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The linear dynamical system model

xn = Axn−1 +wn wn ∼ N(wn|0,Q) xn ∈ RM

yn = Cxn + vn vn ∼ N(vn|0,R) yn ∈ RP n = 1 . . .N

x0 ∼ N(wn|m0,V0)

{x0, vn,wn}Nn=1 uncorrelated

x0 x1 x2

. . .

xn−1 xn xn+1

y1 y2 yn−1 yn yn+1

{x0, xn, yn}Nn=1 jointly normal
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Some applications of linear dynamical systems in
engineering

Apollo mission (McGee and Schmidt, 1985),

Edwin Aldrin, July 20, 1969

aircraft guidance (Schmidt et al., 1970),

GPS navigation (Hofmann-Wellenhof and Lichtenegger,
1997),

weather forecasting (Buehner et al., 2017).

Rudolf Emil Kalman received the 2008 Draper Prize from the
National Academy of Engineering “for the development and
dissemination of the optimal digital technique (known as the
Kalman filter) that is pervasively used to control a vast array of
consumer, health, commercial, and defence products.”
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Example application of linear dynamical systems in
neuroscience

Decoding hand kinematics from motor cortex neural
activity (Wu et al., 2006). Observation (yn): neural activity
recorded from motor cortex of monkeys. State (xn): hand
position, velocity and acceleration.

Wu et al. (2006)
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SWC: inferring mouse kinematics from video
recordings.

1 Observation (yn): noisy position estimates from
DeepLabCut.

2 State (xn): mouse position, velocity and acceleration.

joint work with Foraging Working Group


var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton0'){ocgs[i].state=false;}}







LDS for Neuro

Joaqúın
Rapela and
Bruno Cruz

Introduction

Design of a
linear
dynamical
system for
tracking

Inference

Kalman filter

Kalman smoother

Derivation of
Kalman filter
equations

Remarks

Bruno Cruz:
applications of
the Kalman
filter with
Bonsai

References

SWC: inferring low-dimensional representations of
neural population spiking activity.

1 Observation (yn): spike counts in 100 ms bins from
neural population.

2 State (xn): low-dimensional representation of neural
population spikes.

joint work with Mitra Javadzadeh No

http://www.gatsby.ucl.ac.uk/~rapela/mitra/reports/task_2019-02-06_21-36-35_preprocessing_2019_04_05_15_04_39_ks2/v1Shaft1/figures/92275409_smoothedStates.html
http://www.gatsby.ucl.ac.uk/~rapela/mitra/reports/task_2019-02-06_21-36-35_preprocessing_2019_04_05_15_04_39_ks2/v1Shaft1/figures/92275409_smoothedState1.html
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Discrete Wiener Process Acceleration (DWPA)
model for tracking an object moving in 1D

xn = Axn−1 +wn with wn ∼ N(0,Q) and x0 ∼ N(m0,V0)

yn = Cxn + vn with vn ∼ N(0, σ2)

xn =
[
ξ[n], ξ̇[n], ξ̈[n]

]⊺
A =

1 T T 2

0 1 T
0 0 1


Q = γ2

 1
4T

4 1
2T

3 1
2T

2

1
2T

3 T 2 T
1
2T

2 T 1


C =

[
1 0 0

]
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Derivation of DWPA model for tracking

Consider the Taylor series expansion of the position as a
function of time, ξ(t), up to second order.

ξ(t + T ) = ξ(t) + ξ̇(t)T +
ξ̈(t)

2
T 2 (1)

Approximations of the velocity and acceleration are derived
from Eq. 1 by successive differentiation (with respect to T ).

ξ̇(t + T ) = ξ̇(t) + ξ̈(t)T (2)

ξ̈(t + T ) = ξ̈(t) (3)
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Derivation of DWPA model for tracking

According to Eq. 3 the approximation of the acceleration, ξ̈(t)
is constant across all times. The DWPA model generalises this
by replacing it with Eq. 4.

ξ̈a(t) = ξ̈(kT ) + v(k) t ∈ [kT , (k + 1)T ) (4)

Replacing ξ̈a(t) by ξ̈(t) in Eqs. 1, 2 and 3 and discretizing we
obtain the motion equations for the DWPA model.

