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o Given:
k(x,y) = /Rd ei“’T(x_Y)d/\(w) = /Rd cos (wT(x — y)) dA(w).

o k(x,y): Monte-Carlo estimator of k(x,y) using (wj)Zy ES)

[Rahimi and Recht, 2007].
@ Motivation:

@ Primal form — fast linear solvers.
o Kernel function approximation: out-of-sample extension.
@ Online applications.
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Performance measures

@ Uniform (r = o0):

Hk - IQH = sup |k(x,y) — l?(x,y)‘ .
S X, yES

o L' (1<r<o0):

1
k=Ml = [ [ sy ke axay)
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Approximation of kernel derivatives

@ One could also consider OP9k.
@ Motivation [Zhou, 2008, Shi et al., 2010, Rosasco et al., 2010,
Rosasco et al., 2013, Ying et al., 2012, Sriperumbudur et al., 2014]:

o semi-supervised learning with gradient information,
@ nonlinear variable selection,
o fitting of infD exp. family distributions.

@ Many of the presented results hold for derivatives ([p; q] # 0).
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@ Large deviation inequalities
Amwk—ﬂtge)zﬁkﬂJmﬁm

AmQM—k

< > .
= 6) = f2(€7d7 m, |S|)

@ Scaling of |8] and m ensuring a.s. convergence?
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Existing results on the approximation quality

Notations: X, = Op(rn) (Oa.5.(rn)) denotes ):—: boundedness in
probability (almost surely).

@ [Rahimi and Recht, 2007]:

|kx,y) = k(xy)| = 0 (|8| '°,gn””> .

@ [Sutherland and Schneider, 2015]: better constants.
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@ Uniform guarantee (empirical process theory),
@ Two L' guarantees (uniform consequence, direct).

@ Kernel derivatives.
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High-level proof

@ Empirical process form:
|k =k, = sup g — Amgl = IA = Anllg
S  geg

Q |[A = Anllg concentrates by its bounded difference property:
1
vm

© G is a uniformly bounded, separable Carathéodory family =

A= Amllg Z B IN=Amllg +

E‘—Ul:m H/\ - Am”g r—\<./ }Ewlsz (g7w1:m) .
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High-level proof

© Using Dudley's entropy integral:

1 19127 m)
R(G.wrm) 3 | \log (@, (A, )
0

© G is smoothly parameterized by a compact set =

\/Iog/\/'(g, L2(Am),r) < \/Iog [M + 1} =

r

1
IE“-’l:mfR' (g7 W]_:m) r—\</ ﬁ
Q@ Putting together:

A 1 1 log |8
k—k” L) .
| s~ Um T m ( m >
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Step-1: empirical process form

o Notation: Ag = [ g(w)dA(w), Amg = [ g(w)dAm(w) = = > g(w)).
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Step-1: empirical process form

o Notation: Ag = [ g(w)dA(w), Amg = [ g(w)dAm(w) = = > g(w)).
@ Reformulation of the objective:

sup | K(x,y) — k(x,)| = sup IAg ~ Amg]| = |A = Anllg
x,yES geg

where

G={g,:z€8n},
SA=8—-8={x—y:x,y €8},

gz . W — COS (sz).

Zoltan Szabé Random Fourier Features — Limitations and Merits



Step-2: bounded difference property of ||[A — A, ||,

McDiarmid inequality: Let wi,...,w, € D be independent
r.v.-s, and f : D™ — R satisfy the bounded diff. property (Vr):

sup ‘f(ul, costm) — f(ug, ... up_q, U, u,+1,...,um)| <gc.
Ug,e. Um,ul €D

Then for V5 > 0

__28°
P(f(wi,...,wm) —E[f(wi,...,wm)] >B)<e T,
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Step-2: bounded difference property of ||[A — A, ||,

Our choice: f(w1,...,wm) = [[A—=Anllg.

|f(w1)' cey W1, Wr, Wrt 1, - - - 7wm) - f(UJ]_,. .. )wr—law;)wr-i-lv s 7wm)| =

1 1
= |sup |Ag — = Zg wj)‘ - sup ‘/\g — = glw) + = [g(wr) — g(w))] ‘
geg m j:l m
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Step-2: bounded difference property of ||[A — A, ||,

Our choice: f(w1,...,wm) = [[A = Anllg-

|f(w1)' cey W1, Wr, Wrt 1, - - - 7wm) - f(UJ]_,. .. )wr—law;)wr-i-lv s 7wm)| =

gcg = j=1
() 1
< —sup |g(w,) — g(wy)|

mge
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Step-2: bounded difference property of ||[A — A, ||,

