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A Primer on (Bayes) Decision Theory
Cox and Hinkley (1979); Berger (1985)

Key Components:
o Probabilistic Model: p(3) for model parameter 3
@ Decision Variable: 6

o Utility: U(0,p) is score for selecting 6 wrt. p

Step 1: Model Construction Step 2: Decision Making

e.g. Bayes posterior

p(BIDn) x p(Dn|B)p(B)

0* = argmax U(0, p)
0cO



Example: Selecting a Point Estimate

o Model:

yi’,@,xi,e = IBTXi + €
e~N(0,6%), B~N(0,C)

o Utility:
U(w,p) = ~Fgy | [w = B3

c—(2)

02



Example: Selecting a Point Estimate

o Model:

yi’ﬂ,xi,e = IBTXi +e€
e~N(0,6%), B~N(0,C)

o Utility:
U(w,p) = ~Fgy | [w = B3

Step 1: Posterior Estimation

p(ﬁ|pn) =N (F’? 2)



Example: Selecting a Point Estimate

o Model:

yi’ﬂ,xi,e = IBTXi + € C G
e~N(0,6%), B~N(0,C)

o
o Utility: m -

U(w,p) = ~Egep [ Iw = B3]

Step 1: Posterior Estimation Step 2: Decision Making
p(BIDn) =N (1, %) w* = arg max U(w, p(8|Dn))

= Ep@p.) [Bl =1



Outline

Part 1:

0 = arg max U, p)

o multilabel prediction with non-decomposable metrics

@ application to decoding cognitive processes

Part 2:
“p* = argmax U(0,p)
peEP

)

@ incorporating user-defined utility as prior information
@ application to structured probabilistic models



Part I:
Bayes Optimal Multilabel Classification

Joint work with:

Nagarajan Natarajan, Pradeep Ravikumar, Inderjit Dhillon, Russell A. Poldrack
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Problem Description

o Inputs: X € X, Labels: Y € [0,1]M (with M labels)

o Output: classifier @ : X ~ [0, 1] that maximizes utility
U, p)



Example: Hamming Loss / Label Accuracy

o Measures misclassification error for each label (separately)

Utility Function



Example: Hamming Loss / Label Accuracy

o Measures misclassification error for each label (separately)
Utility Function
M
U@O) =Exy~p [Z L1y, =0, (X ] =Y P, X))
m=1 m=1
Optimal Prediction
07 (x) = sign (]P’(Ym —1a) - 1> VreX

Well known convex surrogates e.g. logistic loss, hinge loss (Bartlett
et al., 2006)



Why does this matter?

1
“0r,(x) = sign (P(Ym =1lz) — 2) K

o defines the ideal point estimate (i.e. model summary) for a
probabilistic model

@ specifies the target for estimation algorithms i.e. what
quantities must be estimated correctly?



When is 6* difficult to estimate?

@ optimal can be quite complicated function of p when the utility
function is non-decomposable (cf. (Narasimhan et al., 2014)):

U{Y;, X)) # Zu(n, X;)



When is 6* difficult to estimate?

@ optimal can be quite complicated function of p when the utility
function is non-decomposable (cf. (Narasimhan et al., 2014)):

U{Y;, Xi}) # Zum, X;)

This talk:

show that the optimal solution is indeed simple for a large family of
multilabel metrics



Recall the Confusion Matrix for Binary Classification

P(Y=1,0=1) P(Y=0,0=1)

FN ™
P(Y=1,0=0) P(Y=0,6=0)

Binary classification metrics defined by confusion matrix

U®) =¥ ([fn )
eg. ACC=TP+TN, WA =w; TP+ wsTN
(14 BH)TP TP

AC= ———————
(14 52)TP + 32FN + FP’ IAC TP +FN+FP

Fg =



Multilabel Confusion

Similar idea for multilabel classification, now across both labels m
and examples n.

