILCZ( @ )) +K3[02( ) ‘Bk‘So
IE‘looz' hnaXna = 1
+ Cal) S (a2 Zn IOy X > sl ]

where K; = O(|B|?) and Ko = O(S™Bg|?) and K3 = O(S?|Bx]). If
(30) holds instead, then

A, =i 714 .

S |, [ (6 X, AL, — B[R (9X,) A% G]|Al]

< Kl(le 1S5C5 4 (72

Iy
i) + B Cone )
k2 |an |R’ﬂ (b’"«) 2+¢ (n(n) )

|An]

+ K>S,
+ K3|By, |C2+z-:( (n))zi(E[|ﬁF\'oo,i(hn,Xn,e)|2]I{\ﬁm7i(hn,Xn,e)|>7nci,2(hn)}])%

n(n)?
2
By, |k7/1 FZ(lJrg) ('Yn) \/§

K *
4 \/m 4

1
for K1 = O(S]}) and Ko = O(1) and K3 = O(S}}) and K4 = O(R2(0)).

PRrROOF. First suppose (30) holds. As in Lemma 36, we abbreviate

. T4 7 &b,k
H($, /i) = B, (¢ X0n) (hn(d/ X,) = BL "7 (¢ X))
where we now keep track of the index 7. We conditionally center H,
H(p,¢' i) = H(¢,¢',i) — E[H($,¢,)|G] .

Interactions between I@'Oo,i for different values of ¢ involve terms of the form

(P Xy Y F g i (B, Xy 0) < 75 2(hn( X))}
(hn;Xna ¢ )]I{]Foo](hnvxn7 (b ) < TC] 2<h‘ (X ))}

Fz](¢7 Cb,, ) @
x Foo

for ¢, ¢’ € G and some threshold 7 € (0, 00]. We again center conditionally,

Fl](¢a (b/a 7—) = Fl](¢7 ¢/7 7—) - E[Fz](¢7 ¢,7 T)’G]
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Abbreviate Ji; = I{j € Zp, i (¢;, '), (¢, @) €V; g, xVj 5, }. Using the trian-
gle inequality, we obtain:

5 [l (1 (X,) A8, — B[R (6X.,) A% ]| Alr]
<Y, H a SE 00 [JiH($, ¢, 1)| A2 ||,

Iy

n(n)?
X 1B e [(1 — i) H (@, ', 1) | A2 |,
=: Zl,] CLz] + Zz,] ij .

Consider a;; first. By the triangle inequality

5 < B[S g (1 € To, i, (16}
[E[|H (¢, d', )| |G] — E[|Fij (s, ¢}, 00)| |G| ‘Aik"m
+ H 4&3‘2}3#?2 [JijFij( ;. ®;, 00)] Hl
=:¢ij +dij .

To bound ¢;;, we proceed similarly as in the proof of Lemma 36: Recall the

index set J (¢, @') in (58). If ¢, ¢’ € G satisty J (¢, ¢') = {4,7}, we have
[ 176,011 B[t 65 00N
< 821 e () i (5 ) ol (d(r, 9" Drs1:4,))|G)
T8> 1 Claw(%)ci,%s(n}éﬁ)) 2+5( (1 (@11, D))IG) -
Applying Lemma 25 and the definition of the random measure i gives
5y B[ AR ol 1{T (6, ¢') = {i. 1)
[T (¢, ¢',0)||G]~El[Fi (3, 6, o) |[G]| [a2]]

< 328 BBL(S7, 1oy (£29))* Tisy, IBiva \ B a7 (11G)

Again smnlarly to the proof of Lemma 36, we obtain
zi,jE[gg’;LE#gz[ﬂ{J@, ¢ ¢ {i. 7}
x [E[T (9, ¢/, 0)||G]~EllFi;(¢:, 6, 00)l | G]|| A2
< 4[By, M (e ) A |E[E o2 [I{T (¢, ¢') ¢ {3, j} 1142
< *48”'&%'% ()’
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Hence
k2B
Zi’j Cij < 32 Sn nI bn‘ (Zl c 2+€(77

sn 4 2
+74 ST M2( )

2 &
Z))) > i>bn ‘B2+1\Bz’a2+ (i|G)

To bound d;j, abbreviate J, := I{¢p € V; 5., ¢" € Vj 5., d(¢;, #}) < by }. Then

J/ F”(d)”d)],oo) Fl]( 7,7¢J7’Yn

dij < | |An|E e [ n(n)?

