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o Given:
k(x,y) = /Rd ei“’T(X_y)dS(w) = /Rd cos (wT(x — y)) dS(w).

i.i.d.

@ sP9(x,y): Monte-Carlo estimator of 9P9(x,y) using (w;)7,; '~ S.

=1
@ Goal: uniform large deviation inequality

P ( sup |0P9k(x,y) — sPI(x,y)| < e) >1—f(e, d,m X).
x,yeX
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@ [Rahimi and Recht, 2007] = random kitchen sinks:
e Existing proof: contains several errors.
° O( @) rate: not optimal.
o p=q=0.
. 1
@ Wanted rate: O (ﬁ)
@ Connections: nonparametric EP, oo-D exp. family fitting.

@ Interest in statistical learning theory, empirical processes.
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High-level proof

@ Empirical process form:

sup (0P Uk(xy) ~ P9(x, )] = 5up 158 ~ Sms] = 5 ~ Sy
7y€

Q ||S — Sy lg concentrates by its bounded difference property:

1
IS—SMbiEmWMMS—SMb+;ﬁ'
© G is a uniformly bounded, separable Carathéodory family =

Ew,....wom IS — Sm||g 3 Eu, ... wnR (ga ("-’j)jmzl) -
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High-level proof

© Using Dudley's entropy integral:

R (G (wy)my) < o [ V108 N (G. L2(S ). r)d
( 7(wj)j:1) ~ ﬁ/o og ( ) ( m)7r) r.
© G is smoothly parameterized by a compact set =

w_i)jmzl)

NG

f((
VI N (G, L2(Sm), 1) <
Q@ Putting together:

1 1 1
sup [PIK(x,y) — P, Y)| S =+ —= — 0 (—) .
x,yeX m m
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@ For p,q € N? multi-indices and w € R, let

d

8|p‘+|‘]‘g(x y) .
= E i, OP9g(x,y) = : , wP= I |WPJ.
‘p‘ |p_l| g( Y) 8Xf1 . anday{h . ay;]d J

j=t
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@ For p,q € N? multi-indices and w € R, let

8|p‘+|q‘g(x y) pi
\p\—Zij ?g(xy) = 3 Xyt - - - OxP Oy - - - Dy w? =] w.

® k — OP9k(x,y) — sP9(x,y): hg := cos,

kxy) = [ o (w7(c=9)ds(w)
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@ For p,q € N? multi-indices and w € R, let

8|p‘+|q‘g(x y) pi
\p\—Zij ?g(xy) = 3 Xyt - - - OxP Oy - - - Dy w? =] w.

® k — OP9k(x,y) — sP9(x,y): hg := cos,

K(x,y) = /Rd ho (w7 (x — y)) dS(w).
PU(y) = | WP ()i (7 (= 9))d5(0)
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@ For p,q € N? multi-indices and w € R, let

8|p‘+|q‘g(x y) pi
\p\—Zij ?g(xy) = 3 Xyt - - - OxP Oy - - - Dy w? =] w.

® k — OP9k(x,y) — sP9(x,y): hg := cos,
kxy) = [ o (wT(x - y))ds(w)
Rd
PU(xy) = [ | WP(-0) g (7 (x - y))dS(w),
Rd
Px,y) = [ WP hpig (07 (- 5) dSp(w),
Rd
where hy = cos¥), E,,s[|wPt9|] < oo.
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Step-1: empirical process form

o Notation: Sg = [ g(w)dS(w), Smg = [ g(w)dSm(w) = % >l 8(wj).
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Step-1: empirical process form

o Notation: Sg = [ g(w)dS(w), Smg = [ g(w)dSm(w) = % >l 8(wj).
@ Reformulation of the objective:

sup [0P9k(x,y) — sP9(x,y)| = supISg Smg| =: IS = Smllg
x,yeX geg

where

G={g:zeXn},
Kn=K-K={x—y:xyeX}

8w € supp(S) = wP(—w)lhp g (sz) e R.
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Step-2: bounded difference property of ||S — S|/,

McDiarmid inequality: Let wi,...,w, € D be independent
r.v.-s, and f : D™ — R satisfy the bounded diff. property (Vr):

sup ‘f(ul, costm) — f(ug, ... up_q, U, u,+1,...,um)| <gc.
Ug,e. Um,ul €D

Then for V5 > 0

__28°
P(f(wi,...,wm) —E[f(wi,...,wm)] >B)<e T,
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Step-2: bounded difference property of ||S — S,

Our choice: f(w1,...,wm) = IS —Spllg-

[F(Wis ey Wre 1, Wr, Wrt 1y e ey W) — F(W1, e, W1, W Wet 1,y W)| =

1 1
= |sup Sg — — Zg w; ( ~sup ‘Sg - E;g(wﬂ +o [g(w,) — g(w’r)H
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Step-2: bounded difference property of ||S — S|/,

