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Task: two-sample problem

@ Given: 2 independent samples

@ We want to test

@ Hy: sy = sp, against
) H1 .51 ;é So.
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Task: two-sample problem

@ Given: 2 independent samples

@ We want to test

@ Hy: sy = sp, against
) H1 .51 ;é So.

@ [Z: measureable space, e.g. 'nice’ Z C RY ]
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Possible errors

@ Error of

o first kind: Hp is true, but we reject it.
@ second kind: Hy is false, but we accept it.
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Possible errors

@ Error of

o first kind: Hp is true, but we reject it.
@ second kind: Hy is false, but we accept it.

@ Test is called of level a € (0,1) if
P(first kind of error) < a.

@ Difficulty: hard to find the non-asymptotic quantile for
a-levelness! — small-sample domain.
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Two-sample problem: density model — classical setup

o Examples = different Z() generating mechanisms.
o Here: Ny = n1, No = np: fixed,
_ 70
° Z(l)f{Zl(z) ((g)}~51
0 ZO) ={Zz;",....Z; )} ~ 5
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Two-sample problem: density model — classical setup

o Examples = different Z() generating mechanisms.
o Here: Ny = n1, No = np: fixed,
1 1
o ZW =z, Z{)} ~ s[ < v,
2 2
0 20 =z, .z} ~ [ <1,
e [v:

@ non-atomic: z € Z s.t. v({z}) > 0 can not happen.
o o-finite measure: Z = Uj¢,P;, I: countable, v(P;) < co.]

[} [51,52 S L2(Z,I/).]
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Two-sample problem: heteroscedastic regression model

@ Ni = ny, Nb = ny: fixed,

o zW) z(®) jid.
Zi(l) _ (Xi(1)7 Yi(l)) Yi(l) =5 (Xi(l)) + a(Xi(l))ffl),
Zi(2) _ (Xi(2)7 Yi(2)) Yi(2) = (Xi(2)) + U(Xi(2))§:(2)v

(XD,60) 42 (x@ @) B [e)xV] = 0, B [(65”)2 | X,-(l)] _1
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Two-sample problem: heteroscedastic regression model

@ Ni = ny, Nb = ny: fixed,

o zW) z(®) jid.
Zi(l) _ (Xi(1)7 Yi(l)) Yi(l) =5 (Xi(l)) + a(Xi(l))ffl),
Zi(2) _ (Xi(2)7 Yi(2)) Yi(2) = (Xi(2)) + U(Xi(2))§:(2)v

(XD,60) 42 (x@ @) B [e)xV] = 0, B [(65”)2 | X,-(l)] _1

o [s1,8,0 € L2(X,Px), 2=XxY, YCR]
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Two-sample problem: Poisson process model

® X ~ Poisson[\] : P(X = n) = 37e7*, n=0,1,...;A> 0.
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Two-sample problem: Poisson process model

o X ~ Poisson[A] : P(X = n) = e n=0,1,...;A > 0.

@ # of raisins in a cake / stars on the sky:
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Poisson process model

Ay

As

N(A4,) =2
x x N(Ay) =1
Az N(43) =3

An N process producing random points in (Z,A, m) is called PP if
@ N(A) ~ Poisson[m(A)], for all Ac A
@ {Ai}ics disjunct, I: countable = {N(A;)}ic; are independent.
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Poisson process: it exists, construction

e If Z is finite (m(Z) < o0):
o Z1,2,...1id., P(Z € A) = % VA € A,

@ p ~ Poisson[m(Z)], independent of X;-s.
o N(A)=>",x{Z € A} is good!
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Poisson process: it exists, construction

e If Z is finite (m(Z) < o0):
o Z1,2,...1id., P(Z € A) = % VA € A,

@ p ~ Poisson[m(Z)], independent of X;-s.
o N(A)=>",x{Z € A} is good!

o If Z is o-finite:

Z = U;E[P;, P,' <~ N,', N = Z N,'.
i€l
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Two-sample problem: Poisson process model

0 Z() = {Zl(l), .. '72((/11)1)}' m := s intensity

0o 7(2) — {21(2),...,2((,%,1)}, m:i=s

@ Ny, N>: Poisson r.v.-s.
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Two-sample problem: Poisson process model

(]

71) — {Zl(l), .. .,Z((,bi)}, m := s intensity [< ul,

2 2
7™ = (£ ),...,Z((NZ)}, m = s, [< pl,
N1, Ny: Poisson r.v.-s.