ξ(k + 1) = ξ(k) + ξ̇(k)T +
ξ̈(k)

2
T 2 +

v(k)

2
T 2 (5)

ξ̇(k + 1) = ξ̇(k) + ξ̈(k)T + v(k)T (6)

ξ̈(k + 1) = ξ̈(k) + v(k) (7)
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Derivation of DWPA model for tracking

Calling x(k) = [ξ(k), ξ̇(k), ξ̈(k)]⊺, Eq. 8 rewrites the previous
equations in matrix form.

x(k) =

1 T T 2

0 1 T
0 0 1

 x(k − 1) +

1
2T

2

T
1

 v(k)

= Ax(k − 1) + Γv(k)

= Ax(k − 1) + w(k) (8)

We still need to find the covariance of w(k).
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Derivation of DWPA model for tracking

Because v(k) ∼ N (0, γ2) then w(k) is also Gaussian with
mean zero and covariance Q (Eq. 9).

E{w(k)} = ΓE{v(k)} = 0

E{w(k)w(k)⊺} = ΓE{v(k)2}Γ⊺ = Γγ2Γ⊺ = γ2ΓΓ⊺

= γ2

1
2T

2

T
1

 [12T
2,T , 1]

= γ2

1
4T

4 1
2T

3 1
2T

2

1
2T

3 T 2 T
1
2T

2 T 1

 = Q (9)
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Practical: sample from a DWPA model for tracking

xn =
[
ξx [n], ξ̇x [n], ξ̈x [n], ξy [n], ξ̇y [n], ξ̈y [n]

]
xn = Axn−1 + wn, wn ∼ N (0,Q)

yn =

[
1 0 0 0 0 0
0 0 0 1 0 0

]
xn + vn, vn ∼ N (0,R)

x0 ∼ N (m0,V0)

code

https://joacorapela.github.io/lds_python/auto_examples/plotSimulatedTrajectoryDWPA.html#sphx-glr-auto-examples-plotsimulatedtrajectorydwpa-py
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Inference in LDSs

Prediction

P(xn|y1, . . . , yn−1) = N(xn|xn|n−1,Pn|n−1)

Filtering

P(xn|y1, . . . , yn) = N(xn|xn|n,Pn|n)

Smoothing

P(xn|y1, . . . , yN) = N(xn|xn|N ,Pn|N)

These conditional probabilities are Normal because
{x0, xn, yn}Nn=1 are jointly normal.
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Kalman Filter

The Kalman filtering algorithm estimates the prediction and
filtering means and covariances: xn|n−1,Pn|n−1, xn|n, .Pn|n,

x0|0 = m0 init filtered mean

P0|0 = V0 init filtered covariance

xn+1|n = Axn|n prediction mean

Pn+1|n = APn|nA
⊺ + Q prediction covariance

yn|n−1 = Cxn|n−1 predicted observation

ỹn = yn − yn|n−1 residual

Sn = CPn|n−1C
⊺ + R residual covariance

xn|n = xn|n−1 + Knỹn filtering mean

Kn = Pn|n−1C
⊺S−1

n Kalman gain

Pn|n = (IM − KnC)Pn|n−1filtering covariance
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Steps in the Kalman Filter

x0, V0 x0|0, P0|0 x1|0, P1|0

Filtering
Distribution

Prediction
Distribution

x1|1, P1|1 x2|1, P2|1

x2|2, P2:2 x3|2, P3|2

...
...

xn−1|n−1, Pn−1|n−1 xn|n−1, Pn|n−1

xn|n, Pn|n

y1

y2

yn

forward, online
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Practical: infer filtered positions

code

https://joacorapela.github.io/lds_python/auto_examples/plotBatchFilterSimulatedTrajectoryDWPA.html
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Kalman Smoother

The Kalman smoother algorithm estimates the smoothed
means and covariances: xn|N ,Pn|N .

xn|N = xn|n + Cn(xn+1|N − xn+1|n) smoothed mean

Pn|N = Pn|n + Cn(Pn+1|N − Pn+1|n)C
⊺
n smoothed covariance

Cn = Pn|nA
⊺P−1

n+1|n

The initial mean and covariances (i.e., xN|N ,PN|N) are
initialised from the last step of the Kalman filter.

