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So far, we concentrated on G.

Now shift to G actingon X and f: & — C.



. Gactson X by = — g(x)

. If f: X — C then the induced actionis f — [?, where
f(g9(z)) = f(=) fo(x) = flg~ ' (x))

I L(X)={f:G—C}, then T,: f+— f9 is alinear map
T,: L(X) — L(X)

. Is T, decomposable?
LX)=WraWea...H Wy

Ty(f) = [Tyl (If]1) @ - @ [Ty, ([F]R) Ll € Wi

. What are the elementary [Ty]; systems obeying
[ng]i [Tgl]i — [T9291]7; ?



1. Representation: p: G — C9*

p(x) - ply) = p(zy)
2. Equivalence:  pi(z) =T 1ps(x) T

3. Reducibility:
_ 1 [ P1() 0
p(x) =T ( 0 $>> T

4. Complete set of inequivalent irreducible representations: R









Joseph Fourier
1768-1830



fl@)= > fre™

k=—0o0

f(z) = / 27k F(1) di

n—1
f(z) = % Z p2mikz/n ]/E\(k)
x=0

n—1

_ Z 6—27T7Jk::r;/’n, f(ilf)

=0



. Linearity
. Unitarity
. Translation

. Convolution

. Differentiation

f+9=7+3
(f.9) = ([,9)

Of (k) = 2mik f (k)

0f = df /du



F: Lay(R) — L2(R) is a unitary operation that decomposes
L2(R) into a sum of orthogonal subspaces that transform

independently under translation/convolution.

1V = Vi,
PAL
k f,gEVk if*gévk

This is purely an algebraic statement about how the
translation group actson L (R).

On the other hand, F also picks out subspaces of different
degrees of smoothness.



Can we generalize all this to groups!?



Mfﬁ normal opproach

(s useless /?ere.

xkcd.com



Convolution
Regard f: G—C as f=) ..af(x)es.

Define e, -e, =e,,, fg= erg ZyeG f(x) fly)esey.

Isotypics: irreducible subalgebras

/
CG=ViaVeod...D Vs

\

group algebra

For compact groups this decomposition is unique.



1. v € V; isreally alinear operator v: V; — V;

U= VU =0V *U
2. In particular, { [€xz]; | © € G } is a set of operators obeying

€z); ley]; = leayl,
3. These are the irreducible representations

pi(r) = |eg);

4. On non-commutative groups e, # e,,, sosome V; must be

multidimensional.

5. Any [ canbe writtenas f =)} . f(x)e;, so
[f]z = erg f(:U) [eac]i — erG f(:l?) Pz(aj)

6. This is the Fourier transform!



The Fourier transform on a group is

flp) =Y f(z)p(x) pER

reG

The inverse transform is

1@) = 167 2 dotr [Flp) pla™)

PER



=Y f@e@)  f@) = o S dytr 7o) pla)

xelG ‘ ‘ pER

|. Linearity: f—l—g f+7q
2. Unitarity: (f-9) = (f.3)

3. Left-translation: f/Z(F) = p(2) f(p)

N

4. Convolution: fxg(p) = f(p)G(p)

5. The individual components correspond to
different levels of smoothness.



AN

The Fourier transform F: f — f is an isomorphism

F:CG — @ Cchxd.

PER