[: non-atomic, o-finite.

e © ¢ ¢

[ = nv; v: non-atomic, o-finite; 777
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After the examples, back to two-sampling (density model)

@ Pooled samples: Z=ZM U Z@ n=n; + np. Test statistics:

Tk= Y K(Z.Z) (@ + copmy) .
i#je{1,...,n}
1

n1n2(n1 —1+n — 1)’

1
dny,ny = — Cny,n bn np = —dm,n
1,2 \/nl(nl _ 1) 1,M29 1,12 2,11

0 _ anl’nz ZI E Z(l)
boy.my Zi€Z@.

Cny,my =

@ Example: K = reproducing kernel.
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Tk makes sense

Let (K o p)(z) = (K(-,2),p), (f,g) = [, f(z)g(z)dv(z). Unbiasedness:

?
E51752[TK]: <K<> (51 - 52),51 - 52>
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Tk makes sense

Let (K o p)(z) = (K(-,2),p), (f,g) = [, f(z)g(z)dv(z). Unbiasedness:

Eo il Tk]= (K 0 (51— 52), 51 — 52)
_ /Z K(z.2)(51 = 2)(2)(s1 — 2)(2)dn(2)d(2)
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Tk makes sense

Let (K o p)(z) = (K(-,2),p), (f,g) = [, f(z)g(z)dv(z). Unbiasedness:

Eo il Tk]= (K 0 (51— 52), 51 — 52)
_ /Z K(z.2)(51 = 2)(2)(s1 — 2)(2)dn(2)d(2)

) ;/ZK (2,2)su(2)su(2)dv(2)dn(2) - 2/ZzK(z,z')51(2)52(zl)du(2)dl/(z/)
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Tk makes sense

Let (K o p)(z) = (K(-,2),p), (f,g) = [, f(z)g(z)dv(z). Unbiasedness:

?
E51752[TK]: <K<> (51 - 52),51 - 52>

_ /Z K(z.2)(51 = 2)(2)(s1 — 2)(2)dn(2)d(2)

= Z /2K(Z,Z/)Sg(Z)Sg(Z’)dll(Z)dll(Z’) — 2/ZZK(Z,z')sl(2)52(2')du(z)du(z')

2 n. m 1
_E, ., [Z > k(Z9.27) e - 2ZZK( @ Z(Z)R},
=1i#je{l,...,ns} i=1 j=1
=Tk
where ¢,, = ”l(nllfl) (¢=1,2).
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(Ko (s1— s2),51 — sp) is finite

By CBS ([l = Il 2(z,))
(Ko (s1=52),51 = s2)| < |[Ko (51— )| ||s1 — 52l
(%) ()
=:(*)1 =:(*)2

where
@ (*)1: assumed to be finite,
@ (¥)2: < oo since s1,% € L2(Z,v).
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K-examples

If K is a reproducing kernel:

Esi 5[ Tk] = / K(z,2')(s1 = 22)(2)(s1 — 22)(2")dv(2)dv ()

_ HZ/Z K(-2)(s1 — 2)(2)dv(z)

2
H(K)

2
= |lps, — ,USQHH(K) y Ms = s K-

= Eq, s,[Tk] =0 51 = s, if K is characteristic.
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K-examples: K is a projection kernel

Let {¢x}ren be an ONS.

K(z,Z') = Z OA(2)9A(Z),

AEA
/Z K(z,2')f(2')dv(2') = projs(F)(2),

S =span ({¢r}ren),
(Ko (s1—%2),51 — s2) = [projs(s1 — 2) [l 2(z,1) -

Example: {¢x}ren Fourier/Haar basis.
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K-examples: K is a convolution kernel

2 =RY, v =Lebesgue measure, k € L2 (R?), k(—x) = k(x), hi > 0 (Vi).