AT
T (|14, g2 [ 74700800 g2k |

The first term can be bounded using Cauchy-Schwartz, as

I

H ZLJ |An‘E#§2 [J/ sz(‘l’)w Jvon)(n) ’L](d)z7¢) Yn) ’Aan]

|]Foo,i(hn7 Xn, €)| JI{|Foo,i(hn7 Xn7 €)| > 'Ynci,Z(hn)}
< 4Zmin {i,7}<k!, (E[ n(n)? ])

¢io () [E[E, s:1{p; ' &) € By, }|AZ)
< 88,[By, [(2; CJQ(n(n)))

Zi (EHT}l)QFOO,z(hnaXn,e)|2ﬂ{’ﬁoo,z(hn7Xnae)| > ’Ynci,Q(hn)}])E .

[NIES

The second term involves four-way interactions, so some abbreviations are
helpful Set CZ : ”Foo z(hnaXn’ )H{“FOO z(hnana )| < TnCi, 2( )}||4+28 and
IFV" := min {IFOOZ,'yn} For ¢, ¢',1,’ € G and indices 1, j,[, m, we have

|Cov[FL ; (hn, Xn, ¢>>Fzz,l<hn,xn, &), T (hi, X, 0)FL (i, X, )]
<4G GG “5(‘(<¢,¢’>,<w,w’>>\6)

Therefore, by definition of S}, we have

S AME, o2 [[{¢' € Vg, (@, &) < b} -2 G0 | A2k] |

i<kn,j <kl
SM S B.. \B. s G > .

! S 77‘7.]7 .

S (51 2 Birn\Bilai ™ (IG) )" Yicy, j<n, Gi G

In summary, we can upper-bound d;; as

1

B; |k €
S ic e oy < B (S50, (Bt \Bilad™ 16))* Tk, sur G &
+885 By, (325 2 (5y)
S (Bl Foo i (s X, €) P Fooi(hiny Xy €)] > Ynciz(hn)}])

N
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An upper bound on the final term Zi,j(bi,j) is, by Cauchy-Schwartz,

25 ci2 () SUP EIE g2 |An|{¢ & Vi(Bn). d(bi. &) < bu} [ A"]]
2¥)

which concludes the proof under hypothesis (30). If (29) holds instead, there
is again a constant distance K beyond which correlations vanish, and
(a) < SSERRIL A2 (ha

£ 7) + Bo, 5585 (32 CL?(%))Q
(b) 2|B\7||Zik \/§Zz<kn]<k’ CZCJ ’

which completes the proof of the lemma. O

C.7. Proof of the central limit theorem. We complete the proof of
Theorem 9 by showing dw (v/|An| Fr(hy, Xn),nZ)— 0. We first note that

n—00

(62) ||17mn 2l =0 for all m € N

That is the case since, for every € > 0, we have

El[fmn = 1l < € + Bl {7, — 1l > €}) + E [, o[l 0 — 11| > €3]
< &+ Bl I{ |75, — ninl > €]
2
+ [BulSi (3 i (hal{ [T — 1| > €))7,

and (62) follows by uniform integrability of (hn(¢Xn)?)en

We next must specify suitable sequences of coefficients 7y, Bn, kn, k., and
by, for which the relevant terms in the bounds in Lemma 31 and 32 converge
to 0 as n — oco. We first choose (v,) and (f3,,) to satisfy

rt= B2k /AL — 0.

