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For n=0,
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Set W/ =1.
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Bootstrap Particle Filter
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Bootstrap Particle Filter

For n=0,
Fori=1,...,N,

Sample ¢ ~ o,
Forn>1,

Fori=1,...,N, | |
Sample ¢} ~ 2B G) G
> &n-1(¢1)

1 n—1 1 )
= N Zflsq'] zN .= }:[0 <N Z&?(C;’;))
Recall, f
T (A) = gn—1(x)f(x, A)mp—_1(dx)
S R 2 S )
so notice

J e 1()F (AT (dx) 32 en1(¢_1)F(G 1, A)
fgﬂfl(x)ﬂ'rlrvfl dX) Zj gn—l(Ci_l)
N.B. the N processes (¢i;n>0), i=1,..., N, are not independent




Convergence and time-uniform convergence

For both SIS and BPF,
1) E[zN] = Z,
2) for bounded ¢ : X - R and p > 1,
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N>1

so ZVN — Z, and 7wl (p) — ma(p) as N — oo, w.p. 1.
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(Del Moral and Giuonnet '01) A sufficient condition is: there exists (6, ¢) € [1, 00)?
such that
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For n=0,
Fori=1,...,N,
Set W{=1.
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Forn>1,
Fori=1,... N,

Set W, =W, _18n-1(Ch-1)
Sample ¢, ~ f((ho1s0)-
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» Numer. obeys CLT, denom. converges a.s. to E[Hz;é k(X)) so
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> If f(x,-) = mo(-), and gx = g, then

o% = Varq, () (WO(gZ)

Wo(g)2>n'




Overview

» Part I: analysis of a “distributed” particle filter

> Boli¢ et al., Resampling Algorithms and Architectures for Distributed
Particle filters, IEEE Trans. Sig. Proc. 2005.
» Heine and W., ArXiv imminent

» Part Il: how much interaction is enough?

> On the role of interaction in sequential Monte Carlo algorithms. W,
Lee and Heine. Bernoulli. To appear.



Part |: analysis of a distributed particle filter



Local exchange particle filter (Boli¢ et al., 2005)
» N = Mm particles in total, m = no. of “machines”
> 0 {l,...,M—1} is a parameter
> write ymod*™x =y — [(y — 1)/x] x.

For n=0,
Fori=1,...,N,
Set  W{ =1 and sample ¢{ ~ 7o
Set L' = (i + 0)mod* Mm,
For k=1,...,m
Set Gy={(k—1)M+1,...,(k—1)M+ M}
Forn>1,
For k=1,..., m,
For i € Gy,

Set  Wy=(Mm)'Y, W,,Lilg,.,,l(g“,fj,l)..
Sample ¢, ~ (W) 7' Ycq, Walign-1(Grin)f(

1
n—1,
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with # = 0, LEPF = independent bootstrap particle filters

For n =0,
Fori=1,...,N,
Set Wi =1 and sample ¢} ~ mo
For k=1,...,m
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with # = 0, LEPF = independent bootstrap particle filters

For n =0,
Fori=1,...,N,
Set Wi =1 and sample ¢} ~ mo
For k=1,...,m
Set Gi={(k—1)M+1,...,(k—1)M+ M}
Forn>1,
For k=1,..., m,
For i € Gy,

Set W, = (Mm)_l' ZjeGk Wr{—lgl'"—l(ci—l).-
Sample ¢, ~ (W)™ EjeGk W, _18n-1(G—1)f(

7]

n—17"

)

> N.B. W/ = W} forall i,j € Gi, and

P(Cn € G0, -5 Gnmr) =

Zjeck gn71(C{,,1)f(C{,,1, )
ZjeGk g,,71(Cf771) .