ﬁ(a)m,n = 1[9m(a:(")):17y£:>:1] —I/_N(g)m,n = 1[0m(z(">):0,y7(,?): ]
|§ls(e)m,n = l[em(x(n>):1,y$2>:0] 'Er\l(o)m,n = 1[

O (2(")=0,y53) =1]

We focus on linear-fractional metrics e.g. Accuracy, Fjg, Precision,
Recall, Jaccard



Instance-averaged Utilities

Constructing multilabel metrics by averaging binary metrics

Average over labels for each example

M 1 M -
LS T LS )

m=1 m:l
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Constructing multilabel metrics by averaging binary metrics

Average over labels for each example
M 1 M
LS TB(0)r P0) = L 301
m=1 m:l

N
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Instance-averaged Utilities

Constructing multilabel metrics by averaging binary metrics

Average over labels for each example

M M
E mn, E m,n,

m=1 m=1

N
|nstance == Z TPn, ﬁﬁn, -mn, ENTL)

Theorem (Koyejo et al., 2015)

0;,(z) = sign(P(Yy, = 1|z) — 0%) Vm € [M].



Instance-averaged Utilities

Constructing multilabel metrics by averaging binary metrics

Average over labels for each example

M M
E mn, E m,n,

m=1 m=1

N
|nstance == Z TPn, |€|\Dn, -[/_Nn, E'\\ln)

Theorem (Koyejo et al., 2015)

0;,(z) = sign(P(Yy, = 1|z) — 0%) Vm € [M].

@ Only require P(Y,, = 1|x) i.e. label correlations do not affect
optimal classification

o Shared threshold across labels



Simulated Data; Instance-averaged F1

Bayes Classifier Computed using Brute Force Search

Label m =1 Label m =2
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Application to Cognitive Neuroscience



Decoding Cognitive Processes

Cogpnitive Neuroscience Hypothesis: Brain function is
decomposable into elementary cognitive processes. (Posner et al.,

1988)

audition language
phonology omoqmphy phonology
responseinhibition
speech semantics spltulproussmg
workingmemory speech

@@@@@@@u@u
00000®®®06O0

Poldrack et al. (2009)

o Cognitive processes represent basis set of brain functions
recruited for cognitive tasks (Poldrack, 2010).
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associated with observed brain function?



Conceptual Block Diagram

Recruited Brain
Mental Function

Processes (fMRI)

s —

o Motivating Question: What are the set of cognitive processes
associated with observed brain function?

@ This is a multilabel classification problem



Datasets

‘OpenfMRI

@ Open fMRI database

o Compiled 479 full brain
z-statistic contrast images

openfmri.org

cognitive

@ Open neuroimaging ontology

o Curated 26 cognitive process
labels

www.cognitiveatlas.org


openfmri.org
www.cognitiveatlas.org

Label Proportions
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Process Label
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Vision

Action Execution
Decision Making
Orthography

Shape Vision
Audition

Phonology

Conflict

Semantics
Reinforcement Learning
Working Memory
Feedback

Response Inhibition
Reward
Stimulus-driven Attention
Speech

Emotion Regulation
Mentalizing
Punishment

Error Processing
Memory Encoding
Spatial Attention
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Micro-averaged Decoding of Cognitive Processes

Accuracy Precision Fi 1 - Hamming Loss
SVM 0.43 (0.03) 0.53 (0.03) 0.51 (0.03) 0.79 (0.01)
Logistic 0.44 (0.03) 0.53 (0.02) 0.52 (0.03) 0.79 (0.01)
Ridge 0.34 (0.02) 0.47 (0.02) 0.39 (0.02) 0.91 (0.00)
Popularity  0.12 (0.01) 0.21 (0.02) 0.18 (0.02) 0.76 (0.01)

* statistically significant via permutation test, p < 10~ °
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Conclusion: Part |



Optimal multilabel classification:
o Optimal classifiers for a large family of multilabel utility
metrics have a simple threshold form: sign(P(Y,, = 1|x) — 9)
@ Same results apply to other binary-list decision problems e.g.
probabilistic clustering



Optimal multilabel classification:

e Optimal classifiers for a large family of multilabel utility
metrics have a simple threshold form: sign(P(Y,, = 1|x) — 9)

@ Same results apply to other binary-list decision problems e.g.
probabilistic clustering

Open questions:

o Optimal classifiers for other metrics: analysis does not
cover some common metrics e.g. hierarchical losses

o Label correlations: exploring new classifiers that can take
advantage of label correlations