Such sequences exist, since k2/v/|A,| — 0. Because of (62), (b,) can be
chosen to additionally satisfy

[ e

In addition we ask that (k) and (b,) satisfy

rn = By, kS5 — 0

7“2 = |By, |k, > Cz,2(ﬁfm(¢Xn)H{%%n))| > 7”}) — 0
rih = B (S coizeelin) ) — 0

r® = By, |2 + Ry (by) + Kol — 0

Jan T
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as n — oo, which is possible since S5 — 0 as 3,, — 00. Consequently, we can
choose sequences (9,,) and (ey,), with d,, — oo and &,, — oo such that

on/ed =0 and 6,1l /ed 220

forj=1,...,5.
Because of (62), these sequences can be chosen to additionally satisfy

(5 n— 00
3 ||77bn, 77an1 —0.

Let 1 be the asymptotic variance, as in the hypothesis of the theorem. Given
(en) and (0y,), we construct the sequence (n(n)), as

n(n) = nl{n € [un, val} + enl{n & [un, va]} .

Then using Lemma 24 we obtain

dw (Sny1(n)Z) < 6,E[dw (255, Z|G)]  for  Sn:= /|Au|Fr(hn, X0) -

n(n

To apply Lemma 31 and Lemma 32, we note that

sup 3, cio (B (X, T{| 5 j’gfy>| >m}) =0 asy, = oo,

Recall that the constants Sg, S5, etc by definition depend on the specific
choice of the sequence (k) and (53,,). With the sequences satisfying:

S5 <knbaSy  S{<kBISL S50
2 2
Moreover, we have } ;1 -, G ¢ < Z—g [ > ciote(hn)]” and

5 [ (X B (X)) < s () € e S enilh)

Substituting into Lemma 31 and 32, we then obtain an upper bound on
E[dw( Z ‘G)] and hence, as shown above, on dyw (S, Z) as claimed.

C.8. Proof of the Berry-Esseen theorem. To prove Theorem 10,
let 117 be the random measure defined in Eq. (53). We consider the variable

= VA (@ XAk = VAL S B (R (X, Ak

and similarly define W* by substituting u) for u,, as in Lemma 32. If (by,)
is the increasing sequence chosen in the theorem, Lemma 31 shows

kaCi (e
|dw (W, Z) — dw(W*, Z)| < e

7)|B, S
IAn! '
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(If hypothesis Eq. (29) is assumed, we can in particular choose b, = K for
all n and some K.) We can apply Lemma 32, where we choose n(n) :=n
and k], := k, for all n. In Lemma 34-37, we can set p = % and g = % The
constants S5, 5] and the weak spreading coefficient S, can then be bounded

in terms of the (strong) spreading coefficients as
Sy <8S" Sy < S S, <8,

and substitute these into the bounds in Lemma 34-37. The sequences (/3,),
which controls the moments of (u,), and (), which controls moments of
niz;lz)’ are relevant in the proof of the central limit theorem; for present pur-
poses, we can set 3, = 7, = oo for all n, and note that

||BZ(¢Xn)]I{’7LZ(¢Xn)|S%Cz;(%)}ﬂs(ug) = \|ﬁfz(¢Xn)||3(1+§)
< cigars) (2

h

7”) Substituting all terms into Lemma 32 completes the

and ¢ < caqoci(
proof.
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APPENDIX D: OTHER PROOFS

This appendix collects the proofs of all results aside from the main limit
theorems—on mixing coefficients, concentration, and applications—in the
order they appear in the text.

D.1. Properties of mixing coefficients.

Proor oF LEMMA 3. Fix n € N and (A4, B) € C(n). Using the triangle
inequality,

E[|P(AG)P(BIG) - P(AN BIG)]]

<2 sup E[I(C)(P(A|G)P(B|G) — P(ANB|G))] < 2 sup (a+Db)
Ceo(G) Ceo(G)

where we have abbreviated
a ::E[H(C)P(A|G)P(B]G) — P(A)P(Bn C)}

and b ::IE[P(A)P(B NC)-I(C)P(AN B|G)] .