A general algorithm - aSMC

» o isa N x N row-stochastic matrix

For n =0,
Fori=1,...,N,
Set Wi =1 and sample (§~ m
For n>1,
Fori=1,...,N,
Set Wr; = Zj C“Uer;flgn—l(Cf;fl)

Sample ¢, ~ (W)~} EjaijW#‘flg”—l(cjnlfl)f(Ci‘:fU')




A general algorithm - aSMC

» o isa N x N row-stochastic matrix

For n =0,
Fori=1,...,N,
Set Wi =1 and sample (§~ m
For n>1,
Fori=1,...,N,
Set Wr; = Zj C“Uer;flgn—l(Cf;fl)
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LEPF and IBPF as aSMC

For n=0,

Fori=1,...,N,
Set

For n>1,

W¢ =1 and sample

Fori=1,...,N,

Go ~ 7o

Set  Wp =3 0'W, 1gn-1(G )

Sample  (, ~ (W) ' Ej Wi _1gn—1(Go)f(Ghors )
0 1/3 1/31/3 0 0 0 0 0 /3 1/31/3 0 0 0 0 0 0
0 1/3 1/3 1/3 0 0 0 0 0 1/3 1/3 1/3 0 0 0 0 0 0
0 1/31/31/3 0 0 0 0 0 /3 1/31/3 0 0 0 0 0 0
0 0 0 0 1/3 1/3 1/3 0 0 0 0 0 1/3 1/3 1/3 0 0 0
0 0 0 0 1/31/31/3 0 0 0 0 0 1/31/31/3 0 0 0
0 0 0 0 1/31/31/3 0 0 0 0 0 1/31/3 13 0 0 0
1/3 0 0 0 0 0 0 1/3 1/3 0 0 0 0 0 0 1/3 1/3 1/3
3 0 0 0 0 0 0 1/3 1/3 0 0 0 0 0 0 1/3 1/3 1/3
1/3 0 0 0 0 0 0 1/3 1/3 0 0 0 0 0 0 1/3 1/3 1/3

m= M = 3. left: « for LEPF with § =1, right: « for IBPF.
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Convergence and CLT

Thm. The following hold for the LEPF and IBPF
1) For any M, m > 1, E[ZM™] = Z,
2) for bounded ¢ : X - R and p > 1,

v
sup VMmE Hzn"”’" - Z,,’P] " < oo
M,m>1

pyl/p
sup VMmE [|74() = ma()| ] < oo
M,m>1

so ZMm — Z, and 7M™ (¢) — 7a(¢) , w.p. 1. both:

» with m fixed and M — oo, and
» with M fixed and m — oo

3) for bounded ¢ : X — R and any M > 2,

VM (w)7() = ma()) = N(0.07),

m—00

with o2 depending on ¢, M (and 6 in the case of the LEPF)




Time-uniform convergence

Thm. The following hold for the IBPF and LEPF
1) If there exists (4, €) € [1,00)? such that

f(x,)) <ef(x',-), Vx,x’, and supsup &n(x) <46,
n>0 x,x’ gn(xl)

then for any m > 1, p > 1 and bounded ¢ : X — R,

sup sup VIVEE [|xt7 () - ma(ip)|] 7" < oo

M>1n>0

@



Time-uniform convergence

Thm. The following hold for the IBPF and LEPF
1) If there exists (4, €) € [1,00)? such that

f(x,)) <ef(x',-), Vx,x’, and supsup &n(x) <46, (1)
n>0 x,x’ gn(xl)

then for any m > 1, p > 1 and bounded ¢ : X — R,

sup sup vV ME [

pyl/p
() = ma()| ] < +oo
M>1n>0

2) but, there exist models satisying (1) such that for any ¢ such that Varq,(¢) > 0,
andany M>1and p>1,

1/p
] = +4-o00.

p
lim sup sup vmE Hﬂym(go) - 71',,(4,0)‘

m—oco n>0

to establish 2), it turns out to be sufficient to construct a model such that
limp— oo a% = 400...



Asymptotic variance in a simplified case

» Introduce the “limiting” « matrix for the LEPF (for IBPF set 6 = 0):

MH[((i — 1)/M]

lG—0-1)/M]], ijeZ
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be the bi-variate, backward Markov chain:

> Let (Ik, Jk)o<k<n

it e
= addt alddtr

)

Jills1 = i1y Jr = Jiy1)
Ji]

>

Pl = iy, Jx

) ~ o ® do,

(Iny In

n—1
k

Il =

=0

» Define the collision count: Z,
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be the bi-variate, backward Markov chain:

> Let (Ik, Jk)o<k<n

)

Jk+1Jk
o0

(e}

i i
=gtk

Jills1 = i1y Jr = Jiy1)
Ji]