Our choice: f(w1,...,wm) = [[A = Anllg-

|f(w1)' cey W1, Wr, Wrt 1, - - - 7wm) - f(UJ]_,. .. )wr—law;)wr-i-lv s 7wm)| =
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Step-2: bounded difference property of ||[A — A, ||,

Our choice: f(w1,...,wm) = [[A = Anllg-

|f(w1)' cey W1, Wr, Wrt 1, - - - 7wm) - f(UJ]_,. .. )wr—law;)wr-i-lv s 7wm)| =

Jj= Jj=1
(=) 1 / /
< —sup |g(w,) — g(wy)| < =sup (lg(wr)| + |g(w))])
m ge m geg
1 /
< — |sup|g(wy)| + sup |g(wy)|
m | geg geg
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Step-2: bounded difference property of ||[A — A, ||,

Our choice: f(w1,...,wm) = [[A = Anllg-

|f(w1)' cey W1, Wr, Wrt 1, - - - 7wm) - f(UJ]_,. .. )wr—law;)wr-i-lv s 7wm)| =

Jj= J=1
(=) 1 / /
< —sup |g(wr) — g(w])| < —=sup (lg(w:)|+ |g(w))])
m ge m geg
1 141 2
< — |sup |g(w/)| +sup [g(w))|| < ——==.
m | geg g m m
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Step-2: (*) = reverse triangle inequality with sup

@ Lemma: G: set of functions, a,b: G — R maps; then

:tépl (g)l—ztép\ a(g) + b(g)l



Step-2: (*) = reverse triangle inequality with sup

@ Lemma: G: set of functions, a,b: G — R maps; then

Zlépl (g)l—ztép\ a(g) + b(g)| Szgglb(g)\-
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Step-2: (*) = reverse triangle inequality with sup

@ Lemma: G: set of functions, a,b: G — R maps; then

Zlépl (g)l—ztép\ a(g) + b(g)| Szgglb(g)\-

@ Proof: combine

supgegla(g) + b(g)] <Sup(| (g )I+|b(g)|)<sup\ (&)l + sup [b(g)l,
g€g geg geg



Step-2: (*) = reverse triangle inequality with sup

@ Lemma: G: set of functions, a,b: G — R maps; then

:tépl (g)l—ztép\ a(g) + b(g)| Szgglb(g)\.

@ Proof: combine

supgegla(g) + b(g)| <SUP(| (g )|+|b(g)|)<sup\ (8)] 4 sup [b(g)l,

geg geg g<g
Ztelg\ a(g )!—?épl a(g) + b(g) — b(g)|

< supla(g) + b(g)| + sup [b(g)|.
geg geg



Step-2: (*) = reverse triangle inequality with sup

@ Lemma: G: set of functions, a,b: G — R maps; then

Zlépl (g)l—ztép\ a(g) + b(g)| Szgglb(g)\-

@ Proof: combine

supgegla(g) + b(g)| <SUP(| (g )|+|b(g)|)<sup\ (8)] 4 sup [b(g)l,

g€eg geg geg
sup |a(g )!—Supl (g) + b(g) — b(g)|
geg geg
< sup|a(g) + b(g)[ + sup [b(g)|-
geg geg

= =+ |sup |a(g)[ — sup |a(g) + b(g)|| < sup|b(g)|.
geg g€eg geg

o Our choice: a(g) =Ag — 4 > 1g(wj) b(g) =  [g(wr) — g(w))].



Applying McDiarmid to f (¢, = 2): with probability 1 — e~ "

~m
V2T
IN=Amllg < Ewpy [[N=Amllg +—=-

Jm

Step-3: bounding this term
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G ={g;:z € 8a} is a separable Carathéodory family, i.e.

@ w > cos (sz): measurable for Vz € Sa.
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G ={g;:z € 8a} is a separable Carathéodory family, i.e.

@ w > cos (sz): measurable for Vz € Sa.

Q@ z+— cos (w Tz): continuous for Yw.
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G ={g;:z € 8a} is a separable Carathéodory family, i.e.

@ w > cos (sz): measurable for Vz € Sa.

Q@ z+— cos (w Tz): continuous for Yw.

© R is separable, So C R = Sa: separable.
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Step-3: bounding E.,,,..w, |A — Anllg

G ={g;:z € 8a} is a separable Carathéodory family, i.e.
@ w > cos (sz): measurable for Vz € Sa.
Q z+— cos (w Tz): continuous for Vw.
© R is separable, So C R = Sa: separable.

