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This puzzle is about stamps and it’s interesting for a numberof reasons, not least
because it’s easy to explain (only requiring addition and multiplication) and yet a gen-
eralisation of the puzzle is an important unsolved mathematical problem. You might
have heard of the puzzle before as the generalisation is one of the celebrated Clay
Mathematics problems (proving the Poincarre conjecture and the Reimann hypothesis
are both previous/current Clay prize-problems). Solving it would leave you a million-
dollars richer. Florence Nightingale (the nurse of Crimeanwar fame) also worked on
similar problems as her tutor was James Joseph Sylvester whowas the first person to
solve the simple version of the stamp problem.

The simple version of the stamp problem goes as follows:
Imagine a country prints stamps in only two denominations. You can stick as many

stamps on an envelope as you want, but the question is what is the largest total denom-
ination it is impossible to make?

For example, imagine the two denomination are 5 (pence) and 7(pence). It turns
out the largest number you cannot make in this case is 23 (pence). There is no combi-
nation of these stamps which adds up to 23. Sure you can make some denominations
less than this e.g. 12 = 5 + 7, but you can make ANY number largerthan this e.g.
24=2*5+2*7.

To standardise notation, let the denomiation of stamp 1 beA (pence) and the de-
nomination of stamp 2 beB (pence), and let the largest impossible total beNmax

(pence). What is the formula that relatesNmax to A andB, that isNmax(A, B)?
The million-dollar generalisation to this problem is to have M stamps (M = 2

before) and then find an expression forNmax(X1, X2, ..., XM ), whereXm is the de-
nomination of themth coin.

1 Intuitive Sketch Proof

Here’s a non-rigorous sketch proof to aid intuition, the next section fills in some of the
details.

The obvious way to approach the problem is to begin by enumerating a whole
bunch ofNmaxs for different stampsA andB. The key is to doing this is to find
the first timemin(A, B) consecutive values can be made. All subsequent values can
be made by adding multiples ofmin(A, B) to those numbers. For example, consider
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A = 7,B = 5. Here is a list of the first28 counting numbers and the combination ofA

andB which sum to that number. A blank indicates the number cannotbe made,

value 1 2 3 4 5 6 7 8 9 10
combination B A 2B

value 11 12 13 14 15 16 17 18 19 20
combination A+B 2A 3B A+2B 2A+B 4B

value 21 22 23 24 25 26 27 28
combination 3A A+3B 2A+2B 5B 3A+B A+4B 4A

SoNmax = 23 as we have found the first5 consecutive totals which can be made.
Lots of Nmax can be enumerated in this way. After a while two things becomeclear.
First if the lowest common divisor ofA andB is one (i.e. they do not share any prime
factors, and are therefore call co- or relative-prime) thenNmax = AB − A − B =
(A− 1)(B − 1)− 1. Second, ifA andB are not co-prime and share factors, then only
numbers containing this factor can be made andNmax = ∞, (e.g.A = 9, B = 6 can
only make numbers divisible by3).

The purpose of the rest of this note is to prove that this conjecture is true for allA
andB.

I got most of my intuitions about to go about this from “post office diagrams”.
Given a pair of stampsA andB a post-office diagram is just a table of all the combi-
nations of stamps that could be placed on an envelope, and their totals.N = aA + bB.
For example, ifA = 7 andB = 5 the post-office diagram is,

b

a

0 1 2 3 4 5 6 7
0 0 5 10 15 20 25 30 35
1 7 12 17 22 27 32 37 42
2 14 19 24 29 34 39 44 49
3 21 26 31 36 41 46 51 56
4 28 33 38 43 48 53 58 63
5 35 40 45 50 55 60 65 70

These diagrams contain lots of structure and I was curious asto see what the struc-
ture would look like if we allowed negative numbers of stampsto be placed on the
envelope, that is
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b

a

-3 -2 -1 0 1 2 3 4 5 6 7
-3 -36 -31 -26 -21 -16 -11 -6 -1 4 9 14
-2 -29 -24 -19 -19 -14 -9 -4 1 6 11 16
-1 -22 -17 -12 -7 -2 3 8 13 18 23 28
0 -15 -10 -5 0 5 10 15 20 25 30 35
1 -8 -3 2 7 12 17 22 27 32 37 42
2 -1 4 9 14 19 24 29 34 39 44 49
3 6 11 16 21 26 31 36 41 46 51 56
4 13 18 23 28 33 38 43 48 53 58 63
5 20 25 30 35 40 45 50 55 60 65 70

This diagram can be used to prove the conjecture as follows.
The first step is to realise that every integer appears in the post-office diagram.
Some of the integers can be made from combining positive numbers of stamps

(those in the lower right hand quadrant, shown in grey above e.g. 60), whilst others
cannot be made without subtracting stamps (those appearingonly in the other quadrants
like 11, but not28 which also appears in the lower-right hand quadrant). FindingNmax

is equivalent to finding the largest integer which only appears outside of the lower right
quadrant.