It follows from the tower property that
b < |[P(ANBNC)—P(A)PBNC)| < aln),
and therefore b < a(n). Similarly,
a < [E[P(A)P(BNC)-1(A)P(BNC|G)]]
< |P(A)P(BNC)—E[I(A)P(BNC|G)]| < Jim a(k) =0

In summary, E[|P(A|G)P(B|G) — P(AN B|G)|] < 4a(n). Since that is the
case for all n € N and (A4, B) € C(n), we conclude a(n|G) < 4a(n) O

To relate marginal and conditional mixing coefficients, we use Lemma 25:

PROOF OF PROPOSITION 8. Fix 7,5 < k. We can choose a subset G C G
and ¢, @, 1,1’ € GF satisfying 8ii(p, @' ,G) >t and 4, j(¢,9',G) >t and

il = T
¢l:{ﬂ¢ 1 ' ¢Z:{W¢j 1 J for some 7 € G .

¢;  otherwise ¢,  otherwise
For Borel sets A € R? and B ¢ R, Lemma 25 shows
|E[I[(X¢, Xy) € All[Xg € B]|G]| — E[I[(Xy, Xy) € All[Xg € B]|G]
< a(t|G).
Substituting into the definition of P; ;(-) gives
IP(4, BIG) — B[P, ;(A){X, € BYG,]| < a(t/G)
for all 4,j < k, and hence o, (t|G) < a(t|G) as claimed. O

I
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D.2. Concentration. To prove concentration, we use the “exchange-
able pairs” variant of Stein’s method, in this form due to Chatterjee [15].

PrROOF OF THEOREM 12. The proof strategy is to approximate the inte-
gral E,, [hn(¢X,,)|A%] by sums, and establish concentration of each sum.
These sums are constructed as follows: For each m € N, let C,,, be an ¢,,-net
with €,, = 1/m. Let A\, be a partition of G into a countable number of mea-
surable sets; we write A, (¢) for the set containing a given ¢ € G. Clearly,
this partition can be chosen such that

each ¢ € Cy, is in a separate set of A, and Ay, (@) C By (9) .

Since A, partitions G, the product A» := X\, x ... x \,,, partitions G*»,
and we discretize the integral as

Ynm = Z¢gcfnn Epn [Aﬁf(ﬁb)‘Agﬂ h (@ Xn) -
For each fixed n € N, the approximation error satisfies

[S0m—Epu a(@X)| AR, < sup ha(@Xn)~ha(¢/ Xa) | 2 0.
#,¢' G
d(¢}, ;) <em, i<kn
Thus, || Snm — Ep, [hn (9 X,)|Akr]|| — 0 as m — oo. Since hy, is Ly-uniformly
continuous,

P(|E,, [hn(@X0)|AR]| >t ) < UmsupP(|Spm| > t|pn) fort>0.

Now apply the method of exchangeable pairs: Consider the sets of vectors

MHB) i={ (1, .. Ur, ) € AFn|ah; € A (6)}. By hypothesis, ¥,,,,, is self-boun-
ded, with self-bounding coefficients peckn Gy, [IAH ()| Akn], for i < k.
Using [15, Theorem 4.3], we obtain

(1- A[(X¢)¢e¢m])t2 )}
> g (Oi GEp, A ()| AN"])2

— eCm 2
: wefeu{m )

where the second inequality uses the definition of 7,,. That holds for any m,
and any decreasing sequence (C),) of nets. For m — oo, we hence obtain

P(|1Zmn| > tlpn) < 2E[exp<—

_ 2
P(Eyp, (ha($Xa)| AR = t| 1) < 2E [ exp(—|An| §255)]

as claimed, where we have substituted in the definition of p,,. O
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D.3. Approximation by subsets of transformations. Recall that
we may assume E[f(X)|G] = 0 without loss of generality, by Lemma 28.

PROOF OF PROPOSITION 14. Set f’:= f — E[f(X)|G]. By Theorem 9,

I(¢X) d A
/An B8 dg| 2502 .

For the measures (u,) chosen as u,(A) := |A(H|, the theorem shows

_fl(eX)
—> 7 d d —> 7 .
/MH PO Jag) <> gz and [ Lf%jag) Ly

Since the random variables 1 and ny satisfy
ik~ = K| | ELA(X)7(6X)(G)ldo] -
= [ [ Bl ex) - foox))@)aslido
almost surely, the result follows. O
D.4. Applications. We first establish Theorem 16, on exchangeable
structures. The idea of the proof is to represent (f(¢X))ges, approximately,
by a certain random field X,, on Z*» that is invariant under diagonal action

of shifts. That allows us to apply Theorems 9 and 10. That can be read as
an example of the generalized U-statistics in Corollary 11.