Thus, by [Steinwart and Christmann, 2008, Prop. 7.10]

wlm H/\ /\mHg < 2Ew1 [ fR(g,UJLm) ]
—_———

:=Ee sup,eg | % ij:l 5jg(wj)|

using the uniformly boundedness of G (sup lglls < 1).
geg
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Step-4: bounding R

91,2 Am
R (G, (wj)y) < 8—\/\/_5/0 ( )\/Iog/\/(g, L2(Am), r)dr,
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Step-4: bounding R

91,2 Am
R (G, (wj)y) < 8—\/\/_5/0 ( )\/Iog/\/(g, L2(Am), r)dr,

where

o L*(Am) = L2(R?, B(RY), Am), llglli2(n,) = 1/ 21 82(wy).
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Step-4: bounding R

8v/2 /'glL2mm>

R(G () < o | VI0EN (G, L2(Ar). r)dr,

where
o L*(Am) = L2(RY, B(R?),Ap), &l 2am) = - im18%(w)),
® |Gli2(A,) = SUPg geg 181 — &2l 12(A,):
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Step-4: bounding R

8v/2 /'glL2mm>

R(G () < o | VI0EN (G, L2(Ar). r)dr,

where
o L2(Am) = L*(RY, B(RY), Am), &l 2(am) = = i1 8%(wj),
® |Gl12(n,) = SUPg e |81 — &2l 12(A,):
o N(G,L%(Ap),r): r-covering number.

o r-net: S C G, for Vg € G 3s € S such that [|g — s[| 2y, ) < T
o N size of the smallest r-net of G.
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Step-5: bound on |G| 2z,

Gl = sup_llgr— gllizny < sup (lgillizn + le2lizinn)
81,8266 81,8269

< sup ”g1”L2(/\,,,) + sup Hg2HL2(/\m) <2x1,
g1€G g1€g



Step-5: bound on |G| 2z,

Gl = sup_ller—gallzn,y < sup (llgllny + lezllzin,)

81,8266 81,82€G
< sup |[g1ll2(n,) + sup ll&2lli2(p,) £ 2% 1,
g1€g g1€G
1 m
sup llgll2n,) = sup | = > &2 (w))
2€G L2(Am) 2€8n \ m J:ZI z J

1 m
= sup |— Z cos? (ijz) < sup
FISSIN \ m j=1 FISSIN
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Step-5: bound on N(G, L2(A), r)

Let g,, &2, € G. We want to bound ||gz; — &, 1l;2(,,)- One term:

o (1720 s o7

= HVZ cos (wTZc) ‘2 |21 — 22

= H—sin (szC> wH2 llz1 — z2||5

< llwllz llz1 = 22l

where z. € (z1,22).
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Step-5: bound on N(G, L2(A), r)

@ Smooth parameterization:

2
1821 — &2all12(n,) < (lwjll, 21 = z2ll,)

m

1

o r-net on (8a, ||l,) = r' = Ar-net on (G, L2(An)).
@ In other words, N (G, L2(Am), r) < N (8a,ll», %)-
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Step-5: bound on N(G, L2(A), r)

@ Note that Sp C By, (t, %) for some t € R¢.

o N(Byp(s,R), [l €) < (2B +1) for Vs € R.
@ Thus

N (G, L2(Am), r) < (ﬁ + 1>d

by [Sa| < 2|8| and the compactness of Sa.
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Step-5: bound on R

Combining the obtained

191,207,
R (G wrm) < —%ﬁ S Jlog N (G L2 (). r)dr,
0
1G2(Am) < 2,

log [NV (G, L*(Am). r)] < dlog (ﬁ + 1>

results
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Step-5: bound on R

Combining the obtained

191,207,
R (G wrm) < —%ﬁ S Jlog N (G L2 (). r)dr,
0
1G2(Am) < 2,

log [NV (G, L*(Am). r)] < dlog (ﬁ + 1>

results, we have (r < 2)

2
R(G.wrm) < V24 / \/Iog (2‘8‘%‘#) dr.
0

Jm
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Step-5: bound on R

Using [S|A+1 < (|8] + 1)(A+ 1)

R(G. o) < F/\/ 2\S\A+2)
<02 [ s 2 N a2
m 0 r

Applying fo Vlog 2 dr < \/loga+ 3 Ioga (a>1)

log(A+ 1)
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Step-5: bound on R

we get
fR(g,UJLm) < (1)

16V2d | e 1 ——
\/m [ |Og(‘8‘+1)+m+ |og(A—i—1)
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Step-5: bound on R

we get
:R(g,UJLm) < (1)
16v/2d [ log(|S| + 1) + _ + /log(A+1)

Vvm 2/log(|8| + 1)

By the Jensen inequality

Zoltan Szabé Random Fourier Features — Limitations and Merits



Step-5: bound on R

we get
fR(g,UJLm) < (1)
16v2d 1
\/m [ Iog(\S\—i-l)—i-m—i-\/log(A—i-l) .

