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@ Motivation: uncertainty, ‘distance’ between distributions.
@ Exponential family.
@ Analytical expressions.
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Random variables: uncertainty

@ Keyword: entropy.
@ Example: Shannon entropy

H(p) = - / p(u) log p(u)du. (1)



Random variables: uncertainty

@ Keyword: entropy.
@ Some examples (a # 1, 8 # 1):

H(p) = — / p() log p(u)du, (1)
Hr.a(P) = 37— log / p( (2)
Hr.a(p) = 04%1 <1 / pa(U)dU> ; (3)

1

Howas(P) = 1 [( / p%u)du)m - 1] @
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Random variables: entropy

@ Relations:
lim HR@ =H, lim Hy, = H, (5)
a—1 a—1
lim H. = H, lim H. =H 6
At SM,a,8 R,a» A SM,a,8 T,as ( )

im  Heyas = H. 7
(@)=t e’ 7

@ Quantity of interest:

ln(p) = / p*(u)du. (®)
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Random variables: 'distance’ of distributions

@ Keyword: divergence.
@ Example: Kullback-Leibler divergence

D(p,q) = / p(u)log [%] du. 9)



Random variables: 'distance’ of distributions

@ Keyword: divergence.
® Some examples (a # 1):

D(p,q) = / p(u)log [%} du, )
Dralp.@) = —log [ (W' *(uhau.  (10)
Dro(p.a) = 5 ([P0 (@iau-1). @)
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Random variables: divergence

® Some examples continued (0 < a # 1; 8 # 1):

Downas = 5 [( / pa(u)cf—a(u)du)% - 1] . (12)
2(p,q) = /[q U)] dU—/p“ u)g?(u)du — 1.

@ Quantity of interest:

lan(P, q /p (u)g°(u (13)
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Csiszar f-divergence

@ Definition (f > 0, convex, f(1) = 0):

D(p.q) = /p(u)f <%> i (14)

@ Challenge:
@ in the general case: hard to estimate,
@ variational characterization,
@ convex programming.
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@ For the exponential family: D, . — analytical formula.

@ General (analytical) f:

@ series expansion of f,
@ each termis a D,»-type quantity.
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Exponential family

Definition:
P 0) = OFOHD geo) (15

where
@ t(u): sufficient statistic,
@ F(0) = —log [ [ et +k()qy]:
@ log-normalizer (partition function, cumulant function),

@ characterizes the family,
@ in many cases: analytical formulal!

@ O: natural parameter space.
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Exponential family - normal example

For the normal case [N(m, %) € RY]:

0= (01,0) = <z—1m, %z—1> : (16)
F(9) = %tr (e 9191) %Iogdet(92)+glog(w), (17)
t(u) = (u,—uuT> (18)
k(u) =0. (19)
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Exponential family — special cases

A few important special cases:

Gaussian or normal (generic, isotropic Gaussian, diagonal
Gaussian, rectified Gaussian or Wald distributions, log-normal),
Poisson, Bernoulli, binomial, multinomial (trinomial,
Hardy-Weinberg distribution), Laplacian, Gamma (including the
chi-squared), Beta, exponential, Wishart, Dirichlet, Rayleigh,
negative binomial, Weibull, Fisher-von Mises, Pareto, skew
logistic, hyperbolic secant, ...
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D,-: analytical formula

Proposition: if
® p=cr(b1), 9 = £r(02),
@ O: is affine, and
@ a+b=1

then

lab (p,q /p u)q du = ef(@01+b62)—[aF (61)+bF(62)] (20)
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D,-: analytical formula — proof

lap(p: Q) = /p b(u)du

_ / al(H(U).61) — F(01)+ k()] gbI(Hu).62) —F (82)-+h(W)] gy
/ o{H(u).201+b02)—[aF (0} +bF (62)] +k(u) g

_ / o~ [F (01 +DF (62)] oF (a0 +b6) du
_ oF(@0+b0)—[aF (0y)+bF (02)] / du

_ oF(@01+b02)~[aF (01)+bF(62)] » 1
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Higher-order Pearson-Vajda D, .

@ Definition:

@ Specially:

o k=0:D

o k=1:

o k=2:
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f-divergence estimation

° Dxf: by the binomial theorem reduction to D, ..
@ Let f be analytical:

f(u) = i %(u =N (22)
2
.03 Wpipan e
where _
Dys(p.ain) = | [q(“;k‘_f(’ff)“)]kdu. @4)
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f-divergence estimation

Important special case (A =1, k = 2):

Dilp.a) ~ (1) + F()D(p. @) + "D s(p.a)  (25)
=0+ f(1)0+ f’/g ) D.2(p,q) (26)
_f S )p.(p.q) (27)

Zoltan Szabo Analytical Information Theoretical Formulas in the Exp. Family



@ Information theoretical quantities:
o simple functionals of the distributions.
@ Exponential family (affine natural space):
@ analytical expressions for the
@ y2-divergence,
@ Pearson-Vajda divergence,
o efficient approximations for the f-divergence.
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Thank you for the attention!
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