Part Il:

Incorporating Utility into Probabilistic
Models

“p* = argmax U(0,q)"
qeP

Joint work with Rajiv Khanna, Joydeep Ghosh and Russell A. Poldrack



o Step 1: start with user-defined ¢/(0, -) which summarizes
“expert knowledge”

e Step 2: find a distribution p, € argmax U(0,-)
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e Step 2: find a distribution p, € argmax U(0,-)

Example:

Mean structure (Jaynes, 1957; Jaakkola et al., 1999; Zhu et al.,
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o Step 1: start with user-defined ¢/(0, -) which summarizes
“expert knowledge”

e Step 2: find a distribution p, € argmax U(0,-)

Example:

Mean structure (Jaynes, 1957; Jaakkola et al., 1999; Zhu et al.,
2009; Ganchev et al., 2010):

U(m, g) = —Exg [[Im — g(x) |5 ]

Applications:
@ constructing new default priors that incorporate user
information
o directly constraining the posterior (equiv. implicit prior) based
on additional knowledge.



Well-Posedness

Problem

S = {p € argmin U(0,-)} is too
large!




Well-Posedness

Problem

S = {p € argmin U(0,-)} is too
large!

Proposed Solution

Regularize distribution estimation using relative entropy:

q. = argmin —U(0, q) + AKL(q||p)
qeP



Background: Relative Entropy
KL Divergence (Kullback, 1959)

KL(pllg) = Ep [bgz]

e change in information between p and q (Jaynes, 1957)

@ “natural” distance on probability manifold (Csiszar, 1975)

@ the basis for many approximate posterior estimation methods
o KL(pllq) = 0, KL(pllq) = 0 iff. p=gq.



From Regularization to Information Projection

¢ = argmin —U(6,q) + AKL(q||p)
qEP

= ¢. = argmin KL(q||p) s.t. U(0, q) > ¢
qeP



From Regularization to Information Projection

¢ = argmin —U(0, q) + XKL(q||p)
qEP

= ¢. = argmin KL(q||p) s.t. U(0, q) > ¢
qeP

qs is the information projection of
ptoS={q|U0,q) = €}




Probability Restriction for Sparse Variables



Sparsity-Encouraging Utility

Consider the utility which encourages sparsity level & for p:

U(k, p) o< [supP(D)] L1gypp() <]

The resulting information projection equivalent to:

maox min KL(g]1) s supole)] = £ |
k<k | 4€P



Theorem (Koyejo et al., 2014a)

Let S = {¢| supp(q) = A}, the information projection of p to S is
the restriction of p to the domain A.

_p(w) wE A
pa = argmin KL(g|p) = { Jap(w)dw ’
qes 0 otherwise.




Theorem (Koyejo et al., 2014a)

Let S = {¢| supp(q) = A}, the information projection of p to S is
the restriction of p to the domain A.

p(1) weA
pa = argmin KL(g|p) = { Jap(w)dw ’
qeS 0

otherwise.

Example

Let d=2,0={1}
o Ay = {[wy,ws] s.t. wp =0}
o Spy = {ql supp(q) = Ay }
o poy(w) x p(w) Vw e A,




Scoring the Sparse Restriction

Restriction Score
Let 0 € [d] so Sy = {¢| supp(q) = Ay}

J(#) = —min KL(q||p) = —KL(ps||p)
qE€Sy

@ measures “information” retained after 0 variables selected



Scoring the Sparse Restriction

Restriction Score
Let 6 € [d] so Sy = {q]| supp(q) = As}

J(#) = —min KL(q||p) = —KL(ps||p)
qE€Sy

@ measures “information” retained after 0 variables selected

Variable selection
Estimate the subset of k most important variables
0" = argmax J(0)
|6]=k

o Expensive search e.g. d = 10000, & = 100 requires O(10%41)
evaluations (10" — 1082 est. atoms in the known universe)



Efficient Variable Selection

Theorem (Koyejo et al., 2014a)

J(0) is monotone submodular wrt 6 for any bounded density p.



Efficient Variable Selection

Theorem (Koyejo et al., 2014a)

J(0) is monotone submodular wrt 6 for any bounded density p.