From the diagram, it is clear thatAB−A−B appears outside the lower right-hand
quadrant at positions[a, b] = [B − 1,−1] and[a, b] = [−1, A − 1]. Does it also ever
appear inside the lower right hand quadrant? It turns out youcan prove that it does
not. This means thatAB − A − B is an unrealisable number; but is it the largest such
number?

The final step of the proof is to show that any larger number appears in the lower-
right-hand quadrant. Sure, there are lots of numbers largerthanAB − A − B that
appear outside of the lower right-hand-quadrant, but they also appear inside the lower
right-hand-quadrant too.

2 Semi-rigorous proof

This section fills in some of the details of the previous one. Isuspect there are more
elegant proofs...

2.1 Problem definition

Let,N(a, b) = aA+bB, where all variables{N, A, B, a, b} are non-negative integers.
Without loss of generality, letA > B > 1.

The problem is to findNmax which is the largest number which cannot be made in
this way,Nmax 6= N(a, b) ∀ a, b.

2.2 Bones of a proof...

UnlessA and B are co-primeNmax = ∞.
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Proof: If A andB share prime factors,N will contain the shared factors indepen-
dent of the choices ofa andb. Therefore there is no upper limit on impossible numbers.
Nmax = ∞.

From now on considerA andB to be co-prime.
If we considera and b to be positive or negative integers, then all numbers can

be made.
As N → ∞ the makeable numbers get closer and closer together and at some point

there will be two consecutive makeable numbers - this is the intuition for whyNmax

is finite. More formally, Schur’s theorem in combinatorics says that asN → ∞, the
number of ways of makingN (i.e. the number of linear integer combinations ofA and
B adding toN ) tends to N

AB
. One of the consequences of this is that we can find two

sufficiently large numbers for which,

M = amA + bmB (1)

N = anA + bnB = M + 1. (2)

Therefore we can make unity by subtracting these two numbers, 1 = N − M =
(an − am)A + (am − an)B. We can multiply unity to make any number. This com-
pletes the proof that any number can be made by adding and subtracting two co-prime
numbers.

Nmax = AB − A − B cannot be made using positive coefficients only.
Proof: let

Nmax = AB − A − B = amaxA + bmaxB = A(B − 1) − B = B(A − 1) − A

(3)

Therefore,A(B−1−amax) = B(bmax +1) and so1+amax = βB and1+ bmax =
αA. Substituting this back into the expression forNmax yields,

Nmax = A(βB − 1) + B(αA − 1) = (α + β)AB − A − B (4)

Thereforeα+β = 1 and so eitheramax = B−1, bmax = −1 or amax = −1, bmax =
A − 1.

All numbers greater than N ′ > Nmax having a negative coefficient have
equivalent representations using positive coefficients.

e.g. we can write number greater thanNmax, but having a negative coefficient on
A as:

N−+ = Nmax − aA + bB (5)

where0 < bB − aA. Collecting terms this is,

N−+ = (B − a − 1)A + (b − 1)B (6)

If a < B − 1 we’re done as both coefficients are positive. Ifa > B − 1 the coefficient
onA is still negative. The idea is to push some of this coefficientinto the coefficient of
B and therefore find an equivalent number in the lower right hand quadrant.

Leta = b′(B−1)+a′ wherea′ = mod(a′, B−1) noteb′ > 1 andB−1 > a′ > 1.
Now
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N−+ = (B − 1 + b′ − a′)A + (b − 1 − b′A)B (7)

The first coefficient is positive, what about the second.
We have three inequalities,bB > aA anda > b′(B − 1) andb′ > 1 so
bB > b′(B − 1)A and thereforebB − b′AB > b′A > 1
which means we are done. A similar proof goes through forN+−. So all numbers

greater thanAB − A − B can be made using positive coefficients.

3 A final conjecture

One thing I noticed when enumerating the numbers produced byvarious choices for
coinsA andB was thatexactly half of the numbers between1 andNmax + 1 are
able to be created. For example, forA = 7, B = 5, Nmax = 23 and we can
make{5, 7, 10, 12, 14, 15, 17, 19, 20, 21, 22, 24} which adds up to12 numbers. That
this seems to hold for anyA andB is surprising.

Here’s a sketch proof of this conjecture. First any number below N = AB can be
made in only one way (i.e. has uniquea andb). Therefore any number below (and
including)Nmax + 1 = (A − 1)(B − 1) can either be made in one unique way, or not
at all. We now have to count how many combinations ofA andB are less than or equal
to Nmax + 1, and we will not overcount as each of these numbers is unique.Counting
these numbers is a bit like an arithmetic series for which thesum of n terms is is
Sn = 1

2
n(a0+an), heren = B−1, a0 = 2, b0 = A−3, hence the result,Nmakeable =

1

2
(A− 1)(B − 1). Another way to see this is from the postoffice diagram: consider the

diagonals up to the one containingNmax e.g. for our running exampleA = 7, B =
5, these are[{0}, {7, 5}, {10, 12, 14}, {15, 17, 19, 21}, {20, 22, 24, 26, 28}.], therefore
this amounts to2+3+4+ (5− 2) numbers, which isB− 1 numbers of average value
1

2
(A − 1).
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