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1. G acts on a vector space U via the linear operators
Ty,: U —=U ge G

which must satisty Ty, Ty, = Ty, 4, -

2. Equivalent to a system of matrices p: G — C**% satisfying

p(91) p(g2) = p(g192).

3. Notion of equivalence and reducibility

leads to complete set of inequivalent irreducible representations R.

4. Any G—module reduces in the form
U=WoWed...0 W

Tg(f) — [Tg]1 ([f]l) D... D [Tg]k ([f]k)



2. G=5S0(3)
010, 0, 0)] e =€V Y(0,0) 1 =2k+1




5. A specific type of G—module:
U=LX)={f: X —>C}

where G acts on X by z +— g(z), and by extension
Frof? i) = g @)
6. Now what about taking X = G and 91(92) = 9192?

f= 1Y fU(x) = f(y~ o).



Transformations in Quantum Mechanics:

) H\w e

unitary representation of GG

symmetry embed look at
— . — .
group in SU(n) irreps



Example: spin
SO(3) — SU(2) double cover!

SU(2) has one irrep for each d e N

Fermions:
d=2s m=—(s—1/2)h,—(s—3/2)h,...,(s—1/2)h

Bosons:
d=2s+1 m = —sh,—(s — 1)h,...,sh



back to Fourier transforms



Mfﬁ normal opproach

(s useless /?ere.

xkcd.com



(G actson L(G) by f— f4 fY(z)=fly 'x).



Theorem(Peter-Weyl). The decomposition of L(G) into irreducible G-modules
contains each irreducible G-module with multiplicity equal to its degree.

L(G)=,cr i1 W,

Isotypics




The Fourier transform on a group is

flp)=>" flz)p(z)

reG



=Y f@e@)  f@) = o S dytr 7o) pla)

xelG ‘ ‘ pER

|. Linearity: f—l—g f+7q
2. Unitarity: (f-9) = (f.3)

3. Left-translation: f/Z(F) = p(2) f(p)

N

4. Convolution: fxg(p) = f(p)G(p)

5. The individual components correspond to
different levels of smoothness.



What about the isotypics?

Recall the group algebra CGr:
f9=1[xg frgl@)=> flzy™)gly)

yeG

The isotypics are just the irreducible sub-algebras.

CG = P GL(C*)

PER



Isotypics

v

CG=VipVod...p Vs

Vi=Wi eWseD...0 Wy

\

irreducible G-modules

Pi



Part 2

The symmetric group



Sy, is the group of bijections
o: {1,2,....n} —{1,2,....n}

under composition of maps.

Clearly, |S,|=mn!.
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— N ™M < O O
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Cycle notation

Example:

o = (163)(45)(2)
Cycle type:

o= (3,2,1)



Generators

Transpositions (%, J) generate the whole group.

In fact, adjacent transpositions are sufficient,
since (assuming 7 < j )

(i,)=(G,i+1)...(—=2,-1)G—1,5) ... G +1,i+2)(i,i+1)



Subgroups

Cayley’s theorem:

Any finite group G is a subgroup of 5.



Subgroups

Sk <S, permutes {1,2,...,k}

S)\ — S)\l X S)\Q X ... X S)\k < Sn permutes
{1,2,...,)\1},{)\1+1,...,)\1—|—)\2},...,{n—)\k,...,n}



Normal subgroups

A, ={o€S, |sen(o) =1}

For n>5 this is the only one!