Greedy
Input: k,0 =0
while 6] < k do

foreach i € [d]\6
fi= J(O L) - J(60)
0 = 0 U {arg max f;}
end while
Return: 6.



Efficient Variable Selection

Theorem (Koyejo et al., 2014a)

J(0) is monotone submodular wrt 6 for any bounded density p.

Greedy
Input: k,0 =0
while |0| < k do

o Greedy is guaranteed to get 1 — %
close to the optimal selection
(Nemhauser et al., 1978)

foreach i € [d]\6
fi= J(O L) - J(60)
0 = 0 U {arg max f;}
end while
Return: 6.



Regression Model

I
yi|w,xi,e =W X;t+€

e~N(0,0%), w~N(0,C) m "



Regression Model

Yi|lw,x;,e = WTXZ' + €
6NN(0702)7WNN(0’C) m .

Variable Selection
o Let P(wly) =N (u,X) and Py(wly) =N (m,, Sy)

-1
J(0) o (p —my) 'S (pp — my) —log ‘(;il)l‘

mean approx.
Cov. approx.



Simulated Data Results: Support Recovery

k=20, d=10,000, SNR = 20dB , n = 100,...,400
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Simulated Data Results: Support Recovery
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Simulated Data Results: Regression
k=20, d=10,000, SNR = 20dB , n = 100, ..., 400

Sparse-G
V¥ Lasso
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Simulated Data Results: Regression
k=20, d=10,000, SNR = 40dB ... — 10dB , n = 200
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Probabilistic Sparse Canonical Correlation

Analysis

Khanna et al. (2016)[Under Review]



Canonical Correlation Analysis

o Canonical correlation analysis is useful or joint analysis of
multi-view datasets

o Let X € R™*41 Y ¢ R**d2

@ Canonical Correlation Analysis (CCA) seeks factors
u € R4, v € R% which “explain” the cross-correlation

" u' X'Yv
V4 = arg max
*y Vi g uv [ul Xul|vIYv|




Probabilistic CCA

Bach and Jordan (2005)

T
Xn|u,zn,e =u z,+te€

Yn|v,zn,e = VTZn +v
Ve N(0,8), v ~ N (0, ®) "
€ NN(O,U2) , U NN(O,fz)




Probabilistic CCA

Bach and Jordan (2005)

v~ N(O0,P), v~N(0P) z,
ENN(07U2),VNN(O,§2)

T L]
Xn|u,zn,€ =u z,+te€
T
YTL|v,zn,e =V Zp,+V @
v

Sparse Probabilistic CCA
Model fit using Expectation Maximization (EM)

E-Step
o select elements separately from u, v subject to a budget
constraint.

@ equivalent constraint set is a Partition Matroid.



Human Connectome Project Data (Essen et al., 2013)

@ Investigating association between human brain function and
human behavior

@ Joint decomposition of task brain images and behavioral
variables

@ n = 497 adult subjects. Each subject has d; = 380 behavioral
variables, dy = 27000 voxels

2 nl//——""_‘
a4 SparseCCAKL
00r|e—e pmacca

60 120 180 240 300




2 Back vs 0 Back contrast (measures working memory)

z=44 z=64

WM_Acc -0.086
WM_0bk_Acc -0.085
WM_0bk_Median_RT 0.078
M_Obk_Body_Acc -0.076
M_Obk_Body_Median_RT 0.073
WM_0bk_Tool_Acc -0.073
WM_0bk_Face_Acc -0.072
WM_0bk_Face_ACC_Nontarget -0.072
WM_0bk_Body_Median_RT_Nontarget 0.071

Neural support is seen in a number of frontal and parietal regions
and cerebellum, consistent with cognitive control systems usually
engaged by the task. Behavioral correlates including both reaction
time and accuracy on the task, showing greater neural engagement
associated with slower and less accurate performance.



REL vs MATCH contrast (measures relational processing)

Relational_Acc -0.059
RO o072 RelationaliReliA_cc -0.053
. ReadEng_AgeAd] -0.049
ReadEng_Unadj -0.048
0 WM_Acc -0.046
Relational_Match_Acc -0.045
0072 PicVocab_AgeAdj -0.044
: PicVocab_Unadj -0.043
WM_2bk _Acc -0.041

Neural support is observed in frontal, parietal, and occipital cortex.
Behavioral correlates captured both performance on this particular
task, as well as independent measures related to higher cognitive
functions including working memory capacity, vocabulary, and
reading.