Our choice: f(w1,...,wm) = IS —Spllg-

|f(w1)' ey W1, Wr, Wrt 1, - - - 7wm) - f(UJ]_,. .. )wr—law;)wr-i-lv s 7wm)| =

g€g — =
() 1
< — sup |g(wr) — g(w}))|

m gc
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Step-2: bounded difference property of ||S — S|/,

Our choice: f(w1,...,wm) = IS —Spllg-

|f(w1)' ey W1, Wr, Wrt 1, - - - 7wm) - f(UJ]_,. .. )wr—law;)wr-i-lv s 7wm)| =

sup [8(wr) — 8(w))| < sup (g(wr)] + |a())])
-89 geg
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Step-2: bounded difference property of ||S — S|/,

Our choice: f(w1,...,wm) = IS —Spllg-

|f(w1)' ey W1, Wr, Wrt 1, - - - 7wm) - f(UJ]_,. .. )wr—law;)wr-i-lv s 7wm)| =

geg = =
) isup\g(w ) —g(w))] < L sup (lg(wn)l + |g(wr)])
M geg ' 1T mgeg ' '
1
< = |sup |g(w,)| + sup \g(wm]
m | geg g€y
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Step-2: bounded difference property of ||S — S|/,

Our choice: f(w1,...,wm) = IS —Spllg-

|f(w1)' ey W1, Wr, Wrt 1, - - - 7wm) - f(UJ]_,. .. )wr—law;)wr-i-lv s 7wm)| =

geg _ =
DL b lg(wn) - g@)] < < sup (lg(wn)] + g(w)))
>~ mgeg r r = mgeg r r
1 1
< L sup lg(wn)] + sup |e(@l)|| < & [lwP™e] + |(wl)P]
m | geg geg m
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Step-2: bounded difference property of ||S — S,

Our choice: f(w1,...,wm) = IS —Spllg-

|f(w1)' ey W1, Wr, Wrt 1, - - - 7wm) - f(UJ]_,. .. )wr—law;)wr-i-lv s 7wm)| =

= |sup [Sg — — Zg w; ( ~sup ‘Sg - % > glw) + % (g(wr) — g(w’r)H
j=1

geg
2 L oip la(wn) — g()] < = sup (1g(wn)| + g
— mg r r — mgeg r r
1 1
< = |sup|g(w,)| + sup |g(w))|| < = [|wP9| + ptd
- Leg| (wr)l geg\ (w))] m[| |+ [(wr)PT]]
< 25k,p,q7
m

— -
where Sy p.q = SUPesupp(s) |wP 9.
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Step-2: (*) = reverse triangle inequality with sup

@ Lemma: G: set of functions, a,b: G — R maps; then

:tépl (g)l—ztép\ a(g) + b(g)l



Step-2: (*) = reverse triangle inequality with sup

@ Lemma: G: set of functions, a,b: G — R maps; then

Zlépl (g)l—ztép\ a(g) + b(g)| Szgglb(g)\-
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Step-2: (*) = reverse triangle inequality with sup

@ Lemma: G: set of functions, a,b: G — R maps; then

Zlépl (g)l—ztép\ a(g) + b(g)| Szgglb(g)\-

@ Proof: combine

supgegla(g) + b(g)] <Sup(| (g )I+|b(g)|)<sup\ (&)l + sup [b(g)l,
g€g geg geg



Step-2: (*) = reverse triangle inequality with sup

@ Lemma: G: set of functions, a,b: G — R maps; then

:tépl (g)l—ztép\ a(g) + b(g)| Szgglb(g)\.

@ Proof: combine

supgegla(g) + b(g)| <SUP(| (g )|+|b(g)|)<sup\ (8)] 4 sup [b(g)l,

geg geg g<g
Ztelg\ a(g )!—?épl a(g) + b(g) — b(g)|

< supla(g) + b(g)| + sup [b(g)|.
geg geg



Step-2: (*) = reverse triangle inequality with sup

@ Lemma: G: set of functions, a,b: G — R maps; then

Zlépl (g)l—ztép\ a(g) + b(g)| Szgglb(g)\-

@ Proof: combine

supgegla(g) + b(g)| <SUP(| (g )|+|b(g)|)<sup\ (8)] 4 sup [b(g)l,

g€eg geg geg
sup |a(g )!—Supl (g) + b(g) — b(g)|
geg geg
< sup|a(g) + b(g)[ + sup [b(g)|-
geg geg

= =+ |sup |a(g)[ — sup |a(g) + b(g)|| < sup|b(g)|.
geg g€eg geg

> Ourchoice a(g) = 35 — ;-1 8(3). be) = lsee) ~ (1)



_ _ms®
Applying McDiarmid to f [D = supp(S), ¢, = 25;”*“; T=e 2sf,p.,q]: with
probability 1 — 7

Skp.ay/108 (%)

”S_SmHg < Ewl,...,wm HS_Sm”g + \/m

Step-3: bounding this term
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Step-3: bounding E,,, . .., IS — Snll;

G ={g;:z€ X} is a separable Carathéodory family, i.e.
Q w > wP(—w)Ihpyq (w'z): measurable for Vz € Ka.
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Step-3: bounding E,,, . .., IS — Snll;

G ={g;:z€ X} is a separable Carathéodory family, i.e.
Q w > wP(—w)Ihpyq (w'z): measurable for Vz € Ka.