>

Pl = iy, Jx

) ~ o ® do,

(Iny In

n—1
k

Il =

=0

» Define the collision count: Z,

» Assume f(x,-) = mo(-) and g, = g, then



Numerical comparisons
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Numerical comparisons

> Zy =S ol = Ji]
» For the IBPF, Z, ~ Binomial(n, M™1)

> 05 = Vary (@)oo [e7"], t:=log ro(g’)

mo(g)?
P(Z, = z) Eoolet?"] vs. n, M(n) = n?
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Simulation example
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Part Il: how much interaction is enough?



aSMC - a general algorithm

Let Ay be a set of Markov transition matrices, each of size N x N

For n =0,
Fori=1,...,N,
Set W{i=1
Sample  {y ~ o
Forn>1,
Select ap—1 from Ap according to some given functional of {(o,...,¢n—1}
Fori=1,...,N, '
Set W)= Zj Oé:J,71 W,J,,lgnfl(gﬁfl)
Zj QZ—1W,J1_1gn—1(C{1—1)f( {1—17')
W

Sample ¢l ~

N Zi Wﬁ- 5(;'1 ZN 1 Z Wi
Ty, i—m ———————— = —
n ZI W,’, n N - n



aSMC - a general algorithm

Let Ay be a set of Markov transition matrices, each of size N x N

For n =0,
Fori=1,...,N,
Set W{i=1
Sample  {y ~ o
Forn>1,
Select ap—1 from Ap according to some given functional of {(o,...,¢n—1}
Fori=1,...,N, '
Set W)= Zj Oé:J,71 W,J,,lgnfl(gﬁfl)
Zj QZ—1W,J1_1gn—1(C{1—1)f( {1—17')
W

Sample ¢l ~

N Zi Wﬁ- 5(;'1 ZN 1 Z Wi
Ty, i—m ———————— = —
n ZI W,’, n N - n

> If Ay = {Id}, aSMC = sequential importance sampling
> If Ay = {11/,\,} , aSMC = bootstrap particle filter

(11 is the matrix with 1/N as every entry)



Adaptive Resampling PF (Liu and Chen '95) as aSMC
> Adaptive Resampling PF is an instance of aSMC with 7 € (0, 1] a threshold,
AN = {Id,ll/N}, and

(v w;,lgnfl(c;,l))j .

n, if i i
an_1:i=4 YN NS (Wi ygna(Ciy))

Id, otherwise.



Adaptive Resampling PF (Liu and Chen '95) as aSMC
> Adaptive Resampling PF is an instance of aSMC with 7 € (0, 1] a threshold,
AN = {Id,ll/N}, and
NI W g 1 (C 2
1, if (Vs no1f 1(47,1))2 <
NS (Wi gena(¢h )

Id, otherwise.

» For general aSMC, introduce the key quantity:

_ (NS W) (’V*lZ"Zf0‘571‘/‘4*1g"*1(d’1))2 0,1

SNt > (W) - N=13 (Zj al W gn1(Ghy)

eN .



Adaptive Resampling PF (Liu and Chen '95) as aSMC

> Adaptive Resampling PF is an instance of aSMC with 7 € (0, 1] a threshold,
AN = {Id,ll/N}, and

Nt n—
1w, if (V725 W) 1))
Qap_1 = N— 12( 18n— 1(C,,,1))
Id, otherwise.

> < T

» For general aSMC, introduce the key quantity:

(N71 Z,‘ W,;)Z _ ( lz Z a ,, 18n— 1(§n 1))2

8,’,\’ = iz 7 € [0,1]
N (WA pry (z ol Wi ign1(G 1))
» Notice
ap—1 =11y = & =1,
2
( _18n— I(Cn 1))
op—1 = Id =

N— Z ( n—18n— 1((,, 1))2‘



Adaptive Resampling PF (Liu and Chen '95) as aSMC

> Adaptive Resampling PF is an instance of aSMC with 7 € (0, 1] a threshold,
AN = {Id,ll/N}, and

NI W g 1 (C 2
Ly, f (WS Wirer 1)

ap1 = N1 (W ygna(6h )
Id, otherwise.