Conclusion: Part 1l



Probabilistic inference for structured variables:

@ proposed regularized approach for incorporating
user-constructed utility into probabilistic model

o discussed applications to constructing structured distributions
via restriction

o efficient submodular optimization when applied to sparsity



Probabilistic inference for structured variables:

@ proposed regularized approach for incorporating
user-constructed utility into probabilistic model

o discussed applications to constructing structured distributions
via restriction
o efficient submodular optimization when applied to sparsity

Analysis of neuroimaging data:
o key hypothesis: joint spatial smoothness and sparsity
e performance meets or exceeds state of the art

@ open problems: construct fMRI priors based on DWI



web: http://sanmik.github.io
email: sanmi@illinois.edu



Other Research



Behavioral

Imaging

Transcriptome

Genome

Disease symptoms
(10s of scales)

Neurocognitive
measures
(100s of variables)

Structural MRI
(200K vertices)

Functional MRI
(200K voxels X
150-1000 timepoints)

Diffusion MRI
(200K voxels X
50 diffusion directions)

Dense connectome
(~2'° connections)

Microarray/RNA-seq
(~21K genes)

Gene set
enrichment analysis
(100s of pathways)

SNP (~IM variants)

WGS (2.2B bases)

mutational load
(~21K genes)




Development of Principled, Scalable, Effective Methods

Exploratory and Predictive Modeling:
@ high dimensional data analysis (multiscale, multi-modal)

@ structured variables with complicated interactions

Scalability:

o efficient algorithms, parallel processing

Decision theory:
@ optimal predictive decision making

@ variable selection, large scale hypothesis testing

Theoretical Analysis:

o statistical guarantees e.g consistency, sample complexity



Exploratory Analysis of Imaging, Genetics and Behavior
Koyejo, McKay, Knowles, Blangero, Glahn, and Poldrack (2014b)

| Behav. h” (p-value) | DTI h* (p-value) |

0.175 (0.036) 0.229 (0.010)
0.224 (0.007) 0.598 (4.488x10~'7)
0.223 (0.008) 0.823 (8.525x 10 7)




MyConnectome
Poldrack et al. (2015)
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fMRI Connectivity Connectivity-based Network Within-network
timeseries estimation parcellation decomposition connectivity
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Optimal Predictive Decision Making

@ Analysis of optimal predictors and consistent estimators for
structured outputs e.g multilabel prediction, graph prediction




High Dimensional Estimation and Predictive Modeling with
Aggregated Data
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Ranking

Bhowmik, Ghosh, and Koyejo (2015)
Bhowmik, Ghosh, and Koyejo (2016)

Acharyya, Koyejo, and Ghosh (2012)
Koyejo, Acharyya, and Ghosh (2013)
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Backup Slides



Functional Magnetic Resonance Imaging (fMRI)

@ measures blood flow correlated with neuronal activity




Functional Magnetic Resonance Imaging (fMRI)

@ measures blood flow correlated with neuronal activity

Common paradigms:
o task fMRI: measurements of participant during experiment

o resting state fMRI: measurement while participant is at “rest”



Spatial Smoothness

o hypothesis: fMRI signal is
spatially smooth, due to
anatomy, prepossessing . ..

@ spatial smoothness is captured by spatially correlated priors
e.g. pair-wise Markov random field (MRF)



Sparsity

o hypothesis: mental processes are spatially localized (Cohen
and Bookheimer, 1994)

@ motivation: jointly sparse and spatially smooth model i.e.
clustered sparsity



FMRI stop signal task (White et al., 2014)

o stop signal task: designed to measure impulse control

z=2 z=5

e n=126,d = 10,000, k* = 300
@ recovered regions correlated with stop signal reaction time e.g.

include orbitofrontal cortex, dorsolateral prefrontal cortex,

putamen, anterior cingulate, parietal cortex (Koyejo et al.,
2014a)

z =12
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