Q 2z wP(—w)¥hypiq (w'2): continuous for Vw € supp(S).

Zoltdn Szabé Optimal Rate for Random Kitchen Sinks



Step-3: bounding E,,, . .., IS — Snll;

G ={g;:z€ X} is a separable Carathéodory family, i.e.
Q w > wP(—w)Ihpyq (w'z): measurable for Vz € Ka.
Q 2z wP(—w)¥hypiq (w'2): continuous for Vw € supp(S).
© R is separable, Ka € RY = Ka: separable.
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Step-3: bounding E,,, . .., IS — Snll;

G ={g;:z€ X} is a separable Carathéodory family, i.e.
Q w > wP(—w)Ihpyq (w'z): measurable for Vz € Ka.
Q 2z wP(—w)¥hypiq (w'2): continuous for Vw € supp(S).
© R is separable, Ka € RY = Ka: separable.

Thus, by [Steinwart and Christmann, 2008, Prop. 7.10]

Ewh...,wm ||S - SmHg < 2Ew17~~~,wm[ R (g’ (wj)fmzl) ]
N’
:=Ee supgeg| L Iy ¢jg(w))|

using the uniformly boundedness of G (sup ||g]|., < Skp,q < 00).
g€g
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Step-4: bounding R

‘g‘LQ Sm
% (6. ()fn) < 52 [ \flogA (G 2.
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Step-4: bounding R

8v2 /9L2<sm>

R(G.()fe) < o [\ log NG 2(8m). )

where
o L*(Sm) = L*(RY, B(R?),Sm), ||g||L2(Sm) = 1 j= iL18%(wy),
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Step-4: bounding R

8v2 /9L2<sm>

R(G.()fe) < o [\ log NG 2(8m). )

where
o L*(Sm) = L*(RY, B(R?),Sm), ||g||L2(Sm) = 1 j= iL18%(wy),
® |Gl12(s,) = SUPg geg 181 — 82l 12(s,):
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Step-4: bounding R

‘g‘LQ Sm
% (6. ()fn) < 52 [ \flogA (G 2.

where

o L*(Sm) = L2(RY, B(RY),Sm). llgll 25,y = \/ 7 i1 82(w)),

® |Gl12(s,) = SUPg geg 181 — 82l 12(s,):

@ N(G,L%(Sm), r): r-covering number.
o r-net: S C G, for Vg € G 3s € S such that ||g — s 25,) < -
o N size of the smallest r-net of G.
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Step-5: bound on |G|>s,)

Glizon = sup g~ &l < sup(lerlizg,y + leelliog,)
81,8269 &8

S sup ||g1||L2(Sm) + sup Hg2HL2(Sm) S 2\/%7
g1€g £189



Step-5: bound on |G|>s,)

|g|L2(Sm) = sup ||g1—g2||L2(sm) < sup

(letl 25, + g2l s,
81,8269 81,8260

sup [lg1ll,2(s,,) + SuP llg2ll12(s,) < 2v/Sk.2p,20:
g1€g g1€g

1 m
sup HgHL2(Sm) = sup .| — > gF(w))
gcg zeXp m <

1 & 2
sup | — [w'-’ —w;)h (w.Tz)]
e \| m Z i ( .I) lp+d|

J
j=1
1 m
< sup —Zw?(p+q)< V/ Sk.2p,2q-
zeXp m < J S
Jj=1
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Step-5: bound on N (G, L2(Sp), r)

Let gz,, &2, € G. We want to bound ||gz, — g22||L2(Sm). One term:

‘wp(_w)thwq\ (“’T21> — wP(—=w)Ihpp1q) (“JTZ2>‘
= |wPH| ‘h|p+q\ (‘*’Tzl) ~ hip1q (""Tz2>‘

o [T (672

Z1 — 2
‘2”1 2|5

T
— ‘wp+q| Hh‘”q”l (w zc) wH2 llz1 — z2||5

< Pt lwlly [z = 22,

where z. € (z1,22), we used the convexity of Ka.
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Step-5: bound on N (G, L2(Sp), r)

@ Smooth parameterization:

1 & 2
gz — &zl 2(s,) < EZ(‘ P+Q(||w,||2||zl 2]),)

J=1

LN, 204
2(p+ 2
=l = z2llp | = D || eyl
j=1

=.C
o r-net on (Xa,||-l,) = r’ = rc-net on (G, L2(Sm)).