Smoothing proceeds in a backward fashion:
xN|N ,PN|N → xN−1|N ,PN−1|N → xN−2|N ,PN−2|N → . . . → x1|N ,P1|N

Smoothing can only be calculated offline.
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Practical: infer the smoothed positions

code

https://joacorapela.github.io/lds_python/auto_examples/plotBatchSmoothSimulatedTrajectoryDWPA.html
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Check that the state x position lies inside the 95%
confidence ellipse 95% of the time


var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton1'){ocgs[i].state=false;}}
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Prediction mean

Claim

xn|n−1 = Axn−1|n−1

Proof.

xn|n−1 = E{xn|y1, . . . , yn−1}

= E{Axn−1 + wn|y1, . . . , yn−1} (10)

= AE{xn−1|y1, . . . , yn−1}+ E{wn|y1, . . . , yn−1} (11)

= Axn−1|n−1 + E{wn} (12)

= Axn−1|n−1 (13)

Notes:

Eq. 10 arises from the state equation of the LDS model,
Eq. 11 holds because the expectation distributes over sums
Eq. 12 uses the definition of xn−1|n−1 and the fact that the state noise, wn,
is independent of previous observations.
Eq. 13 follows due to the zero mean of wn.
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Prediction covariance

Claim

Pn|n−1 = APn−1|n−1A
⊺ + Q

Proof.

Pn|n−1 =Cov{xn|y1, . . . , yn−1}

=Cov{Axn−1 + wn|y1, . . . , yn−1} (14)

=Cov{Axn−1|y1, . . . , yn−1}+ Cov{wn|y1, . . . , yn−1} (15)

=A Cov{xn−1|y1, . . . , yn−1} A⊺ + Cov{wn} (16)

=A Pn−1|n−1 A⊺ + Q (17)

Notes:
Eq. 14 used the state equation of the LDS model,
Eq. 15 is true because wn is independent from xn−1,
Eq. 16 holds by the property Cov{Ax} = A Cov{x}′A⊺ and because wn is
independent of previous observations.
Eq. 17 applied the definitions of Pn−1|n−1 and Q.
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Filtered mean and covariance

Claim

xn|n = xn|n−1 + Knỹn and Pn|n = (I − KnC)Pn|n−1.

Proof.

Define the random variables x = xn|y1, . . . , yn−1 and y = yn|y1, . . . , yn−1. Then
x|y = xn|y1, . . . , yn and the mean and covariance that we want to find, xn|n and
Pn|n, are those of x|y. Thus, we want to compute the mean, µx|y = xn|n, and
covariance, Σx|y = Pn|n, of x|y.
Because xn and yn are jointly Gaussian, then x and y are also jointly Gaussian.
Then, µx|y and Σx|y are (Bishop, 2016, Chapter 2)

µx|y = µx +ΣxyΣ
−1
yy (yn − µy) (18)

Σx|y = Σxx − ΣxyΣ
−1
yy Σyx (19)

Thus, to compute µx|y and Σx|y we need to calculate µx, µy, Σxx, Σxy and Σyy.
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Filtered mean and covariance (cont)

Proof.

µx = E{x} = E{xn|y1, . . . yn−1} = xn|n−1 (20)

µy = E{y} = E{yn|y1, . . . yn−1} = E{Cxn + vn|y1, . . . yn−1} =

= CE{xn|y1, . . . yn−1}+ E{vn|y1, . . . yn−1} = Cxn|n−1 + E{vn}

= Cxn|n−1 = yn|n−1 (21)

Notes:

The fifth equality in Eq. 21 uses the definition of xn|n−1 and the fact that
vn is independent of previous observations.

The last equality in Eq. 21 holds because the mean of vn is zero.
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Filtered mean and covariance (cont)

Proof.

Σyy = Cov(yn|y1, . . . , yn−1)

= Cov(Cxn + vn|y1, . . . , yn−1)

= Cov(Cxn|y1, . . . , yn−1) + Cov(vn|y1, . . . , yn−1)

= C Cov(xn|y1, . . . , yn−1) C⊺ + Cov(vn) (22)

= CPn|n−1C
⊺ + R (23)

Notes:

As in Eq. 15, Eq. 22 holds by the property Cov{Ax} = A Cov{x} A⊺ and
because vn is independent of previous observations.
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Filtered mean and covariance (cont)

Proof.