1 71— 271 zg — 2,
K(Z7Z/):Hd hk< h]_ IREEE) hd 5
i=1 "

<K <& (51 — 52),51 — S2> = <kh * (51 — 52), S1 — 52>L2(Rd) 5

(Fre)) = [ F0etx =iy,

1 uy Ud>
kp(ui, ... ug) = ————k ([ —,...,—2 ).
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Distribution of Tx|Z

o Recall: T =Y icir...m K(Zi,Z) (e?ej? + Cn1,n2>v

) R:(Rl,

QO {a,,l,,,2 ie{l,...,m}

" bom T€{m Lo in ot m),

, Rn): rnd permutation, independent of Z.

€ — any,m S {Rla'--aRnl}

I . bl
b"17f72 Ie {Rn1+17'--7Rn1+n2}~

Th= Y K(Z2Z)(eig+com)-
i#je{1,...,n}
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Distribution of Tx|Z

@ Recall: T = Zi;ﬁje{l,...,n} K(Zi, Zj) (e?e}) + C,,l,,,2>,
EQ: dny,m I € {17"'7’71}
" bom T€{m Lo in ot m),
@ R=(R1,...,Rs): rnd permutation, independent of Z.
€ — any,n, S {Rla'--aRnl}
"\ bom i€ {Rm1s s Ruyim}

Th= Y K(Z2Z)(eig+com)-
i#je{1,...,n}

distr

o TxlZ &' Tg|Z.
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Final test, level

o gif)_.: (1—a)—quantile of T¢|Z " Tk|Z.

@ Reject Hy if Tk > qg(z%_a.
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Final test, level

o gif)_.: (1—a)—quantile of T¢|Z " Tk|Z.

@ Reject Hy if Tk > q&zi_a.
@ Given o € (0,1), under Hp

Pos, ((Tic > q%{_a( Z) <a.
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Final test, level

distr

° q§<Z,:)l—ai (1 — a)—quantile of T5|Z "= Tk|Z.

@ Reject Hy if Tk > q&zi_a.

@ Given o € (0,1), under Hp
Ps. s, (TK > qE(Z’i_a‘ Z) <a
o Taking expectation over Z, sup [P(,)(A) = sup(s, ,) .=, Ps1,5 (A)]:

Piro)(Pka = 1) < a,

Z
(DK,oz = X{TK > qg(&_a} .
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Aggregated test

o Given:

o {Kn}¥_, kernels.
o {wn}M_, positive weights s.t. >, e~ "n < 1.
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Aggregated test

o Given:

o {Kn}¥_, kernels.
o {wn}M_, positive weights s.t. >, e~ "n < 1.

o Notation: Tk, Tg ; q,(ﬂ_u = (1 — u)-quantile of Ti€<m|Z'
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Aggregated test

@ Given:
o {KmtM_| kernels.
o {wn}M_, positive weights s.t. >, e~ "n < 1.
@ Notation: Tk, T ; q,(nzg_u = (1 — u)-quantile of T |Z.
@ For a € (0,1)
ugz) ::sup{u>0:]P’(sup(Tf<m—q(Z) )>O‘Z)§a}.
m

m,1—ue—"m

>1 test rejects
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Aggregated test

@ Given:
o {Kn}¥_, kernels.
o {wn}M_, positive weights s.t. >, e~ "n < 1.

o Notation: Tk, Tg ; q,(ﬂ_u = (1 — u)-quantile of Ti€<m|Z'

@ For a € (0,1)

ugz) = sup {u >0: ]P’(slqup (Tf<m = qui_ue_wm) >0 ‘Z) < a}.

>1 test rejects

® The test: dm: Tg — q(z) > 0; it is of level a.

m,l—u&z)e—‘”’m
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@ Focus: two-sample problem.
@ Unbiasedness and exact quantile for the test statistics.

@ Single kernel and aggregated tests of level a.

~
~

=~/
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