2|M\} s-balls

@ M C RY compact set: coverable by [
[Cucker and Smale, 2002].
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Step-5: bound on N (G, L2(Sp), r)

@ Thus, by |Ka| < 2|X]| and the compactness of Ka

2(p+ 2
4|TK|\/% > ‘wj ® Q)‘ llwjll3

r

N (G, L2(Sm), r) < [+1]
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Step-5: bound on N (G, L2(Sp), r)

@ Thus, by |Ka| < 2|X]| and the compactness of Ka

2(p+ 2
4|TK|\/% > ‘wj ® q)‘ llwjll3

r

N (G, L2(Sm), r) < [+1]

@ Taking log(-), using log(u+1) < u

4|9<|\/ 1y

2(p+q) 2
w9 a3

+1

log [NV (G, L*(Sm), r)] < dlog

r

m 2
4]y 5 57 207 o
< .

r
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Step-5: bound on R

Combining the obtained

m 8v2 [l92@m)
R (0. () < 2= [0 \flogN(@.12(5,). nar,
Gl2(sm) < 2v/ Sk.2p 295

4]y [ 5 T 20
log [./\/ (g, Lz(Sm),r)} <

r

results
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Step-5: bound on R

Combining the obtained

m 8v2 [l92@m)
R (0. () < 2= [0 \flogN(@.12(5,). nar,
Gl2(sm) < 2v/ Sk.2p 295

4]y [ 5 T 20
log [./\/ (g, Lz(Sm),r)} <

r

results, we get [fob r=2dr = 2v/b]

1

64/dIK](Sk2p2q)F [ 1 & ‘
R (6, (L) < I Suzn0) (mef“’*‘”wJE) ~
j=1

j=1) = Jm
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Step-5: bound on R

Recall

m 2 L
Ewh---,wm HS - SmHg < 2Ew1,---,wmfR (g7 (wj)jzl) =0 (ﬁ) .

Taking expectation [E = Eq,; o, R =R(G, (w;)/;)] of the derived result

1
4
W1seWmYY = \/E m J 2 ’
Q
1 1
13, 18 ) s
+ 2 :
EZE‘wj(p Q)‘ willa | < ;Z Ci2p2q | = (Ck2p2q)* -
j=1 Jj=1

using Jensen [f(u) = u%], Ckpq = Eu~s [|wP+Q| ||w||§]
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Step-6: finish

Putting together: with probability at least 1 — 7

sup 0Pk (x,y) — sP(x,y)| <
x,yeX

1
_ 128/ d|X[(Sk,2p,2q Ck,2p,2q)* + Skp,a\/108 (%) '
_— \/E
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Step-6: finish

Putting together with probability at least 1 — 7

sup [0 9k(x,y) — sP9(x,y)| <
x,yeX

1
_ 128/ d|X[(Sk,2p,2q Ck,2p,2q)* + Skp,a\/ 108 (%) .
= \/E

=€

Equivalently

x,yeX

P ( sup [0P9k(x,y) — sP9(x,y)| < 6) >

2
1
ev/m—128/dIX[(Sk 2p 29 Ck,2p,20)

2 Sk,p,a
>1—e
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Let Sk p.q := SUPwesupp(S) |wPTA|, Chpg = Ewns [|wp+q| ||w||§}
Assumptions:

@ k: continuous, shift-invariant.

o Ck,2p,2q < Q.

o If [p;q] # 0: supp(S) is bounded.

@ K C RY: convex and compact set.
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Let Skp.q = SUPwesupp(s) |wPFI], Chpg = Ewns [|wp+q| ||w||§}
Assumptions:

® k: continuous, shift-invariant.

<] Ck,2p,2q < Q.

o If [p;q] # 0: supp(S) is bounded.

@ K C RY: convex and compact set.

Notes:
o If

° p=0q=0: Sipq=Sk2pz2 =1
@ else: supp(S): bounded = S q, Sk,2p,2q < 0.

@ X: convex, compact = Kp is so.
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@ We proved optimal rates for random kitchen sinks.
@ Slightly annoying assumptions:

@ supp(S): bounded,
e compactness of X.

@ Other open questions:

@ metrizable LCA groups,
@ error propagation in specific tasks.
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Thank you for the attention!
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Support of a measure

@ Ingredients:
s (X, 7): topological space with a countable basis.
o B = o(7): sigma-algebra generated by 7.
s S: measure on (X, B).

Then

supp(S) = U{A € 7 : S(A) = 0},

i.e., the complement of the union of all open S-null sets.
@ Our choice: X = RY.
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