Σxy = cCov(xn, yn|y1, . . . , yn−1)

= cCov(xn,Cxn + vn|y1, . . . , yn−1)

= cCov(xn,Cxn|y1, . . . , yn−1) + cCov(xn, vn|y1, . . . , yn−1) (24)

= Cov(xn|y1, . . . , yn−1)C
⊺ + 0 (25)

= Pn|n−1C
⊺ (26)

Notes:

the first term in Eq. 28 arises from the first term of Eq. 27 since

cCov(xn,Cxn|y1, . . . , yn−1) = E{(xn − µx)(Cxn − Cµx)
⊺|y1, . . . , yn−1}

= E{(xn − µx)(xn − µx)
⊺C⊺|y1, . . . , yn−1}

= E{(xn − µx)(xn − µx)
⊺|y1, . . . , yn−1}C⊺

= Cov(xn|y1, . . . , yn−1)C
⊺
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Filtered mean and covariance (cont)

Proof.

Σxy = cCov(xn, yn|y1, . . . , yn−1)

= cCov(xn,Cxn + vn|y1, . . . , yn−1)

= cCov(xn,Cxn|y1, . . . , yn−1) + cCov(xn, vn|y1, . . . , yn−1) (27)

= Cov(xn|y1, . . . , yn−1)C
⊺ + 0 (28)

= Pn|n−1C
⊺ (29)

Σxx = Cov(xn|y1, . . . , yn−1) = Pn|n−1 (30)

Notes:
the first term in Eq. 28 arises from the first term of Eq. 27 since

cCov(xn,Cxn|y1, . . . , yn−1) = E{(xn − µx)(Cxn − Cµx)
⊺|y1, . . . , yn−1}

= E{(xn − µx)(xn − µx)
⊺C⊺|y1, . . . , yn−1}

= E{(xn − µx)(xn − µx)
⊺|y1, . . . , yn−1}C⊺

= Cov(xn|y1, . . . , yn−1)C
⊺
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Filtered mean and covariance (cont)

the second term in Eq. 28 arises from the second term of Eq. 27 since

cCov(xn, vn|y1, . . . , yn−1) = E{(xn − xn|n−1)vn|y1, . . . , yn−1}

= E{(xn − xn|n−1)|y1, . . . , yn−1}E{vn|y1, . . . , yn−1}

= E{(xn − xn|n−1)|y1, . . . , yn−1}E{vn}

= E{(xn − xn|n−1)|y1, . . . , yn−1}0

= 0

the second line follows from the first one because vn is independent of xn,
and the third line follows from the second one because vn is independent of
previous observations.
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Filtered mean and covariance (cont)

Proof.

Having calculated µx, µy, Σxx, Σxy and Σyy we now use Eqs. 18, 19, 20, 21, 23,
29, and 30 to obtain xn|n and Pn|n.

xn|n = µx|y = µx +ΣxyΣ
−1
yy (yn − µy)

= xn|n−1 + Pn|n−1C
⊺S−1

n (yn − yn|n−1)

= xn|n−1 + Knỹn

Pn|n = Σx|y = Σxx − ΣxyΣ
−1
yy Σyx

= Pn|n−1 − Pn|n−1C
⊺S−1

n CPn|n−1

= (I − Pn|n−1C
⊺S−1

n C)Pn|n−1

= (I − KnC)Pn|n−1
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Summary

Today we learned

1 What a linear dynamical system (LDS) is,

2 How to design a LDS for tracking,

3 How to infer distributions of hidden states from
measurements (i.e., Kalman filtering and smoothing),

4 How to implement LDSs in Python.

Today we did NOT learn

1 how to learn parameters of LDSs,

2 non-linear and non-Gaussian extensions of LDSs (e.g.,
extended KF, particle filter, assumed density filter, Poisson
LDS).
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A few new concepts in this lecture wrt previous
neuroinformatics ones

1 behavioral data (vs ephys),

2 time series models (vs idd assumption),

3 probabilistic (vs deterministic) modeling,

4 Bayesian (vs frequentist) statistics,

5 online (vs batch) algorithms.
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Rapela and
Bruno Cruz

Introduction

Design of a
linear
dynamical
system for
tracking

Inference

Kalman filter

Kalman smoother

Derivation of
Kalman filter
equations

Remarks

Bruno Cruz:
applications of
the Kalman
filter with
Bonsai

References

A few new concepts in this lecture wrt previous
neuroinformatics ones

1 behavioral data (vs ephys),

2 time series models (vs idd assumption),

3 probabilistic (vs deterministic) modeling,

4 Bayesian (vs frequentist) statistics,

5 online (vs batch) algorithms.



LDS for Neuro

Joaqúın
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Want to learn more?

Durbin and Koopman (2012)
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