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Brief Summary

- Kernel methods [1]: For any 7 > 0, compact § C R?
« Pro: flexible modelling toolkit.
ANk =k

« Contra: computationally intensive, poor scalability.

L7(8x8) = (QdI‘( T i

 Randomized algorithms:

« Low-D feature representation — fast linear methods.
- Random Fourier features (RFF) [2]: Remark-2:

= simple, popular, practically efficient, but theoretically not well-understood.

« Consequence of Theorem-1.
- L"(8 x 8)-consistency: ||k — k

« Contribution: detailed theoretical analysis,
= L>°-optimal performance guarantees (RFF dimension, growing set size),

m—0o0

« L (1 < r < oo)-guarantees, —:(x%)p; if =—50

. . . . . . . N T 5 1
« RF'F approximation for kernel derivatives + analysis. - Growing diameter: (*)1 0= ‘Sm‘ _ 0(m4d); L>®_case: ‘Sm| — em”

RFF Idea (Kernel Approximation)

. . . ;
- k: R? x RY — R: continuous, bounded, translation-invariant kernel. Applying a direct reasoning: for any 7 > 0, compact & C R

Theorem-2: k approximation, L'(& X §), 1 <r < o

rl28|" ) h(d,|S], ) + f) .
) |

L7(8x8) = Oa.s.( m_l/z\g\w/r\/log\& ) e

Theorem-3: k approximation, L"(S X §), 1 <r < o

Bochner’s theorem = . A 28| o C, V2T o
k,( ) _ / in(X—y>dA< ) o / ( T( B )> dA( ) A Hk' k LT(SXS) Z er(d n 1) ml—max{%,% | \/m S e .
X,y) = e w) = [ cos (W (x—y w), ,
. 1 m
k(x,y) =— 3 cos (w) (x — )
m; ( : ) Remark-3:
Here: (w;)7, A k(x,y) = (9(x), A(Y)) gom With - C, = O(4/r), universal constant.
. < . —1/21Q|2d/r
H(x) = ——(cos(wTx), ... cos(wIx), sin(wTx), . .., sin(wlx)). - L"(8 x 8)-consistency: if 2 < r, then ||k — k||, sx8) = Ou.s. (m : mlf\ )
m it —— (

the \/log(S) term disappeared (0 — o, see Remark-2).

Existi RFF G t
X1sting varantees Kernel Derivative Approximation

- [2]: k is consistent (compact convergence),

k= Ellzxses) = sup [k(z,y) = k(z,y)| = 0, (|8|y/m Tlogm).

(z,y)€8 XS (?P ak(x,y) Zw —W; qh|p+q| ( T(X — Y)) = (9P(x), 0Uy)) gom -

= |3]: 3 RFF variants, better constants.

Theorem-1: k£ approximation, L>(5 x §)

Let 02 := [ ||wl]|?dA(w) < oo. Then for V7 > 0, 8§ C RY compact,

- - h(d,|S|, o)+ V21
A (\|k—km<gxg>z e )

<e’, compact § C R?

P (x, y) = /R WP(—w) g (W (x — y)) dA(W), By = cos™, n € N

Th.-4: 0P9k(x,y) appr., supp(\): bounded, L>(S x §)

Let P,q < Nd? Tp,q = Supwesupp ‘wp q‘ Pa ﬂwf\“/\ “wp—l—q‘ Hng]
Assume: Chpoq < 00; supp(/) is bounded if [p;q| # 0. Then for V7 > 0,

—— H(d,p,q,|8|) +TpqV2T _
m pP.a1. ’ » B M p,q T
where h(d, [8],0) := 32\/2d1og(2|8| + 1) + 32,/2dlog(c + 1) + 16\/l . A (Ié’ k — OPk(x,y)|| x(sxs) > N <e,
Remark-1.: where
- A.s. convergence on compact sets: k ——= k at rate % (B-C. lemma). H(d, p,q,|S _
onvel | : 42910 _ | 5, g 8]) - - \floa(y/Copag +
= Growing diameter (S,,): 32\/2dT2p,2q 2\/U (p,q,|S|)

. 10818m| M0 e enough (i.e., |8,,] = e”™)) <+ old result: |8,,| = 0 (\/m/ log(m)>.

m

« Specifically: asymptotic optimality [4, Theorem 2].

Up, q,|8]) = log ( e 1).
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Remark-4:

. Theorem-4 < P9 Theorem-1, To.q = Topoq = 1. Else: supp(\):
bounded = 1, < 00 and 1ap 9 < 00.
= Growth of |8m\ A la Remarks 1-2
- ||OP9k — 8qu(x V)|l 25, xs,) — 0if |8,] = €™,
- ||OP 9k — @(X,y)]\Lr(gmxgm) L2 0if m28,, 2 /log 8] =50 (1 < 7 < 00).

Theorem-5: OP9k(x,y) approximation, supp(\):
unbounded, L*(8 x §)

Assume: (i) z — V,[0P9k(z)]: continuous; (ii) 8§ C R?% compact, (iii)
Epq = Epn|wP™|||w]||, < oo, (iv) 3L > 0,0 > 0 such that with S =
S—38

(%) M! 2 M2
oo | f(2z; ) [ < 02 (VM 2.2,¥2 € Sa)

f(z; w) = P%(z) — wP(—w) )y (w' 2).
Then with Fy := d 77 + d77, Dy o5 == SUD e conu(8,) || Va [P Tk (z)] |
" (1167 % — FPak(x, y)l|~sxs) > €) <

e __d 2

< gd-1, (1) o 18](Dp.gs + Epg)|™ o Se(1eh )
€

Remark-5:

« Fy: monotonically decreasing in d, F} = 2.

= ()9 holds if | f(z; w)| < % and Eq,op [|f(z;w)|?] < 02 (Vz € 8a).

= PR, y) | 1(ss) = Ous (181" ):

= slightly worse than Theorem-4, but it handles unbounded functions.

Future Research Directions

(i) Kernel derivatives: tighter guarantees, (ii) prediction using kernel (deriva-
tive) estimates, (iii) analysis of smart RFF approximations [5].
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