By the Jensen inequality
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Step-5: bound on R

we get
:R(g,UJLm) < (1)
16v/2d [ log(|S| + 1) + _ + /log(A+1)

Vvm 2/log(|8| + 1)

By the Jensen inequality

1 2
Bonn < | 1y 2B leyl] =t =
J:
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Step-5: bound on R

we get
:R(g,UJLm) < (1)
16v/2d [ log(|S| + 1) + _ + /log(A+1)

Vvm 2/log(|8| + 1)

By the Jensen inequality

1 2
Bonn < | 1y 2B leyl] =t =
J:

E‘-‘-’l:miR(g7w12m) S (l)y but Wlth A — 0.
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Step-6: putting together

Result: k continuous, shift-invariant kernel; for any 7 > 0, 8 # ()
compact set,

3 h(d,|8|,0) + var -
AT sup |k(x,y) — k(x,y)| > <e T,
(wes‘ (x.y) ~ k(x.y) -

[ 2d
h(d,|8|,0) = 321/2d log(|S| + 1) + 321/2d | 1) +16)/ — 20
(d,|8],0) :=3 og(|8] +1) +3 og(o +1)+16 0g(S] 7 1)
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Step-6: putting together

Result: k continuous, shift-invariant kernel; for any 7 > 0, 8§ # ()
compact set,

~ h(d, |8 V2
A | sup [R(xy) — k(x,y)| > HEBLDEVT | or
X, yES v m

=€

2d
h(d,|8|,0) = 321/2d log(|S| + 1) + 321/2d | 1)+ 16, ——,
(d,|8],0) :=3 og(|8] +1) +3 og(o +1)+16 0g(S] 7 1)

Equivalently

(s, =) 2 B
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Discussion (Borel-Cantelli lemma)

@ A.s. convergence on compact sets: k ———» k at rate 4/ %'S'.
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Discussion (Borel-Cantelli lemma)

@ A.s. convergence on compact sets: k ———» k at rate log S|,

m
@ Growing diameter:

log|8m| m—oo

7%, 0 is enough (i.e., S| = €M) «

o Old: S| = O(W).
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Discussion (Borel-Cantelli lemma)

@ A.s. convergence on compact sets: k ———» k at rate log S|,

m
@ Growing diameter:

log|8m| m—oo

7%, 0 is enough (i.e., S| = €M) «

e Old: |8y =0 (\/m/ log m).
@ Specifically:
o asymptotically optimal result [Cs6rgé and Totik, 1983, Theorem 2] (if

1 vanishes at o),
@ at faster rate = even conv. in prob. would fail.
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Direct consequence: L" guarantee (1 < r)

Idea:
@ Note that

Ik = Kl (//|kxy xy)|’dxdy>

< [k = kl|sxsvol®/"(8).

® vol(8) < vol(B), where B:= {x e R? : ||, < 5},

ﬂ.d/Z‘S‘d

e vol(B) = (241"
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L" large deviation inequality

Under the previous assumptions:

2/r
2912|3)d >/ hd, Il o) +vor | _ .

Ak = k|| sy >

In other words,

Ik = Kllir(s) = Oas. (m /218127 \/Iog [8])

For 2 < r: direct L" proof = /log(|8|) factor can be discarded.
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Kernel derivatives

o If supp(A) is bounded

o k-proof can be extended (L" as well), but
@ Gaussian kernel:(

@ [Rahimi and Recht, 2007]'s proof:
s Hoeffding inequality (boundedness!) + Lipschitzness,
@ Bernstein + Lipschitzness: handles P9 with

@ moment constraints on A (example: Gaussian kernel).
o slightly worse rates.
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Conclusion

Kernel 4 derivative approximations.
Performance: uniform, L".
Detailed finite-sample analysis, optimal rates.

Paper (submitted to NIPS):

o RFF: http://arxiv.org/abs/1506.02155,
¢ infD exp. fitting: http://arxiv.org/abs/1506.02564.

e ¢ ¢ ¢
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http://arxiv.org/abs/1506.02155
http://arxiv.org/abs/1506.02564

Thank you for the attention!
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Support of a measure

@ Ingredients:
s (X, 7): topological space with a countable basis.
o B = o(7): sigma-algebra generated by 7.
s A: measure on (X, B).

Then

supp(N\) = U{A € 7 : AN(A) = 0},

i.e., the complement of the union of all open A-null sets.
@ Our choice: X = RY.
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