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Abstract

Imagine that we want to do simultaneous probabilistic amplitude- and frequency-
demodulation. That is, derive a probabilisic representionof data in terms of a
positive, slowly varying amplitude and a slowly varying phase (or instantaneuos
frequency). In this note, two existing algorithms are re-interpreted in this con-
text, and shown to be equivalent. This result is important: first as it shows that
exact inference is possible in certain AM/FM models; secondas the modelling
choices can then be criticised from this new perspective. Third as extensions and
alternatives can then be proposed (which invariably require approximate inference
algorithms).

Consider fitting observed data (yt) with a sinusoid that has a time-varying amplitude (at) and phase
(θt), plus some addative Gaussian noise (ǫt), that is

yt = ℜ (at exp (iθt)) + ǫt. (1)

As each observation is expressed in terms of two unknown quantities, the problem is ill-posed. This
means that in order to realise such a representation, it is necessary to leverage prior knowledge (such
as the slowness of the phases and amplitudes). A natural approach to such ill-posed problems is to
use probabilistic methods. This involves placing prior distributions over the latent quantities that
captures relevant prior knowledge. It turns out that two existing algorithms can be interpreted in this
way.

It is perhaps most natural to consider placing a prior over the amplitudes and phases directly. How-
ever, previous approaches can be derived via a different route, which begins by assuming that that
the sinusoid tends to have an angular-frequency ofω and, as such, a sensible expression for the
phase is the integrated angular frequency plus a purturbation,θt = ωt + Φt so that

yt = atℜ (exp (iωt + iφt)) + ǫt. (2)

Two new variables can then be defined,x1,t = at cos(φt) andx2,t = at sin(φt), and it is these
which will be inferred from the data,

yt = at (cos(ωt) cos(φt) − sin(ωt) sin(φt)) + ǫt (3)

= cos(ωt)x1,t − sin(ωt)x2,t + ǫt = w
T
t xt + ǫt. (4)

This defines the emission distribution, in a probabilistic time-series model, which has deterministic
time-varying weights,wT

t = [cos(ωt),− sin(ωt)],

p(yt|xt) = Norm(yt; w
T
t xt, σ

2
y). (5)

To complete the model, prior distributions can be specified over xt. One choice which yields a
particularly simple inference algorithm is a one-step Gaussian auto-regressive (AR(1)) prior,

p(xk,t|xk,t−1) = Norm(xk,t; λxxk,t−1, σ
2
x), (6)
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when the dynamical parameter, tends to unity (λx → 1) and the dynamical noise variance to zero
(σ2

x → 0), the dynamics become very slow, and this slowness is inherrited by the phase purturbations
and amplitudes.

This is an instance of the model proposed by [1] (whenλx = 1), but re-interpreted in terms of AM-
FM modulated sinusoids, rather than fixed frequency basis functions. As this is a linear-Gaussian
model, exact inference is possible and proceeds via the Kalman smoothing algorithm.

Before discussing the properties of this model in the context of fitting amplitude- and frequency-
modulated sinusoids, we derive an equivalent model by returning to Eq. . This time the full complex
representation of the sinsoid is retained, but the real partis treated as observed and the imaginary
part unobserved. This allows an alternative formulation inwhich the more complicated time-varying
weights are replaced by a more complicated dynamics.

yt = ℜ (x1,t cos(ωt) − x2,t sin(ωt) + ix1,t sin(ωt) + ix2,t cos(ωt)) + ǫt (7)

An equivalent way of writing this is the vector form,

yt = [1, 0]zt, wherezt = R(ωt)xt, (8)

whereR is a rotation matrix,

R(θ) =

[

cos(θ) − sin(θ)
sin(θ) cos(θ)

]

. (9)

An auto-regressive expression for the vectorzt can now be found using the property of rotation
matricesR(θ1 + θ2) = R(θ1)R(θ2) = R(θ2)R(θ1) together with expression for the dynamics of
xt (Eq.6),

zt = λxR(ω)R(ω(t − 1))xt−1 + R(ωt)ǫt = λxR(ω)zt−1 + ǫ
′

t (10)

where〈ǫ′tǫ
′T
t 〉 = R(ωt)〈ǫtǫ

T
t 〉R(ωt) = σ2

xI. This model is identical to the previous, but formulated
in a different manner. It was introduced by [2], and again exact inference is possible using a the
Kalman Smoothing algorithm.

This new perspective encourages reinterpretation of the prior distributions overxt orzt as a distribu-
tions over amplitude and phase. Although the distribution overxt (or zt) is factored, the distribution
over amplitude and phase is dependent. This is easy to see if one contrasts what happens when the
amplitude is very small (in which case the distribution overangles becomes uniform), to the case
where the amplitude is very large, (in which case the distribution over phases is very peaked around
the previous phase plusω). More concretely, the joint distribution is

p(at, θt|at−1, θt−1) =
at

2πσ2
x

exp

(

−
1

2σ2
x

(

a2
t + λ2

xa2
t−1

)

+
λx

σ2
x

atat−1 cos(θt − θt−1 − ω)

)

,

(11)

which is conditionally a uniform distribution whenat−1 = 0 and a strongly peaked von Mises dis-
tribution ([3]) whenat−1 is large. One of the features of this prior then, is that the phase differences,
θ̇t = θt − θt−1 = ω + φt − φt−1, called instantaneous frequencies, tend to have large magnitude
when the amplitude is small (even to the extent that they are negative). Although this might be
desireable in some situations, in others it is inappropriate and one of the contributions of this work
is to provide a framework for using decoupled priorsp(θt, at|θt−1, at−1) = p(θt|θt−1)p(at|at−1).

Consideration of instantaneous frequency reveals anotherproblem with the current prior and that
is the fact that when the phase-purturbations are slow (λx → 1), there is no correlation between
successive instantaneous frequencies (〈θ̇tθ̇t−1〉 = σ2

x
1−λx

1+λx

→ 0). In point of fact, it is usually
desirable for the instantaneous frequencies to be correlated through time so that the sinusoid has
a slowly-varying instantaneous frequency. One option is tomodify the priors overxt so that they
are Gaussian AR(2) processes, an alternative is to used von Mises AR(2) processes over phase-
purturbations,φt|φt−1:t−2 ∼ vM(µ(φt−1:t−2), k(φt−1:t−2)) (our current work).
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