PrROOF OF THEOREM 16. For ¢ € N, we denote

di :=limsup || f(X) — f(7;X)[l2  and  d;(n) := limsup HW’E .
J

J

Consider the segment [i] = {1,...,7}, and write st = {¢ € Sy|oli] = [i]} for
the set of permutations that leave it invariant.

Step 1: Approzimation. We define

Fitw) = lm =50, o f()

m—o0 |Sp;|

and use fi(¢X) as a surrogate of f(¢X) that depends only on the image
¢[i]. Averaging out the kth coordinate gives

fok(z) = lim 3 iem [ (Tp) -
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We will show that for any increasing, divergent sequence (ky,),

Ly
— 0 asn — 00 .

Y g, (F(0X) = [F(6X))

Indeed, since (f—f*) =375, (fF1—f"), we have

19 Zoes, (F6X) = @)} < 11 Loes,, (F@X) = 70 0)
< 5P Loues, EL(F(9X) = [ (X)) (f (0 X) =[5 ($X))]
< P Dkok, pes, ELFTH0X) = [4(0X)) (f(X) = (v X))
Consider the summands on the right-hand side. Observe that
E[(F*(eX) = [*H (X)) [ (1 X)]
and  E[(f*(6X) — F*71 (X)) for ™ (0.X)]
whenever 1(m) = ¢(k) for k£ < m. Each summand is hence bounded as
[E[(F*H(¢X) = FH@X)(f(0X) = [ (X))
= [E[(/* 1 (@X) = f*(@X))(f (0 X) = FM (@ X) = fo (X)) + fom (0 X)) ]|

< [[FHOX) = FE(oX) ||, | /(0 X) = Fm (. X) = FF (0 X) 4[5 (9 X))
< 2dydy, -

0
0

Substituting into the bound yields

18 S s, (F(6) = P2 (X)) |2
< B kzky 2omeN 2ugpes, HO(K) = ¥(m)}didm
< 2(Xgok, d) (Xpnendm) — 0.

It hence suffices to show that % > e, f¥n(¢X) is asymptotically normal
whenever k,, = o(n'/4).

Step 2: Representation by random fields. For each n € N, we construct a
scalar random field X,, on Z*» as follows: For j = (ji,...,jx) € Z*, define
the permutation ¢; := 7, o--- o7y . Note that ¢;[k] = j. Then

FEn(d5X) i j; # jg, for all 1 # k

0 otherwise

Xai= (%)

iz where Yj::{

is a random element of X,, := RZ*" . The group ZF» acts on X,, by shifts,
(i, (%j)jezbn ) = (Tj4i)jezin - Since X is exchangeable, X, is by construction
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invariant under the diagonal action of ZF~, and its marginal mixing coeffi-
cients satisfy o, (t|G) = 0 for all ¢ > 0. Theorem 9 then shows convergence
as in (33) holds, for 1l Z.

Step 3: Berry-Esseen bound. The reasoning is similar: For £ € N; we have

A (5 pes, F(0X), 2 pes, FF(6X)) < 2( g i) (X e A (7).

We denote n?(n) := doij<k Cov[F(X, e)F/ (X, $)|G], and observe that

n*(n) —n’
IRl

H ek D men Cov[F (X, e)F™ (X, ¢)|G] H
n

772

< 2(X men (1) Yoy di(n).

Substituting into Theorem 10 gives

IN

(5 S s, F@X).2) < O[5+ X i)

for some C < oo. O

PROOF OF PROPOSITION 20. Write L := {¢ € G|p(W)NW # &}. Ob-
serve that, if we choose ¢ to be an element of H \ (A, N H) that is such
that ¢(W) N A, W # &, then we have ¢ € A, L N H. This implies that

VI B h) = (g [ S@myalol)

(An & A,L) NH]
<

i€EN

and Theorem 4 shows \/ﬁ S i F(@(ID) — E(FADIG)d|¢| % nz. O

PROOF OF PROPOSITION 21. By hypothesis, sup;.qi~"|Bi| < oo, poly-
nomial stability holds with index ¢ > M, and IT is a Poisson process.

