Mini-course on representation theoretical
methods in ML

Lecture 1: Groups

Risi Kondor (Gatsby Unit)



What is a group?

G isagroup if forany z,y,2 € G

. 2y € G,

2. z(yz) = (zy)z,
3. thereis an e € G such that ex = ze = 2,

4. thereisan z7 ! ¢ G such that 22! = 21



Why should we care?
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The cyclic group Z, ={0,1,2,...,n—1}

ry =x+1y modn



Klein’s Viergruppe V = 11,1, 7, k}

VgZQXZQ

o, NN QL S,
ST = e o B G
—_ o o R




{17 ivja ka _17 _7;7 _jv _k}

The quaternion group @

-
| —
| |
N
—
| o
~— =
-
_ __
TN
| 8 = =
al — 1
IR
R
TITT === 7T
T = e T
o D
B ) F
T T
N e
S B




The icosahedron group I, = As




The symmetric groups S,

group of bijections

o: {1,2,...,n} —{1,2,...,n)

i.e., permutations of 1, objects



The integers Z

Ty =T +y



The reals R and the Euclidean vector spaces R"

Y =T +y



The rotation groups SO(n)

group of n xn orthogonal matrices of det |



The Euclidean group ISO(n) and group of rigid
body motions ISO™ (n)

Erlangen program (1872):

“geometry is the study
of properties invariant
under a group”




The special unitary groups SU(n)

group of n x n unitary matrices of determinant 1



The general linear group GL(n)

group of n xn invertible matrices



G = (25 x Z3") x ((As x A1a) x Zs)



The Monster group M

M| = 8080174247945128758864599049617 . ..
... 107570057543638000000000
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Finite groups Z, V Q M S,
Infinite groups

Countable groups 7
Continuous groups
Lie groups

compact SO(n) SU(n)
non-compact R” ISO™(n)



Closed fields

Fields

Rings
commutative

Groups <
P> non-commutative

Semigroups



Applications



Major (Dur)




Galois Theory

ax® +bx* +cxd +det +ex+ f =0



Crystallography




Classical Physics

The invariance group of
classical Physics is

[SO(3) x R

Galileo Galile1
(1564-1642)



Relativity

To preserve
(Az)" + (Ay)” + (A2)* — (A7)

relativity adopted the Lorentz
group SO™(1,3)

( ct’ ) ( cosh(f)  —sinh(f)
X! _| - sinh(3)  cosh(fQ)
y' 0 0

o =R O O

0 0

_ Albert Einstein
p = log 2 /.2
<¢1 —7 ) (1879-1955)



Noether’s Theorem

Symmetry implies conservation:

dJ  OH
dt 06
(roughly)
time —> energy
space —> momentum o -
Emmy Noether

rotation —> angular mom. (1882-1935)



Standard model and beyond
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Fugene Wigner
(1902-1995)

symmetries —> unitary op.
observables — generators

pure states —> dimensions of
Irreps

SU(3), SU(6), ...

lead to quarks and even
stranger animals...



Engineering

ENGINEERING
APPLICATIONS

f
NONCOMMUTATIVE
HARMONIC ANALYSIS

With Emphasis on
Rotation and Motion Groups

Gregory 5. Chirikjian
Alexander B, Kyatkin




Machine Learning

Invariances
images, graphs, etc.

Permutation problems
ranking

multi-object tracking

Search

optimization over combinatorial
structures



Structure



Isomorphism

G = H if there is a bijection ¢: G — H s.t.
P(g1) ¥(92) = ¥(9192)

If ¥ is only surjective, then it is a homomorphism.



Direct product

GxH={(9,h)|geG, heH}

(917 hl)(927 h2) — (91927 hth)

e.g., Zy, R"



Semi-direct product

If H acts on (G (by automorphisms), then
GxH={(x,\)|xeG, Ae H}

(2", A" (2, A) = ("N (), A'A)

e.g, ISOF =2 R? x SO(3) T — Rx +b



Wreath product

If H is a subgroup of §,,, then

GIH=G"xH

(91,925,900 )(g1,92, -+, gn; 0) =
(9195-1(1)s 9295-1(2)s - - - »GnJo—1(n); O O )



Subgroups

H C G isasubgroup of (& ifitis closed wrt.
the group operation.

left cosets: axH ={zh|he H}

v1H, xoH,...,xp;H  partition G

e.g., take G=7 and H =3Z



Normal subgroups

H<G f yH=Hy forany yed



Want to define (zH)(yH) = (zyH) .

If " =2zhy and ' = yhy must still get the

same coset.

rhiyho = zyh for some h e H

hiyhs = yh
hiy = yh

y hiy = h

y thiy e H



Normal subgroups

H<G if yH=Hy forany yeG

—>» G/H isalsoagroup

No normal factors =% simple group



Jordan—Holder theorem

Up to permutation of factors the subnormal
series

l<Hi<---<H, =G

is unique for any finite group.



The Enormous Theorem (1983)

Every finite simple group belongs to one of the
following classes:

° Zp,

e A, (n>05),

* simple groups of Lie type,
* the 26 sporadic groups.



Group

Order (sequence A0D01228 ¢ in OEIS) 1SF

FyorM  B80B017424794512875886459904961710757005754368000000000 = 8x10°3 296 . 320 .

F2 or B

Fizg'or Fa,

McL

HS

Jg

Ja or HIM
Jo or HJ

4154781481226426191177580544000000 = 4x10°3 241 . 313.
1255205709190661721292800 = 1x1024 221 . 316.

4089470473293004800 = 4x1018|218 . 313.

64561751654400 = 6x1012 217 .
90745943887872000 = 9x1018 215.

Factorized order
59.75.112.13%.17-19-23-29-31-41-47-59 - 71
56.72.11-13-17-19-23- 31 - 47
52.7%-11-13-17-23-29
52.7-11-13-17-23

3%.52.7.11-13
310.53.72.13. 19 - 31

51765179004000000 = 5x1016 28 .37 . 58.7.141.31-37- 67

273030912000000 = 3x1014/214 . 35 .
4157776806543360000 = 4x10'8 221 . 39 .
42305421312000 = 4x1013 218 . 36.
495766656000 = 5x1011 210. 37.

56.7-11-19
54.72.11-13-23
59.7-11-23
59.7-11-23

460815505920 = 5x1011/2%.34.5-7%. 11 .19 - 31

448345497600 = 4x1011 212.
145926144000 = 1x1011 214.

4030387200 = 4x10°

50232960 = 5x107
604800 = 6x10°
175560 = 2x10°

244823040 = 2x10°

10200960 = 1x107

443520 = 4x10°
95040 = 1x10°
7920 = 8x10°

37.52.7.11-13
33.5%.7.13.29

210.33.52.73. 17

898128000 = 9x10% 27.3%.53.7. 11

44352000 = 4x107 2%-32.5%.7. 11
86775571046077562880 = 9x10'9221 . 3% . 5.7.11%.23.29-31-37 - 43
27.3%.5-17-19
27.3%.52.7
22.3.5-7-11-19
210.3%.5.7.11-23

of . g2,
27.32.
26.33.
24.32.

5
5
5
5

-7-11-23
-7-11

- 11

- 11



Summary



Groups are the elementary building blocks of
structure in mathematics.

Symmetries and systems of transformations always
have a group lurking in the background.

Three types of product, subgroups, cosets,
normal subgroup, factor group, composition
series.

Very powerful and general machinery.



Next time: putting groups to work

|. Acting on vector spaces

2. Representation theory

3. Harmonic analysis