» For general aSMC, introduce the key quantity:

—15~ )2 NI S el W gn1(C_
(W (VST e WG 1))26[0,1]

N = =
n ) N2 P X
N7 (W5) N7, (Zj aiflwrjvflgnfl(dwfl))
> Notice
ap—1=1y/n = & =1,
. . 2
v (VW)
an_1 = Id = &N =

: : 2"
N=13Z (W,;—1gn—1(cz—1))
» So ARPF can be viewed as enforcing:

infEN > 7
n



Convergence of aSMC

(A) - the entries of the Apy-valued random matrix a,—1 are measurable w.r.t.
Fn—1=0(C0s -, Cn—1)

(B) - every member of Ay is doubly stochastic



Convergence of aSMC

(A) - the entries of the Apy-valued random matrix a,—1 are measurable w.r.t.
Fn—1=0(C0s -, Cn—1)

(B) - every member of Ay is doubly stochastic

Thm. Assume (A) and (B). Then for any n > 0,
1) E[ZzM] = z,
2) for bounded ¢ : X - R and p > 1,

sup VVE | (@) = ()] 7" < +oo,
N>1

Z,’,V _z p] 1/

g < 400, sup V'NE [
N>1

so ZN — Z, and 7N (p) — ma(p) as N — oo, w.p. 1.




Uniform-convergence of aSMC

(C) There exists (8,€) € [1,00)? such that

f(x,)) <ef(x',-), V¥x,x', and supsup g,,(x/) <6é.
n>0 x,x’ gn(X )



Uniform-convergence of aSMC
(C) There exists (8,€) € [1,00)? such that

f(x,)) <ef(x',-), V¥x,x', and supsup g"(X,) <6é.
n>0 x,x’ gn(X )

Thm. Assume (A), (B) and (C). Then there exist finite constants, c¢; and for each
p > 1, c2(p), such that for any 7 € (0,1], N > 1, and bounded ¢ : X — R

1/n
zy 2 c1
Zn <141
(Zn) =N

and

sup,>1; E

infEN >+ =
n>0

supyso E [[74(0) — ma(@)|?]) P < ”‘P”im%)'




Uniform-convergence of aSMC
(C) There exists (8,€) € [1,00)? such that

f(x,)) <ef(x',-), V¥x,x', and supsup g"(X,) <6é.
n>0 x,x’ gn(X )

Thm. Assume (A), (B) and (C). Then there exist finite constants, c¢; and for each
p > 1, c2(p), such that for any 7 € (0,1], N > 1, and bounded ¢ : X — R

1/n
2,4\1)2 C1
Zn < 14 =
(Zn - +N’T7

and

sup,>1; E

infEN >+ =
n>0

~

supyso E [[74(0) — ma(@)|?]? < floll L2
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Design of aSMC
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Example of adaptive interaction

» assume N =2" m e N and let

Ay = {ld, a(1),...,a(m—1), 11/N} ,

with
11/2k 0 0
0 11/2k 0
a(k) = . . ] . , k=0,..
0 0 11/2k

where 1; /4 is the d x d matrix with 1/d as every entry.
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» A simple adaptation rule:

> at each time-step, increase k, until a, = a(kn) satisfies EAV >T
> overall serial complexity is O(N)



Example of adaptive interaction

» assume N =2" m e N and let

Ay = {ld, a(1),...,a(m—1), 11/N} ,

with
11/2k 0 0
0 11/2k 0
a(k) = . . ] . , k=0,...m,
0 0 11/2k

where 1; /4 is the d x d matrix with 1/d as every entry.

» A simple adaptation rule:

> at each time-step, increase k, until a, = a(kn) satisfies EAV >T
> overall serial complexity is O(N)

> A greedy adaptation rule:

> as above, but make pairs, pairs-of pairs, etc. by matching big weights with
small weights
> overall worst case serial complexity is O(N log, N)



Numerical illustrations for SV model, N = 1024, 7 = 0.6
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Top: N = NEY vs. time.
Bottom: K, vs. time. (degree of interaction is 2%)



Numerical illustrations for SV model, N = 1024, 7 = 0.6
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Left: histograms of K, over time steps 0 to 15 x 10® and 15 x 10% to 3 x 10*
Right: solid=simple, dash-dot=random, dash=greedy



Numerical illustrations for SV model, N = 1024
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