We have to show that ‘
[ ™ (d(e,6)(@) 75 dg] < oo .

For each b € N, define f,,,(Q) = f,(Q N By(0)), for Q € F. For a subset

F C G, consider Y (F) := (fn(¢(I1)))gpcr and Yy (F) := (frnp(¢(I1)))gecr, and
write £ for the law of a random variable. In addition, we shorthand Fy :=
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{¢p € Hlp(W)NFW # @}. We have that for any choice of F, and any b > 0,
there are C1,Cy > 0 such that

I E)—LOWN],y < PI(F) # Y5(F))

<E( Y IR(@.y.IL) > b))

(z,y)EFWNII
(a)
< Ch|Fu| sup P(R(z,m,II,) >b)
(z,m)eW

< Cy|Falb™
where (a) is a consequence of Campbell theorem. Let d be the Hausdorff
metric induced by d, and denote d-balls by B. Take F := {¢,¢'} with

elements ¢, ¢’ € G and let G be another subset of G with d(F,G) > b. Then
there is C3 < oo such that

HE Y(G)) _‘C(Y_(FG)f%(G))HTV < P(Y(G) # Y'FG

)

)—%
(64) < Yy P(Y(Bjpa (F )\Bj(F))#Y%;b( j+1(F) \ Bj(F))

N —
§C3ijo(.7+§) 90G+b) !

where the second inequality applies the union bound, and the third follows
by substituting the growth rate and the definition of stability into Eq. (63).
Whenever F and G satisfy |F| < 2 and d(F,G) > b, and A, B are measurable
sets, there is hence a constant C” such that
|P(Y(F) € A,Y(G) € B) = P(Y(F) € A)P(Y(G) € B)|

< ||['(Yb/2( ) = LY (E))|lov + 1£(Ygr,a)—p/2(G)) = LY (G))]xv

<C'(3)""
The first inequality holds by independence of Yy, 5(F) and Yz )_p/2(G), the

second follows from Eq. (63) and (64). That implies o™ (b|G) < C"(b/2)"~4,
and hence the desired result since ¢ > 2%7“. O

PrROOF OF THEOREM 22. Since the group is countable, we can define an
order < on G by enumerating the elements of A,, as ¢7, ¢35 ... and declaring
¢ < ¢ for all i € N. For the process (Sp), define the o-algebras

Tu(9) == 0{Sy |¢' € Ap, ¢’ < ¢} and T(¢):=0{Sy|¢' < ¢}.
With these in hand, we define functions

fn(S;9) := log P(S4|Tn(9)) — Ellog P(Ss|Tn(4))]
9m(S,¢) = log P(Sy|T(¢) N Br) — Ellog P(Sy[T (¢) N By)]
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An application of the chain rule then yields

(08 P(S8.)~ B0k P(58,) = 7 P, 5.6
Now consider a ¢ such that 7,(¢) N B,, = T(¢) N B,,. Then

[1fn(S; @) — gm (S, @)ll2 < pm -

The number of ¢ € A,, for which that is not the case is
{6 € An| T(6) N B # T(6) 1B}l < |An & BA,l

Denote M), := supyeg, acc || 10g P(Xg|Xa)llp. For any ¢,¢" € G that satisfy
d(¢,¢') > i and any k € N, we have

COV[fn(S, d)) - gm(sa qb)? fn(sv d)/) - gm(sv d)/)]
< 4min(pm, pr)? + 8min(ppm, pr) Ma + 4M22+8a25?(i —k,|Bn]) .

|A, 0By, A,

A — 0 and b, — 00 we

Therefore for any sequence (by,) satisfying
have

\/ﬁ S pcan fn(S.0) = g, (S,6) =50

Let o™ be the mixing coefficient of g,,. Then (i) < a(i — 2m, |B,,|). The-
orem 9 hence implies

Tia sen, Im(@X) Sz for i, = Y, Covlgn(X), gm(6X)] -

Since 7, nee, 7, the result follows. O



